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1. INTRODUCTION

The notion of the n-width (or n-dimensional diameter) of a set &7 in a
normed linear space & was introduced by Kolmogorov [1] as a means of
characterizing the approximability of ./ by linear manifolds of finite dimen-
sion. Indeed, in order to obtain the n-width, d,(%7), of o7 we take the maximal
distance (or deflection)

E(, M) =supinf | f —g| (1.1)
feslge

of &7 from an n-dimensional subspace .# of Z and then vary the subspace,
and take the infimum

d () = inf {E(, M) : M C %, dim M = n} (1.2)

of the distances for all possible subspaces. The reader is referred to the
survey article of Lorentz [2] and the paper of Tihomirov [3] for a summary
of some important results concerning n-widths as well as for a bibliography
of the subject. Some more recent results may be found in [4]}-[7]. Auxiliary
to the notion of n-width is the notion of an optimal approximating n-subspace
(or extremal subspace), i.e., a linear manifold of dimension less than or
equal to n whose deflection from =7 is equal to d,(.).

This paper will be concerned with the determination of #-widths and extre-
mal subspaces for certain subsets of Hilbert space, especially of Z5(£2),
£ a bounded open connected set in m-dimensional Euclidean space. In
particular, a now classical theorem of Kolmogorov [1] regarding the n-widths
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of certain classes in .%,(0, 1) will be extended to the setting of Z,(£2). To
describe Kolmogorov’s result set, for & 2> 1,

A0, 1) = { f € Z,(0, 1) : f*-1) exists and is absolutely continuous on [0, 1]

and f% e ZH(0, 1)),  (1.3)
Kolmogorov considered the classes

F={fe0,):IfPI<l (1.4)
and proved

TueorEM (Kolmogorov). Let A, , n =1, 2,... denote all nonzero eigen-
values of the boundary value problem

(— Dy =)y
PE(0) = y (1) = -+ = pE-1)(0) = y@-1(1) =0 (1.5)

and M, the corresponding (ome dimensional) eigenmanifolds. Then all A, are
positive; if they are arranged in increasing order one has

iWF)=c0 i n<k (1.6)
while
d(F) = A;i/,fﬂ if n>=k (L.7)

Moreover, in the latter case, one has
G F) = BFy, P+ My + - + M), (18)

where P, is the set of polynomials of degree less than k.

In the present paper it is shown that an analogous result holds for certain
function classes in %,(£2) if the boundary value problem is replaced by an
appropriate (functional) variational problem over a Sobolev space. In addition,
the analogy with the Kolmogorov results is made complete under assumptions
of sufficient smoothness on the boundary of £2. In this case the variational
problem is equivalent to an ordinary boundary value problem for a partial
differential equation. In a future paper, asymptotic estimates will be obtained
for the n-widths and the exact asymptotic order exhibited in certain cases.

Golomb [8] has introduced the notion of the ellipsoid determined by a
general positive self-adjoint linear operator on a Hilbert space and has obtain-
ed results concerning their optimal approximation by subspaces not necess-
arily of finite dimension. The importance of ellipsoids, aside from interest
in them for their own sake, arises from the fact that many important function
classes in %(2) have the same topological closure as ellipsoids and thus the
same n-widths and extremal subspaces, which are invariant under closure
of the classes which are approximated. Golomb’s major results, then, will
form the basis for the abstract setting of this paper.
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I. n-Wiptus IN HILBERT SPACE

2. Approximation of Ellipsoids

Let 5 be an infinite dimensional complex Hilbert space with inner product
(f,8) and norm || f|| = (f,f)¥2% If R is a linear, not necessarily bounded,
operator with domain & dense in 3# then R is positive if (Rf, f) = 0 for all
f€%@x, strictly positive if R is positive and one to one and positive definite
if there exists a positive constant ¢ such that (Rf, ) = ¢( f, f) for all fe .
For a positive self-adjoint operator R we define the ellipsoid # determined
by R:

R ={fePr: (REF) <1}

For such an operator, let A — E, be the spectral family of R which is con-
tinuous from the left. We denote by &, the closed linear manifold which is
the range of E, . We state now two results from [8]. .#* denotes the orthogonal
complement of .#.

THEOREM 1. E(R, #) < 8 if M = &_, while E(R,H) =8 if
M0 Sy #(0).

THEOREM 2. E(Z, &_,) = 8 if and only if 672 is in the spectrum of R.
These two results yield a particularly elegant expression for the n#-widths
of Z in the special cases that R is dispersive, i.e., when the spectrum of R
consists of isolated eigenvalues of finite multiplicity. Indeed, in this case,

there exist nonnegative numbers A, and finite rank projectors P, , 3" P, = I,
such that R =3 AP, with

Du=|feH T INEIPfIE < ool .

We agree, for convenience, to designate the first eigenvalue as A, = 0 if 0 is
an eigenvalue and as A; otherwise. In the latter case we take P, = 0. If we
denote by .#, the projection manifold of P, and set

N, = dim (M, + M, + | M)

then we have

TueorEM 2.1.  If R is dispersive then
d(#) = © if n << Ny, (2.1)
while

By =XN if N, <n<N,; v»>=0. (2.2)
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Furthermore, in the latter case,

(%) = ER, My+ M, + - + M), (2.3)
e, My + M+ - + M, is an optimal approximating n-subspace.
Proor. Set
o 30 if  A<0
ATy P, i A0
A, <A

v

Notice that {E,} is the spectral family corresponding to R which is continuous
from the left. Now from Theorem 2 it follows that

ER, Mo+ My + - + M) =2 v =0. (2.4)

If N, <n <N, then, for any linear manifold .# of dimension n and
€>0, AN & . #(0) since &, .. has dimension > N,;; and since
n < N, . By Theorem 1, however,

ER, M) = Ay + )12 for each e>0
and it follows that
E@, M) > (M) . 2.5)

By (2.4) and (2.5) any n-dimensional linear manifold .# which contains
My + -+ M, satisfies

E(R, M) = X} if N, <n<N,.

Thus, (2.4) and (2.5) together imply (2.2) and (2.3). Finally, if » << N, and
A is any linear manifold of dimension n then 4+ N .4, (0) and if
0 << 8 < A, we have, by Theorem 1,

E(R, M) = 52 (2.6)
Since 8 can be chosen arbitrarily small, (2.1) follows from (2.6).

Remark 2.1. It follows from the standard characterization of the A,
for a positive dispersive operator R and Theorem 2.1 that the variational
problem of the n-width of the ellipsoid determined by R is really the same
as the well-known variational problem for eigenvalues. Indeed, we have if
N, <n <Ny,

d A) = sup{(Rf, /) :feDr, I fll =1.(f,9) =0if p e My + -+ + M}

409/20[1-8
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3. Sets Determined by Quadratic Forms

Let 7, be a linear manifold which is dense in 5# and which is a Hilbert
space with inner product

(f 8o =118] +(f.8) 3.1

where [] is a positive Hermitian form on 5} . To say that [-] is positive means
that [ £, f] > 0 for all fe H#; if [f,f]'/2 is a norm then [-] is said to be
strictly positive and if [ f, f] = ¢(f, f) for some positive constant ¢ then [:]
is positive definite. Now we set

Ry ={feHy: (LIS

and say that %, is determined by the quadratic form [f, f]. The main
theorem of this section is Theorem 3.3 which characterizes the n-widths
of R, if H#, is imbedded compactly in 5#. We need two preliminary theorems,
the first of which we merely state. Its proof is routine. In what follows,
Ct,, will denote closure in J#; and C/ will denote closure in .

THEOREM 3.1. Let #y, be a linear manifold dense in H#, , i.e., CtoH g = H, .
Let

Ry ={feHy:[ff1<1}
Then
Clt, Ry = ClyR, . (32)
It follows from this that
ClRy = ClAR, . (3.3)

We relate the notion of a set determined by a quadratic form with that of
an ellipsoid in

THEOREM 3.2. There exists a positive self-adjoint operator R on H#, satis-
Jying

[f.el =(Rf,g) forall feDr,geH# (3.4)

such that C(R = C{R, , where X is the ellipsoid determined by R and Dy is

characterized by (3.4). R is strictly positive (positive definite) if [] is. More-

over, if the injection I : #y— H is compact then R is dispersive and the equation

.8l =Mp,g) forall gedh (3:5)

has, for a sequence of mommegative values A,, A, — o, corresponding finite
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dimensional eigenmanifolds M, which are orthogonal with dense linear span in
both ', and 5. The A, are eigenvalues of R.

Proor. By a standard construction [9, pp. 332-333] there exists a self-
adjoint operator B : 5# — S, defined by

(& Bf)o = (8,f) forall gedty,

which is bounded as a transformation from J# to #; and from 3¢ to #:

I Bf || < (Bf, Bf ) < IIf -
A = B! exists, is self-adjoint and satisfies
(f8)o =(4f,g) forall feD,,geH. (3-6)

Indeed, 9, is characterized as the set of all f € 5, for which (3.6) holds.
2 4 is dense in 3 and 4 is positive definite:

ALf)= (ff) forall  fed,.

If we set D =% ,, R=A — I then R is a positive self-adjoint operator
satisfying (3.4). Moreover, it follows from Theorem 3.1 and relation 3.4,
taking #'y = 2 ,, that CIR = C/R, .

If I : #,— S is compact then sets bounded in 5 have compact closure
in 3 and the strictly positive operator B is compact, with spectrum consisting
of 0 which is not an eigenvalue and a sequence {u,} of eigenvalues converging
to 0, in fact, 1 > py > py > -+ > 0. The eigenmanifolds corresponding
to the p, are known to be finite dimensional and mutually orthogonal in J#
and their closed span is all of #. The spectrum of 4 = B~ consists precisely
of the reciprocals A, = p;* of the p, with the same eigenmanifolds. It follows
trivially that R is a positive dispersive operator whose spectrum is the spec-
trum of 4 shifted one unit to the left and whose eigenmanifolds are the .4 .
Thus (3.5) follows from (3.4). The orthogonality and denseness properties
of the ., in 5%, follow directly from the corresponding properties in .
This concludes the proof.

Remark 3.1. By the denseness of Py in J%, we can readily establish the
following characterization of the A,

A =inf{{f,f]:fedy, | fIl =1and (f,p) = 0if p ety + - + Mys).

We are now ready to state the main result of this section. It is a direct
consequence of Theorems 3.1 and 3.2, Remark 3.1 and the observation that
n-widths and extremal subspaces are invariant under closure of the set
being approximated.
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"TueoReM 3.3. If the injection I : H#y— H° is compact then, for any subset
Ry of K which satisfies CCHRy = CLA, , we have the following characterization

of d(%y):
d(Hy) = f <N,
dﬂ(‘@(—;) = A;Jiiz lf Nv < n < ‘ZVU+1 [}
where the A, satisfy (3.5) with corresponding eigenmanifolds 4, and
N, =dim (M + - + MA).
Moreover, if N, < n < N, then
do(Hy) = B2, Mo+ - + M),

and the numbers d, (%, ) may be characterized by

4, R5) = sup (£, [T :f € Ky, ||f || = 1 and
(f, ) =0ifp ey + M+ + M)

4. Application to Kolmogorov's Result

We will outline the proof of Kolmogorov’s theorem in this section using
the framework of results which we have developed. The first step in the proof
is to show that the eigenfunctions of the boundary value problem 1.5 form a
complete orthogonal system in Z,(0, 1) and that the eigenvalues consist of 0,
which is an eigenvalue of multiplicity %, and a sequence A, of simple positive
eigenvalues with A, — co. The reader is referred to [2] for the proof.

The second step of the proof is to notice that the class £7,(0, 1) defined in
1.3 is actually the same set as the set of functions f such that the distribution
derivatives D'f, 0 <{j <&, are in %0, 1) (see [17]). Thus (0, 1) with
the inner product

(hw=(r0 +1feh=] fe+[ foe®

0.1)

yields a Hilbert space which we designate by #7(0, 1). %, is simply the set
{Fe#0, 1) : [fifle <1}

In 'step three we proceed, as in Theorem 3.2, to construct a positive self-
adjoint operator R on %;(0, 1) satisfying

[f gl =(Rf.g) forall  feDg,ge#0,1)
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such that C/%Z = C{F, , where £ is the ellipsoid determined by R. We then
show that R is a dispersive operator with eigenvalues precisely those of (1.5).
This is easily accomplished through the formula, obtained by integration
by patts,

[ AF®=x] o ==y,
(0.1) 0.1)

which is valid for f e &7,(0, 1) and y a solution of (1.5), and through the
characterization of Py .

The last step of the proof is to observe that #Z and %; have the same
n-widths and extremal subspaces. Thus, we can apply Theorem 2.1 with
N, =% +v and A, = &, to obtain (1.6), (1.7), and (1.8). This completes
the outline of the proof.

ReEmARK 4.1. The eigenfunctions of (1.5) are (real) analytic functions
on (0, 1); in fact they can be extended to entire functions. In extending the
theory to %,(£2) we will see that the real analyticity of the eigenfunctions is
preserved. This is a valuable property since the eigenfunctions span extremal
subspaces.

II. #-WintHs 1N %(Q)

5. The General Problem

Let £ be a bounded open connected set in m-dimensional Euclidean space
and let % be an integer satisfying & > 1. Let %,(2) be the Hilbert space of
complex-valued functions f square integrable on £ with inner product

(he, =] fo

and norm

= 1),

and let %,(£2) be the set of functions f in Z(£2) such that f has distribution
derivatives of order <C & in £(2). We define for nonnegative integers a, ,

m
Jo |l
o == (0 , Oy yuusy O :Z Co=— "7
(o, g 5eeny Ap) [ o] %y * T ol apl v aty,!
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and any f € %,(Q) the distribution derivative

;e omf
Def = (B, )" (Ong)2 =+ (% )om

A natural extension of Kolmogorov’'s result is the determination of the
n-widths and extremal subspaces for the class

\rea@): [ ¥ cipfr<yf,

Ja]=k

where the constants C, enable one to consider all possible permutations in the
order of differentiation. &7,(£2) with the inner product

(how,=| ¥ C.DfD%

| <K

is a well-known Hilbert space which we designate by #/(£2). If we designate
by #£,(R) the completion in #3(R) of the infinitely differentiable functions
CZ(£2) with compact support in £2 then we can consider a somewhat more
general approximation problem by considering any Hilbert space ¥ satisfying
H(Q)C ¥;, C #7(Q) and determining the #-widths and extremal subspaces
for the class

R ={fei: [ fle <1}

where

ifle=[ T Cipre

[e]=k

We will do this in this section under the assumptions

(i) the norm (f, /% ={(f.f)e, + [f.fli}'/* is equivalent to the
standard norm on ¥, induced by #7(£2), and,

(i) the injection [ : ¥7, — £,(£2) is compact,

Now these assumptions hold for J,(2) without any further conditions on
£ but this is not true for #3(£2). In the next section we will apply the results
of this section to the special cases of #(R2) and #i(Q) and also give
conditions on £ which will guarantee that assumptions (i) and (ii) hold for
#{82) and a fortiori for ¥7, . We now state the main result of this section.
We preserve the notation of the previous sections. The Hermitian form
[f, £]x will have the obvious meaning.
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TueoREM 5.1.  The n-widths of &, satisfy
d (%) = oo if n < N, (5.1

d(B) =X if N, <n<N,, v=0, (5.2)
where the ), are nonnegative numbers satisfying the functional equation

9./l =X f)e, Jorall fe?; (3.3)

with corresponding finite dimensional eigenmanifolds #,C ¥, . (0)C A, C Z,,
where P, is the set of polynomials of degree less than k. If N, <n < N, then
an optimal approximating n-subspace is My -+ My + - + M, . Finally, the
M, are orthogonal and dense in both £,(22) and V. and the solutions ¢ of the
functional Eq. (5.3) are (real) analytic on £2 and satisfy

(— 1) 4% = rp (5.4
where

0% 2
A—W—F '+5x—7-n’2’.

Proor. Because of assumptions (i) and (ii), Theorem 3.3 is applicable
and from that theorem follow (5.1), (5.2), and the fact that the A, satisfy (5.3)
and that .#, + - + ., is an extremal subspace. To see that (0) C 4, C &%,
it suffices to show that if D*f = 0 for all | « | = & then f is a polynomial of
degree less than k. This fact may be found in [10, p. 46]. To prove (5.4) we
proceed as follows. We notice that the dispersive operator R constructed
as in Section 3 satisfies the relation

[figle = (Rf,8)g, forall feDg, ge¥; (5.5)

and in fact that @y is characterized by (5.5). This implies that
Co()C Dr,

Ry =(—1Fd% if $eCIQ).

Indeed, setting u = (— 1)* 4%) for ¢ € C7(£2) and choosing g € ¥, we have,
by the definition of distribution derivative,

['l’! g]k = (uv g).?g ’
which by (5.5) implies that i € D and Ry = u. Now if ¢ is an eigenfunction
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of R corresponding to eigenvalue A and ¢ is an arbitrary element of C2(R)
then

(® Mo, = O, Plg, = (Rp, g, = (p, (— 1) 44) g, .

Thus, g is a distribution solution of
[(— 1 4% —M] s =0
and, since (— 1)* 4 — AJ is elliptic, it follows that ¢ is (real) analytic on 2

and (— 1)* d%*p = Ap (see [11, Corollary (4.4.1), p. 114]). This concludes
the proof of the theorem.

RemMark 5.1. It is proved in [12] that the class C*(f2) is dense in #;(Q).
Hence, the class C°(2) N %, has the same %,(£2) closure as #%;, and Theorem
5.1 may be viewed as a result on the approximation of classes of smooth
functions.

ReMark 5.2. The theory presented in Section 5 can be readily extended
to the case of coercive Hermitian forms BJ[ f, g] over ¥ of the form

Blfdl= Y | DfasD%

i<k
Bk

Bl f1Z el — /i f)e,»  BULS] =0,

where a,5 € C*(2) and ¢, > 0, p1, = 0. In this case the widths of the classes
S ={fe?: Bl fI<]}

may be characterized, with the aid of assumption (ii), in terms of the eigen-
values of the functional equation

Blp, 8] = N9, 8)e, - (5.6)

The eigenfunctions p of (5.6) are of class C* in £2 and satisfy

S (— Dl Dofa D] = p. (5.7)

lal <&

1Bl<k
The reader is referred to [13, pp. 141, 142] for a more complete description
of coercive forms. Also, one observes that az € C*(2) N C*(Q) is a sufficient
hypothesis above.
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6. The Special Cases of H#,(Q) and W;(Q).

As remarked in Section 5, assumptions (i) and (i) hold for #,(2) without
any further assumptions on £2. They follow from Poincare’s inequality and a
version of Rellich’s lemma. In this case A = 0 is not an eigenvalue of the
functional equation (5.3) and N, = 0. If 2 satisfies a condition known as the
restricted cone condition then the assumptions hold for the case #7(£2). This
condition does not depend for its statement upon the boundedness of 2
and we will state it for an open connected set. It must be understood, how-
ever, that the boundedness of 2 is crucial for the validity of assumptions (i)
and (i1) (see [13, Theorems 3.3 and 3.8]).

DEFINITION 6.1. An open connected set 2 in m-dimensional Euclidean
space satisfies the restricted cone condition if the boundary 02 of Q has a locally
finite open covering V; and corresponding cones K; with vertices at the origin and
the property that x + K; C Q2 for all x € QN V;. By the cones K; we mean
sets of the form

Ki={x=ty;+2),2.9:=02.2<r20<t <}
where y; # 0 and r; > 0.

RemMark 6.1. A bounded region £ satisfies the restricted cone condition
if it is of class C1. Also, if 2 satisfies the restricted cone condition then the
infinitely differentiable functions C®(2) with derivatives of all orders uni-
formly continuous in £ are dense in #7(2) (see [13, Theorem 2.1, p. 11]).

Now in the case of #,(Q2), N, = dim 2, and .#, = &, . We thus have

TueOREM 6.1. If the bounded region §2 satisfies the restricted cone condition
then assumptions (i) and (ii) of Section 5 are satisfied and Theorem 5.1 holds.
R, may be replaced by any class &, satisfying C(Q)YNR,C S, CR,.
My =P Af Vi, = Wi(R).

7. The Boundary Value Problem

In this section we point out the equivalence, under smoothness assump-
tions on 082, of the variational problems in the cases ¥ — H#(Q) and
Y% = #{Q) with boundary value problems. Thus the approximation
problem can be solved by solving a boundary value problem when 92 is
smooth.

The functional equation

[9./1s = Np. fle, forall feAQ)



122 JEROME

is known to be equivalent to the Dirichlet problem over ()
(=1 A% = 2rp
D=0 on 082 if o] <k

if £ is of class Cr for sufficiently large r. Certainly r > 3k + [m/2] will
suffice (see [14, Theorem 4, p. 359] and [15, p. 304]).
The functional equation

[o:f 1k =N f)g, forall  fe#yQ)
is known to be equivalent to the boundary value problem
(— 1 dig =g
Noiq_jo =0 on 012 for j=0,1,..,k—1

if Q is of class CT for sufficiently large r where N,,_,_;(x), x € R, is a dif-
ferential operator of order 2k — 1 — j such that the surface 8£2 is nowhere
charcteristic for each N,,_;_;. Certainly r 2> 2% + [m/2] + 1 will suffice
(see [13, p. 143] and [14, Theorem 4, p. 359].

Remarx 7.1. Ny, ; contains the term (0/0v)**~1~7 with nonvanishing
coeff.cient where 0/6v denotes differentiation along the normal to 6£2. In the
case k = | there is one natural boundary operator, N; = (9/dv). In the case
k == 2 and m = 2 Aronszajn [16, p. 376] has computed the operators N, and
N, for a simple closed curve C in terms of normal (9/0v) and tangential
(9/0s) derivatives:

N,

2 7 02 3(1 6)
p os/’

=3 M=—5d%0mn 5

where p is the radius of curvature on C.
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