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A higher point derivation on a commutative algebra is a finite or infinite
sequence of linear functionals connected by the condition that they satisfy the
Leibnitz identities. We discuss here higher point derivations on commutative
Banach algebras. We study the extent to which point derivations are automatically
continuous, and, for certain Banach algebras, we consider the maximum
possible order of a higher point derivation. In particular, we obtain a complete
description of the order and continuity properties of higher point derivations
on the Banach algebra of n-times continuously differentiable functions on the
unit interval.

INTRODUCTION

Let A be a commutative algebra with identity 1 over the complex field C,
and let d,, be a character (nonzero multiplicative linear functional) on 4. A point
derivation of order q (respectively, of infinite order) on A at d, is a sequence
dy,..., d, (respectively, d, , d; ,...) of linear functionals on 4 such that, for f and
gin 4 and k& = 1,..., g (respectively, 1, 2,...),

) = 3 d) des(8) (L1)

These equations will be called the (normalized) Leibnitz identities.
When it can cause no confusion, we may omit reference to the character d,
and the algebra 4 in the terminology. Also, we may use the term “point deriva-
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tion” without specifying the order; in such cases, either the order will be clear
from the context or the statement will apply to point derivations of any order.
Our “point derivations” are often called “‘higher point derivations” in the
literature, and “point derivations of order 1” are elsewhere termed “point
derivations’’; they are often studied in the context of a search for analyticity in
the character space of a commutative Banach algebra, but this is not our present
concern.

We say that a point derivation d, ,..., d, belongs to a point derivation of order p
(where p > g) if there are linear functionals d,,, ,..., d, such that 4, ,..., 4, 1s
a point derivation of order p. If 4 is a topological algebra, a point derivation on
A s continuous if d; is continuous for each j > 1, and it is totally discontinuous
if d; is discontinuous for each j > 1.

A point derivation is, of course, a special case of a higher derivation, or system
of derivations, into a module, the module being the complex field and the module
action being determined by a character. The algebraic theory of the general
situation has received a good deal of attention; one fairly recent survey is the
paper of Heerema [8]. More recently, Badé and Curtis [2] have investigated
continuity properties of derivations (of order I, in our terminology) in the case
that .4 is a Banach algebra and the module is a Banach 4-module. When the
module is the algebra itself, or a superalgebra, or an algebra containing a homo-
morphic image of the algebra, there are a number of results about the continuity
of derivations; see, for example, [7, 9], and some of the references in those
articles. In contrast, relatively little seems to have been done in the case of point
derivations. We shall study these point derivations in a series of articles, con-
centrating on the determination of the point derivations for particular Banach
algebras.

We shall be concerned with the following question (for a Banach algebra 4
and a character 4, on A4): Is there a function ¢ - p(g) on the positive integers such
that, whenever a point derivation of order ¢ belongs to a point derivation of order
(g), the point derivation of order ¢ is necessarily continuous? We show, for
many of the familiar Banach algebras known to have discontinuous point
derivations, that the answer is “yes,” with p(g) no larger than 2q¢. In particular, in
the present paper, we examine the point derivations on the algebra C® =
C™([0, 1]) of n-times continuously differentiable functionson [0, 1] (z = 1, 2,...)
and we show that, for these algebras, p(¢) = 2¢ is the exact bound. Note that
2(g) is independent of .

We also consider the question: Given k, what is the maximum order of a point
derivation satisfying the condition d;, 5% 0? We obtain in Section 2 a general
result, which, although found with certain Banach algebras in mind, is entirely
algebraic, and in Section 3 we obtain for the algebras C the exact bound, which
is (2n -+ 1)&2 — 1. Thus, our theme is that on certain commutative Banach
algebras, the linear functionals in the “first half” of a point derivation are
necessarily continuous, and that, if the order of the point derivation is sufficiently
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large, a certain initial segment will be trivial in the sense that it consists entirely
of zero functionals.

The theory of point derivations (in our sense) has some connection with the
theory of derivations from Banach algebras into finite-dimensional modules;
see [3] for a discussion of this topic, particularly in relation to the algebras C,

In a subsequent paper, we hope to study in some detail the point derivations
on certain other commutative Banach algebras.

Examples of discontinuous point derivations of order I are well known [I];
such objects are of interest in connection with the existence of discontinuous
homomorphisms from Banach algebras [1, 5, 6, 10]. In a further paper, we shall
show that there exist totally discontinuous point derivations of any order,
including infinite order. This implies the existence of a discontinuous homomor-
phism from a Banach algebra into C[[X]] (in fact, we shall construct an
epimorphism), and it also shows that there is not always a function g— p(g) of
the type referred to above.

1. PRELIMINARIES

In this section, we establish some conventions and further terminology, and
make some preliminary observations.

All the algebras considered in this paper will be commutative, linear, associative
algebras over the complex field C. They will not be assumed to have an identity
unless this is explicitly stated; however, we shall usually write 4 for an algebra
with identity and M for an algebra without identity, and we shall write M & Cl
for the algebra formed from A by adjoining an identity.

If 1" is a vector space, if A is a linear functional on I/, and if S C I, then we
write A | S to mean that A(v) = 0 (ve S).

If F and G are nonempty subsets of an algebra 4, then FG denotes the set of
all sums 37, A;f;g;, where \;eC, f,€F, g;€ G, and n is an arbitrary positive
integer. If F or G is an ideal in A, then FG is also an ideal in A. In particular, if M
is an ideal in A, we shall often consider the descending chain of ideals M, M2,
M3 .

Suppose that A has an identity and that d, is a character on 4. Then any point
derivation at d, is easily seen to satisfy

dyl) = (=1 (1.2)
Also, if we restrict Egs. (1.1) to elements in ker d , we get
dy(fg) =0,
k-1
d(fg) = Y. d(f)di (&) (k=2),
J=1
for fand g in ker dj, .

(1.3)
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Now let M be an algebra without identity. A point derivation at o0 on M is a
sequence (finite or infinite, with the terminology concerning the order as before)
of linear functionals on M such that Egs. (1.3) hold for f and g in M.

It is a familiar fact that point derivations of order 1 at d, on 4 (with identity)
are characterized by the property d; | Cl + (ker d,)%, and it is not hard to see
that point derivations of all orders are characterized by Egs. (1.2) and (1.3). Thus,
point derivations at o0 on M could be defined (equivalently) as the restrictions
to M of point derivations on M @ CI1 at the character whose kernel is M.

Another comment about Eqs. (1.3) may be in order. These equations show
that the nature of the point derivations at d, is strongly related to the ideal
(ker dy)? (and, via relations of the form d; | (ker dyy*1, to higher powers of
ker d,). Although we do not emphasize this point of view in our exposition, the
reader can observe that each of our positive results is based on some properties,
usually of a function-theoretic nature, of the ideal (ker d,)* and/or other closely
related ideals. For example, Theorem 3.1 is crucial to later results in Section 3,
and if we took the point of view that the theory of point derivations was a part of
ideal theory in general, we would say that Theorem 3.1 was the main result of
Section 3.

Let & == C[[X]] denote the algebra of formal power series in one variable over
C, and throughout let p;: 3" A, X% — A; denote the coordinate projections on .%.
Then # is a complete Fréchet algebra with respect to the topology determined
by the family of seminorms {| p, |}. Let #, denote the closed ideal ﬂ:;o ker p; of
& . Then the set of point derivations of infinite order at the character d; of a
Banach algebra A corresponds bijectively to the set {6 € Hom(4, F#): py o 6 = dy}:
of course, 8(a) =Y d,(a)X’, d; = p; o 8. Similarly, point derivations of order n
correspond bijectively to homomorphisms into # /%, . These homomorphisms
are continuous if and only if the corresponding point derivations are continuous.
It is noted in [12] that the automorphisms of # correspond to maps of the form
Ar>Acp (formal composition of power series) for those p in % such that
po() = 0, py(p) = 0, and that these automorphisms are continuous. Clearly,
these automorphisms induce continuous automorphisms on each # /%, . This
point of view leads to an easy proof of the following useful technical result.

1.1 LeMMaA. Let A be an algebra with identity, let d, be a character on A, and
letd, , d, ,... be a point derivation at dyon A, of any order, infinite or finite. Choose a
positive integer m and a complex number «, and define D, = d, and

. —i(m—1 .
Dr = Zo (r l(zn )) aldr—i(m—l) (r = l)

Then D, , D, ,... is a point derivation at Dy on A of the same order as d, , d, ,... .
If A is a topological algebra and k is a positive integer, then d, ,..., d,. are continuous
if and only if D, ,..., D; are continuous.
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Before beginning the proof, we must state the convention about binomial
coefficients which applies in the above formula. If r and s are integers, then
(1) = O unless both » and s are nonnegative with 7 > s, in which case (7) is the
usual binomial coefficient.

Proof. Let 0:a—Y d(a)X* be a homomorphism from A into # or F/#, ,
and let 7 be the automorphism of F# or F/[%Z, given by T(A) == A > (X -+ oX™).
Then

T (Z AAT) = $ M - axy

= Z AXT i (: ) al Xitm—1)

i=0

— (r —i(m — 1)\ | .
= z (Z ( . ) 0‘l’\r——i('m—l)) RS
- i ,
r 12

and we see that D, = p,o T o @. Thus, D,, D,,... is a point derivation, as
required.

Clearly, T - 6 is continuous if and only if § is continuous, and the continuity
assertion follows. The lemma is proved.

We conclude this section with a general result on the continuity of point
derivations. The result is very simple, and may be known, but we have no
reference for it. We need some more terminology, which will be used again
later. As we have already indicated, the point derivation defined by d; =0
for j = 1 is called the trivial point derivation. A (nontrivial) point derivation is
degenerate if d; = 0, and nondegenerate if d, == 0.

1.2 ProposITION. Let A be a Banach algebra with identity, let d, be a character
on A, and let d, , d, ,... be a nondegenerate point derivation (of any order) on A at
dy. If k .= 1| and d, is continuous, then d; is continuous for each j = 1,2,..., k.

Proof. Let M = ker d, . It is sufficient to show that the appropriate linear
functionals are continuous on M.

If fe M, then d,(f*) = dy(f)* (see Lemma 2.1}, so that, if f, — 0 in M,
dy(f,) —> 0, and it follows that d, is continuous. Since the point derivation is
nondegenerate, we can take f, € M with d,(fy) == 1. Suppose inductively that
d, ....,d,_, are continuous for some r €{2,..., K — 1}. Now

LUED = die) + 3 ddfEN g (g2 M)

Apply with g = g, where g, — 0 in M to deduce that d,(g,) — O and that d,
is continuous, continuing the induction.

If the derivation is degenerate, the situation is more complicated, but a



HIGHER POINT DERIVATIONS, I 171

simple example shows that the above result need not hold. If 4, ,..., d, is a point
derivation and if d is any first-order point derivation, then 0, d, , 0, 4, ,..., 0, d, , d
is a point derivation.

2. A GENERAL ALGEBRAIC RESULT

Throughout this section, 4 is an algebra with identity, d,, is a character on 4,
and we write M for the maximal ideal ker d;, . The main result is Theorem 2.3;
before stating it, we shall isolate as lemmas two of the computations required.

2.1 LemMA. Let d, ..., d, be a point derivation (on A at d;), let k be a positive
integer, and suppose that d; = 0 for 1 <j < k (vacuous if k = 1). Then, for any
positive integer m such that mk < q and any fe M,

() duslf™) = Al
@) 4 =0if r <mk.

Proof. 'The proof is by induction on m. Before beginning, we remark that in
the case & = 1, the conclusions (i) and (ii) are the familiar (and easily checked)
properties of point derivations that d,(f™) = dy(f)* (fe M) and that
d, | M™1, respectively.

For the proof of the lemma, first observe that if m = 1, there is nothing to
prove. Suppose that (i) and (ii) hold for some m > 1, and let f belong to M. Then,
writing f™+1 = ff™ and using Eqgs. (1.1) and the information that d; = 0 for
1<j<h

Al f ") = d(f) dun(f™) + 2,

where 2 is a finite sum, each of whose terms has a factor d,(f™) for some r < mk.
So, using both (i) and (ii),

dnsnil f™HY) = d(f)" L.
Also, if r << (m + 1)k, we have
d(fm) = di(f) drAk(fm) +
and in this case all the terms vanish by (ii), so that d.(f™*) = 0, as required.

2.2 LemmMma. Let d, ..., d, be a point derivation. Suppose that g € M and that m
is a positive integer such that d,(g) = O for r < m. Then, for any positive integer j,

d(g) =0  (r < min{p,jm +j— 1}).
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Proof. 'The proof is by induction on j. First observe that the case j = | is
given. Suppose £ > 1 and the result holds for all positive integers j < k. For

any r € {l,..., p},
=1
d{g") = 3 dg)d,_(g")-
j=1

The three conditions f > m,r —j > (k— )m + k — 2, andr < km + £ — 1
cannot occur simultaneously, so the inductive hypothesis and the data imply that

d(g") =0  (r < min{p, km - k — 1}),
as required.

2.3 TueoreM. Let A be an algebra with identity, let d, be a character on A,
and let M = ker d, . Suppose there are a set A C M and a positive integer n such
that

(i) A generates M in A (ie., AA = M);
(i) given fe A and a positive integer p, there exists g in M such that
gy = fretl,
Then, for each positive integer g, the only point derivation of order q on A at d,

which belongs to a point derivation of order g(2°n -+ 1) is the trivial point derivation
of order q.

Proof. Letd,,..., d, be a point derivation of order p; we have to show that
p > g2 + 1) implies that d; = --- = d, = 0. Because of Eqs. (1.2), it is
sufficient to show d; | M for j = 1,..., ¢, and for this it is sufficient by hypo-
thesis (i) to show that d;,(f) = 0 for fe A and j = 1,..., g. The proof is by
induction on g; hence, suppose that g is a positive integer and that, if ¢ > 1, the
result holds for the integers 1,...,q — 1. If p = ¢(27n + 1), then d; | M for
J < ¢, and we must show that d,(f) = 0 (fe A).

'T'o obtain a contradiction, suppose there exists f € /4 such that d(f) = a 7 0.
Take g € M such that g* = f2*»*1. By Lemma 2.1(ii), r << 2%n (<q(2%n + 1))
implies that

d(f¥m) =0,
and so
d,(g¥) = 0.

Now an induction on j shows that

A"y =0  (r < 2-ign) 2.1)
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forj =0,1,..., ¢: 1f (2.1) holds for j << &k < ¢, if s << 277%¢n, and if d,(gzqgk =0
for all » < s, then

0 = dpy(” ™) = dj(g" )
The case j = g of (2.1) gives
d{g) =0 (< qn)

Therefore, dygeni1)(g*") = 0 by Lemma 2.2, since ¢(2% + 1) < 2%n + 22 — 1.
On the other hand,

d

,1(2,,n+1)(f2”n+1) = a¥'ntl £ 0,

by Lemma 2.1(i). This is the required contradiction.

2.4 CoroLLARY. A nondegenerate point derivation on A at dy has order at
most 2n. The only point derivation of infinite order on A at d, is the trivial point
derivation of infinite order.

Before pointing out some of the algebras to which Theorem 2.3 can be applied,
we remark that for any particular value of #, it may be possible to improve on
the number ¢(2%n + 1) of Theorem 2.3. For example, using rather more
complicated calculations, it can be shown that in the case # = 1 a point derivation
of order p > ¢q(q + 2) has d; = - = d, = 0. We do not know if this is best-
possible.

We conclude this section with some applications of Theorem 2.3.

2.5 ExampLE. Algebras of differentiable functions on an interval.

For each positive integer n, let C'"' = C™([0, 1]) denote the set of functions
having at least »# continuous derivatives on [0, 1] (one-sided derivatives at
0 and 1). With pointwise operations and the norm

n

If1 = ¥, G supll /s [0, 1) (FeC)
i—o J:
C™ is a Banach algebra, singly generated by the coordinate function x (where
x(¢) = t for ¢ € [0, 1]), and natural on [0, I]. The theory of derivations from this
algebra into modules is discussed in [2, 3].

Fix a point #, € [0, 1] and let M = {fe C™: f(t,) = 0} be the corresponding
maximal ideal. Then Theorem 2.3 applies with the n from C™ and with
A = {fe M: f is real-valued}. It is certainly the case that /1 generates M. Also,
for any positive integer p, one can define *+1/” (t ¢ R) so that the resulting
function has #n continuous derivatives and vanishes at 0 (but is not, of course,
necessarily real-valued). Therefore, for each fe A, one can produce f*+1/? =



174 DALES AND MCCLURE

ge M, and then g~ = f** 1 as required. Thus, any nondegenerate point
derivation on C'" has order at most 2#, and the only homomorphisms C"' — %
are the obvious ones of the form f— f(#,)1, for some fixed ¢, € [0, 1].

We had the algebras C in mind when we found Theorem 2.3; we shall
return to them in Section 3 and study their point derivations more fully.

2.6 ExampLE. Algebras of differentiable functions on a disc.

Let U be the open unit disc in C, let # be a positive integer, and let D®) ==
D™(U) be the set of functions which are analytic on U and whose derivatives
up to and including order n are uniformly continuous on U. With pointwise
operations and norm analogous to that defined on C™’, D is a Banach algebra,
singly generated by the coordinate function #, and natural on U.

Now Theorem 2.3 certainly does not apply at points of U. At such points there
are nondegenerate point derivations of all orders, including infinite order,
because of the analyticity of functions in D" at points of U. Clearly, every point
derivation at a point of U is continuous.

Fix a point &, in 7' = {{eC:| ¢| = 1}, and let M be the corresponding
maximal ideal {fe D": f(¢,) = 0}. We claim that now Theorem 2.3 applies,
with the # from D™ and with

A ={feM:f(§) + 0 (£ U\{&})

It is fairly straightforward to see that condition (ii) of Theorem 2.3 is satisfied.
For, given f € A and a positive integer p, the facts that U is simply connected and
that f does not vanish on U allow us to produce f1/7, analytic on U and uniformly
continuous there (since f was). Then g = f*f1'» will satisfy the requirements
of condition (ii). The following theorem, which we state for reference in a later
paper, leads to the fact that .1 generates M.

THEOREM. For each fe M with f'(&,) # 0, there are g € D' and h € M such
that g(&) = 0, h(§) = 0 if € 5= &, and f = gh.

Proof. Since f'(&,) # 0, we can choose a relative neighborhood I of £, so
that f does not vanish in V'\{£.}. Therefore, we can choose a relatively open cover
{V,, V,}of U, with £ e 17, say, and with dF", and &(F; N V) as smooth as we
like, and so that f| (V; N V,) is an invertible element of D™(V; N V,) (obvious
definition). By Theorem 20 of [11], there are invertible elements F; in D"Y(F,)
such that f = F\F,in V; N I, . Therefore, fF' = Fyin V; N V,, and defining

h() = fEYF(ET  (fel),
= Fy(é) (£ V),

and g = f/h gives the required factorization.
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To see that /1 generates M, observe that both 2 — £, and the function 4 of the
theorem belong to A, and that any f € M can be written as a(z — &) + f; for
some o € C and some f, € M such that f,'(£&,) # 0 (any o # f'(£,) will do).

Hence, again, we can conclude that a nondegenerate point derivation on D™
at a point of T has order at most 2n.

We are grateful to Professor E. L. Stout, who referred us to Nagel’s paper and
who also provided an ingenious direct proof of the factorization theorem given
above. The algebras D™ will be studied later. Note that as far as the above
argument is concerned, the unit disc could be replaced by any simplyv connected
domain with a sufficiently smooth boundary, the degree of smoothness depending
on #; see [11] for details.

2.7 ExaMpPLE. Point derivations at infinity on I7.

Let p be a real number, | < p << o, and let [ denote the Banach space of
pth power summable sequences. With coordinate-wise multiplication, I? is a
Banach algebra without identity. Theorem 2.3 applies to /?, with n = 1 and
A ={s = (5;)€l”: 5;€ R for all j}. Thus, for example, a nondegenerate point
derivation at oc on I? has order at most 2. In fact, we can show that more is true,
and we can determine the nature of all point derivations for this algebra. The
point derivations of order 1 are well known [1]: since (I?)*> = I?/2, which is
dense in 7, the space of such point derivations is infinite-dimensional, and all
but the zero functional are discontinuous. So, given a point derivation d, , d, ,
a proof that 4, is continuous entails a proof that d; == 0. This is a consequence
of the next theorem.

THEOREM. Every nondegenerate point derivation at o0 on I* (1 < p << o) has
order 1.

Proof. Suppose, if possible, that d, d, is a point derivation of order 2 and that
there exists f, € I? with d(f) = 1.

First note that there exists a function # on N such that A(n) 5 0 for ne N,
h(n) — oo as n— oo, and Afyel”. For, set ny = 1 and define inductively a
sequence (n,: £ = 1, 2,...) such that n,, > =, and Z:k [ fo(m)|? << 27041 Let

h(n) =k (n, <n<mn ,k=12.).
Then Y [(Afo)(n)i* < X poy1 (k?[2%) < 0, so that A is the required function.
Let f, = Af, and let g = k71, so that gf, € I?. Now f,gf, = f2, so
d(fy) d(gfo) = do(frgfo) = du(fo)) = d(fo} = |,

whence d(f;) = 0. By replacing A by a scalar multiple, we can suppose that

d(fy) = 1.
If Fe C = C(N U {o0}), then Ff, € [? (identifying F with its restriction to N).
Define A: C — C by A(F) = d(Ff,). Then A is a linear functional and AMFG) =
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d(FGf,) d(f,) = d(Ff)) d(Gf,) = AF)XG) for F, Ge C, so that A is a character
on C, say A(F) = F(x) (F € C) for some x e N U {oc}. If x €N, 8,1, € ({?)? so that
1 =A@8,) =d(8,.f,) =0, a contradiction. If x = o0, set g(c0) = 0 so thatge C.
Then d(f)) = d(gf,) = Mg) = g(e0) = 0, again a contradiction. The theorem is
proved.

2.8 ExampLE. .dlgebras of Lipschitz functions.

Let (X, m) be a metric space and write Lip(X, m) for the set of bounded
functions f on X" such that | 1, < oo, where

= sup{l () — F(DNIm(x, y): v v € X, x # )

Clearly, such functions are uniformly continuous on the metric space (X, m).
The system Lip(X, m) has been studied by Sherbert [13] who showed that with
pointwise operations and the norm

(where | flx = sup{| f(x)|: x€ X}), Lip(X,m) is a regular Banach algebra.
Sherbert studied point derivations of order 1 on Lip(X, m), and in particular
obtained characterizations of the space of continuous, first-order point derivations
associated with a point x,€ X. In the present context, we observe that
Theorem 2.3 applies to Lip(X, m), again with » = 1 and

A = {f e Lip(X, m): f(x,) = 0 and f is real-valued}.

Thus, as in the last example, a nondegenerate point derivation at x; has order at
most 2. An analysis of the point derivations of order 2 on this algebra will be
given in a later paper.

3. THE Argesras C?([0, 1))

In this section, we continue the study of the point derivations on the algebras
Co (=C"([0, 1])) for n = 1, 2,..., introduced in Example 2.5. We shall give
what amounts to a complete description of the point derivations on these algebras,
and in particular we shall answer the question raised in the Introduction: Find
(g) such that whenever a point derivation of order ¢ belongs to a point derivation
of order p(q), the point derivation of order ¢ is necessarily continuous. Also, we
shall improve the upper bound implied by Theorem 2.3 for the order of a point
derivation which begins with a specified number of zeros, giving a sharp bound.

First, we point out that the point derivations on C'™ at one point of [0, 1] are
formally equivalent to those at any other point. This is not immediately obvious;
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e.g., it is probably natural to wonder whether there might be a difference between
endpoints and interior points of [0, 1]. However, the reader will observe that for
any ¢, € [0, 1], the function x — ¢, plays a (crucial) role in the investigation of the
point derivations at #, entirely parallel to the role played by the function x with
regard to the point derivations at 0. Therefore, we shall fix our attention on the
point derivations at Q.

For any nonnegative integer % and any function f which has a kth derivative
(in the usual sense) at 0, we write

8(f) = FE(0)/R.

We use the usual convention about the Oth derivative. For any # > | and each
k = 1,..., m, it is clear that §;, is a continuous linear functional on C*®| and also
that 8, ,..., 8, is a point derivation on C™ at §,. We may refer to these as the
obvious point derivations on C™; one of the aims of this section will be to show
the relationship of the obvious point derivations to point derivations in general
(cf. [6], particularly Corollary 5.1.2).

As might be expected, certain ideals in C®™ associated with the point 0 play
an important role in the study of the point derivations. We will fix some notation,
setting, for k = 0, 1,..., n,

M, ,={feC™:fO0) =0( =0, I,.., R}

The M,, ,. form a descending (finite) sequence of closed ideals in C™. The first
result of this section gives the properties of these ideals which we shall need.

3.1 THEOREM. Let n be a positive integer.
(1) (‘nlﬂ.n)2 = 'x"Mn,'n .
(i) For 0 <k <m (M) = x1My,.

Proof. (1) We need the following technical fact. If fe M,, ,,, then there is a
function ¢ such that: ¢ is infinitely differentiable on (0, 1] and ¢ is continuous on
[0, 13;

$0) =0, and () >0 for t>0;
H(2) = sup{| f(): 0 < s < 1Y
lim f(t) $(2) = O.

To prove this, suppose (without loss of generality) that | f™(¢)] << 1 for
te[0, 1], and define g(t) = sup{| f"(s)]: 0 < s < #} for [0, 1]. Then g is
nonnegative, continuous, and nondecreasing on [0, 1], g(0) = 0, and g(1) < 1.
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We can choose a sequence of points (,) C (0, 1), decreasing to 0, and for each 7
a step function 4; on [¢;, 1] such that

1 >h >p on [t;, 1];

h; is nondecreasing;
itj >, h; = h;on [t;,1];
h{(ti) — 0 as { — o0.

Now define 4 on (0, 1] by #(t) = h,(t)if t = ¢, . From h produce a “polygonal”
function % by taking the line segments which join the left-hand ends of adjacent
“steps’ of h; observe that we have 1 >k >>g on (0, 1], and lim,_,, &(z) = 0.
Round off the corners of & to produce i, infinitely differentiable on (0, 1];
clearly, we can do this so that | > > g on (0, 1] and lim,_,, #(¢) = 0. Define
#(0) = 0, so that ¢ is continuous on [0, 1]. We have | f™®) | < 1 on (0, 1], and
it is now easy to see that ¢ = 1/ will satisfy all the requirements.

To prove (i), fix fe M, , . We shall find he M,,,, and ke M, , such that
x"f = hk. Take ¢ related to f as above, and define k on [0, 1] bv

k(t) — [0 (6 — sy () ds.

(The motivation for this i1s that the integral used to define % is a multiple of
J . fo - [a [o$(s) ds dr -~ dv du (n integrations), as can be seen by changing the
order of the integrations.) Thus,

RV y=@m—1) - (n—j) J: (t — sy Lg(s) ds (G=1,.,n-—1)
and

k(1) = (n — 1) 4(2),
so that, clearly, k€ M, ,, . Now define / on [0, 1] by

h(t) = t"f(@)k(t)  (t€(0, 1]),
h(0) = 0.

We write i = a"f /k for short. Note that k is positive on (0, 1]. Since a”f == hk,
we will have the required factorization of ¥"f once we have shown that he M,, ,, .
It is clear that # has » continuous derivatives on (0, 1], so only the behavior at 0
has to be determined. This is done by direct calculation, and we omit most of the
details, which are straightforward. The crucial fact in that A(f)/f* — 0 as
t — 0+ (and hence A(t)/t! — 0 as t — O+ for j = 0, 1,..., #), which follows
from the equation h(2)/t* = f(t)/k(t) for ¢ # 0 and ’'Hépital’s rule:

lim F()k(r) = Jim () R(1) = [(n — DI Tim £(2)(0) = 0.
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We have shown that x"M,, ,, C (M,, )%, and this is the difficult part of the proof.
To see the reverse inclusion, suppose he M, , and ke M, ,, and take
f = hk[x™. As before, it is clear that f has # continuous derivatives on (0, 1], and
to complete the proof that f € M,, ,,, it suffices as above to show that f(¢)/t* — 0
as t — 0+. But f(t)/t" = (h(2)/t")(k(2)[t"), which tends to O as t — 0+ by
I"Hépital’s rule, since both % and & belong to M,, ,, . This completes the proof
of (i).

(ii) Since x*+le M, ,, the inclusion ¥**1M,, , C (M, ,)? is clear. For the
reverse inclusion, suppose that f, e M, ; for i = 1, 2. Then there are Taylor
expansions

fi = Z 8;(f) & + Rufi,
j=k+1
where R, f; belong to M, ,, . To see that f, f,/x**! belongs to M, ;, simply
multiply the two Taylor expansions and divide by x**1, using (i) to see that
(R.f)(R,.fo)]x*+1 belongs to M, ,, , which is contained in M,, ;. . This proves (ii).

The first part of the above theorem was found by A. Browder and P. C. Curtis.
We have given Browder’s proof, in a form shown to us by W. G. Badé. It is
entirely elementary. Another elegant proof, due to Curtis, depends on the fact
that

A, ={f|x":fe M, ,}
— {ge C((0, 1]): g (t) — 0 as t — O+ (j = 0, 1,..., m)}

is a Banach algebra (without identity) with respect to the norm

n \
1gl =Y (i) supl | g9(0)1: e 0, 13,
=0 J-

and has a bounded approximate identity. Thus, by Cohen’s theorem [4, 11.10],
if fe M, , there are g and % in M, ,, such that f/x" = (g/x")(h/%"), and hence
x*f = gh.

Part (ii) of Theorem 3.1, in the particular case & = 0 must be regarded as the
ancestor of the results in this section. It is found in [2], Example 3, with the
additional information that

(Moo = &My = (f€ M, : f'(0) = 0 and f"(0) exists}.

From the last equality, it follows, first, that (M, ()* = M,, , . Since continuous
point derivations of order 1 on M, , are just those linear functionals which

annihilate (M, ()?, the space of such derivations is one-dimensional and each
continuous point derivation is a multiple of §, . Second, (M, ¢)* has infinite
codimension in M,, ,, and so the space of discontinuous point derivations of
order 1 is infinite-dimensional. Third, we see that C* has a nondegenerate
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point derivation of order n + 1. For certainly 8, exists for f in (M, ()% and,
if d,,, is any linear functional on C® such that d,,,,(1) = 0andd,,, = §,,, on
(M, )% then 8, ,..., 8, , d,, is a point derivation. Since we can easily find a set
in (M, ,)? which is bounded with respect to the norm of C*®, but on which §,, .,
is unbounded, such a d,, is necessarily discontinuous. It is less clear whether
or not there exist nondegenerate point derivations on C™ of order ¢ with
n+ 1 < g < 2n; for this, see Theorem 3.4(iii).

Next we give a technical lemma to be used in the proofs of the main theorems
of this section.

3.2 Lemma. Suppose fe M, ,_,, 8,(f) #0, and f(t) # 0 if t 7= 0. Then
g = ¥"[fe My ny and 3,(8) = 1/8,(f).

Proof. Induction (on k) shows that, for £ = 0, 1,..., n, (I/f)* 1s a sum of
terms of the form ¢, f@/ fio1+1 where o = {r(j):j = 1, 2,...} is a finite sequence

of nonnegative integers such that Zjr(j) = k, ¢, is a numerical coefficient,
fo| = 2r(j), and f@ = (fD)r1--- (f W), Since
» 5
(2f)m = ¥ (P];) (Lif )W) (x2)p=io,

k=0

we see that (x*7/f)1#) is a sum of terms of the form
€, 0x2n~pfl\f(a)/f|al+l.
Ignoring the numerical coefficient ¢, ., the last expression can be written

¢ feo (r( £

i1 Tyn—k

)r(“ y2n—prk+ErG)n—j)

fH-Er(i)

. (1) ) k) 1+5r0)
:(f(l) )r ...(f”‘j ' x”)+ " "D,

xn—k f

Now, I’Hépital’s rule used repeatedly and the assumption that 5,(f) #* 0 imply
that

xn-1

(a) g = x*/f has n — 1 continuous derivatives on [0, 1], and 8;(g) = 0
forj =0,1,....,n—1;

(b) g' exists and is continuous on (0, 1], and lim,_ 4, g™(t) exists.

Therefore, ge M, ,,_, . (It is a fact that if a function ¢ is differentiable in a
deleted neighborhood of a point a and if lim,. ,¢'(#) = L exists, then ¢'(a)
exists and equals L.)

The fact that 8,(g) = 1/8,(f) can be seen by looking at the equation
fg/x® = x™ and using Taylor expansions for f and g as in the proof of Theorem

3.1(ii).
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This brings us to the first main result of this section, which gives the function
p(q) referred to in the Introduction for nondegenerate point derivations on C™,

3.3 THEOREM. Let n be a positive integer, and let d, ,..., d, be a nondegenerate
point derivation at O on C'™ of order p. If g is a positive integer and p > 2q, then
the point derivation d, ..., d, is continuous.

Proof. First, observe that the hypothesis of nondegeneracy forces p < 2=,
as in Example 2.5. Also, if p = 1, there is nothing to prove, so we shall suppose
that p > 1.

Since the point derivation is nondegenerate, d,(x) # 0, for, given fe M, ,,
there exists g € M,, , with 2 = xg, and, if d,(x) = 0, dy(f)? = dy(f?) = dy{xg) =
dy(x) di(g) = 0, so that d; = 0, a contradiction.

We now transform the derivation, using Lemma [.1. When applying this
lemma, we shall always use the same symbols for the members of the point
derivation both before and after the transformation. Thus, first we can suppose
di(x) =1 (Lemma 1.1, m =1, a = dj(x)"* — 1), and this implies that
d{x’) = 8;; for i = 1,...,p and j = [ (Lemma 2.1). Apply Lemma 1.1 with
m = 2 and « = —d,(x). Then we have dy(x) = 0, and it is easily checked that
di(x1) = 0fori =2, 3,..., p. Apply Lemma 1.1 with m = 3 and a = --dy(x).
Then dy(x) = 0 and hence d(x*~%) = 0 for / = 3,..., p. Continuing, we see
that because of the continuity assertion in Lemma 1.1, we can suppose without
loss of generality that

d(x) =8; (= 1l,pj=12.) G.1)

The proof of the theorem is by induction on ¢. In fact, the case ¢ = I includes
in simple form the method for the general inductive step. Note that the argu-
ments in the cases n —= 1 and #n > 1 are different.

Thus, take ¢ =1 and n = 1. If fe M, ¢ and &,(f) 5+ 0, then f does not
vanish in some deleted neighborhood of 0. Changing f outside a neighborhood
of 0 does not affect either d,(f) or 8,(f), so that we can suppose f(t) # 0 if
t #0. Then g = x*/fe M, o, by Lemma 3.2, and therefore 1 = dy(x?) =
dy(fg) = di(f)di(g), so that 4,(f) # 0. This implies ker d; C ker §,, and
therefore d; is a multiple of §; , which shows that 4, is continuous. (Because of
the normalization carried out above, d; = §, .) On the other hand, if n > 1 and
feM,;, then, by Theorem 3.1(ii), there is g€ M, ; such that f2 = x%. In
particular, f2 € (M, )%, and therefore d\(f)? = dy(f*) = 0, so d;(f) = 0. This
shows that ker ; C ker d, , and again it follows that 4, equals 8, and is continuous.

Now suppose that 2 << 2k + 2 < p and that 4, ,..., d;, are continuous. Since
d(»’) = §;; = 8,(x%), d; and §, agree on polynomials, and so d; = 8, (i = 1,..., k).
It follows that d;,; = §;,, + d for some first-order point derivation d. (Note
that & + 1 <{ n because 2k + 2 < p < 2n.) Clearly, d,,, is continuous if and

580/26/2-6
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only if d is continuous. Since d(x) = d,_,(x) == 0, d is continuous if and only if
d = 0, and to show that d = 0 it suffices, by (3.1), to show thatd | M, ,

Let f and g belong to M, ., where | < k& <C n — 1. By Theorem 3.1,
fe/xkte M, ., and so, using (3.1),

Ao f8) = darso (%— : x"'“) = dy (—x]—;gﬁ)

Also,
dosero(f8) = dia(f) diin(8),

and so

G (B5) = bl D denl®) (g =M. (32)

In particular, if # + 1 < nand fe M, ,,,, then we know that f2/x*+! belongs
to ¥M,, .., which is contained in (M, ¢)?, and so (3.2) implies that d(f)? =
dia(f)? = dea(f?/x*1) = d(f?[x**1) == 0, whence d(f) = O for each fin M,, .,
as required.

Now consider the case when £ + | = n.Itis easy to check thatd,, | (M, ,_,)*
If A is a linear functional on M, , ; such that A(f) = d,(f/»") whenever
fe(M, ;)% then (3.2) (with & == n — 1) implies that the pair d,,, A is a point
derivation of order 2 at co on M, ,,._, . If fe M,, ,_, and 8,(f) = O, then (as in
the case n = 1) f is zero-free in some deleted neighborhood of 0, and since
changing f outside a neighborhood of 0 affects neither 8,(f) nor d(f), we can
assume that f(¢) # O for ¢ -4 0. By Lemma 3.2, g = 2/f belongs to M,, ,,_, .
Thenfg = &*" = (x")?, so that d,(f) d,(g) = A(Jfg) == d,(x")* = 1, and therefore
d(f) = 0. Thus fe M, ,_, and d,(f) = 0 together imply 8,(f) = 0, and so
d, and 6, , as linear functionals on M, ,_,, have the same kernel, namely
M, .. Thus d = d, — 8, vanishes on M, ,, , as required.

This completes the proof.

The next result shows that all the situations not excluded by Theorem 3.3
{(and Theorem 2.3) for nondegenerate point derivations on C*™ do actually occur.
Also, the proof shows how the obvious point derivations are related to non-
degenerate point derivations in general.

3.4 Tureorem. (i) A continuous, nondegenerate point derivation on C™ has
order at most n.
(it) A continuous, nondegenerate point derivation d ,..., d, on C™ of order
g < n belongs to a point derivation of order 2q + 1 with d; discontinuous for
j=q+ 1,.,2¢+ 1.
(i) A continuous, nondegenerate point derivation dy ..., d,, on C'™ of order n
belongs to a point derivation of order 2n with d; discontinuous for j = n 4 1,..., 2n.
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Proof. (i) Assume that d,,..,d, is a continuous, nondegenerate point
derivation with ¢ > n > 1. As in the proof of Theorem 3.3, we can apply
Lemma 3.3 and suppose that dy(x’) = §,; fori = 1,...,gandj = 1, 2,.... Then
the continuity of the d;s and the density of the polynomials in C imply
d; = 8, for i = 1,..., n. By a remark following Theorem 3.1, §,_, is defined on
(M, )% Since both d, ., and §,,,, obey the Leibnitz identity with 3, ,..., §,, for
products of elements in M, ,, we have d,,, = 8,,, on (M, )% But 8, is
discontinuous on (M, ()* with respect to the norm of C™, a contradiction.

(ii) Note that the case n = 1 is implicitly excluded here. Also note that,

by Proposition 1.2, we need only show that d,,, can be discontinuous in order to
ensure that each d; (j = ¢ + 1,..., 2¢ 4 1) can be chosen to be discontinuous.

First, suppose that d; = §; for 7 = 1,..,, q. Let d,,, be a linear functional on
C™ such that

(a) iffe (M) then dp,y(f) = do(f/%);
(b)  dgia(l) = doa(x) = 0;
(c) d,,; is discontinuous.

Observe that the case £ = 0 of Theorem 3.1(ii) implies that (a) can be satisfied.
Also, (b) can be satisfied since neither 1 nor x belongs to (M,, ;). Finally, (c) can
also be satisfied because (M,, o> = {fe M, o: f'(0) = O and f**+V(0) exists} ([2],
Example 3), and so (M,, ,)? has infinite codimension in M,, , .

Now we must show that 4, ,..., d,,, is a point derivation, and it will be enough
to show that, if f and g belong to M,, o, then dg,,(fg) = Yi_, df) dpu1_(8)-
Take the Taylor expansion of fin the form

Q

=2 8{f)* + R.f, (3-3)

=1

[l

where R ,fe M,, ,, and take a similar expansion for g. Multiplying the two
Taylor expansions gives

i

3,-(f)3i_j(g)) xt 2Zq ( 2 8,(f) ai_j(g)) i

i=q+2 \j=i—q

fg = 022 ( :1
+ Z (B fNR8) + S GNRSf)) x* + (Rof N Re&)- (3.4)

i=1

Because d; = §, for { = 1,..., ¢ and because of the properties of d,,, , it is easy
to see that dy(x’) = §;; fori = 1,...,¢ + 1 and j = 1, 2,..., and hence that

d(&F) =d_(F) (FeMuq,i=l,,q+1,j<i)
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(In fact, these relations motivate the definition of d,., .) Because of Theorem
3.1(i1), there exists & in M, , such that

(Rf)(Rog) = 57 h. (3.5)

With these facts in mind, we apply d,,, to fg, using (3.4) and (3.5), and get

danil0) = 3. 30 301 A8)
+ il (BAS) dgr—i(Rag) + 8,(8) dyy_ R, f)) + di(xh)

=Y. 4(f) dua ),

as required; the last equality is obtained from the facts that d; = §,fori = I,..., ¢
and that R, f and R,g belong to M,, , .

We now suppose inductively that ¢ + 1 << k& << 2¢ + | and that we have a
point derivation d, ,..., d; with d; = §; for { = 1,..., ¢ and with d(x7) = §,; for
i = 1,., kandj = 1, 2,... . As before, there is a linear functional dy, such that
d i (F) = di(F|x) for Fe (M, )* and di4(x) = di,(1) = 0. Again, we have
di(x’) = 8; for i = 1,.,k+1and j=1,2,., and

d(x'F) = d;_(F) (FeM,,,i=1,..,k+1,j<i).
Also, using (3.3), we see that d,(f) = d(R,f) for{ = g + 1,..., k, and similarly

for g. Applying d,,, to fg, using (3.4) and (3.5), and taking account of the
immediately preceeding remarks, gives

denlfe) = Y 8(f) dras(®)

j=ktl-q

+ i (Bi(f) drra1-dReg) + 84(8) dira-dRof)) + diolh)

= % 8D+ %, G dracde) + 348) i)

j=k+1—q

- z d(F) dess_i&)

This proves that d; ,..., d;.,; is a point derivation. Therefore, by induction, the
required derivation of order 2¢ + 1 exists.
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Finally, if 4, ,..., d, is any nondegenerate, continuous point derivation of order
g, where ¢ is less than n, we can use Lemma 1.1 as in the proof of Theorem 3.3
to transform d, ,..., d, into a continuous point derivation for which d(x’) = §;
fori = 1,..,qandj = 1, 2,..., and so we can transform d, ,..., d, into §, ..., §, .
We carry out the above construction and then use the inverse of the trans-
formation to go back from 8, ,..., 8, to d, ,..., d, modifying d,,; ,..., dqq s0 that,
in the end, we obtain a point derivation d; ,..., d, , d,.1 ,..., @aq.1 , a5 required.

(iii) 'This is very similar to (ii), and we omit the details. Observe that when
the inductive construction of (ii) is used to extend §, ,..., 8, , the process must
stop when d,,, is reached. This is because of the difference between (M, ,.)* and
(M, ) for k < n, as expressed in Theorem 3.1; specifically, (3.5) must be
replaced by the equation

(Ruf)R,g) = x"h

for some 4 in M,, ,, . However, we know by Theorem 2.3 that C'™ has no non-
degenerate point derivation of order greater than 2n. Note also that d,., is
necessarily discontinuous by (i).

This completes the proof of the theorem.

It is a consequence of Theorem 3.4(iii) that the estimate given by Theorem 2.3
for the maximum order of a point derivation is best-possible for nondegenerate
point derivations on C*?. The final theorem concerning C™ of this section
improves the estimate given by Theorem 2.3 for these algebras, giving the best-
possible bound. It also shows that the hypothesis of nondegeneracy was
unnecessary in Theorem 3.3. We need one more technical lemma; the case n = 1
was shown to us by P. C. Curtis.

3.5 Lemma. Let d, ..., d,., be linear functionals on M,  such that d, is a
point derivation of order 1, and

dni(fg) = Z”: (B f) dns1-i(8) + dnia-(f) 848))  (f g€ Mny)

=]
Then d, is a multiple of 8,; in particular, d, is continuous,

Proof. 1f f belongs to M, ,, , then the identity given for d,,, implies that
dyi(x7f) = di(f). IE 8(f) = O, then f = 3, 8,(f)x* + R,f, and so d\(f) =
d,(R,f) because d, is a point derivation. Thus, given f such that §,(f) = 0, we
can suppose that f belongs to M,, ,, without affecting d,(f). Then, by Theorem
3.1(i), there are g and & in M, , such that x*f = gh. So d,(f) = d,.(*"f) =
d,..(gh) = 0. This shows that ker 8, C ker d, , and proves the lemma.

3.6 THEOREM. Let n be a positive integer, and let d, ,..., d, be a point derivation



186 DALES AND MCCLURE

at 0 on C'™ of order p. Let k be a positive integer, and suppose that d; = 0 for
J < k and that d,. = 0.

(1) If g is a positive integer and p > 2q, then the point derivation d, ..., d, is
continuous.

(i) p < (@n+ Dk

Proof. If k = |, assertion (i) is Theorem 3.3 and assertion (ii) comes from
Theorem 2.3, so we suppose henceforth that 2 > 1.
To begin, consider, for r >= 1, the hypothesis

p == 2rk and the derivation has the form 0,..., 0, 4,., 0,..., 0, d,;. ,
0,..,0,d.,d0q oo, d,, with d;, = 0 and where each sequence
(of zeros has length & — 1.

(H,)

By the hypotheses of the theorem, either p < 2k, in which case both assertions
(i) and (ii) are clear, or (H,) is true.

Suppose now that (H,) holds for some r < n. An easy calculation shows that
dy , dyy. ..., dy,;. is a nondegenerate point derivation of order 2r. If ¢ < 27k, the
continuity assertion (i) follows from Theorem 3.3, so that (H,) entails (i) unless
p=2rk+ 2. If p = 2rk + 2, then, using Lemma 1.1 as in the proof of
Theorem 3.3, we see that we can suppose that

and that

di(x) =0 (7 > k)
without changing the sequences of zeros. (For example, supposing that d,. = §, ,
to ensure that d,, = 8, , apply Lemma 1.1 with « = —dy(x)and m — | = &,

and observe that the element %, or any multiple of %, places before a zero is a
zero, so that the zeros are unchanged.) Also, another easy calculation shows that

dry L (M (G = Lo k= 1).

We now wish to show that, in certain circumstances, (H,,,) is true. Let m
be a positive integer with m < k, and suppose that

dps; =0 (= lym—1) (3.6)

(vacuous if m = 1) and that p > 2rk + 2m == 2(rk + m); we shall show that
d.;., =0. We have already pointed out that d,,dy ,...,ds; is a point
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derivation of order 2r. Provided that 2m = k, a further calculation shows that

dy,, o vy doe s
d(r+1)k + drk+2m s
d(r+2)lc + d(r+1)k+2m ’

d2rk + d(2r—1)k+2m

is also a point derivation of order 2r. Because r <C n and because of the normaliza-
tion carried out above, the construction in the proof of Theorem 3.4(ii) can be
used to extend each of these to point derivations of order 2r + 1. Taking the
difference of the (2 4 1)th members of these derivations shows that there is a
well-defined linear functional A on M, , such that, for fand gin M, ,,

Mfg) = Y. [dilf) dar-ireen(8) + deropisan(f) din(g)),
j=1
and comparison of this equation with the Leibnitz identity for d,,,,,, shows that

(d2kr+2m - )‘)(fg) = drk+m(f) drk+m(g) (fv g€ Mn.(l)»

where we recall Eq. (3.6). That is, we have shown that d,; ., belongs to a point
derivation of order 2. By Theorem 3.3, d,,,, is either O or a multiple of 8, , so
the fact that d,;,,(x) = 0 implies that d,,,, = 0, as required.

On the other hand, if 2m = &, one needs only the observation that d; ,..., dy,
belongs to a point derivation of order 27 +- 1 to conclude that 4,;.__,, belongs to a
point derivation of order 2, and hence that d,,,,, = 0.

For each m < k such that (3.6) holds, either p < 2rk + 2m or p = 2rk + 2m.
In the former case, the condition 2¢ < p implies that ¢ <C7k + m — 1 and so d,,
is continuous, being either 0 or d;;, = 3§, for some j e {l,..., r}. In the latter case,
d,; ., = 0. Induction on m shows that either the continuity assertion (i) holds
or that we can deduce that (H,,,) holds, and then induction on r (for r < n)
shows that either (i) holds or that we can deduce that (H,) holds.

Suppose then that (H,) holds. As before, d;, =38, for j = 1,...,n and
dppes L (M, o) for j = 1,..., k — 1. Again, suppose that 1 < m <k, and that
dp s =0forj=1,.,m—1.If p == 2uk + m (NOT “p = 2nk 4 2m’) and
if fgeM,,, then

dyni s mf) = z [ ) dionyesm(®) + dionspienlf) dul@)s

so that d,,;, ,, is 2 multiple of 8, by Lemma 3.5 (with d;. 1 » dinsn)ism se-vs Fangsom
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replacing d, , d, ..., d, ). Since dy; (%) == 0, we have d,;.,, = 0. Thus, we
either prove (i) for g in the range nk + 1 < ¢ < (n + 1)k (something a little
better, in fact), or we can deduce that p 2= (2n + 1)k and that the derivation has
the form

0)---7 0) dk y 0»---: Ov d2l.' ) 0,.‘., 07 dﬂk s 0,"'7 0» d(ﬂ'rl)]\' ) d(n+1)k+1 3ty d(2'!l+1)k ey dz) .

This latter implies, by a method similar to that used above, that 4, ,
dyp ooy dioni1)i 18 2 nondegenerate point derivation of order 2n 4+ 1 on C™). But
we know that this is not possible, so that we have proved both (i) and (i), as
required.

This completes the proof of the theorem.

The estimate (ii) in the above result is best-possible: Take a point derivation of
order 2n (given by Theorem 3.4(iii)), put £ — 1 zeros before each term, and add
any k — | first-order point derivations at the end. We could also show that the
estimate (i) (modified according to the last part of the proof for nk < ¢ <
(n + 1)k) is sharp. This would amount to something like Theorem 3.4, with
complications brought on by the degeneracy, and we omit it.

As an addendum to this section, we examine an algebra which is closely
related to the algebras C([0, 1]). This is the algebra C* = C=([0, 1]) of
infinitely differentiable functions on [0, 1]. It is well known [4, 18.22] that C~
cannot be normed so that it becomes a Banach algebra, but C* is a complete
Fréchet algebra on [0, 1] with respect to the seminorms

n

TIN.> ].i,sup{sf‘“(t):: e[, 1} (feCo)

=0 J"

(for n = 0, 1, 2,...), and every character is given by evaluation at a point of [0, 1].

3.7 THEOREM. Every point derivation on C® is continuous.

Proof. Let M, , ={feC=:f90) = 0 (j = 0,...,k)}. By a standard
argument, M, o = xC=: if fe M, o and t €0, 1], let F(s) = f(st) (s € [0, 1]),
so that f(t) =F(1) — F(0) = j(l) F'(sy ds = tg(t) and f = xg for some g € C=. Thus,
M, ,CxM,, and so

(Mo o)t = "My g = My, (R =1,2,.)

In particular, (M, o)**! is closed in C* and of finite codimension in M, .
Thus, if A is any linear functional such that A | (M, o)**! for some &, then A is
continuous. The theorem follows.

In fact, for each nondegenerate point derivation on C= at 0 of infinite order, the
map fr> 2 d,(f).X?, C* — Z is a continuous epimorphism.
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