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Abstract

When working with nonlinear filtering algorithms for image denoising problems, there are two crucial
aspects, namely, the choice of the thresholding parameter 1 and the use of a proper filter function. Both
greatly influence the quality of the resulting denoised image. In this paper we propose two new filters, which
are a piecewise quadratic and an exponential function of A, respectively, arid we show how they can be
successfully used instead of the classical Donoho and Johnstone’s Soft thresholding filter. We exploit the
increased regularity and flexibility of the new filters to improve the quality of the final results. Moreover,
we prove that our filtered approximation is a near-minimizer of the functional which has to be minimized to
solve the denoising problem. We also show that the quadratic filter, due to its shape, yields good results if
we choose 4 as the Donoho and Johnstone universal threshold, while the exponential one is more suitable if
we use the recently proposed H-curve criterion. Encouraging results in extensive numerical experiments on
several test images confirm the effectiveness of our proposal.
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1. Introduction

In recent years nonlinear filtering techniques have played an important role for the numerical
solution of the image denoising problem. These techniques arise as exact or approximate solutions
of the following variational problem: given a positive parameter A and a noisy image f(x, y), defined
for (x, y) in some square domain /, find a function g} that minimizes, over all possible functions ¢
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in a given space Y, the functional

If = gllZ,ay + 229y, (1)

where

) ) 12
17 = gl = ( [176n- g(x,y>2dxdy) @)

is the L,(I)-norm which measures the root-mean square error between f and g and |g||y is
the norm of the approximation g in a smoothness space Y. An important role in the formu-
lation of the problem is played by the positive parameter A, which determines the relative im-
portance of the smoothness of ¢ and the quality of the approximation to the given
data f.

Since the efficiency of solving problem (1) strongly depends on the computing rate of the two
norms || f — 9l and |lglly, great advantages both in terms of computational effort and quality of
the results can be obtained by working in function spaces Y where the norms of g can be expressed
in terms of its wavelet coefficients. Even if there are many possible choices of the space Y, the
family of Besov spaces By(L,(/)) has been revealed to be a good framework when working in this
variational context. In fact, these spaces contain functions of different smoothness as are real images;
in particular, by varying the values of the parameters a, p and g, it is possible to get the smoothness
space where the best representation of any single image can be achieved (for more details the reader
is referred to [2]).

In [6] it has been shown that, taking Y as the Besov space B}(Li(/)), the exact minimizer
of (1) is obtained by means of the so-called wavelet shrinkage, which was previously introduced
by Donoho and Johnstone [8]. Wavelet shrinkage discards the wavelet coefficients of f whose
absolute value is less than the shrinkage parameter / and shrinks the others by the value of A
towards zero. Hence, it can be seen as a wavelet approximation of f, which has been filtered with
a filter, which turns out to be a piecewise linear function when considered as function of A. In this
work we introduce two new classes of wavelet approximation of f, which are also filtered versions
of the original perturbed image f, but whose associated filters present an increased regularity as
functions of 4, since they are either a piecewise 2-degree polynomial or an exponential function of
the parameter 4. The resulting wavelet approximations therefore yield a smoother transition between
maintained and discarded wavelet coefficients, and this aspect seems to be particularly useful when
dealing with real images. Our main result consists in proving that both the above approximations are
near-minimizers of functional (1), giving at the same time an upper bound to the constant involved
in the definition of near-minimizer.

Moreover, since when working with thresholding algorithms the most important problem is to
evaluate an appropriate value for the shrinkage parameter A, we consider two possible choices of
the parameter A, namely, the universal threshold of Donoho and Johnstone [7,8] and the recently
proposed H-curve criterion [10]. We present extensive computations showing how each one of our
two new filters is particularly suited for one of the two thresholding choices. More precisely, the
parabolic shape of one filter can balance the oversmoothing of the image introduced by the use of
the Donoho and Johnstone threshold, while the more regular exponential shape of the other performs
better when dealing with the H-curve criterion.



S. Bacchelli, S. Papil Journal of Computational and Applied Mathematics 164-165 (2004) 39-52 41

The paper is organized as follows: in Section 2 we briefly recall the basic notions of wavelet
theory in the 1-D and 2-D case. In Section 3 we recall the exact solution of the variational problem
in the wavelet domain and we introduce our two new filtered approximations. In Section 4 we show
that these approximations are near-minimizers of problem (1). The choice of the threshold parameter
is discussed in Section 5 together with the analysis of the numerical experiments on several test
images, which show the effectiveness of our proposal.

2. Basics on wavelet theory

An orthonormal multiresolution analysis of L,(R) is built using two basis functions: a scaling
Sunction ¢ and a wavelet . This involves a nested sequence of subspaces of Lr(R), {V;};cz,
satisfying ... V;_y C V; C Vjq1...; the scaling function ¢ is the solution of the two-scale equation

$() = V2 hp(2x k). (3)
k

The integer translates of the scaling function {¢(x — k)|k € Z}, form an orthogonal basis for the
closure of their span V.

For each j€Z, the integer translates of the jth diadic dilates of ¢, {¢;(x) := 2/2¢p(2/x —
k), k € Z} form an orthonormal basis for V;. It turns out that the wavelet space W;=span{y;,, k € 7}
is the orthogonal complement of V; in V., namely, V; ®© W; = V,,;, that L,(R) = @;czW;, and the
wavelet | satisfies the two-scale equation

W) = V2> wid(2x — k). (4)
k

The functions {y; x(x) = 2/?Y(2/x — k)}, with j,k € Z form an orthogonal basis of L,(R). Given a
function f € L,(R), the wavelet expansion of f is therefore given by

=" i (5)

j.k€eZ

where ¢ = fR SOV k(x)dx and the Lr,-norm of f is given in terms of its wavelet coefficients,
that is

| f ||22(IRE) = Z Cjz',k‘ (6)

J.keZ

The wavelet coefficients ¢;; of f can be evaluated by means of a fast algorithm involving the
sequences of the two-scale coefficients {/;} and {w;} which are called low-pass and high-pass
filters, respectively, and, in the compactly supported case, are finite [5].

The one-dimensional multiresolution analysis can easily be generalized to a 2-D one for x :=
(x1,Xx2) € R?, by defining a 2-D scaling function and the corresponding 2-D wavelets as follows:

P(x1,x2) == P(x1) - P(x2), Y (,x0) = Y(x) - px2),

,
YA (x,x0) 1= dln) - Y(a), YO r,xa) = P(x) - Y(x). 7
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By setting ¥ = {y/(D,y/®, D}, we have that the set of functions

{Wik(x) =29(2x = ) }yev, jez. ke (@)
forms an orthonormal basis for L,(R?). Hence, for every f € L,(R?) we have
f= Y cub. 9)

keZ?, jeZ, yev
with
iani= [ SO (10)
Moreover, also for the two-dimensional case we have
2 2
1= > G (b
keZ?, jeZ, ye¥

Identity (11) expresses the L,-norm of f in terms of its wavelet coefficients. This can easily be
§xtended to more general spaces, such as the Besov spaces By(Ly(1)), where the norm || f'|| BA(L,(1))
is equivalent to a norm of the sequence of wavelet coefficients (for more details, see [2])

alp\ V4

1 Ns,an = | D | Do 27727 Peiul? : (12)

J ky

3. Filtered approximations in the wavelet domain

As has been pointed out in [2], a good choice for the function space Y is the Besov space
BI(Ly(1)). Problem (1), then, becomes

| f - QH%Z(I) + 249l 512, 1)- (13)
We assume that the observed image f in (13) takes the form

f=rf+e

where f is the original deterministic signal and ¢ the noise component, given by the i.i.d. Gaussian
Noise with mean 0 and variance ¢* (denoted as .47(0,5%)).
By using relation (9), we can expand f and g in terms of their wavelet coefficients as follows:

f= Zc_i/,k,.pl//j,k and ¢g= Zdj,k,n//%,k, (14)

Sk Sk

where, to ignore all further complications, we shall not precisely specify the domains of the indices
of the sums, meaning that the suitable modifications have been carried out [2]. In fact, when dealing
with a finite domain /, as is the case for images, some changes must be made to the wavelet basis
in order to obtain an orthonormal basis for L,(/). We refer to [3] for further details.
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Fig. 1. Soft thresholding filter factor corresponding to ¢, as function of /.

By replacing f and ¢ in (13) with their wavelet expansions (14), and by applying relation (12)
with p=¢g=1 and a =1, we get
> Jeiky = dikyl? +22 " |djkyl, (15)
.i’k’l// .i’k’lp
that is, the formulation of the variational problem in the wavelet domain.

This problem is separable; hence the minimum of this functional is obtained by minimizing each
term separately over d; y, namely

Gy = djkul® + 221d) k. (16)
In [2] the authors have shown that the exact minimizer of problem (15) is given by
G =Y dip Vik = FruyDejunpbik (17)
Jk Sk
with
(|¢.xp| — 4 1— ! if [Cjpyl > 2
Frug(i) = Yokl = A €kl P (18)
e 0 i 164y] </

The solution g} is none other than the one obtained by wavelet shrinkage, where the wavelet coeffi-
cients ¢y whose absolute value is greater than the threshold parameter are shrunk towards zero by
an amount of A to obtain the wavelet coefficients d* kg, of the exact minimizer g; (see Fig. 1). In
[10] it has been pointed out that the solution g} given by (17) can be seen as a filtered version of
the original corrupted image f, where the filter factors F k(L) WEW, jEZ, k€ Z?* are obtained
by evaluating for ¢ = ¢, the piecewise linear filter function

)
- 1—— if |e| > 4,
F(C’A):Gc‘\c]h: |c] el

0 if |c] <4
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Fig. 2. New kinds of filter factors compared with the Soft thresholding one. (a) quadratic filter factor; (b) an exponential
filter factor with a =2 and 4 =4.

Since real images present many different characteristics and hence a fixed choice of the filter function
and the threshold level 4 can produce a different visual effect on their denoised versions, it is inter-
esting to study which filter function better fits the image features and the choice of the thresholding
parameter.

In this work we investigate new kinds of filter functions whose corresponding wavelet approxi-
mations ¢, turn out to be more flexible than the soft thresholding one. These new filters have been
chosen taking into account both their capability of adapting to the different types of image and the
method used for the choice of the threshold level.

The two new filter functions taken into consideration are the quadratic function

/12
—— +1 if [¢| >4,
C

Fp(e,4) = (19)

0 if |c] < 4,
which is a piecewise 2-degree polynomial, and the family of exponential functions
Fe(e,’)=a "¢, a>1and h>0, (20)

which have C*°-regularity and whose shape is modelled by acting on parameters a and A.

As previously stated, we obtain the filter factors Fp; 1) and Fej;,(4), whose action is to
weigh each starting wavelet coefficient ¢, (Y € ¥, j € Z, k € Z*) appropriately, by evaluating our
new filter functions for ¢ = ¢j ;.

The quadratic filter, by definition, discards the same wavelet coefficients as the soft thresholding,
but gives more weight to those that are maintained, shrinking them by a smaller amount towards zero.
On the other hand, the exponential filter, while not completely removing any wavelet coefficient,
still keeps track of all the high frequencies, although it gives them a rapidly decreasing weight. The
plot of both filters, compared with the Soft thresholding one, are shown in Fig. 2. It is easy to note
that for the same value /. =/ the corresponding weight is quite different for the three filter functions.

4. Near minimizers of the variational problem

As already mentioned, the well-known Soft thresholding method, when applied to the wavelet
coeflicients of the perturbed image, yields an approximation of the true image g; which is the exact
minimizer of the variational problem (13). Nevertheless, the authors of [2] pointed out that a near
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minimizer can always be found. In fact they proved that the wavelet approximation obtained with
the Hard thresholding method is a near minimizer of (15).

In order to investigate the behaviour of the approximations associated with the above introduced
new filters, we give a characterization of a near minimizer.

More precisely, we call a family of functions §, a near minimizer for (13) if, for a given 4 > 0,
a positive constant C not depending on A or f exists such that

||]F*QAAH%2(1) +2i"§z||3}(L1(1)) <C I}lin HJ;* g”%g([) +2’”|Q”B}(L1(I)) (21)
gEB(Li(1))

that 1is,

l f - ()A"Hi(l) + 2}~HQA).||B}(L1(1)) < C| }; - g;”izu) + 2;°||QIHB}(L1(1))’

where g7 is given by (17).

We are now in a position to prove our main result, namely, to prove that the wavelet approxima-
tions of f obtained by means of filters (19) and (20) are near minimizers for problem (13) with a
small constant C. More precisely, we have

Theorem 4.1. Let Fe; ., be the exponential filter family as defined in (20), f_:Z/,k,.pc_j,k,lP‘Pj,k be
a noisy image perturbed with i.i.d. Gaussian noise, and /. be a positive parameter. The function

9r=>_djxyi Wi

j7k5¢
given by
. - —h2E, )=
G2 =) Fejrp(Deiupthin =D a " 158 1yl (22)
j’k’l// .j’k’l//

is a near-minimizer of the variational problem (13) with constant C = 4.

Proof. As we have already said, in the wavelet domain problem (15) is separable; hence, its mini-
mum is obtained by minimizing each term of the sum, namely,

E(dj k) = |Gy — dikyl’ + 221d 1y (23)

separately over d s .

Without loss of generality, we can assume 0 < d; .y < Cjy-

We remark that, if |d; 4| < |C;y|/2 then the greatest term in (23) is | xy —d,xy|* and therefore
E(djky) = |¢jkyl|*/4; on the other hand, if |d;y| = |¢jiyl/2, then the greatest term in (23) is
22|d;ky| and hence E(d; ) = 24|€;xy|/2. Therefore, for each choice of d;yy, a lower bound for
E(djy) is given by min(|Cjxy|*/4,22;kyl/2).

If we now choose d; as

digy =Fejpy(W)ejny =(a " /)é .y, a>1and h>0, (24)

we find that, if |d; s y| <|&,4y/2, then E(d,xy)=4(a " Gus |G, 4[24, while if |d 5 y] >1E)4/2,
N 2,9
then E(d; ) = 44(a " /50|81 4/2.
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In order to estimate the lowest value of the constant C which satisfies (21), we take

~ . _5112/2 _ _5112/2 _
E(d;ky) = min(4(a " /5002 14, 40(a " 500)|E441/2)
— mil’l((a_h/lz/gik*‘/’ )26—12_’](,1#, 2/1(a—h/12/c_'ik_w )|Ej,k,l//‘)

< 4min((a G002, /4, 20(a 00

Cikyl/2)

< 4min(& /4, 240¢14/2)

<4 <£lninE(dj,k,w)> = 4E(d;:k,!//)’
ko '

since the quantity (a_hiz/ Efz'~k=4') < 1. Hence solution (22) is a near-minimizer of problem (13) with

constant C =4. [
In a similar way, we can prove the following result regarding the quadratic filter.

Theorem 4.2. Let Fp;y be the quadratic filter as defined in (19), f= Zj’k’l/, CikyWjk be a noisy
image perturbed with i.i.d. Gaussian noise, and A be a positive parameter. The function

Gr=>_djxyi Wi

j’k’lp
given by
9= Fpisy(Deptix (25)
JkW

is a near minimizer of the variational problem (13) with constant C = 4.

5. The choice of the threshold level and numerical results

In this section we test the proposed new filters on several test images. In our numerical simulations
we use interval adapted Daubechies orthonormal wavelet bases with 4 vanishing moments [3]. The
quality of the results is estimated by means of two classical parameters, the root mean square error
(RMSE) and the peak signal to noise ratio (PSNR), defined as follows:

[ =l 255
RMSE = Tz and PSNR =20 loglo m,

where f is the original non-corrupted image, g, is the denoised image, and N is the number of
image pixels. We consider the 256 grey level images shown in Fig. 3, with dimensions 256 x 256
and 512 x 512. The test images have been perturbed with i.i.d. Gaussian Noise with different values
of standard deviation (o = 15,25, 35).

The experimentation is performed using two different methods for the choice of the thresholding
parameter 4. Actually, both the exact minimizer (given by the Soft thresholding) and our approximate
minimizers (given by quadratic or exponential thresholding) are strongly dependent on the choice
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Fig. 3. Test images: (a) 512 x 512 Lena; (b) 256 x 256 Church of San Vitale.

Table 1
Soft thresholding and quadratic filter are compared: in both cases the universal choice A, for the threshold has been
considered

Soft thresholding Quadratic filter

Au RMSE PSNR RMSE PSNR
Lena 512 x 512
=15 74.92 12.34 26.29 10.47 27.72
g=25 124.88 15.46 24.34 13.20 25.71
g=35 174.83 17.87 23.08 15.23 24.47
San Vitale 256 x 256
g=15 70.64 21.52 21.47 18.52 22.77
g=25 117.74 26.67 19.60 23.35 20.76
o=35 164.83 30.23 18.52 26.29 19.73

of 4. We have, therefore, considered two of the possible approaches known in the literature and,
for each parameter choice, we have compared the results obtained using our new filters with those
given by the soft thresholding method.

As first choice for the thresholding parameter, we consider the universal threshold proposed by
Donoho and Johnstone [8] and given by 4, =0v2In N, where N is the original number of wavelet
coefficients and ¢? the variance of the noise. Even if this value seems to be a good choice for the
denoising of several 1-D signals [8], when working with images characterized by sharp edges, it
can lead to oversmoothing, if the Soft thresholding technique is used. On the other hand, if we use
this threshold with the quadratic filter, which gives more importance to the kept coefficients, we
obtain better results, since the undersmoothing produced by this new filter “balances” the possible
oversmoothing coming from the use of the Donoho and Johnstone threshold. In Table 1 we show
the numerical results obtained using the universal threshold and both the classical Soft Thresholding
linear filter function and the new quadratic one. It is evident that, when dealing with this choice
of threshold, the new quadratic filter outperforms the Soft thresholding both in terms of PSNR and
visual quality, as shown by Figs. 5(c,d) and 6(c,d).
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Fig. 4. (a) Parametric plot of the H-curve; (b) curvature of the H-curve as function of A.

Next, we consider the H-curve criterion which has been shown to be a promising technique for
the evaluation of a “good” thresholding parameter in [10]. This method arises from a deterministic
approach to the denoising problem and takes into account not only the approximation error, but also
the norm of the recovered image. A convenient way to do this is to plot, in the logarithmic scale,
the norm of the filtered solution versus the norm of the corresponding residual, obtaining a curve
parametrized by A. This curve is a concave Hook-shaped curve, with a well localized maximum
of the curvature absolute value. The H-curve method consists in choosing the threshold parameter
A corresponding to this maximum. This technique, created in a wavelet context where the exact
solution was the one obtained by applying the Soft thresholding filter, can easily be generalized by
considering our new filter functions.

As the C*°-regularity of the exponential filter family allows us to analyze the shape of the curvature
of the H-curve very easily, we consider this filter. Let p(4) and 5(A) be defined as

p(2) = | f - éiHi(l) and n(4):= HgAJ-HB{(LI(I))’ (26)
where g, is the filtered approximation defined by relation (22). If we set
p(4) =logp(4), 7(4)=logn(4), (27)

the plot of 7j(1) versus p(2) is shown in Fig. 4(a). By substituting f and §, with their wavelet
expansions and using relations (11) and (12) we have

p(2) =D (1 = Fejpy(A))Euy]’ (28)
j’k5lp
and
n(2) =Y |Feju (Al (29)
Jka

where Fe;  are the exponential filter factors defined in relation (20).
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As the computation of the curvature of the parametric curve (p(4),7(4)) involves the first and the
second derivatives of p(4) and #j(4), we exploit the C*°-regularity of the exponential filter functions
to compute the analytical expression of this curvature as a function of 4. In fact, we have

. dp(A) dFe; () _
pl0)i= =7 = =23 (1 = ey =457 G (30)
Jok
dn(2) dFej . y(A)
/ o — /s
n(A) == % i Gkl (31)
Jiks

By recalling relation (20), we can rewrite relations (30) and (31) as follows:

P2y =4niin(a) | Y (@5 — a5 | (32)
j’k3¢
Jky
) = —2hiin(a) 3 sl (33)
JokW ] kap
We therefore obtain
dp'(4)
"(A):= "2 =4hl
o)=L = ahin (@)
Z4h},21n(a)a 22/G g 22 In(a)a” h? /C’fl/'—l—c /Gy Cjz,k,w —2hEE 4
e
.5k5[p .]5k511/
(34)

Table 2
Soft thresholding and the exponential filter with @ =2 and 4 =4 are compared: in both cases the H-curve threshold Ay
has been considered

Soft thresholding Exponential filter

A RMSE PSNR Au RMSE PSNR
Lena 512 x 512
g=15 17.88 7.71 30.38 19.66 7.32 30.83
g=25 26.5 11.71 26.75 30.28 10.71 27.52
o=35 34.5 16.13 23.97 42.09 13.88 25.28
San Vitale 256 x 256
=15 26.30 13.12 25.76 26.99 12.74 26.02
g=25 33.51 16.14 23.96 36.20 15.91 24.09

o =35 39.08 19.76 22.21 46.55 19.06 22.52




50 S. Bacchelli, S. Papil Journal of Computational and Applied Mathematics 164—165 (2004) 39-52

Fig. 5. Test on image Lena 512 x 512: (a) original noncorrupted image; (b) noisy image ¢ = 25; (c¢) denoised image
using DB4 soft thresholding and the universal threshold; (d) denoised image using DB4, quadratic filter and the universal
threshold; (e) denoised image using DB4, soft thresholding and the H-curve threshold; (f) denoised image using DB4,
exponential filter and the H-curve threshold.

and

—hi? /& _ _
n//(l) — d”]/(j.) —2h1n (a) Za h //,k,'//(zhj,z ll’l(a) — cjz',k,l,b)|cj,k>l//

(35)
4
di o Ciry
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Fig. 6. Test on image San Vitale 256 x 256: (a) original noncorrupted image; (b) noisy image ¢ =15; (c) denoised image
using DB4 Soft thresholding and the universal threshold; (d) denoised image using DB4, quadratic filter and the universal
threshold; (e) denoised image using DB4, soft thresholding and the H-curve threshold; (f) denoised image using DB4,
exponential filter and the H-curve threshold.

By remembering that

dn(4 '(A
i =42 =T )

_dp) _ P
VR
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and
iy = L@ =)
di n(l) 1>
Sy= LD _ - )
di p(4) p?
and recalling the expression of the algebraic curvature given by
N Al A
K() = pn —pn (36)

[(p")? + (' PP
we obtain the analytic expression of our curvature function. Although it presents a quite intricate
structure, it can easily be implemented in Matlab language. Moreover, even if it is difficult to study
the signum of the curvature function, due to its complexity, it can be experimentally verified that
the H-curve is concave and that its curvature has a well localized minimum as shown in Fig. 4(b).

As the H-curve criterion consists in choosing the parameter 4 which corresponds to this minimum,
in our numerical experiments we found this value by means of the well-known Golden Section
algorithm [10].

In Table 2 we again compare the numerical results obtained using the H-curve threshold value
for both the classical Soft thresholding linear filter and the exponential filter (20) with a=2, h=4.
Also these experiments highlighted a better performance of the new filter with respect to the Soft
Thresholding both in terms of PSNR and visual quality as shown by Figs. 5(e,f) and 6(e, f).

6. Uncited references

[1,4,9]
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