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Let X be a projective real, complex, or quaternion hyperbolic space, realized as
the pseudo-Riemannian symmetric space X = G/H with G=0(p, q), U(p, q), or
Sp(p, q) (these are the classical isotropic symmetric spaces). Let 4 be the G-in-
variant Laplace-Beltrami operator on X. A complete description (by K-types),
for each yeC, of all closed G-invariant subspaces of the eigenspace
{fe C*(X)|4f =y}, is given. The eigenspace representations are compared with
principal series representations, using “Poisson-transformations”. Similar results are
obtained also for the exceptional isotropic symmetric space. The Langlands
parameters of the spherical discrete series representations are determined.  © 1987

Academic Press, Inc.

1. INTRODUCTION

Let G/H be a homogeneous space of a Lie group G and a closed sub-
group H, and let D(G/H) be the algebra of G-invariant differential
operators on G/H. According to Helgason [12, p. 2], harmonic analysis on
G/H consists of the following program:

A. Decompose functions (e.g., compactly supported C®-functions) on
G/H into joint eigenfunctions of D(G/H), that is, functions on G/H satisfying

Df=x(D)f, VYDeD(G/H) (1.1)

Jfor some map (necessarily a homomorphism) y: D(G/H) — C.

B.  Describe for each y as above the joint eigenspace &, consisting of
the C*-functions on G/H satisfying (1.1).
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C. Determine for which y the space &, (equipped with the Fréchet
topology inherited from C*(G/H)) is irreducible under the natural represen-
tation ., of G.

For Riemannian symmetric spaces this program has been carried out
completely (cf. [12] and the references given there). For general non-
Riemannian semisimple symmetric spaces the program is however far from
being complete (cf. [25] and the references given there). The best known
examples of these spaces are the projective real, complex, and quaternion
hyperbolic spaces, which are considered in the papers of Faraut [5], solv-
ing problem A, and Sekiguchi [26], related to problem B. The present
paper also deals with these hyperbolic spaces, solving in particular the
following stronger version of C:

C'. Determine for each y the composition series of n,, that is, deter-
mine all closed invariant subspaces of &,.

The result (Theorem 6.1) may be viewed as the analog for the eigenspace
representations of the results of Johnson-Wallach [14] for the spherical
principal series of a classical real rank one semisimple Lie group G. In fact,
in the special case where H equals K (a maximal compact subgroup of G)
the solution to C’ can be obtained directly from [14], using the following
result of Helgason’s: By [10, Theorem IV.1.4] the Poisson transformation
is an isomorphism of the K-finite vectors in a spherical principal series
representation onto the K-finite vectors in the eigenspace. For the complex
Riemannian hyperbolic spaces Problem C’ is also solved in [23].

The method used in this paper to solve Problem C' is based on explicit
calculations on the K-finite eigenfunctions involved. Each subrepresen-
tation of n, is described by its K-types. In particular we determine the
K-types in each discrete series representation for the hyperbolic space
(Theorem 6.4).

The second result of this paper is a generalization to the hyperbolic
spaces of the above mentioned result of Helgason’s [ 10, Theorem [V.1.4].
Associated to the hyperbolic spaces there are also some “principal series” of
representations and “Poisson transformations” from these to the
eigenspaces. In general, and in contrast to the situation in [10], there are
eigenspace representations which are not isomorphic to any of these prin-
cipal series representations (on the level of (¢, K)-modules). However, we
prove (Corollary 7.5) that for each of these principal series representations,
each irreducible subquotient is isomorphic (on the level of (¢, K)-moduies)
to a subquotient of the corresponding eigenspace representation—and vice
versa. The isomorphisms are provided by Poisson-“like” transformations.

In Section 8 similar results as the previous mentioned are proved (with
fewer details) for the exceptional symmetric space Fy . ,,,/Spin (1, 8) which
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may (in some sense) be considered as a projective hyperbolic space over
the Cayley numbers. For this space problem A was solved earlier by
Kosters [18].

Finally, in Section 9, we consider closer those discrete series represen-
tations for G/H which are spherical (that is, contain the trivial X-type). We
describe the Langlands parameters of this interesting series of unitary
spherical representations.

2. NoTATION

Let F be one of the classical fields R, C, or H, and let x —» x be the stan-
dard (anti-) involution of F. Let p and ¢ be nonnegative integers, and let
[ , ] be the Hermitian form on F”*4 given by

[X, J’]=)71x1+ +.}7pxp—')7p+lxp+l_ _.Pp+qxp+q (21)

for x, yeF, and let G = U(p, ¢; F) denote the group of all (p+¢q)x(p+4q)
matrices over [ preserving [ , ]. Here the action of a matrix on F”*9 is
given by multiplication on the left, considering elements of F?*? as (p + q)-
columns. Thus, G=O(p, q), U(p, q), or Sp(p, q) in standard notation. We
put U(p; F)=U(p, O; F).

Assume that p and g are positive. Let H be the subgroup of G which is
the stabilizer of the line F(1,0,.,0) in F?*¢ Then H=U(1;F)x
U(p—1, q; F) and the homogeneous space G/H is identified with the space
X = X(p, q; F) which is the projective image of the space

Z=Z(p,q;F)={zeF"*4|[z,2]=1}

(that is, X =Z/~ where ~ is the equivalence relation z ~ zu for all ze Z
and ue F). The space G/H is a reductive symmetric space (an involution of
G is obtained as in [25, p. 114 Example e¢]). We call X a projective hyper-
bolic space.

Let d=dimyF, then F7*9=R%*% as a vector space over R, and
Z(p, q; F)= Z(dp, dgq; R). Hence there is a natural projection

X(dp, dq; R) - X(p, q; F), (2.2)

and there is a natural action of U(1;F) on X(dp, dg; R), defined via mul-
tiplication from the right on Z(p, g; F). The fibers of (2.2) are the U(1; [F)-
orbits in X(dp, dg; R). Moreover, we may consider G naturally as a sub-
group of O(dp, dq), and the action of G on X(p, ¢; F) factorizes through the
map (2.2).
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Let 4 = A(p, q; F) be the Laplace—Beltrami operator on X. Explicitly, 4 is
constructed (and normalized) as follows (cf. [5, p.377]). Assume first
F=R and let [J,, be the generalized wave operator on R”*¢

0* 0° 0* 0’
P Ox? ax)  oxk, ox: .,

For fe C*(X) let f(z)=f([z,z] "*z) for all ze R?*¢ with [z,z]>0,
then 4f is the pull back to X of the function [] p_q] onZ ForF=CorH
we can construct 4 similarly, or we can reduce to F =R by (2.2). We have
4€ D(G/H), and every element of D(G/H) is a polynomial in 4.

For 4eC the eigenspace & = &,(p, g; F) is defined by

&={feC*(X)|4f =(A*~p*) [} (2.3)

where p =4(dp +dq —2). Let n; denote the restriction to &, of the regular
(Fréchet space-) representation of G on C*(X). Notice that from (2.2) we
get a G-homomorphism

&:(p, q; F) > &,(dp, dg; R)

which is an isomorphism onto the U(1;[F) invariant functions in
& (dp, dq; R).

Let K=K(p, q;F)=G be the maximal compact subgroup U(p;F) x
U(q, F), and let g = «(p, q; F) be the Lie algebra of G. For 1 </, j<p+gq
let E;; denote the (p+ ¢q) x (p + ¢g) matrix with 1 on the (i, j)th entry and
zero on all other entries. Assume ¢>0 and let Ye ¢ denote the element
E, it E,., Let M=M(p, q;F)=G be the centralizer of Y in Kn H,

r
then M consists of the elements in G of the form

0

oo o=
oo < o
o T oo
= oo

where Ve U(p—1;F), WeU(g—1;F), and ue U(1, F). Notice that M is
the stabilizer in K of the line F(1,0,.,0,1) in F?*% and that the
homogeneous space K/M can be identified with the space B= B(p, q; F)
which is the projective image of the product of the unit spheres

S={yeF" [ p >+ -+, =1y, P+ +ly,, =1}

(that is, B=S/~ where y~yu if ye S and ue U(1; IF)).
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Let Q c X be the image of the set {ze Z|(z,, ;... 2,,,) #0}, then Q is
an open dense subset of X. For teR let a,=exp tY, then the map

K/Mx 10, o[ - G/H

2.4
(kM, t) - ka,H (24)

is a difffomorphism onto @ (cf. [25, Proposition 7.1.33). Via the iden-
tification K/M = B this map is the pull back to Bx ]0, oco[ — X of the map
Sx 10, o[ = Z given by

(y,t)=>(y,cosht,.., y,cosht, y,,  sinht,..,y,, , sinh). (2.5)

We will frequently denote by (y, ¢) the point of X which is the image of
(2.5), for ye S and teR. For (y,t)e£2, y and ¢ are called the spherical
coordinates of (y, t).

Let Z, ={0,1,2,.}.

3. THE K-DECOMPOSITION OF C™*(B)

In this section the irreducible representations of K occurring in C*(B)
are determined. We start by recalling some results from [14].

Let r be a positive integer, and let K, =U(r,0; F), M,=U(r—1,0; F),
and S,=K,/M,=Z(r, 0; F), the unit sphere in F". Let 4, =A4(r, 0; F), then
4, is (the negative of) the usual Laplacian on S~ '. The decomposition of
C>(S,) into irreducible representations of K, is determined from [14,
Theorem 3.1]. The K,-types occurring are parametrized by pairs (a, b) of
integers with the following properties (3.1)-(3.5):

a=bmod 2. (3.1)
If r=1then a= |b. (3.2)
IfF=Rthena>0and 1 >54>=0. (3.3)
IfF=Cthenaz|b| (3.4)
IfF=Hthena=5b=0. (3.5)

The parametrization (originally due to Kostant [17]) arises as follows
(leaving out the trivial case F=R with r=1). For a>0 define
H*c C*(S,) as the eigenspace

He={feC=(S,)|A4,f=ala+dr—2)f}.

Then s is invariant under the action of K, (from the left) and also under
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the action by U(1,F) (from the right). For each b as above define a
representation J, of U(1;F) as follows: If F=R or C let §,(u)=u’ for ue
U(1; F), and if F = H let &, be the (b + 1)-dimensional irreducible represen-
tation of Sp(1)= SU(2). Let ¥, denote the character of §,. Now define #“*
as the space of functions f € #“ which transform according to &, under the
(right) action of U(1; F), that is

=] Sl {0 d (dim ) (36)

for all xe S,. The space #“® is invariant under K,, and it is irreducible as
a representation space for K, x U(1; F). Moreover the linear span of all the
spaces #“’, with (a, b) satisfying (3.1)-(3.5), is dense in C*(B,). If
(a, b)# (a’, b') then #“" and H#“-"" are not equivalent as representations
of K, x U(1; F).

From {14, Theorem 3.1] we get an explicit formula for a specific funtion
in #“". There is a unique function 4, in #“" with value 1 at the origin,
and which is fixed under the subgroup {([4 21,u)e K, x U(1;F)ime M,}

0O m

of K, x U(1; F). This function is given by the following formula:

hopy) = (dim 8,) " 7, (ﬁ) e(ri d: a, b: 0) (3.7)
Pa!

for y=(y,y., y,)€S8, with y,#0. Here 6¢ [0, n/2[ is determined by
|y, = cos 8, and the function e(r; d; a, b; #) 1s defined by

e(r:d;a, b;0)

d
:cos“HF(—%(a+b+d—2), —%(a—b);z(r— 1); —tan? ()) (3.8)

where F is the hypergeometric function of type (2,1). If r=1, (3.8) is
replaced by e(1;d;a, b;0)=1 (only 8 =0 is needed since |y,|=1).

Notice that if F=R then 3#“=#“" and #“ is the space of spherical
harmonics of degree a on S,. Furthermore, 4, , is the zonal spherical har-
monic function in #.

We now consider C“(B). Let A be the set of triples u of integers (j, k., /)
with the following properties (i) and (ii):

(i) Conditions (3.1)—(3.5) hold with r=p and (a, b)=(j, !).
(ii) Conditions (3.1)-(3.5) hold with r=g¢ and (a, b) = (k, I).
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For u=(j,k,l)eA consider the subspace of C*(S) spanned by
functions of the form

y-= W (y'u) h"(y"u) du (3.9)

U(L;F)

for y=(y,»")eS=S,xS,, where h'e #*'cC>(S,) and h"eH#*'c
C>(S,). We denote by s this space, considered as a space of functions on
B. Notice that if F =R or C, the integrand in (3.9) is constant.

In particular, taking 4" =h;, and h" = h,, in (3.9), we obtain a function
h,e #*, which is given by

h(y) = (dim 8)~" %, (—y——y——> e(p; d: j, 1) elgs di K, ) (3.10)
IViFp+ 4l

for y=(yis Yp+qg) €S, with y, #0 and y,, , #0, where &, n€ [0, n/2[ are
determined by |y,|=cos¢ and |y,, | =cosn. To obtain (3.10) we have
used the following formula

[ xtou) o) du=y,(0%) dim 5,
U(1,F)

for v, we U(1; F). We now have

PROPOSITION 3.1. The set A parametrizes the irreducible representations
of K in C*(B). For each ue A the corresponding K-type has multiplicity one
in C*(B) and the space of functions transforming according to this K-type is
H¥. In K there is a unique function with the value 1 at the origin and which
is fixed under M. This function is h,,.

Proof. 1t follows from the description of K -types in C*(S,) that C*(B)
is spanned by functions of the form (3.9) with 4'e #/'< C*(S,) and h" €
Hrm e C>(S,), where (j, 1) (resp. (k, m)) satisfy (3.1)-(3.5) with r=p
(resp. r=gq). However the integral (3.9) vanishes unless /=m, because of
(3.6). Hence C*(B) is spanned by the spaces s#*. The irreducibility of s#*
under K follows from the fact that the trivial representation has multiplicity
one in §,® 4 (6} denotes the representation contragradient to 4,). Since
K-types thus have multiplicity one in C*(K/M), each K-type contains a
unique one-dimensional space of M-fixed vectors (Frobenius reciprocity).
Therefore, 4, is unique. |

Remark. Proposition 3.1 answers a question posed in [5, p. 399,
lines 4-57.



EIGENSPACES OF THE LAPLACIAN 201
4. THE K-DECOMPOSITION OF THE EIGENSPACES

In this section the K-types occurring in &, are described, for each ieC.
Using the spherical coordinates (2.4) we see that every K-type in &, must
occur in C*(B) and hence is given by a parameter ue A. For pe A4 let

&,,=1{f€é&;|fis K-finite of type u}. (4.1)

The functions in &, can be explicitly desribed using special functions.
For je Z and k >0 we define a function ¢, ;, € C*(R) by

@ 4(t)=cosh’ rsinh* 1 Mo+ 1) 2F(1) (4.2)
where a =k +dg/2—1, f=j+dp/2— 1, and ¢'*# is the Jacobi function

@h()y=Fia+B+1+24), Ya+B+1—4),a+1; —sinh’ 7).

(The factor I'(x+ 1)~ is introduced only to simplify certain formulas). For
AeC, u=(Jj,k,I)e A, and he #* we define a C*-function &,(h) on Q by

D, (h)(y, )y=h(y) @, ;4(1), (4.3)

for ye B and te ]0, co[. Obviously @;(h) is K-finite of type u.

Lemma 4.1. @,(h) extends to a K-finite C™-function on X, also given by
(4.3) (with te [0, o).

Proof. Through (2.2) we may assume F = R. Since he #* is a sum of
products of spherical harmonics, we can extend it to a polynomial 4 on
R?*9, homogeneous of degree j on R” and homogeneous of degree k on
R4 Then

q)/(h)(x) = CE(X) F(Cl, b’ (& *x,2,+ [ _-X,27+q)
for xe X, for suitable constants C, a, b, and ¢. From this the lemma
follows. |

THEOREM 4.2. For each .€C and ue A the map @ ;. #* - C<(X) is a
K-isomorphism onto &, ,.

Proof (cf- [5, p-427] and for p=1 [11, Theorem 4.5]). Expressing in
spherical coordinates the Laplacian on functions K-finite of type p, and
separating the variables gives an equation of hypergeometric type in ¢,
whose only solutions regular at 0 are proportional to ¢, ,. Therefore
P;,(h)eé, ,, and D, is onto. |

y
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In particular, each K-type in &, has multiplicity one. Also it follows that
the space of M-fixed vectors in &, , is spanned by the function

f}.,uz ¢A(h;4) (4-4)

where 4, is given by (3.10).

Notice that Eq. (4.2) can be used as the starting point for obtaining
Faraut’s solution to problem A, using the inversion formula for the Jacobi
transform which has been given an elementary proof in [15] (cf [16,
p. 36] and [5, p. 428]). Actually, using (2.2) the solution to problem A can
be reduced to the case F =R, where it was solved in [19].

5. THE ACTION OF Y

Let &% denote the space of M-fixed K-finite functions in &,. From the
previous section we know that " n &, , is spanned by f; ,, for each pe 4.
Since M commutes with Y it is clear that n;(Y) leaves &% invariant. Using
the explicit formulas for f; , we can now determine explicitly the action of
n,(Y)on &Y.

For the statement of the following theorem we define f;, , =0 if v¢ 4.

THEOREM 5.1. Let AeC and let u=(j,k,l)eA. Then n (Y)f,, =
>, a,.f;., with the following coefficients a,:

. _[j+l+dp—2 k+il+dg—2121+2d—4
ik L S ) 2k +dg—2 2i+d-2

1
xZ(j+k+p+/1)(j+k+p—/1),

) _|:j—l+dp— k—1+dq— 2
A Ty 2k+dg—2 |[21+d-2

1
xZ(j+k+p+/1)(j+k+p—,l),

. =_|:j+l+a'p—2 k—1 2/4+2d—4
4 Lk— LI+ 1 2j+dp—2 || 2k+dg—2]| 21+d-2 |

Ny __l:j—l+dp—d] k+1+d-2 21
f k=11 2j+dp—2 || 2k+dg—2 )| 21+d-2]|
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_ j—1 k+1+dg—2121+2d—4
Ak 11 = 2j+dp—2]|| 2k+dg—2 || 21+d-2
xl
4

. [j+i+d=2k—1+dg— 21 ]
ST i bdp -2 || 2k4+dg—2 || 20+d-2

1
X=(j—k—dg+p+AWj—k—dg+p—4),

(j—k—dg+p+Aj—k—dg+p—4),

4

_ j—1 k-1 20+2d—4
Gjtk—1041= 2j+dp—2 | 2k+dg—2| 20+d-2 |
.  [JHIAd=2k+1+d=2 21
e ke L= 1= 2j+dp—2 || 2k+dg—2 || 201+d-2

and a,=0 otherwise, where each term in square brackets is replaced by 1 if
its denominater is zero.

Proof. Obviously n,(Y) f,, =2 a.f;, for some unique constants a,. To
determine these constants we compute n,(Y) f, . (x) explicitly for xe X. It
suffices to consider x in a dense subset of X, so we may assume x=
(v, t)e 2 with p, #0 and y,, ,#0. By definition

d

:;{;0

T[/i( Y) .f),,;t(x) f‘/ﬁ,u(a ,\X) (51 )

We define y(s)e B and #(s) >0 by
a_x=(p(s), 1(s})

for s sufficiently small so that a_,xe Q2. We then have the following set of
identities, modulo right multiplication from U(1; F):

vi(s) cosh t(s) =y, cosh t cosh s — ) sinh ¢ sinh s,

‘Pra

v»(s)cosh t(s)= y, cosh ¢,

Vo(s)cosh #(s) = y, cosh 1,
Ypi(s)sinh #(s) =y, sinh ¢,

Yprg—i1ls)sinht(s)=y, . sinh¢,

Vo4 4(s)sinh t(s)= —y, cosh rsinh s + sinh ¢ cosh s.

Pty
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Let &, e [0, n/2[ be defined by |y,| =cos & and |y, | =cosn, and let ¢
be defined by Re(y,7,.,/1¥17,44)=cos @ and 0<o<n if F=R or H,
ViFpsglIV17ps g =€° and 0< @ <2z if F=C. (Notice that ¢ € {0, 7} if
F=R).

Define &(s), n(s), and ¢(s) similarly. For x in a dense subset of X these
functions depend smoothly on s in a neighborhood of 0. By straightforward
calculations it follows from the identities above that

dt

—| = —cos & cos n cos @, (5.2)
dS 0

a¢ .

—| =sin & cos 5 cos ¢ tanh ¢, (5.3)
ds 0

d .

A~ cos ¢ sin n cos ¢ coth ¢, (54)
ds 0

d

@l _ (COS i tanh ¢+ cos ¢ coth t) sin . (5.5)
ds|o \cosé cos 1

Let y(d; I; ¢) denote the following function of ¢:

e’ if F=RorC,

Wl o)= . (5.6)
g+ SlEDe oy
sin ¢

then it follows from (3.10) and (4.4) that f; , is given by the equation

fiux)=x(d; I, @) e(p; d; j, ;&) e(g; ds k, I;n) @,4(1) (5.7)
since

(dim &)~ g, (ﬂy:”*—"-) = y(d; I; )
|ylyp+q|

(for F=H, cf. [28, p.49]).
From (5.1)~(5.5) and (5.7) it follows that

1Y) f1,u(%)

d
= {sin 4 & e(p;d; j, I;E)cos n e(q; d; k, I;n) tanh £ @ ;. (¢)
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. ) d ]
+cosée(p;d; j, ;&) siny d—ne(q; dk,l;n)cotht @, (1)

d
—cos¢elp,d; j, ;&) cosnelq; d; k, I; 1) 7 w;,‘,,k(t)} cos ¢ x(d; 15 @)

te(psd; j, ) elq; ds ke, n) @ 4(t)

cos # cos ¢ . d
_ N : . 5.8
x(———c sétanhH_c Sncotht)sm(p x(d; 1 0) (5.8)

The terms involving ¢ in (5.8) are determined from the following lemma,
the proof of which is elementary.

LEMMA 5.2. We have

(i)  cosoyld ¢)=%[221f;2‘;1%}x(d; [+1;0)
+%[51-+—2;—_5] xd; 1 =1; ),

(i) sin ¢ 5 2(d l;¢)=é[%tjj—__24]x(d;l+l;<p)
Shih [2”2;_2] $d: 1= 1; ),

where each term in square brackets is replaced by 1 if its denominator is zero.

Insertion into (5.8) gives

172/+2d—4
ﬂz(Y)f;.,#=§|:m}Alx(d;l+ 1; )
1 21
+§[m]/’zx(d,l~1,¢) (59)

where

/ . d P
Alz(m-Fsmé;E)e(p,d,], L&)

xcosnelq;d; k,l;n)tanh t ¢, ,, (1)
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+coséel(p;d; j,I; &)

/ d
in#y — sdi k1 tht o, (1
X(COSﬂ+Sln’1d}1> e(q! ERAZY ,"])CO (p/h,‘/.k()

. d
—cosée(p;d;j,I;E)cosnelq; d; k, I;n) 7 ©; (1)

and A, is obtained from A, by formally replacing / with —/—d + 2.

The terms involving ¢ and y are now determined from the next lemma,
the proof of which follows from standard formulas for hypergeometric
functions (e.g. [14, Lemma4.1]). For the statement we define
e(r;d; a, b; 8) =0 whenever a and b do not satisfy (3.1)-(3.5).

LEMMA 5.3. Let e(0)=e(r;l;a,b;08) be defined by (3.8), and let
Oe[0,n2[ if r>1,0r 0=0if r=1. Then

a+b+dr—2

m]e(r,d,a+l,b+l,0)

(1) cosHe(B)z[

a—>b
+[m]e(r,d,a-—l,b+l,0),

. b )
(ii) <cos 0 +sin ::’5) e(0)
_ |:a+b+dr—2

Yatdr—2 ]e(r;d;a+1,b+1;0)

a—b

‘(a+dr_2)[2c1+dr——2

:|e(r; dia—1,b+1,8),
where each term in square brackets is replaced by 1 if its denominator is zero.

When these formulas are inserted into A4, in (5.9) the result is the
following, after rearrangement of the terms

[j+l+dp—20k+1+dg—2
"l 2j+dp—2 || 2k+dg—2
xe(p;d,j+ 1,1+ 1;8)elq;d k+ 1,1+ 1, 1) B,
. j+i+dp—2 k—1
2j+dp—2 || 2k+dg—2

xe(p,d, j+ 1,1+ 1;¢)elq;d; k—1,1+1;n) B,
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L[t [kt+itdg—2
[ 2j+dp—2 || 2k+dg—2

xe(p;ds j— 1,1+ 1;E)e(g;dik+ 1,1+ 1;n) By
+‘ j—1 o k=1
| 2j+dp—2 || 2k+dg—2
xe(pyd, j—1;1+1;8)e(q; ds k— 1,14+ 15 ) B,

where
) d
B,=(jtanh 1 +k coth t) @, ;,(1) 7 @, (1),
. d
B,=(jtanh t— (k+dg—2)coth t) ¢, (1) % @ ;1)
. d
By=(—~(j+dp—2)tanht+kcotht) g, (1) T @, x1),
. d
B,=(—(j+dp—2)tanhr—(k+dq—2)cotht) g, (1) T ¢; (1)

The terms B,, B, etc. are determined from the following lemma, the
proof of which easily follows from standard relations for hypergeometric
functions. Notice that B, and B, are obtained from B, and B, by a formal
replacement of j with —j—dp + 2.

LEMMA 54. Let ¢, ;,(t) be defined by (4.2). Then

. . d
(1) (jtanhz+kcotht)e, , ~u Pk

:%(j+k+p+'1)(j+k+l7_l)90;H>/+1‘k+1» and if k>0

d
(if)  (jtanht— (k+dg—2)cothr) Ok 7 ©iin

= _2(/3,1,;+ Lk—1°

Inserting these relations into the expression for 4, we get

1[2/+2d—-4

5 [m] A(@ I+ 50)=2 s 1hp e Sojeihsiien

where the coefficients are as stated in the theorem. Replacing / with
—[/—d+ 2 we get a similar expression for the second term in (5.9), and the
theorem is proved. ||
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6. THE COMPOSITION SERIES OF T;

The composition series of n, is completely described if all closed
invariant subspaces of &, are determined. With this purpose we define some
subspaces of &:

IfAlep+2Z, let

T,={u=(jk Dedlj+k<i-p}

and let 7 be the finite dimensional subspace 3, . &;, of &,.
Ifg>1and Aep+dp+2Z, let

Vi,={u=0,k,YeAlk—j<Ai+p—dq}

and let ¥ be the closure in &, of X', ., &, ,. Notice that ¥, = {0} if p=1
and 1<p—d.
Ifg>p=1F=C,and Aep+2Z,,let V§ and V; be defined by

Vi={u=kDedlktl<i—p},

and let ¥ be the closure of 2, + & ,. Notice that 7, =%" n¥ " and
V=V +71.
Ifp>1and Aep+dg+2Z, let

and let %; be the closure of 2, . ,, &, .. If moreover dg is even and 4 > p, let
W,=9,+%,. Notice thatif g> 1 then %, =%"_,,andifg=1and Ai<p—d
then %, =46,.
Ifp>g=1F=C, and Alep+2Z_, let W} and W be defined by
Wt={u=(,k,Dedljtizl—p+2orjFI<i—p}

A

and let #"; be the closure of 2, 4+ &, . Notice that #;, =% n# " and
E,=W+w;.
Notice that since n_, =, we only have to consider 4 with Re 4> 0.

THEOREM 6.1. Let AeC and assume Re 120. The closed G-invariant
subspaces of &, are those spaces among the following, which are defined for
the value of d, p, q, and A in question: {0}, T,, U,, V:, W,, V' &, W}, &.

COROLLARY 6.2. Let AeC and Re A=0. n; is irreducible if and only if

one of the following conditions hold

(i) A—pé¢Z
(ii) dp and dq are even and 4 — pe2Z + 1.
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(iii) p and q are odd, F =R, A—pe2Z and A <p.
(iv) p=lorg=land A<p—d

(v) p=q=1,F=Hand A=1.

(viy p=q=1,F=Rand A#0.

COROLLARY 6.3. Let AeC and Re A =0. n; has a unique irreducible non-
zero subrepresentation except when p> 1, dq is even, and A€ p + 2Z _, where
both 7, and %, are closed invariant subspaces.

Proof of Theorem 6.1. From general principles (cf. [3, Theorem 3.17])
it follows that the G-invariant closed subspaces of &, are precisely the
closures of the (g, K)-invariant subspaces of the space of K-finite vectors in
&,. Let g =£ + 4 be the Cartan decomposition of 4. Since the K-orbit of Y
spans # linearly, a subspace of K-finite vectors in &) is (g, K)-stable if and
only if it is stable under n,(Y) and K. From the expression for n,(Y) f; , in
Theorem 5.1 we can determine the (m;(Y), K)-stable subspaces just by
determining which coefficients vanish. From this the theorem is easily
obtained. ||

The justification of the corollaries is straightforward from Theorem 6.1.

Remarks. For F=R the irreducibility of %, is proved in [21] by a
similar method, and the irreducitibility of &, under condition (i) is proved
in [22]. Corollary 6.3 is closely related to [5, Theorem 3.2].

The subspaces %, are of particular interest because they are related to
the discrete series for X. Let dx be the measure on X given by

[s's)

J rxyax={ | fin0 A dedy

where A(t)=(2cosh t)#~'(2sinh 1)% ! and dy is invariant measure on
B=K/M. Up to normalization dx is the unique G-invariant measure on X
(cf. [25, Theorem 8.1.13). Let D = C be defined by

D={ieC|A>0, Ai—pedq+27}.

THEOREM 6.4. Let AcC and Re 120, and let e A. Then &,, = L*(X) if
and only if p>1, AeD and pe U,.

Proof. Follows immediately from Theorem 4.2 and [6, Lemma A.3].

From Theorem 6.4 one concludes that the discrete series for X consists
precisely of the closures of %, in L*(X) for AeD (using, eg [I,
Theorem 1.57]). Since we know from Theorem 6.2 that each of these spaces
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is irreducible we thus have a complete description of the discrete series (the
parametrization by D is due to Faraut [5, p.432]). In particular, we have
explicitly described the K-type structure of each discrete series represen-
tation.

Remark. 1t is striking that for g=1 all K-finite functions in &, are
square integrable if 0 <A< p—dand A=p+dg mod 2

7. PoI1sSON TRANSFORMATIONS

Consider the principal series representations of G associated to X, defined
as follows. Let I be the G-invariant cone

I'={zelF"*9|[z,z]1=0,z#0}

and let Z=1I/~ where ~ is the equivalence relation z~zu for all ze T,
ue U(1; F). For 1eC let C{(Z) denote the space of C*-functions ¢ on I’
satisfying

o(zv) =[v]** o(2)

for all ze I'and ve [, v #0 (in particular, we may consider ¢ a function on
Z). Notice that S< [, and by restriction we can identify C(Z) with
C*(B) for each AeC. Denote by o, the regular representation of G on
C2(Z). Notice that o, is unitarisable in L?(B) when 4 is purely imaginary
([5, Proposition 5.1]).

It is of interest to compare the representations ¢, and n;, of G. When
p=1, X is Riemannian and comparison of Theorem 6.1 with [14,
Theorem 5.1] shows that the composition series of o, and =, resemble each
other if Re A= 0. In this case it actually follows from [ 10, Theorem IV 1.4]
that the (g, K)-modules of o, and n, are isomorphic. Moreover the
isomorphism is given by the Poisson transformation defined by

%(P(X)=L [[x, 611" (b) db (7.1)

for ¢ e C*(B) and x € X. Here, by definition, |[x, b]| =|[z, y]| where ze Z
and ye S are chosen in the class of x and b, respectively.
We consider now p > 1. In analogy with (7.1) we define

Fo(x)=I(-3A+p—d)~’ L I[x, 611 ~*~* @(b) db (7.2)

for o € C*(B) and xe X. From [5, Proposition 5.3] we have that 2 ¢ is
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well defined by this integral if Re A is sufficiently small, and by analytic
continuation for all Ae C (the factor in front cancels the poles in the
meromorphic continuation of the integral). Furthermore, Z ¢ is in &, and

2. CP(E)- 6

is G-equivariant. &, is called the Poisson transformation for X (with
parameter 1).

Let %, — &, denote the closure of the image of . We now determine .7,
which due to the equivariance of 2, must be one of the spaces mentioned in
Theorem 6.1.

THEOREM 7.1, Assume p>1 and ReAz0. If i-—-pedg+2Z then
£, =U,, otherwise 5,=¢,.

Proof.  Using the expansion of the functions in C*(B) into their K-type
components, it suffices to determine those K-types pe A for which
P(H*)# {0}. This is done using the following lemma, after which we will
resume the proof of Theorem 7.1. Let the measure on B be normalized such
that B has volume 1.

LeMMA 7.2, Let u=(j, k,1)e A and he #*. Then

Zih=B(4, p) D;(h) (7.3)
where @ ;(h) is given by Lemma 4.1, and B(4, p) is the constant
3
rN—|r{— . .
- <2 2 (— 1)Uk THA+p+j+k)

A )= _ : .
A ) F(f) TGOA+p) [(=5A+p—dp—j+k))
2 (7.4)

Proof. The existence of some constant S(A, u) such that (7.3) holds
follows from the equivariance of 2 and Theorem 4.2. Taking &= 4, (given
by (3.10)) the value of f(4, 1) can be determined. The computation is
nearly identical with Appendix B of [5]. 1

From the lemma we see that Z,(#*)= {0} if and only if

(i) j—kel+p—dp-2Z, or
(i) A+pe =27, and j+k> —i—p.

Now (ii) is excluded since Re 1 >0, and Theorem 7.1 follows. |

580/70/1-14
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Remark. For p=1, where % is defined by (7.1) we also have
Lemma 7.2, but with (7.4) replaced by

T(3(A+p+j+k) I(—3i+p—d))
T'GA+p) I(—3A+p—d—j+k))

(7.5)

B4, p)= F(%) (—1)U-Fr2

(cf., also [11, Theorem 4.57]). In this case it is well known (and follows
from (7.5)) that 4, =&, for Re A>0 (except in the trivial case F=R,
p=g=1)

From the proof of Theorem 7.1 we obtain the following corollary:

CorOLLARY 7.3. Let AeC and Re 41 =0.

(@) If2—peZ and A=p then S_,=9,.

(b) If g>1 and (1). A—pe2Z, A<p, and dp is even, or (2):
A—pel+2Z and dp is odd, then J_,="7.

(¢) In all other cases than (a) and (b), S_,=6,.

In particular, for every G-invariant irreducible closed subspace & of &; we
have ¥ =%, or ¥ =9_;.

Proof. Statements (a), (b), and (c) follow by the same reasoning as
Theorem 7.1. The last statement follows from Theorem 6.1 by inspection of
each case. |

From Corollary 7.3 we obtain that every irreducible subrepresentation of
., is equivalent to a quotient (and hence by duality a subrepresentation) of
o, or 6_; (This is an analog of Casselman’s theorem [4]).

For ¢ € C*(B) we now define a function 2/ ¢ on X by

d
9’2:(0(X)=3- Z,¢(x). (7.6)
v v=A4
We have
M”<p=i AZ9=—| (V—p")Po
g dV v=24 ' dV ve=i '

=(A>=p") P90+ 200
and thus, if Z¢ =0, then Z,¢p€é,. Let
P ker P, — &, /5,

be the map obtained by composing %/ with the projection onto &;/.%;.
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THEOREM 74. Let AcC. The map 2 is a G-invariance. If Re >0 it is
an isomorphism onto a dense subset of &,/5,.

Proof. Let peker . < C®(B). Using (7.2) and analytic continuation
we get

ﬂ(nv(g)ﬂ’vq))

V=4

Zlag) @)

V=A

d
~i(oe o)+ 2, (5
14

o.(g) q)) eZ(o,(g) o)+ 1.

V=4

from which the equivariance property follows.
Assume pe A and #* cker #, then B(4, u)=0 (cf (7.3)). From (7.6)
and (7.3) we obtain

Pih=P'(4, n) ®;(h) (7.7)

for he s#°*, where B'(A, u)=d/dv|,_; p(v, u). Thus 2,(#*)=0 if and only
if B'(4, u) =0. However it follows from Lemma 7.2 that the zeros of (4, u)
are of order one in A when Re 4 > 0. Therefore f'(4, u)# 0 and the theorem
follows. |}

Remark. Let #', < &, be the sum of .#, and the closure of the image %
(ker ). From the theorem it follows that .4’ =&, if Re 1> 0. Actually it
follows from the proof and Lemma 7.2 that #; =&, for all AeC, except
when dp is even, ¢>1, and Ae —p—2Z .. In this case .#;=7"_, and dif-
ferentiating once more with respect to 4, we get an isomorphism 2} of ker
2’ onto a subset of §,/.7,.

From Theorem 7.4 we obtain

COROLLARY 7.5. Let AeC. Every irreducible subquotient of m, is
infinitesimally equivalent to an irreducible subquotient of o ;, and vice versa.

8. THE EXCEPTIONAL SPACES

Let G = F, be the simply connected Lie group whose Lie algebra ¢ is a
normal real from of the exceptional simple Lie algebra ¢, (i.e. 2 =744 1)),
and let K= Spin(9) be maximally compact in G. G contains the group H =
Spin(1, 8) as a symmetric subgroup (cf. [2]). In this section we consider the
eigenspace representations for G/K and G/H, and sketch results similar to
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those proved in the previous sections for the projective hyperbolic spaces.
The symmetric space G/K has previously considered been in [13,29], and
G/H in [18] (where problem A is solved). To emphasize the analogy with
the hyperbolic spaces we denote G/K=X(1,2;0) and G/H=X(2,1;0),
where O is the algebra of Cayley numbers. Let d=dimgz O =8.

Choose an Iwasawa decomposition G = KAN such that the Lie algebra «
of A is also a Cartan subspace for G/H, and let Y e« be such that the
positive restricted roots are a and 2o, where a(Y)=1. Let M be the
centralizer of « in K, then M =Spin (7) and K/M = S"> (cf. [13]). Since
M is connected and « is a Cartan subspace also for G/H we have that
M < H. We then have spherical coordinates on X'= X(p, ¢; O) (cf. [25,
Proposition 7.1.7]):

KMx]0, o[ 3Qc X

(8.1)
kM, t)—> ka, 0
where a,=exp tY, O X is the origin, and Q is an open dense subset of X.
Let w be the Casimir element for ¢, and let n denote the regular represen-
tation of G on C*(X). We define the Laplace operator 4 by

4=T2n(w)

(72 is the square of the Killing norm of Y), and for Ae C we define the
eigenspace &, by (2.3) where p=11.

The K-decomposition of C*(K/M) follows from [13, Theorem 3.1]3: The
K-types occurring are parametrized by pairs (a, b) of integers satisfying
a>=bz0and a=b mod 2, each occurring with multiplicity one. Moreover
the corresponding subspace #“’< C*(K/M) contains a unique M-fixed
function 4,, with value 1 at the origin. The function A, is given by the
formula

hoo(¥)=x(8; b; 0) e(2;8; a, b; 0) (8.2)

for ye K/M, where 0€[0,n/2] and @€ [0, n] are determined by y=
(Vis V16) €S, cos? 0=y2+ -~ + y2, and y, =cos 6 cos ¢, and where
x(8; b; @) =cos” @F(—b/2, (1 —b)/2; 7/2; —tan? @) and e(2;8;a, b; 0) is
defined by (3.8) (for ¢ # /2 and 8 # n/2).

In order to keep the analogy with Section 3 we define 4 as the set of
triples pu=(j, k,I) of integers satisfying respectively k=j=7/20 if
(p,g)=(1,2), and j=zk=120if (p,q)=(2,1). For pea let #*=x"
and h, = h,, with (a, b) = (k, I), respectively (a, b) = (j, [). Let &, , be given
by (4.1), define ¢, ;, by (4.2), and @,(h)e C*(Q) by (4.3) for he #* In
particular let f, , = ®,(h,).



EIGENSPACES OF THE LAPLACIAN 215

THEOREM 8.1. Let (p,q)=(1,2) or (2, 1), and let X=X(p, g;0). Let
ieC.

(i) The K-types in £,(X) are parametrized by A, each occurring with
multiplicity one. For each ue A and he #" the function @,(h) on Q extends
to a function in &, , and @, is a K-isomorphism of #* onto &, .

(i1)  The statement of Theorem 5.1 holds word for word for X.

Proof (sketch).  We use the notation from [29]. By [29, p. 5387 (resp.
[18, p.537) X(1,2; Q) (resp. X(2, 1; ©@)) can be realized as the G-orbit in
F1., through E,| (resp. E;). From [29, p. 540(12) and p. 531(2)] it follows
that if the point X({, w)e £, ({e R?, we O, notation [29, p. 5237) equals
ka,E, (resp. ka,E,) then

{,=cosh?¢ (resp. {, =sinh? 1) (8.3)
{y= —sinh? ¢ |u|? (resp. {; =cosh® t |u|?) (8.4)
w,= —sinh r cosh r u (resp. same relation) (8.5)
w,= —sinh t cosh r v (resp. same relation) (8.6)

where u, veO® are determined from AMe K/M via K/M={(u v)e
Q| lul>+|v]?=1} (expressions for {, and w, are not needed in the
following).

Using these relations the extension of @,(h) to C*(X) is proved in a
similar manner as Lemma 4.1. Expressing the Laplacian in spherical coor-
dinates (cf. [18, p. 32]) (i) is then obtained.

Let &, ne[0,n/2] and @ € [0, 7] be defined from kM e K/M as follows:
Let (=0, |ul=cosy, and Reu=cosn cos¢ if p=1 (resp. |u] =cos ¢,
n=0, and Reu=cos ¢ cos ¢ if p=2). Consider the action of the one-
parameter group (a,),.; on ka, 0, and define k(s) M and 1(s) by
a_,ka,-0=k(s)a,, 0. Define £(s), n(s), and ¢(s) from k(s) M similarly as
above. Using [29, p. 540(12)] and (8.3)-(8.6) the identities (5.2)-(5.5) are
proved, and the proof of Theorem 5.1 can then be repeated. |

We now define subspaces 7, #%,, ¥;, and #; of & as in Section 6 and
obtain

THEOREM 8.2. Let (p,q)=(2,1) or (1,2), X=X(p,q;0), 1eC and
Re 4 >20.

(1) m; is irreducible if and only if A¢5+27 .
(i) If Ae54 27, the only nontrivial closed invariant subspaces of &,

are I, (if A= 11y and ¥ (if p=1), respectively ¥, (if p=2).

(iii) Let peA. Then &, ,,c LX) if and only if p=2, e 1 +2Z , and
weU,. Thus Lel +2Z . parametrizes the discrete series for G/H.
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The parametrization of the discrete series for F./Spin(l, 8) was first
obtained by Kosters [18].

Finally, for ¢ € C*(K/M) the Poisson transforms are defined as follows:
Let &°=E, — E; + Fie #,, (notation of [29]) and let

%(P(gK)=L/M |(ZE | kE®)| 124+ 2) (k) dk (8.7)
and
P.o(gH)=T(3(—A—p+8))~! L/M [(8E;| k&) ~ 124+ 0) (k) dk (8.8)

(cf. [29, p. 545] and [18, p. 58]. Notice that (8.8) involves analytic con-
tinuation). For these transformations (7.3) holds again, with § given by
(7.5) if p=1 (cf. [11, Theorem 4.5]) and by (7.4) if p=2 (cf. [18, p. 70]).
Therefore the results of Section 7 also hold for the exceptional spaces.

9. REMARKS ON SPHERICAL DISCRETE SERIES

Let p> 1. We have seen in Section 6 and 8 that the discrete series for
X(p, q; F) is parametrized by the set D, and that U, is the set of K-types
(each occurring with multiplicity one) in the discrete series representation
with parameter A. In particular we see that this discrete series represen-
tation is spherical (i.e., contains the trivial K-type) if and only if A< p—dyg
(cf. also [7, Section 8]). In this case it is of particular interest to determine
the Langlands parameters of this spherical unitary representation. Actually,
for the groups in question (the identity component of G) an irreducible
spherical representation is uniquely determined by its infinitesimal charac-
ter (this follows from [9, Theorem 7.5]). Since we know that the Laplacian
A acts on %, with the eigenvalue 22— p?, the infinitesimal character of the
discrete series representation can be determined, and the Langlands
parameters can be deduced.

From the condition 0 <A< p —dyg it follows that p>gq, so 4 contains a
g-dimensional split abelian subspace « ,. Let fi,..., f, be coordinates on <,
such that a positive system of roots of z , in ¢ is given by

{fit S [ 2f1<i<j<q 1<I<q)}

with the multiplicities d, (p—¢q)d, and d—1 respectively. The
corresponding p is

d d d
o= (30 =15 (p -2~ 1S (=g +2)-1)
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Reasoning as indicated above we obtain:

THEOREM 9.1. Let p>1 and let the projective hyperboloid X = X(p, q; F)
be realized as a semisimple symmetric space G/H where G = SOq(p, q),
SU(p, q), Sp(p,q), or Fi. The discrete series for X contains spherical
representations of G if and only if d/2(p — q) > 1. Under this condition it con-
tains precisely the spherical represenations m,, determined by the Langlands
parameters v=(v,.., v,) on a as follows (with respect to the coordinates on
a as above):

d . .
y/.—_-z(p+q——2])—l (j=1,.,9—1)

d
v=5(p—q)=1—2n

with n=0, l,... and 2n<d/2(p—q)— 1. In particular these spherical
representations of G are unitary.

For Sp(p, 2) the unitarity of n,, was suggested and given a different proof
by Baldoni Silva and Knapp. Their result and technique of proof was
announced in [31]. The (g, K)-modules of the representations mentioned
in Theorem 9.1 can also be realized via derived functor modules (which are
unitarizable by [30]).

ExaMpLE. Let G =Sp(5, 2). The spherical representations in L*(G/H)
for H=Sp(l)xSp(4,2) are indicated by =*'s in the following diagram.
Other unitary spherical representations related to semisimple symmetric
spaces (but not hyperboloids) are indicated by xs (cf. [24,
Corollary 7.107). (See Fig. 1.)

Remark. The projective hyperboloids are isotropic symmetric spaces of
rank one. The non-isotropic symmetric spaces of rank omne (cf. [8,
Table 1]) contain no spherical representations in their discrete series (this
follows from [20] and [24, Theorem 5.4]).

fa

g X
7
5 *n=0
3 * n=1
1 x xn-2
5 ) B3

FIGURE 1
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