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1. Introduction

The aim of this paper is to analyze the mixed initial-boundary value problem associated with a
nonlinear flux-limited reaction-diffusion system

‘Z—Lt’ = (a(u, uy), — f(t — T ult.0))u(t,x) + g(t. u(t,x)) in]o,T[x ]O, L[,

—a(u(t,0),ux(t,0))=p>0 and u(t,L)=0 ontelo, T[,
u(0,x) = up(x) inxe]0, L[,

(11)

being

|z|§

2 ’
N

a(z, &) :=v

* Corresponding author.
E-mail addresses: juancalvo@ugr.es (J. Calvo), mazon@uv.es (J.M. Mazoén), jsoler@ugr.es (J. Soler).
! Fuensanta Andreu deceased December 26, 2008.

0022-0396/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.,jde.2012.01.017


https://core.ac.uk/display/82630713?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.jde.2012.01.017
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jde
mailto:juancalvo@ugr.es
mailto:mazon@uv.es
mailto:jsoler@ugr.es
http://dx.doi.org/10.1016/j.jde.2012.01.017

5764 F. Andreu et al. / ]. Differential Equations 252 (2012) 5763-5813

where the boundary conditions must be interpreted in a weak sense to be precised, and the functions
f and g are nonlinear with respect to u and depend on u through a coupled system of ordinary
differential equations. This problem arises in the modelization of the transport of morphogens and
the parameter t represents a delay in the process of signaling pathway cell internalization.

The nonlinear diffusion equation

d
B_Ltl = (a(u, uy), (1.2)

was introduced in different contexts as an alternative to the linear diffusion equation with the ideas
of limiting the flux and reproducing a system with finite speed of propagation. The flux-limited type
equations were motivated previously in [21], but they were firstly deduced by P. Rosenau formally,
who proposed three alternative ways to introduce them [24]. Also, this equation was formally derived
by Brenier [14] by means of Monge-Kantorovich’s mass transport theory and named relativistic heat
equation after him. As Brenier pointed out in [14], see also [34], the relativistic heat equation (1.2)
is one among the various flux-limited diffusion equations used in the theory of radiation hydrodynam-
ics [21]. A general class of flux-limited diffusion equations and the properties of the relativistic heat
equation have been studied in a series of papers [5-10], where the well-posedness of the Cauchy, the
Neumann and the Dirichlet problem for the relativistic heat equation is proved.

The above discussion on linear diffusion versus flux-limited diffusion leads to introduce the follow-
ing change in the classical flux

F=—vVu, v>0, (1.3)
associated with the heat equation (or the Fokker-Planck equation)
ur =vAu,

by a flux that saturates as the gradient becomes unbounded. To do that, it was proposed to link u to
the flux F through the velocity v defined by the relation F = uv. Along with (1.3) this gives

\Y%
v=—v—u. (1.4)
u

According to (1.4), if |%| 1 00, so will do v. However, the inertia effects impose a macroscopic upper
bound on the allowed free speed, namely, the acoustic speed or light speed c. With this aim, Rosenau
proposed to modify (1.4) by taking

V —
A — (15)

u 2’
i

The postulate (1.5) forces v to stay in the subsonic regime (in the case c is the acoustic speed). The
sonic limit is approached only if |%| 1 oo. Solving (1.5) for v, we obtain

—uVu
/ VIVil\g
1+ (T)Z

As we have mentioned before, the motivation for studying the system (1.1) comes from the
transport of morphogens in biological systems. This is a classical problem since the pioneering
work of Turing [31], Meinhard, Wolpert [35] or Lander [20]. Lander focused the question as a
main problem in the understanding of the transport of proteins via signaling pathways: Do mor-
phogen gradients arise by diffusion? The relevance of our study is founded on the analysis of

F=uv=
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the Hedgehog (Hh) signaling which has been found to play multiple roles in development, home-
ostasis and disease (reviewed in [22]). In vertebrates the Hh family comprises three proteins
(Sonic, Desert and Indian), which act as secreted, intercellular factors that affect cell fate, differ-
entiation, survival, and proliferation in the developing embryo and in many organs at one time
or another. Sonic Hedgehog (Shh) signaling has also an important role in tumor formation: the
deregulation of the Shh pathway leads to the development of various tumors, including those in
skin, prostate and brain [25,26,30]. The idea is to analyze the morphogenetic patterning of the
vertebrate embryonic neural tube along the dorsoventral (D-V) axis. The transport of the mor-
phogen Shh along the D-V axis in the neural tube represents a natural privileged direction for
the description of Shh propagation. Actually, the system is symmetric with respect to this axis
and this justifies the reduction to one dimension. The discussion concerning whether the gradi-
ent formation of morphogens is produced or not by diffusion is a central and classic topic in
developmental biology. This gives a continuous feedback between mathematical modeling and bi-
ological experiments, see [20,27,35,19]. Recent results in biology provide some findings that re-
ally call into question the hypothesis of diffusion which has been so often used to model these
phenomena: 1) Concerning the cellular differentiation, the role of the quantity of morphogen re-
ceived is as least as relevant as the time of exposure. With linear diffusion models every point
(cell) of the neural tube receives instantaneously the information of the morphogen [17,27,23].
2) Morphogens are transported in aggregates of several molecules that also include other mor-
phogens or molecules. Then, the typical size of the cluster aggregates is big (of order 1/10) in
comparison with the extracellular matrix where they are moving [33]. Also their concentration
is quite dilute [16,33,17]. Therefore, Brownian motion does not seem to be the more appropri-
ate choice. 3) In some cases, such as with the Hh morphogen, it has been proved that in ab-
sence of another cell-surface protein, called lhog, there is neither propagation nor gradient func-
tion of Hh [16]. 4) There do exist privileged ways/paths of propagation in the extracellular ma-
trix, a fact that makes the system resemble a traffic map, more than a linear diffusion system
[13,16].

In this setting, the present paper tries to give some insight on this biological problem where the
model here studied is a first step towards a complete model consisting in

augtt, Y _ a(u(t,x), u(t, x)x), — f(t =7 ut, 0)ut, %) + g(t, u(t. x).

where f stands for the concentration of transmembrane receptor in the cells, g represents the con-
centration of the complex binding the morphogen to the receptor, and where the dependence on u is
given through a coupling with a system of seven ODE’s modeling the rates of change of the concen-
trations of the proteins participating in the signaling pathway coming from the biochemical cascade
inside the cells, see [32]. In that work it was also proved that numerical evidence fully agrees with
the experiments from a quantitative as well as qualitative (propagation of fronts instead of linear
diffusion behavior) point of view, see [16,29].

In addition to the biological or physical motivations, the mathematical analysis of this equa-
tion poses several difficulties, making even more interesting its study, such as the existence and
evolution of fronts as well as the study of its finite speed of propagation, the related lack of reg-
ularity and the set-up of an appropriate functional framework to give a meaning to the differen-
tial operator and the boundary conditions. In fact, this flux-limited equation provides a behavior
more related to hyperbolic systems than to usual diffusive (Fokker-Planck) systems. To deal with
these mathematical problems we need to combine and extend the applicability of different tech-
niques stemming from parabolic and hyperbolic contexts such as Crandall-Liggett’s Theorem, Minty-
Browder’s technique, the concept of entropy solution, and the method of doubling variables due to
S. Kruzhkov.
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This paper deals with a preliminary study of (1.1) consisting in the analysis of the following system

a—ltl = (a(u, uy)), in]0, T[ x 10, L[,
—a(u(t,0),ux(t,0)=p>0 and u(t,L)=0 onte]0,T[, (16)
u(0, x) = up(x) inx €10, L],

where the boundary conditions must be considered in a weak sense. Our main result is

Theorem 1.1. For any initial datum 0 < ug € L°°(]0, L), there exists a unique bounded entropy solution u of
(1.6)in QT =10, T[ x ]0, L[ for every T > 0 such that u(0) = uy.

The paper is structured as follows. In the next section we introduce all the tools needed to develop
the theory: a suitable integration by parts formula, lower semi-continuity results and a functional
calculus, in order to be able to give a sense to the differential operator. In Section 3 we discuss the
associated elliptic problem: we define what a solution is, and then we prove existence and uniqueness
of such a solution. Next, this material is used to define an accretive operator and construct a nonlinear
semigroup, which accounts for solving (1.6) in a mild sense; all this is the content of Section 4.
In Section 5 we prove that the mild solution previously constructed can be characterized in more
operative terms, as a so-called entropy solution - a concept which is also introduced in this section,
and we prove a comparison criterion which in particular entails uniqueness of entropy solutions, thus
proving Theorem 1.1.

2. Preliminaries
2.1. BV functions and integration by parts

For bounded variation function of one variable we follow [1]. Let I C R be an interval, we say that
a function u € L'(I) is of bounded variation if its distributional derivative Du is a Radon measure on I
with bounded total variation |Du|(I) < +oco. We denote by BV(I) the space of all functions of bounded
variation in I. It is well know (see [1]) that given u € BV(I) there exists u in the equivalence class
of u, called a good representative of u with the following properties. If J, is the set of atoms of Du,
i.e, x € J, if and only if Du({x}) # 0, then u is continuous in I\ J, and has a jump discontinuity at
any point of Jy:

u(x_) ::li#nﬁ(y) = Du(]0, x[), (xy) ::liinﬁ(y) =Du(]0,x]) Vxe Ju.
y1x yix

where by simplicity we are assuming that I =]0, L[. Consequently,
U(xy) —u(x=) = Du({x}) Vxe Ju.

Moreover, i is differentiable at £! a.e. point of I, and the derivative ii’ is the density of Du with
respect to £!, being £¢ the d-dimensional Lebesgue’s measure. For u € BV(I), the measure Du de-
composes into its absolutely continuous and singular parts Du = D%u + DSu. Then D%u = i’ 1.
Obviously, if u € BV(I) then u € W1-1(I) if and only if DSu =0, and in this case we have Du =i’ L!.
From now on, when we deal with pointwise valued BV-functions we always shall use the good rep-
resentative. Hence, in the case u € W1-1(I), we shall assume that u € C(I).

Given ze W1(I) and u € BV(I), by zDu we mean the Radon measure in I defined as

L
(@, zDu) ::/(pzDu Vo € Cc(10, L[).
0
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We need the following integration by parts formula, which can be proved using a suitable regulariza-
tion of u € BV(I) as in the proof of Theorem C.9 in [3].

Lemma2.1.Ifze W' 1(I) and u € BV(I), then

L

L
/zDu—l—/u(x)z/(x) dx=z(L)u(L-) —z(0)u(04).
0

0
2.2. Properties of the Lagrangian

Hereafter C denotes a generic constant, its value may change from line to line. We define

viz|
a(z, &) = 75; (2.7)
V2 +5GIER
We assume a(z, 0) =0 for all z< R. Then a(z, §) = 9 F(z, £), being the Lagrangian
c2 V2
F(z,&) = —|z|,| 2% + —£2.
v c
By the convexity of F,
a(z,§)(n — &)< F(z,n) —F(z,§) forallz,&,neR. (2.8)
Note that we have
2
clzll&] - 722 <a(z,§)§ <cM§| forallz, £ eR, |z| <M. (2.9)
Moreover, using (2.8) it is easy to see that
@@zé& -azé) E-6>0 (2110)

for any (z,£), (z,§) e R x R, |z] < M.

We introduce the following notation to ease the way in which our functional calculus is written:
for any function g let J4(r) denote its primitive, i.e., Jq(r) = forq(s) ds.

Assume that f:R x R — [0, oo[ is a continuous function convex in its last variable such that

0< f(z.&§) <C(1+1&]) V(z.&eRxR, [z2I<M (211)
for some constant C > 0 which may depend on M. Given f(z, &), we define its recession function as

fO(z,&) = lim tf(z, §>.
t—0+ t
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We assume that f0(z, &) = ¢(2)¥°(&), with ¢ Lipschitz continuous, ¥° homogeneous of degree 1.
Then, working as in [5], if for a fixed function ¢ € C¢(]0, L[) we define the operator R4y :BV(10, L) —
R by

Ry g (u) —/¢(X)f u@), u'(x) dx+/¢(x)1p (ID |>|DSJ¢(H)| (212)

we have that R4 is lower semi-continuous with respect to the L'-convergence.
For instance, we discuss here for future usage one of the most recurrent cases: define 6(z) =c|z|,
and note that FO(z, &) = 0(2)y°(&), with ¥°(¢) = |£|. Therefore,

L
c
Ryr(U) ::/¢(X)F(u(x),u’(x))dx+§/¢(x)|D5(u2)|
0 0
is lower semi-continuous in BV(]0, L[) with respect to the L!-convergence.
We shall consider the function h:R x R — R defined by h(z, &) :=a(z, &) - £. Note that
h(z,£) >0 V&, zeR. (213)
We will make use of the following property:
ho(z, &) =F%z, &) V&, zeR. (214)
As for the Dirichlet problem (see [10]), in general, the data in L is not taken pointwise; we need
to introduce functionals that take into account the boundary. The following result is a particular case

of Theorem 2.4 in [10].

Theorem 2.2. Let f be verzfymg(z 11)and f°(z, &) = @(2)|£|, with @ Lipschitz continuous, let ¢ € C([0, L])*
be given. Then, the functional F BV(]O L[) — R defined by

FOr) =Ry ) + ¢ ()] Jo () (L)

is lower semi-continuous with respect to the L!-convergence.
2.3. Spaces of truncated functions and associated calculus

We need to consider the following truncature functions. For a < b, let T, (r) := max(min(b, 1), a).
As usual, we denote Ty = T_i . We also consider the truncature functions T’ b(r) =Tap() =1 (eR).
We denote

Tri={Tap: 0<a<b}, T :=|{T.,:0<a<b, leR, T,, >0}
Given any truncature function Ty, we define
T :=max{Tk(r),0} and Ti()~ :=min{Ty(r),0} = -Tr(-N*, reR.
Consider the function space

TBVT (D) :={ue L' ()*: T(w) e BV(D), VT € Tr};
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we want to give a sense to the Radon-Nikodym derivative u’ of a function u € TBV™*(I). Using chain’s
rule for BV functions (see, for instance, [1]), and with a similar proof to the one given in Lemma 2.1
of [11], we obtain the following result.

Lemma 2.3. For every u € TBV™ (I) there exists a unique measurable function v : I — R such that
!
(Tab @) =VXiacu<by L'-ae. ¥Tqp €Ty (2.15)

Thanks to this result we define u’ for a function u € TBV™(I) as the unique function v which
satisfies (2.15). This notation will be used throughout in the sequel. The notation 9y will also be used
in the case of functions of several variables (say t and x), for the same purposes, whenever there is
some risk of confusion.

We denote by P the set of Lipschitz continuous function p:[0, +oo[ — R satisfying p’(s) =0 for
s large enough, and write P* :={p € P: p > 0}. We recall the following result [2, Lemma 2].

Lemma 2.4. If u € TBV* (), then p(u) € BV(I) for every p € P such that there exists a > 0 with p(r) =0 for
all 0 < r < a. Moreover, with the above notation [p(u)] = p’(wu’ L1-a.e.

For u € TBV*(]0, L[) we will define

u(04):= lim T1 ,(w)(04) and u(l-):= lim T1  @)(L-).

It is easy to see that the above limits exist.
Let SeP* and T =T¢,. Given u € TBV*(]0, L[), Lemma 2.4 assures that S(u)T(u), Js(u),

Jrs/(u) € BV(]0, L[). Moreover, D(S(u)T(u)) =D J1s(u) + D Jrs/(u) and hence, if z € W“(]O, LD,
zD(T (u)S(w)) =2zD Jps(u) + 2D Jrs (u).
For u € TBV*(10,L[), ¢ € Cc(10,L), T=Tqp —1 € T and f as in the previous subsection -
see (2.11) - we define the functional
R(@f. T)(W) =Ry (Tapw)) + / ¢ (f(u),0) — f(a.0))dx
[u<a]

- / o X (f(u®),0) — f(b,0))dx.

[u=b]

We have that R(¢f, T)(-) is lower semi-continuous in TBV*(]0, L[) with respect to the L'-conver-
gence.
Given S, T € 71 and u € TBVT (10, L[), we define the following Radon measures in 0, L[,

(F(u, DT (w)), ¢):= R(@F, T)(u),
(Fs(u, DT (u)), ¢):= R(¢SF, T)(u),
(h(u, DTW)), ¢):=R(ph, T)w),  (hs(u, DT(w)), ¢):=R(¢Sh, T)(u),

for ¢ € C(JO, L[). Using (2.12) and (2.14), we compute
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F(u,DTW)’ = \DS(T(u)) | =h(u,DTW))’,

Fs(u, DT ()’ =D Jsp(TW))| = hs(u, DTW))’,
h(u, DT(u))aC =h(u, (T(u))/), hs(u, DT(u))aC = Swh(u, (T(u))/).

3. The elliptic problem

Given v € L1(]0, L), we are interested in the following problem:

—(a u’u’?)/ in 10, LT, (3.16)

—a(u,u)|,_,=p>0 and u(l)=
where a is given by (2.7). We introduce the following concept of solution for problem (3.16).

Definition 3.1. Given v € L1(]0, L[), we say that u > 0 is an entropy solution of (3.16) if u € TBV*+(]0, L[)
and a(u,u’) € C([0, L]) both satisfy

v=—Da(u,u’) inD'(]0,L[),
—a(u,u)(0)=pB and a(u,u’)(L)=—cu(l-),
h(u, DT (u)) <a(u,u’)DT(u) asmeasuresVT € T+, (317)

hs(u, DT(u)) <a(u,u’)DJps(u) asmeasuresVSeP, TeT™ . (3.18)
Note that (3.17) can be rewritten as h(u, DT (u))® < [a(u, u”)DT (u)]%, and thus it is equivalent to
}DS( T(u)) )| <a(u,u’)D’T(u) asmeasuresVT € 7.
Also we have that (3.18) can be rewritten as hs(u, DT (u))® < [a(u, u")D J1/s(u))%, and is equivalent to
|D® Jso(Tw))| <a(u,u’)D* Jps(u) asmeasuresVS e P, Te T,
Observe that since —a(u, u’)(0) = 8, we have
u(0y) > é > 0. (3.19)

We introduce now the main result of this section.

Theorem 3.2. For any 0 < f € L®(]0, L[) there exists a unique entropy solution u € TBV*(]0, L[) of the
problem

u— (a(u, u’))/ =f in]o, L],

3.20
—a(u,u')|,_o=8>0, ul)= (320

which satisfies |ullc <M (B, ¢, v, [l flloo)-
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Moreover, let u, ii be two entropy solutions of (3.20) associated to f, f € L1(]0, L[)*, respectively. Then,
L L
[a-wraxs [ -7
0 0

Proof. Let 0 < f € L*°(]0, L[). For every n € N, consider a,(z,&) := a(z, &) + %g. As a consequence
of the results about pseudo-monotone operators in [15] we know that Vn € N there exists a unique
u, € W2(10, L[) such that un(L) =0 and

L

L L
/unvdx-l-/a Up, up) v/ dx + — /u,’,,v’dx—ﬂv(O):/fvdx (3.21)
0 0

0

for all ve W12(10, L]), v(L) =
The following result can be easily obtained by multiplication by u,; and integration over [0, L].

Lemma 3.3. The functions u, are non-negative Vn € N.
Now we give a bound for the sequence u;, at zero.

Lemma 3.4. The sequence {u,(0)} is bounded. More precisely,

e 4 JELfllso ifc> /D,

0 < un(0) <
By JENfllee  ife< .

Proof. Taking v =u, in (3.21), we get

L

L
/(uﬁ +a(uy, u))ul, + %((un)’)2> dx = Bun(0) + / Fundx. (3.22)
0 0

Then, dropping non-negative terms and using Young's inequality, we get

L

L
fuﬁdxg/fzdxuﬁun(m. (3.23)

0

Now we can write ug|u),| = %|(uﬁ)/|, and taking into account (2.9) we have uja(up, uy) = cuplu,| —
2 .
€u2. Then, from (3.22), we obtain

L o L
/( ((un) ) )dx f((_ _ 1>u N fun> dx+ By (0). (3.24)
0 0
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Assuming now that S —1 >0, we apply Young’s inequality in the right-hand side of (3.24), which

now reads
L . L
<— - —)/ugdx+5/f2dx+ﬂun(0).
0 0

As ¢ > /v we have % — % > 0, which allows us to bring in (3.23), thus obtaining

L L L

c 1 N2 [, 2pc?

5/\ |dx+E/((un)) dxg;/.f dx + 5 Uy (0). (3.25)
0 0

Then, we have

L
c c c c? 28c?
SR @] = 2 |ui @) —ui )] = x <;ff2dx+ —— i (0),
0

L
[y
0

from where we get that u2(0) — ‘lvﬂun(O) — X f113 <0. Hence, for all n e N,

4 4 4 2
<un0 <5 ’36+/(%) +20rg) < %+ X

In case that c2/v — 1 <0, from (3.24) we obtain

L
|( |d + - /((Un) /fundx+ﬂun(0)

0

N o
o _

Then, using Young’s inequality and having in mind (3.23), we get

S| =

L
"|dx+ /(un) dx</f2dx+2,sun(0) (3.26)
0

N o
o
\r-
—~~
=
SN
SN—

Thus, we have that u%(O) — %ﬁun(O) — %fOL f2 <0, from where it follows that for all n € N,

<un(0) < <4ﬁ ‘/( > —||f|I2) —+\/7||f||2 o

By (3.25), (3.26) and Lemma 3.4, we get

L

L
/y(ug)’y dx + % /((un)’)zdx <C VneNl. (327)
0

0

N O

Lemma 3.5. The sequence {u,: n € N} is uniformly bounded in L°>°(0, L).
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Proof. By Lemma 3.4, we know that M = max{|| f ||, max{u,(0): n € N}} is finite. Then, taking v =
(up — M)™ as test function in (3.21), it is easy to see that ||up|lcc <M and Lemma 3.5 holds. O

Lemma 3.6. The sequence {u,} is uniformly bounded in TBV™ (]0, L[). Furthermore, there exists a function
0<ueTBV*T(0, L)) N L*®(]0, L) such that (up to subsequence) u, — u a.e. and strongly in L'(]0, L[).

Proof. By Lemma 3.5, extracting a subsequence if necessary, we may assume that u, converges
weakly in L2(]0, L[) to some non-negative function u as n — +oc. Moreover, by Lemma 3.5 again,
we have that 0 <u € L°°(]0, L[). On the other hand, if 0 <a < b, by the co-area formula and (3.27),
we have

L b b
J1Tasn dx= [ 1050201000, 11)de = [ 1D545.09100. 1) e
0 a a
b2
/|DX w2<s1(0, LT) /| |dx<£
J Zf 2a

Consequently, we may assume that u, converges almost everywhere to u. Then, by the Vitali Conver-
gence Theorem, we get that u, — u in L1(]0, L[), and using the above estimate on the gradients we
obtain that u e TBVT(]0, L[). O

Since |a(up, uy)| < c|up|, by Lemma 3.5 we may assume that
a(up, up) =z asn— oo, weakly* in L°(]0, L[). (3.28)
By assumption we have that a(un,uy) = clua|b(us, uy) with |b(u,,u;)| <1 (independent of n),
lunllco <M, and up, — u a.e. as n — oo, so we may assume that b(up, u;) — z, as n — oo, weakly*
in L*°(]0, L[), and

z=cuzy, Wwith|zpleo <1. (3.29)

On the other hand, by (3.27),
1
Hu;, -0 inL?(10, L[). (3.30)

Given ¢ € D(]0, L]), taking v = ¢ in (3.21) we obtain

L L L

/unqbdx—i—/a(un, n)¢ dx+ — / upg’ dx_/f¢>dx.

0 0 0
Letting n — +o00, having in mind (3.28) and (3.30), we obtain

L

L
/(f—u)¢dx:/z~¢/dx,
0

0
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that is,
f—u=-Dz inD'(]0,L[) (3.31)
and
(an(un, u))) — Dz weakly in L2(]0, L[).

Note that by (3.31), we have ze W1-1(]0, L[) and Dz=7.
Working as in the proof of Lemma 4.2 of [5], we can prove the identification

z(x) =a(ux),u’'(x)) ae.xel0,L[. (3.32)
From (3.32) and (3.31) it follows that

f—u=—Da(u,u’) inD'(]0,L[).
Lemma 3.7. The flux —a(u, u’) verifies the Neumann condition at x = 0.

Proof. Let w e W-1(]0, L[) such that w(L) =0 and consider wy € W12(]0, L[) with wy(L) = 0 for all
k e N, w, — W pointwise and wl’< — w’ in L1(]0, L[). Taking in (3.21) wy as test function and letting
n — 400, we get

L L L

/uw,<dx+/zw;<dx—ﬂwk(0):/fwkdx.

0 0 0

Then, letting k — +o0o we arrive to

L L L

/uwdx—i—/zw’dx—f}w(O): fwdx. (3.33)
0 0 0

Fixed w € BV(]0, L[) such that w(L_) =0, let w;,, € W-1(]0, L[) with wy,(L) =0, wp(0) = w(0,),

and such that w,; — w in L1(]0, L[). Taking in (3.33) wy, as test functions and integrating by parts
we get

L

L L
/(f —U)Wp, alx:/zw,’11 dx — Bw(04) = —/z’wm dx — w(04)(z(0) + B),
0 0

0

and letting m — +o0, we obtain —z(0) =8. O

Lemma3.8.let S e P, T e T+ and ¢ e Cl([0,L]), ¢ >0, with ¢(0) = 0. Then

L

/¢F(u, DT (u)) +¢(L)%|(T(u))2(L_)|
0
L L

g/¢zDT(u)+/¢F(u,0)dx—¢(L)T(u)(L_)+¢(L)|19(T(0))| (3.34)
0 0
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and

/ ¢Fs(u, DTW)) + ¢ ()| Jos(TW)(LL))|
0

L L
</csz]rs(u)+/¢S(u)F(u,0)dx—¢(L)Z(L)Jr/s(u(L))+¢(L)|Jes(T(0))|. (3.35)
0 0
In particular,
F(u,DT(u)) <zDT(u) + F(u,0)£" as measuresin 10, L[, (3.36)
Fs(u, DT (u)) <zD(Jrsw)) + SW)F(u, 0L  as measures in 10, L[. (3.37)

Proof. We will only prove (3.35), the proof of (3.34) being similar. Let 0 < ¢ € C1([0,L]) with
$(0)=0

Since _FgSF is Ls.c. with respect to the L!-convergence, letting n — oo we obtain
L
quFs(u,DT(u))+¢(L)\]95(T(u)(L,))\
<liminf / $Sun)F (un, T(wn)') dx+ ¢ (L)| Jos (T(0))]
0

<lim sup/¢5(un)F(un, T(up)')dx+ ¢(L)|Jos (T (0))].

n—oo

By the convexity (2.8) of F and using that a(un, T (un)’)T (un)’ = a(un, up) T (un)’, we have

L L L
/¢S(un)F(un,T(un)’)dx</¢5(un)a(un,T(un)’)T(un)’dx+/¢S(un)F(un,0)dx
0

L

:/q&a(umu;l)(]T/s(un))/dx—f—/¢S(un)F(un,O)dx.
0

0
Now we take v = J/s(up)¢ as test function in (3.21) and we obtain

L

/ ga(un, 1) (Js un) dx +

0

S|=

L
/d’u Jr s(un)
0

L

L
1
2/(f—un)Jr/s(un)Mx—/Jr/s(un)a(un,u;)¢’d><— E/JT’S(Un)U;;WdX-
0 0 0
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Letting n — oo we get

L L L
limnsup/qba(un,u;)(]r/g(un))/dxéf(b(f—U)]T'S(U)dX—/]T’S(U)qudx
0 0 0

L
= /¢ZD(JT/S(U)) —pL)z(L) Jrrs(u(L-)).
0

Finally,

L

/¢Fs(u,DT(U))+¢(L)|Jes(T(u))(L)\

0
L L
</d)ZDJT/s(u)+¢(L)|]95(T(0))| _¢(L)Z(L)]T’S(U(L—))+/¢S(U)F(u70)dx
0 0

and (3.35) holds. O
Lemma 3.9. The inequalities (3.17) and (3.18) hold.
Proof. Using (3.36) and the fact that h(u, DT (u)) is a measure concentrated in ]0, L[, it follows that
h(u, DT(w))’ = F(u, DT())* < (zDT(w))".
Hence,
zDT(u) =2T(u)' £ + (zDT(w))* > zT ()£ + h(u, DT ()’ = h(u, DT W),

and (3.17) holds.
Using (3.37) we have

2D (Jpsw) = (2D (Jrsw))™ + (2D (Jrs))’ >2z(Jrs@) + (Fs(u, DT@)))*
=2(Jrs@) LN + (hs(u, DTW)))’ = hs(u, DT (),
and we obtain (3.18). O
Lemma 3.10. The Dirichlet condition a(u, u’)(L) = —cu(L_) holds.
Proof. Firstly, observe that by (3.29) we have
|z(D)| < cu(L-).

Then, it is enough to prove the lemma in the case u(L_) > 0. In that case, again by (3.29) and having
in mind that z is continuous in [0, L], we have

z(L) = cu(L_)&, with|&] < 1. (3.38)
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Given T e Tt, for m > 1 we consider S := T™"! € P*. Taking singular parts in (3.35) we have

[ Jorm-1 (T))(L)| < =z(L) Jpm-r7 (L)) + | Jorm-1 (T(0)) . (3:39)

Consider now T =Ty ¢ with 0 <d <u(L_) < ||u — ||oo < d. Using (3.38), the inequality (3.39) partic-
ularizes to

%dm+1 4 mL_H(um-H (L_) _ dm+1) < %dm-&-l _ %SU(L_)(Um(L_) _dm)

and letting d — 01 we have

iy < —Sua e
m+1 S m T e

Then, since u(L_) > 0, we get miﬂ < —¢& for all 1 < m. Therefore, since |£| < 1, we have & = —1.

Consequently, by (3.38) we finish the proof. O

Proof of uniqueness. Let u, il be entropy solutions of (3.20) associated with f, f € L(]0, L)%, respec-
tively.
Let o, be a classical mollifier in ]0, L[, ¥ € D(]0, L[) and b > a > 2¢€ > 0. Let us write

X+y

Sn(x,y)=pn(><—y)¢f<7> and T=Tg,.

We need to consider truncature functions of the form S (r) :==Te(r — Dt =Tjj4e(r) —1 € T+ and
SL(r):=Te(r—1)~ +€=T_¢ (r)+€—1e T+, where > 0. Observe that SL(r) = —Tc(l — )" + €.
If we denote z(y) =a(u(y), dyu(y)) and z(x) = a(u(x), dxu(x)), we have

u—z=f and -2 =f inD'(]0,L[).

Then, multiplying the equation for u by T(u(y))Se ax W(y)&n(x,y), that for u by T@(x)) x
s;“y )(E(x))én (x, y), integrating in both variables we obtain

L L
//[U(y)T(U(y)) — BT (B(0)]Te (u(y) — B(0) " &a(x, y) dxdy
00

L L
te / / (@00 — FX)T(00) + En(x, y) dxdy
00
L L

+ / / 0%, ) (2Dy[T(W)Se .z ()] dx + 2Dy [T (@) SEY (iD)] dy)

00

L L
+ f / T () Se.00 (UD))2(Y) - ByEnCr. y) dxdy
00
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L L
+ [ [ 1(@00)se @00)200 - (. y) dedy
00

LL
:// [FONT () — FOT(@)]Te (u(y) — 1)) & dxdy. (3.40)
00

Let I denote all the terms at the left-hand side of the above identity, but the first one. From now
on, since u, z are always functions of y, and u, z are always functions of x, to make our expressions
shorter, we shall omit the arguments except in some cases where we find useful to remind them.

With slight modifications of the method used in the proof of uniqueness in [5] we can obtain the
following result.

Lemma 3.11. The following inequality is satisfied

L L L L
~1>o0(€) — / ( / snliT@) dy + % / f Te(u — )" (T Wz — T(@E) - (9xEn + dy&n) dxdy,
0 00

0

where o(€) denotes an expression such that o(€) — 0 as € — 0.
By the above lemma, dividing (3.40) by € and letting € — 0 we obtain

LL

/ / Ea(x, ) (U T (u(y)) — U T (I(x))) signg (u(y) — u(x)) dxdy

00

L L
+/f pn(x — y)signg (u(y) — u () (T (u()z(y) — T(1(x))z(x)) - ¥’ < ery)d dy
00
L L

</ Ex, V) (FONT () — FGOT(T()) signg (u(y) — i(x)) dxdy

00

L L
+ / ( f Ealx, y)liT(ﬂ)> dy,
0 0

where

1 ifr>o,
Signg (=10 ifr <o,

Letting n — oo, we find

/ Y@ (T (u®) — a@)T(UE)))signg (ux) — U(x))dx
0
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L
+ / signg (u(x) — 1 (%)) (T (u®))z(x) — T (G(x))Z(x)) - ¥'(x) dx
0

L

L
</1//(x)[f(x)T(u(x)) — fOT ()] signd (ux) —ﬁ(x))dx—i—/w(x)iDT(ﬂ).
0

0

Taking now a sequence V¥, 1 Xj0,L[» ¥m € D(]0, L[) in the above formula, we have
L
/ (uT(ux) — T T (U)))signg (ux) — U(x)) dx
0
L
+ lim_ / signg (u(x) — 1(x)) (T (u®)zx) — T(A(x))Z(x)) - Y (%) dx
0

L L
< /(f(x)T(u(x)) — fOT(@®))signgd (ux) — ﬂ(x))dx—i—/iDT(ﬁ).
0 0
Now we deal with the second term in the above expression:

L
mlgnoo / signg (u() — 1 (%)) (T (u®)zx) — T(T(x))Z(x)) - Y (%) dx
0

L
=— lim Ym(x){zD[signd (u — )T ()] — z(x)D[signg (u — )T (@)]}
0

5779

L
+ mli_)moo/ Ym (X){signg (u(x) — 1 (x)) T (1(x))Z' (x) — signg (ux) — U X)) T (u(x))z'(x)} dx,
0

which leads to

L L
=— f signg (u(x) — 1 (%)) T (u(x))Z'(x) dx — /ZD [signg (u — )T w)]
0 0

L L
+ f signg (u(x) — 1 (%)) T (T (x))Z'(x) dx + / zD[signg (u — )T ()]
0

0
=[2(0)T (u(04)) — Z(0)T (i1(04))] signg (u(04) — ©(04))
= [2)T(u(L-)) —zW)T (u(L-))] signg (u(L-) — a(L-)).

Therefore,
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L
/ u)T(uX) —axT(ax))signg (ux) — U(x))dx
0

+[2(0)T (u(04)) —Z(O)T((0+))] signg (u(0+) — U(0+))
— 2T (u(@-)) —zM)T(a(L-))] signg (u(L-) — a(L-))

L

L
< /[f(x)T(u(x)) — f®T(a()]signg (ux) —ﬂ(x))dx—i—/iDT(ﬁ).
0 0

Dividing by b > 0, and letting a — 0™, and then b — 07 in this order, we obtain

/ (uX[u=0) — UxX[a~o)) Signg (u — i) dx

+ [2(0) signg (u(04)) — Z(0) signg (@(0)) ] signg (u(04) — #(04))

— [2(L) signg (u(L-)) — z(L) signg (@(L-))]signg (u(L-) — u(L-))

L L
- . _ N _ _
< /(fX[u>O] — f xa=oy) signg (u — U)derlgmB b (gl_rg/zDT(U))
0 0

Now, since z(0) =z(0) = —8 #0, and u(04) > ? >0 and u(04) > ? > 0 by (3.19), we have that
the second term in the above expression vanishes. On the other hand, since z(L) = —cu(L_) and
Z(L) = —cu(L_), the third term in the above expression is non-negative. Consequently,

L
/(UX[u>O] — Ux[a=0y) Signg (u — i) dx

0
L . L
< /(fx[u>0] fxlu>oj)51gn0 (u—1u)dx+ 11m 1y (lig})/iDT(ﬁ)). (3.41)
0
Next we claim that
f=0 aeon[u=0] and f=0 aeon[ii=0]. (3.42)

Let 0 < ¢ € D(J0,L[) and a > 0, € > 0. Multiplying f —u = —z" in D'(J0, L[) by T§ are (W9 and
integrating by parts and having in mind (3.17) and (2.13), we have

L L

/(f—u)TaHe(u)d)dx_/qszTaHe(u)+/z-¢’Tg’a+E(u)dx>/z-d;’Tg,aJrE(u)dx.
0

0 0
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Dividing by € and letting € — 01, we get

L

/(f_U)X[u>a]¢dx>/z'¢,)([u>a] dx.
0

0

Hence

L L L
/ (f — W) xueapdx= / (f —uypdx— f (F = W) Xuea () dx
0 0 0

L L

L
g/(f_u)¢dx_/Z'¢/X[u>a]d}‘=/Z’d)/X[uga] dx.
0

0 0

Then, letting a — 07, since z=0 in [u = 0], we have

L
/ [ Xu=01¢p dx = /(f —U) Xu=01¢ dx <0,
0 0

for all 0 < ¢ € D(J0, L[), from where it follows that f x[u—o; =0 a.e. in ]0, L[. Similarly, f)([g:o] =0
a.e. in ]0, L[ and (3.42) holds.
On the other hand, by (3.42) we have

L L

1 _ _ R _ _ _ o
lim — b (llrrz)/zDT(u)) = —I}E‘)T}] E(!grg)(z(O)T(u(Og) —Z(DT(a(Lo)) + / T(i)z dx)

b—0
0 0

L

1
=— gg% 5 <i(O)T07b(ﬁ(0+)) —z(L)Top(u(l-)) + / Top()Z' dx)

0

= —2(0) signg (@(04)) + z(L) signg (a(L2)) — | Xia>o0Z dx

OF\;N

L

= —z(0) signg (@(04)) +Z(L) signg (u(L-)) / Zd
0

=2z(0)(1 —signg ((04))) + z(L)(signg (u(L-)) — 1) =
Then, from (3.41), it follows that

L
/(UX[u>OJ — U X[g=0)) signg (u — ) dx < /(leu>0J — [ Xa=op) signg (u — i) dx.
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Hence, using (3.42), we obtain
L L L
/(u —mTdx < /(f — f)signd (u — ) dx < f(f — Htdx.
0 0 0

This concludes the proof of the uniqueness part of Theorem 3.2. O
4. Semigroup solution
In this section we shall associate an accretive operator in L!(]0, L[) to the problem (3.16).

Definition 4.1. (u,v) € Bg if and only if 0 <u e TBV*(10,L[), v € L1(10,L[) and u is the entropy
solution of problem (3.16).

From Theorem 3.2, it follows that the operator Bg is T-accretive in L1(10, L) and verifies

1°(10, L))" c RU+ABg) forall 1 > 0. (4.43)

In order to get an L°°-estimate of the resolvent, we need to find a steady state solution, that is,
a function ug which is an entropy solution of the problem

—(a(up, up)) =0 in]o, L[, (4.44)
—a(up, up)|,_o=B>0 and up(L)=0.

Proposition 4.2. There is a non-increasing function ug € C 1qo, L)), with u B = é that is an entropy solution
of the stationary problem (4.44). Moreover, there exists a constant M := M(c, 8, v, L) such that

luglloo < M.

Proof. Integrating (4.44) over 10, L[ we find that a(ug, u;g)(L) = —p. Now, if ug has to fulfill the weak
Dirichlet condition a(u,g,u};)(L) = —cug(L_) then we must have ug(L_) = B/c. We will follow this
prescription hereafter.

If ug is a solution of the problem (4.44), we have

/

uﬂuﬁ

TS oS
i+ Sy

—(a(uﬁ,u};))le = v —B.

Then, assuming that “}3 <0, we get

Bug
v u%—(ﬁ)z-

<

I
uﬁ_

Thus, we get that ug satisfies the ordinary differential equation

upup = (72 g

u,g v
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By means of the change of variable vZ = u% - (g)z' we arrive to the ODE

_E:<1—71v 2>v’.
% 1+(m)

Then,
L P L L W
’ vy
—2lay= dy— | —————d
X/( U)}/ X/v(y)y X/1+(Vﬂ(/yc))2y
vy —vi P vy B v
=v({)—vx) c arctan( ﬂ/c) + c arctan(ﬁ/c).

Hence, we get

[ 2 2
x:L—% uﬂ(x)2—<§> +%arctan[% Uﬁ(X)2—<§> } (4.45)

If x= u;l(y), then we can write (4.45) as

2 2
ul;](y):L—% - (g) +%arctan[% - (g) }

Thus,

and consequently, since (ug)(L-) = g we obtain that

m<ﬂ>< y” )=

(ug)(L-) = lim ———— = lim
WEW@EY ) NE Y v)\B*—cty?

Finally, since ug satisfies —(a(ug(x), u};(x)))/ =0 if x€]0,L[ and satisfies the boundary conditions
also, we have that ug is an entropy solution of the problem (4.44). O

The following homogeneity of the operator Bg will be important to get the L°°-estimate of the
resolvent.

Proposition 4.3. For i > 0, A > 0 and 8 > 0, we have

(I4+2Bg) N (uu) = pn( + 2Bg) " (). (4.46)
m

Moreover, for f1 < B2, u € L]0, L[)* and A > 0 such that (I + AB,gZ)‘1 (u) € BV(]0, L[), we have

(I+1Bg) Tw) < +1Bgy) T(w) aexelo,L[. (4.47)
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Proof. From the definition of the operator it is easy to see that if u € D(Bg), then pu € D(Bg) and
I

Bg(uu) = uBp (u). Then, we have
In

11
vi=(I+2Bp) N(uu) = vH+ABg(M=pu & —v+—iB s(v)=u
mooop He
1 v 1 v
— —V+ABs|—)=u = A+ABs) Ww)=—,
w m\ K 1 (22

from where (4.46) follows.
Finally, let us see that (4.47) holds. Let u; := (I +)LB,3i)*l(u), i=1,2. Then, u; is an entropy
solution of the problem

ui — r(a(u;, ug))/ =u in]O,L[,
—a(uj, uj)|,_o =4 >0 and u(l)=0.

Therefore, if p, are non-negative increasing functions that are an approximation of the signa' function,
having in mind (2.10), since p,(u; — uz) € BV(]0, L[), we get

L
f(ul —u)pn(up —up)dx
0

(@) = (auz, u5)) ) pa(ur —uz) dx

O\N

Ma(ur, uy) —a(uz, uy))D(pn(ur — uz)) + A(a(ur, uy)(Lo) —a(uz, uy)(Lo))

O\h-

x ity — u2)(Lo) — A(@(ur, wh)(01) — a(us, u5)(0:)) p(ur — u2)(04)
<a(@(ur, up)(Lo) —a(uz, uy) (L) pa(ur — u2)(L-) +A(B1 — B2)pn(u1 — u2)(04)
A@(ur, uf) (L) —a(uz, up) (L)) pa(ur — uz)(L-).

Then, taking limit as n — +o00 we get

L
f(u1 —up)Tdx < a(a(uy, uf)(Lo) — a(uz, uh) (L)) signg (ug —uz)(L-) <0,
0

since a(u;, ulf)(L) = —cuj(L_), i =1, 2. Therefore, u; < uy, and we finish the proof. O

Proposition 4.4. For u € L*°(]0, L[)* and X > 0, we have

0< (I +aBg) ' (w) < pug, withp = maX{ C”l;”w ; 1}-
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Proof. Let ug be the entropy solution of the stationary problem (4.44) given in Proposition 4.2. Then,
(ug, 0) € Bg, from where it follows that

(I+1Bg) ' (up) = ug. (4.48)

On the other hand, since ug > % if u:= max{%, 1}, we have 0 <u < nug. Hence, by Proposi-
tion 4.3 and having in mind (4.48), we get

0 < (I+4Bp) " w) < (U +1Bp) ™ (up) = wd +1Bg) " (up) < w(l +1Bp) ' (up) = pug. O
I

Next we introduce the main result of this section, which paves the way for the operator Bg to
generate an order-preserving semigroup [12].

Theorem 4.5. By is T-accretive in L1(10, L[) and verifies the range condition

D(Bp)- 110 = 11 (jo, L) " C R(I +2Bp) forall A > 0.
Proof. The T-accretivity of the operator Bg is known, and that it verifies (4.43) also. To prove the
density of D(Bg) in L'(0, L)), we prove that D10, LT D(Bﬂ)“G“D. Let 0 < v e D0, L[). By
(443), ve R+ %Bﬁ) for all n € N. Thus, for each n € N, there exists u, € D(B) such that (u,,n(v —

uy)) € B. Since u, = (I + %Bﬂ)_l(v), by Proposition 4.4, we get

lunlloe < M:=M(B.c, v, L, |Vllsc). (4.49)
Let € > 0. Since
n(v —up) = —Da(uy, uy) inD'(]0, L[),

multiplying by v — Se(up), with S¢ := Te¢ v, and integrating by parts, we get
L
/ V- Se(un) n(v —uy)dx
0
L
[ /a Up, up)(Dv — DSe(un))} —cup(L-)Se(un)(L-) + BSe(un)(04).
0

Then, since

a Un, Dse(un)

O\N

having in mind (4.49), we get

L
C
/ V—Sé(un) V—un)dX< So
0

S
1
o _

a un» :| + ﬂse(un)(o-i—)
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Letting € — 0T, we get

L

C
/(v—un>2dx<—,
n

0

and we obtain that u, — v in L%(]0, L[), as n — oco. Moreover, we have u, — v in L1(J0, L[), as

n — oo. Therefore v € D(Bﬂ)Ll(]O’LD and the proof of the density of D(Bg) in L'(]0, L[)* is complete.

To finish the proof of the theorem, we only need to show that the operator Bg is closed in

L'(0, L) x L'(J0, L[). Given (up, vy) € Bg such that u, — u and v, — v in L'(]0, L[), we need to

prove that (u,v) € Bg. Since (un, vy) € Bg, we have that u, € TBV+(10,L[) and z, := a(up, up) €
C([0, L]) satisfy

vp=—Dz, inD'(]0,L[), (4.50)

h(un, DT(un)) <z,DT(u,) asmeasuresVT € 7T, (4.51)

hs(un, DT (un)) <znD Js(un) as measuresVSePt, TeT™,

—z;(0) =8 and zy(L) = —cup(L-). (4.52)
Let T =T, € 7. Multiplying (4.50) by T (u,) and applying integration by parts (Lemma 2.1), we get

L L
anT(un)dXZ/ZnDT(Un)—Zn(L)T(un(L)) — BT (un(05)),
0 0

from where it follows that

L

[ 2T <b(s+ivin) <c. (453)
0

Here we used the boundary condition (4.52) to be able to disregard the term related to z,(L), as it
has the right sign.
On the other hand, by (4.51) and having in mind (2.9), we get

L L

¢ f 2, 2
/anT(un) > E/|D([T(u,1)] )| - ;/T(un)z dx. (4.54)
0

0 0

By (4.53) and (4.54), we obtain that

L L
2 2C  2clb?* 2C
/|D([T<un>]2)| <= / Tn)Pde+ = <=+ = =c. (455)

0 0

Using the co-area formula as in the proof of Theorem 3.2, from (4.55) we deduce that

L
/|DT(un)| <& wnen
2a
0
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Then, since the total variation is semi-continuous in L'(]0, L[), we have

L L

/|DT(u)| gliminf/|DT(un)| < 5.
n— 00 2a
0 0

Hence, T (u) € BV(]0, L[), and consequently, u € TBV* (10, L[).
Since z, = c|un|b(un, uj) with |b(un, u))| <1, for all measurable subsets E C 10, L[, we have

/lznldx<c[|un|dx.
E E

Therefore, by Dunford-Pettis’ Theorem, we can assume that
z, —z weaklyinL' (1o, L). (4.56)
Moreover, since [b(up, u,)| <1, we also can assume that
b(un, uy) =2z, weakly* in L*(]0, L[). (4.57)
As u, — u in L1(J0, L]), from (4.56) and (4.57), we obtain that
Z=cCuz,. (4.58)
As v, — v in L1(]0, L[), from (4.56) and (4.50), we easily deduce that
v=-Dz inD'(]0, L), (4.59)
and by (4.58) and (4.59), we have ze W11(]0, L[) c C([0, L]).
Lemma 4.6. The following equality is verified
z(x)=a(u(x),u'(x)) ae.xe]o,L[.

Proof. We use Minty-Browder’s technique. Let 0 <a <b, let 0 < ¢ € CC1 (10, L) and let g € C2([0, L)).
By (2.10), we have that

L
/¢[a(un, up) —a(un, g')|T, , (Un)(up — g)'dx > 0. (4.60)
0

Let us denote

r

Jax, 1) :=/a(s,g/(x))ds,
0

r r a
Ja(x,1) ::[BX[a(s,g’(x))]ds:[ 8_2(5’ g'®)g" (x)ds

0 0
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and observe that

~a(Tap (un(®), & X)) [Tap@n)] = =D*[Ja(x, Tap (un®))] + Jar (X. Tap (un(®)),

this we will substitute into (4.60). Note now that, using (4.51)

L L
/¢ 2, D°Tq b (un) — Dsja X T, b(un) /¢ Un, DTa,b(un))s - Ds]a(x’ Ta,b(un))] >0
0 0

where the last inequality is proved using the properties of the Lagrangian (see [4]). Then we can add
this inequality to (4.60):

L
0< /¢[ZnDT(un) - DJa(Xs Tab (un(x)))]
0

+ | [Jar (. T(un(®))) — 2ag T}, () + &'T; p (un)a(un. )] dx.

o\ﬁ

Now, since

L

f‘pzn [DTa,b(un) - g/T{Lb (un)]
0

:/¢ZnD[Ta,b(un) - /([)an 1_ T, b(un)) dx
0

L L
—/Vn¢(Ta,b(un) - / Tap(un) — un ¢ dx+/¢zng a,b(un)) dx
0 0
we get
L
Jim [ §za[ DT p(un) — 8'Tg  (un) Jdx < (2D (Tap (W) - 8). ) + [ 8] / |zl (1 — T, (u)) dx
0

On the other hand, the almost everywhere convergence of u, implies that

Jar (%, Tap (un(®)) = Ja (% Tap(u®)) ae.

and we also have (see [1, Proposition 3.13]) that

D[Ja(x, Ta,p(un(®)))] = D[ Ja(x. Tap(u(x)))] weakly as measures.

As a consequence, we have
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n—-+o00

L
lim /¢[]a’ (X7 Ta,b(un(x))) - D]a(X7 Ta,b(un(x))) + g/T;,b(un)a(uns g/)]
0

L
=(Ja (%, Tapw)) —D]a(x,T(u)),qb)—l—/d)g’a(u,g/)Té’b(u)dx.
0

Consequently we obtain

L
(2D (Toptw) — £).9)+ |, [ 2101 = Ty () d
0

L

+ / pa(u, g)g'T, ,(u)dx — (D[ Ja(x. Tap(u(®))] — Jar (% Tap(u(®)).¢) >0

0
for all 0 < ¢ € C}(J0, L[). This means that, as measures,
2D (Tqp(u) — &) — D[ Ja(%. Tap (u())] + Jar (X, Tap (u(x)))
+{alu. 8)gT; ) + 2|8, (1 Ty )}’ >0,
and we obtain
2(Tapw) — 8) —a(u, &) (TapW) +a(u, &) Ty ) + 12l &] (1 = T} W) > 0.
If x € [a < u < b], this reduces to
(z—a(u. g))u—-g' >0,

which holds for all x € 2 N[a <u < b], where £1(]0, L[\ £2) =0, and all g € C3([0, L]). Being x €
2 N[a<u <b] fixed and & € R given, we find g as above such that g’(x) =&. Then

(z(0 —a(u®),£)) (') —£) >0, VEeR.
By an application of Minty-Browder’s method in R, these inequalities imply that
z(x)=a(u(x),u’'(x)) ae.onfa<u<b].
Since this holds for any 0 < a < b, we obtain the identification a.e. on the points of ]0, L[ such that
u(x) # 0. Now, by our assumptions on a and (4.58) we deduce that z(x) = a(u(x),u’(x)) =0 a.e. on
[u =0]. The lemma is proved. O
To finish the proof we only need to show that
c
§|DS(T(u)2)| <zD’T(u) asmeasures VT € T,

|D*Jso(T(w))| <zD* Jyrs(u) as measures, VSe P, TeT™,
—a(u,u’)(0)=p and a(u,u’)(L)=—cu(Ll-).

These proofs are similar to those in the previous section. 0O
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From Theorem 4.5, according to Crandall-Liggett's Theorem (cf., e.g., [12]), for any 0 < ug €
L1(]0, L[) there exists a unique mild solution u € C([0, T]; L1 (10, L)) of the abstract Cauchy problem

u'(t) + Bgu(t) 50, u(0) = ug.

Moreover, u(t) = Tg(t)up for all t > 0, where (Tg(t))r>0 is the semigroup in L'(J0, L[)* generated by
Crandall-Liggett's exponential formula, i.e.,

. t\
Tg(tug = nlLr];lQ(I + EBﬁ> up.

On the other hand, as the operator Bg is T-accretive we have that the comparison principle also
holds for Tg(t), ie., if ug, tig € L0, L[)*, we have the estimate

[T @m0 ~ Tsi0) [, < o — )] . (@61)

Obviously, by Crandall-Liggett's exponential formula, from (4.46), we get that for all ug €
L'qo, Lp*,

Tg(t)(pmug) = ;LTg (t)(ug) forallt>0. (4.62)
As a consequence of (4.61) and (4.62), for u € L°°(]0, L[)™, we have

cllulloo

0<Tp(t)(u) < pug, with,u:max{ ,1}, vt > 0.

5. Existence and uniqueness of solutions of the parabolic problem

This section deals with the problem

2 (au, uy) in10, T[ x 10, L[,

o ) (5.63)
—a(u(t,0),ux(t,0))=p>0 and u(t,L)=0 onte]0,Tl[, )
u(0,x) =up(x) inxe]0,L[.

To make precise our notion of solution we need to recall the following definitions given in [3]. We
set Qr =10, T[ x 10, L[.

It is well known (see for instance [28]) that the dual space [L1(0, T; BV(]0, L[))]* is isometric to
the space L*°(0, T; BV(]0, L[)*, BV(]O, L[)) of all weakly* measurable functions f:[0, T] — BV(]O, L])*,
such that v(f) € L*°([0, T]), where v(f) denotes the supremum of the set {|{w, f)|: l|wWlpvqo,.p <1}
in the vector lattice of measurable real functions. Moreover, the duality pairing is

T
(w. f)= / (wit), F)de,
0

for w e L1(0, T; BV(]0, L)) and f e L°°(0, T; BV(]0, L[)*, BV(]0, L)).

By L},V(O, T,BV(]0, L[)) we denote the space of weakly measurable functions w:[0, T] — BV(]0, L[)
(ie., t € [0,T] — (w(t),¢) is measurable for every ¢ € BV(]0, L[)*) such that fOT lw(t)| dt < oc.
Observe that, since BV(]0,L[) has a separable predual (see [1]), it follows easily that the map
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t € [0,T] — ||w(t)|| is measurable. By LIOCW(O T,BV(]0, L[)) we denote the space of weakly mea-
surable functions w: [0, T] — BV(]O, L[) such that the map t € [0, T] — ||w(t)|| is in Lloc(]O, TD.

Note that if w e L1(0, T; BV(]0, L[)) N L>°(Q7) and z € L'(Q7) is such that there exists an element
& e [L1(0, T; BV(10, L[))]* with Dyz=¢ in D'(Qr), we define, associated with (z, &), the distribution
zDyw in Qt by

TL
(zDxw, @) = — (&, pw) //z(t,x)w(t,x)ax(p(t,x)dxdt (5.64)
00

for all ¢ € D(Qr).
Our concept of solution for the problem (5.63) is the following.

Definition 5.1. A measurable function u:]0, T[ x ]0, L[ — R* is an entropy solution of (5.63) in Qr =
10, T[ x 10, L[ if u e C([0,T]; Ll(]O L)), T(u()) e Ll (0, T,BV(]0, L)) for all T € T, and z(t) :=
a(u(t), du(t)) € L1(Qr), such that:

loc,w

(i) the time derivative u; of u in D’(Qr) belongs to [LY(0, T; BV(]0, L))]* and satisfies
T
/(ut(t) 1//(t) //u(t X)O(t, x) dxdt (5.65)
0

for all test functions v e L1(0, T; BV(]0, L[)) compactly supported in time such that y(t) =
fot B(s)ds and © € L} (0, T; BV(]0, L[)) N L®(Qr);

(ii) Dxz=1u; in D'(Qr), and for any w € L1 (0, T; BV(]0, L)), the distribution zD,w defined by (5.64)
is a Radon measure in Q7 and verifies, for all w € L1(0, T; BV(]0, L[)), the following integration
by parts formula

T

T
/szw—i-(ut,w) =/3/w(t,0+)dt—c/u(t,L_)w(t,L_)dt; (5.66)
Qr 0 0

(iii) the following inequality is satisfied
/ nhs(u, DT (w))dt + / nhr (u, DS(u))dt
Qr Qr

g/]Ts(u)amdxdt—/a(u,axu)-8an(u)S(u)dxdt
Qr Qr

for truncatures S, T € 7+ and any n € C*(Qr) of compact support.
In the following result we get a positive lower bound for u(t, 0.).

Lemma 5.2. If u is an entropy solution of (5.63)in Q1 = (0, T) x 10, L[, then

u(t,04) > é >0, foralmostallte]0,TI[. (5.67)
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Proof. For any n € N, let v, be the function defined by zero in ]1/n, L], 1 at x=0, and a straight line
joining both values at the rest of the points. Being 0 < ¢ € D(]0, T[) fixed and taking w in (5.66) as

wp(b) := ¢ (t)v,, we get

T
/szn—i—(ut,wn):ﬂ/(p(t)dt.
Qr 0

By (5.65), we have

T L
(ur,wn>=—/¢/(t)/u(t, X)vp(x) dxdt,
0 0

so by the Dominate Convergence Theorem,
lim (u¢, wy) =0.
n—oo

On the other hand, given ¢ € D(Qr), we have

T L
(zDXWn,<p)=/d)(t)/z(t,x)gp(t,x)v;(x)dxdt.
0 0

Hence,

T n
/z(t,x)wan(t,x):—/n¢(t)/z(t,x)dxdt.
0

Qr 0
Now, by (5.68), (5.69) and (5.70), we get

1

T T
ﬂfqb(t)dt:—nli)nolO/qﬁ(t)nfz(t,x)dxdt.
0 0

0
Then, since |z(t, x)| < cu(t, x), by Fatou’s Lemma we obtain that

1

T T a T
,B/qb(t)dtgc[¢(t)|:nirgon/u(t,x)dxi| dt:c/¢(t)u(t,0+)dt
0 0 0 0

from where it follows (5.67). O

(5.68)

(5.69)

(5.70)
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Remark 5.3. Let u be a bounded entropy solution of (5.63) in Q. In the proof of the next result we
need the following time regularization. For that, given ¢ € D(]0, T[) and w € L} (0, T; BV(]0, L)), we
define (¢w)?, as the Dunford integral (see [18])

loc

T 1 t sk
(ew)"(©) =z / ¢ (s)w(s)ds € BV(0, L[)
that is

t
1 *
(W) (), n)= = / (@(s)w(s),n)ds ¥neBV(]0,L[)".

t—7

In [2] it is shown that (pw)® e C([0, T]; BV(]0, L)). If u is an entropy solution of (5.63) and p e 7T,
it is easy to see that

t

T 1
|Dx(¢p(u)) (t)|(]0,L[)<;/!Dx(¢(5)p(u(s)))|(]0,L[)ds

t—7

Then, by the lower semi-continuity of the total variation with respect to the L!-convergence, we have

[D<(# ©p ()10, L) < imin] Do(#p(w)" 0|10, L)
hmsup /|Dx (@©p(u))[ (0, L) ds

Since the map t +— |Dx(¢(t)p(u(t)))|(]0,L[) belongs to Lloc( [0, T]), we have that almost every t €
[0, T] is a Lebesgue point of this map. So, for almost all t € [0, T], we have

% f [Dx(¢()p(u(s)))] (10, L) ds == |Dx (¢ ®)p(u(®)))| (10, L),

t—7

and consequently,

IDx(¢p )" (©)| (10, L[) Z=% |Du(¢®)p(u(®)))| (10, L[) ae.t.

Respect to the existence and uniqueness of bounded entropy solutions we have the following
result.

Theorem 5.4. For any initial datum 0 < ug € L*°(]0, L[) there exists a unique bounded entropy solution u of
(5.63)in Qr =10, T[ x 10, L[ for every T > 0 such that u(0) = uq. Moreover, if u(t), u(t) are bounded entropy
solutions of (5.63) in Qr =10, T[ x 10, L[ corresponding to initial data ug, ilp € L*°(]0, L), respectively,
then

|(u® —a®)" |, < || @o —ao)*|, forallt=0

In particular, we have uniqueness of bounded entropy solutions of (5.63).
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Proof. The comparison principle. Let b > a > 2¢ > 0, T(r) := T, ,(r) —a. We need to consider truncature
functions of the form S¢ (1) :=Te(r =)t =Ty 14 () —1€ T, and S’6 M) :=Te(—D"+e=T_¢ (N +
€ —1e T, where | > 0. Observe that SIE (r)=—Te( —1)T + €. Let us denote

r

J;r,e,l(r):/T(S)Te(s—l)erS,
0

r r

];’e’l(r):/T(S)Te(s—l)’ds:—/T(s)TE(l—s)ers.

0 0

Then, Jrs, (1) = J1 (M and Jpg (1) = J7 () +€]T (D).
Let u, u be two entropy solutions of (5.63) corresponding to the initial conditions ug, iy €
(LY(10, L[))™*, respectively. Then, if z(t) := a(u(t), du(t)), Z(t) := a(ii(t), dxii(t)), and Iy, I, > €, we have

TL
- / I e, (W®)2en (0 dxdt
00
TL
+//n(t) [hr (u(®), DxSe.ty (u®)) + hs,, (u(t), DxT (u(®)))] dt
00

+//z(t)axn(t)T(u(t))se,,1 (u(t))dxdt <0 (5.71)

and

/ Jten u(t))amdxdt—e/f Jr(U(®))den(t) dxdt

00

TL
+// n(©[hr (@), DxSE (@®))) +h b (), DxT (u(t)))]dt
00

+// Z(Oan (O T (1) S2 (U (®)) dxdt <0, (5.72)

for all n € C*°(Qr), with n >0, n(t, x) = ¢(t) p(x), being ¢ € D0, TD), p € D(]0, LD).
We choose two different pairs of variables (t, x), (s, y) and consider u, z as functions in (t, x), u, z
in (s,y). Let 0< ¢ € D0, T, ¥ € DO, L[), pm and pp be sequences of mollifier in R. Define

N (£.%,5, ¥) —pm(x—y)pn<t—s)¢( +S)w("2y>.

For (s, y) fixed, if we take in (5.71) l; = u(s, y), we get



E Andreu et al. / ]. Differential Equations 252 (2012) 5763-5813 5795

T
_// JF s,y (€. %)) 3 n e

00

TL
+// Mmn [T (U(E, %), DaSe is.y) (U, X)) +hs, 4, (U, %), Dy T (u(t, x)))] dt
00

+ / / 2(t, X)0xm,a T (U(t, X)) Se s, y) (u(t, %)) dxdt < 0. (5.73)

Similarly, for (t, x) fixed, if we take in (5.72) I, = u(t, x) we get
T L
- f/ ]F,e,u(t,x) (a(ss Y))asrlm,n dyds —e€ // ]T(ﬁ(& J’))asnm,n dyds

T L
+// N alhr (@(s, ), DySET™ (a(s, ))) + hguen (d(s, ), Dy T (1G5, y)))] ds
00

+ / f Z(s, )3y maT (@ (s, ¥))SEP (iGs, y)) dy ds < 0. (5.74)

We integrate (5.73) in (s, ¥), (5.74) in (t, x), and add the two inequalities. Using that a > 2¢, and
since

Mm.nfs, g, (U(E %), DxT (u(t, x))) dsdtdy >0
QrxQr
and
Nm.nhguen (1G5, ). DyT (u(s, y))) dsdt dx > 0,
QrxQr

we get

- / (-’T €,i(s, y)(u(f,x))atnm,n + J]T’e’u(t’x)(ﬁ(s» J/))asnm,n) detdde
QrxQr

—€ / Jr(U(s, ¥))dsnmn dsdtdy dx + / Nm.nht (U(t, X), DxSe us,y) (u(t, x))) dsdt dy
QrxQr QrxQr

+ / nm,nhr(ﬁ(s,y),Dyslé(t”‘)(ﬁ(s,y)))dsdtdx
QrxQr

- / Z(s, Y)dxima T (s, ¥)) Se Y (i1(s, y)) dsdt dy dx
QrxQr
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- / z(t, X)0yNm,a T (U(t, X)) Se is,y) (u(t, X)) dsdt dy dx

QrxQr
+ / T (u(t, %) — (s, y))[T (ut, 0)zt, x) — T(a(s, y))zes, y)]
QrxQr
X (axrlm,n + aynm,n) dsdt dy dX
te / T(u(s, ¥))Z(s, ¥)(OxTm.n + dyNm.n) dsdt dy dx < 0. (5.75)
QrxQr

Let I; be the sum of the third up to the sixth terms of the above inequality. From now on, since u, z
are always functions of (t, x), and u, z are always functions of (s, y), to make our expression shorter,
we shall omit the arguments except when they appear as sub-index and in some additional cases
where we find it useful to remind them. We also omit the differentials of the integrals.

Working as in the proof of uniqueness of Theorem 3 in [4], we obtain that 212 2 @lloo |V lloc0(€).
Hence, by (5.75), it follows that

- / (J-Ti_,e’ﬂ(u)atnm,n + J;,e’u(ﬂ)asnm,n)
QrxQr

+ / TS (u — [T W)z — T@Z]@ximn + dyNmn) + € / T (W)Z(3xNm,n + dyNm.n)
QrxQr QrxQr
<eo(e) +e€ / J1 (@) 0sTm,n.-
QrxQr

Then, dividing by € and letting € — 0 we get

- / (U7 sign.a @W3Nmn + J 7 gign @ sTm,n)
QrxQr

+ / Signa—(u —1u) [T(U)Z - T(ﬁ)i] (Oxm.n + 0yNm.n) + / T(@)z(3xNm,n + dyNm.n)
QrxQr QrxQr
< / J1 (1) 3s7m,n
QrxQr

where

r

];ﬂgn’l(r) = / T(r')signg (' —1)dr’, 1eR, r>0,
0

and

.
7 signi @ = / T(r')signg (" —1)dr’, 1€R, r>0.
0
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Now, letting m — oo, we obtain

TTL
/ JT ,sign, i1 (s,X) (u(t X))at)(n + ]T Jsign,u(t,x) (u(S X))Bs)(n)
00

TTL
+/// signg (u(t, x) — i(s, ) [T (u(t, )z(t, x) — T(U(s, %))Z(s, )| 0x xn
000

+///T(ﬁ(s,x))i(5,x)3x)(n
000

/Jr(ﬂ(s,x))asxn
0

where x,(t,s,x) := pn(t — s)¢(t$)1//(x). We set ¥ =y € D(]0, L[) 1 xj0,1 in the last expression and
taking limit as k — +o0, we have

T
[ 0 ctons W 0009 17 g 5. 0) 0. 9)
0 0

TTL

+ lim ///Kn(t,s) signg (u(t, x) — u(s, %)) T (u(t, x))z(t, ) e (%)

k—+o0
000

TTL

— lim / / / Kn(t, s)signg (u(t,X) — (s, x)) T (T(s, X))Z(s, X) g (X)

k—+o00
000

TTL

lim / / / Kn(t, )T (U(s, X)Z(s, X)) dxPi (%)

k—>+oo
000

TTL
< / / Jr(i(s, %)) dskn(t, ), (5.76)
0 0

where K (t, s) := pn(t — $)p(52).
Let us study the second and the third term of the above expression. Let

TTL
:/// kn(t, s) signg (u(t, x) — (s, x)) T (u(t, x))z(t, X) g (x)
000

0
T

I

0

L
//cn(t s)signg (u(t, x) — U(s, %)) T (u(t, x))2(t, x) (Vi (x) — 1).
0
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Let Hy(s, 1) := Kkn(r,s) signg(u(r) — u(s))T(u(r)). For T > 0, we define the function (k,(s))?, as the
Dunford integral (see Remark 5.3)

] t+1
(kn(5)) " () = / Hy(s, r)dr.

-

Then,

T

T L
Ik_h / / f Kn(s)) (t)z(t,x)ax[wk(x)—1]dxdtds
0 0

0

:—11

O\-ﬂ

L
/ [Wk () — 1]2(t, x) Dx((kn ()" (1)) dsdt
0

0

- lll’l‘%) (ut,(fcn(s)) (wk(x)—]))ds—i-cllm //u(t L_ )/cn(s)) () (L_)dtds

TT

— p lim f (kn(s)) (OO0 ) dtds = I} + 12 + I3 + 1.
00

Notice that
TT
I =c//u(t, L_)kn(t, s)signg (u(t, L-) — i(s, L)) T (u(t, L-)) dtds
00
and
I}=-p // kn(t, s) signgd (u(t, 04) — (s, 04)) T (u(t, 04)) dt ds.

By Remark 5.3, we get

IDx((,n ()" ©)](10, L[) Z=% | Dx(kn(t, 5) signg (u(t) — #()) T (u®))|(10, L)).  (5.77)
Using (5.77), we get

L

TT
1] <C||“||L°°<QT>/// 1— Y ()| Dx(kn(t, s) signg (u(t) — i(s)) T (u(t)))| dt ds,
00

0
which implies limy_, I} = 0. Let us deal with I?. We have

TTL

g = lim //[u(r,x)H”(s’tH)_H”(s’ D (yu(x) — 1) dxdtds.

T
000
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Let

q(v) :=signg (v — (s, X)) T (1), Q) ::/q(r)dr.
0

5799

Since q is non-decreasing, Q(r) — Q(r) < q(r)(r — r). Then, changing variables, since Hj,(s,t) =

qu(®))kn(t, s),

TTL
Ii = lim ///(1 —v/k(x))u(t’x)_Z(t_T’X)Hn(s,t)dxdtas

000
TTL

2t [ [ [0 et LD = QUET0) 4
000
TTL

e /// 1 0) @ (u(e,0) T g

000 T
TTL

/ / / 1= ¥r(®)) Q (u(t, x))dkn(t, s) dxdt ds,
000

from where it follows that limy_, I,f > 0. Taking into account the above facts, we get

k—o00

TT
lim I, > -8 f/ Kn(t,s)signg (u(t,04) — (s, 04))T (u(t,04))dtds
00

TT
+c// u(t, L)kn(t, s) signg (u(t, L—) — (s, L)) T (u(t, L-))dtds.
0

Working similarly, we obtain

— lim /// Kn(t, s)signg (u(t, x) — a(s, ) T (I(s, X)Z(s, X) i (X)
o 000
TT

;ﬁ// Kkn(t,s)signg (u(t, 04) — (s, 04))T (i(s, 04)) dtds
00

TT

—c//ﬁ(s, L )kn(t, s)signg (u(t, L) — (s, L-))T (u(s, L)) dt ds.

Analogously,

(5.78)

(5.79)

(5.80)
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TTL

lim ///Kn(t,s)T(ﬁ(s, X))Z(s, %) dx i (X)

k——+o00
000

TT TT
>c//ﬁ(s,L_);cn(r,s)r(ﬁ(s,L_))dtds—ﬁ// Kkn(t,s)T((s, 04)) dt ds. (5.81)
00 00

From (5.76), by (5.79), (5.80) and (5.81), we have
TTL
/// ]T Sign. (s, X)(u(t X))d¢kn(t, s) + J T signuce. X)(u(s X))0skn(t,s)) dt dsdx
000

TT
~|—c//u(t,L_)Kn(t,s)signg(u(t,L_)—ﬂ(s, L))T(u(t, L-))dtds

00

TT
—c//a(s, L_)kn(t, s)signg (u(t, L—) — (s, L)) T (u(s, L)) dt ds
00

TT
ﬂ// kn(t,s)signg (u(t, 04) — (s, 04)) T (u(t,04)) dt ds
00

TT

+ﬂ// kn(t,s)signg (u(t, 04) — (s, 04)) T (u(s, 04)) dt ds

00

TT
+cf/ (s, L)kn(t, )T (u(s, L- ))dtds—ﬁ///cn(t $)T (ii(s,04)) dt ds
00

TTL

/// Jr u(s x) dskn(t, s)dtdsdx. (5.82)
00

By Lemma 5.2, we have

u(t,04) > é >0, u(s,04) > é >0 foralmosteveryt,s > 0. (5.83)

Letting a — 0, dividing by b and letting b — 0 in (5.82), we obtain

TTL
—/ff(u(t,x)—ﬂ(s,x))Jr(B[/cn(t, $) + dskin (¢, 5)) dt ds dx
000

TT

+c//u(t, L_)kn(t, s)signg (u(t, L—) — (s, L)) signd (u(t, L)) dtds
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)

u(s, L-)kn(t, s)signg (u(t, L—) — (s, L-)) signg (u(s, L)) dtds

| |
= a
L Ot—
—~— O —~— 5 Ot~

Kn(t, s) signg (u(t, 04) — (s, 04))[signg (u(t, 04)) — signg(ii(s, 04))] dtds

<)

_|._
o
\__lo

TT
(s, L_)kn(t, s)signg (i(s, L-)) dtds — B / / Kkn(t,s)dtds
00

= o
= o

u(s, x)oskn(t, s)dtdsdx.

N
o\ﬂ

o

o

Having in mind (5.83), the fourth term of the above expression vanishes. Moreover, the sum of the
second and third terms is non-negative. On the other hand, since us = Dx(z) in the sense given in (ii)
of Definition 5.1,

TL T
0

T
///ﬁ(s,x)aslcn(t,s)dxdtds=—/(ﬂs,/cn(~,t))dt
0

0 0
TT TT
=c// u(s, L_)/cn(t,s)dtds—ﬂ//icn(t,s)dtds.
00 00

Therefore,
// (u(t, ) — (s, %) " (dekn(t, 5) + dskn(t, 5)) de dsdx < 0.
0

Letting n — oo,

TL
—//(u(t,x) —(t, )" ¢/ (t)dxdt <0,
0

0

Since this is true for all 0 < ¢ € D(]0, T[), we have

==

L
/(u(t, x) — u(t, x))+ dx <0.
0
Hence
L L
/(u(t, x) — u(t, x))Jr dx < /(uo(x) — ﬂo(x))+dx forallt >0,
0 0

which finishes the uniqueness part.
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Existence of bounded entropy solution. Given 0 < ug € L1(]0, L), let u(t) = Tg(t)up, being (Tg(t))e>0
the semigroup in L'(]0, L[)* generated by the accretive operator Bg. Then, according to the general
theory of nonlinear semigroups [12], we have that u(t) is a mild solution of the abstract Cauchy
problem

u'(t) + Bgu(t) 50, u(0) = ug.

Let us prove that, assuming 0 < ug € L*°(]0, L[), then u is a bounded entropy solution of (5.63)
in Qr. We divide the proof of existence in several steps.

Step 1. Approximation with Crandall-Liggett’s scheme. Let T > 0, K > 1, At = % th =nAt,n=0,..., K.
We define inductively u"™*!, n=0,..., K — 1, to be the unique entropy solution of

n+1 _ ,n
o — @ @)Y =0 inJo.LL

—a(u™1 (), (™) (0)=4>0 and u™(L_)=0,

(5.84)

where 10 = uy.
If we define

K—1
u ) =10 %1061 + Y U Xty 011 0,

n=1

by Crandall-Liggett’s Theorem, we get that uX converges uniformly to u € C([0, T1, L' (10, L)), as
K — oc.
We also define

0= — Xt ©

n=0

K=1_ nt1 un

and
K-1
!
X0 :=a(u', (")) X0 ® + Y a™, (@) xit01 O
n=1

Since u™*! is the entropy solution of (5.84), we have
£X@t) =Dty inD'(10,L[), ¥t €10, T], (5.85)
X)) = —cuft+ At(Lo), vtelo, T—Atl, —zK@®)©)=p, Vvte[0,T] (5.86)
and for all SeP™, T e T™, we have ¥Vt €10, T — At]
h(u® e+ A0, DT (WX ¢+ AD)) <Z°O) DT (uX (t + Ar))  as measures,
hs(u® (¢ + A, DT (uX(t + AD)) <ZX(O)DyJrs (U (t + A)) asmeasures.  (5.87)
Note that (5.87) is equivalent to

%!Di((T(uK (t+ At)))z)] <ZXODST(uX(t + Ab))  as measures.
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Since a(u"*!, (@™ 1))D,T W™ > h@"t!, D,T(w™*1)) as measures in 0, L[, using (2.9) we can
write

@, DL (1)) = au T, () ) (1) £+ S D3
> (e - Sr)e+ S sl )|
= Il ) - S re)e,

from where we get the following inequality as measures

2 (ODT (¥ (¢ + A0) > 5 [DA (T (uF ¢ + 40))]| - %(T(u’((t +AD))>. (5.88)
Lemma 5.5. There exists M := M(8, c, v, L, ||uo|loo) Such that
Ju“®)| ., <M VK eNandVte[0,T]. (5.89)
Consequently, ||[u(t)|loco <MVt € [0, T].
Proof. Since
(I+AtBg) ' (u") =u™!, forn=0,...,K -1,

by Proposition 4.4, if u := max{%, 1}, we have

0<u' = I+ AtBg) (uo) < pug.
Then, repeating this process, we obtain
0 <u™ ! =1+ AtBp) ' (u") < (I + AtBg) " (rup)
=+ AtBp) ™ (up) < (I + AtBg) ™ (up) = pug,
and the proof concludes. O

Step 2. By (5.89), [1zZX(t)]loo < C for all K € N and a.e. t € [0, T]. Then we may assume that zK —~z ¢
L>®(Q7) weakly*. Moreover, since zX(t) = cu®(t + ADbUX (t + Ab), 9,uX(t + At)) YVt €10, T — At],
with [[buX(t + At), dquX(t + At))]lso < 1 and uX converges uniformly to u in C([0, T], L1(]0, L])), we
may also assume that b(uX (t + At), 3,uX (t + At)) — zp(t) € L°(Q7) weakly* and

z(t) =cu(t)zy(t) foralmostallt [0, T]. (5.90)

Given w € BV(]0, L[), from (5.85) and (5.89), it follows that for each t € ]0, T]
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L

= ’—/zK(t)DW + 25wl + Bw(0,)
0

K, xyw(x) dx

< Clwlvaorp + |20 w(D)]

< (C+cplluglioo) IWliBvao,Lp-
where the continuous injection of BV(]0, L[) into L°°(]0, L[) was used. Thus, IIEK(t)IIBV(]o,L[)* <C,
VK €N and t € 10, T]. Consequently, {€X} is a bounded sequence in L>(0, T; BV(]0, L[)*). Now, since

L>®(0, T; BV(]0, LD)*) is a vector subspace of the dual space (L1(0, T;BV(]0, L[)))*, we can find a sub-
net £% of £X such that

£* ~ & e (L'(0,T; BV(10. L[)))" weakly*.

Working as in the proof of Theorem 5.5 of [4], Step 2, we can prove that (5.65) holds and u; = Dyz
in D'(Qr).

Step 3. Next, we prove that u; = Dyz in the sense given in (ii) of Definition 5.1. To do this, let us first
observe that we can prove, as in the proof of Theorem 5.5 of [4], Step 4, that the distribution zDw in
Qr defined by (5.64) is a Radon measure in Qr for all w € L'(0, T; BV(]0, L[)), and also that

(zDxw, @) =liorlr1 //z"‘(t, X)Dxw(t, X)@x(t, x) dxdt.

From where it follows, combining with (5.86) and integrating by parts,

TL TL
/szw:lim //z"‘(t)wa(t)dt:—lim /fw(t,x)sz"‘(t,x)dxdt
Qr ¢ 00 ¢ 00
T T
+lim|: /z"‘(t, Lyw(t, L_)dt—/z"‘(O)W(t, 0+)dt:|
¢ 0 0
T T
=lim|:—(.f,-‘°‘,w)—c/u“(t—i—At)(L_)w(t, L_)dt+ﬁfw(t,0+)dt:|
¢ 0 0
T
—{Uug, w) —c/u(t)(L_)w(t, L_)dt+ﬁfw(t,0+)dt,
0 0

and (5.66) holds.

Step 4. Let T =T, be any cut-off function, let j be the primitive of T. Let 0 < ¢ € D(]0, T[). Multi-
plying (5.84) by T(u”“)q&(t) t € (tn, th+1], integrating in (tn, tp+1] x 10, L[ and adding from n =0 to
n=K —1, we have

K—1 tht1

3 /qﬁ(t)/ LAY dxdt+/¢(t)/z"(t)Dx (T(uX (e + Ab))de

n=0 tn
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K—1 tn+1

=y / (BoOT (™1 (04)) — cpOU" T (LT (U™ (L)) dt. (5.91)

n=0 tn

Since ¢ has compact support in time in (0, T), for K large enough, performing like in (5.78), we have

k1 [ t) — ¢t — At
-3 /d)(t)/ u™ ) dxde < / ik ®) %E_)dxdt.
n=0 ty 00

Hence, from (5.91) it follows that

TL
// (¢ (O DT (uX (t + AD)) dt
00

TL

T
g//; W*®) 9O~ "’(t PO == A 4 dt+/ﬂ¢(t)r(u’<(t+At,0+))dt. (5.92)

00

Given € > 0, if we take into (5.92) any test 0 < ¢ € D(]0, T[) such that ¢(t) =1 for t € Je, T — €[,
having in mind (5.89), we get

/

€

€

L
/z"(t)D T(u® e+ A0)dt
0

TL

T
<//J @ ®) PO - ‘i(t A0 dxdr+/5r(u’<(t+At,0+))dr<c.
00

This implies that {zX (t)Dx(T (uX (t + At)))} is a bounded sequence in L}
M0, L) denotes the space of bounded Radon measures in ]0, L[.
On the other hand, by (5.88)

/

€

(0, T, M0, L[)), where

loc,w

€

L
/ 2“0 DT (X (t + AD) dt
0

/]

€

T—e L

L
/DX T (Xt + ar))?]| de - / /%(T(uK(H—At)))zdt
0 € 0

€

[\S)

Nln

Hence

i

€

IDX[(T (X (¢ + AD))*]|de < <—+ =C,

L
/ 2C  2cLTh?
v
0
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where by the co-area formula it follows that

€

L
/|DXT(uK(t+Ar))\dt<c. (5.93)
0

Moreover, by Lemma 5 of [2], the map t — ||T uX (©))llavgo,Lp is measurable, then by Fatou’s Lemma
and (5.93), it follows that

T—e L
/hmmf/yn T( uK(t—i-At))]dtgl}(minf/ /\DXT(uK(HAr))\dtgc. (5.94)
— 00
0

K—
€

Now, since the total variation is lower semi-continuous in L!(]0, L[), we have

L L
/|DXT(u(t))| < l}(minf/|DxT(uK(t)) ,
0 0

thus we deduce that T (u(t)) € BV(]0, L) for almost all t € (0, T) and consequently u(t) € TBV*(]0, L[).
Then, by (5.94), and applying again Lemma 5 of [2], we obtain that

T(u()) € L}oc,w(o, T,BV(]0, L[)). (5.95)

Step 5. Identification of the field. Let us now prove that
z(t) =a(u(t), du(t)) aetelo, T (5.96)

Let 0 < ¢ € D(Qr) and g € C2([0, L]). Assume that ¢ = n(t)p(x) with n € D(J0,T[) and p €
D0, L[). Let 0 <a<b,and T =Ty . Let j denote the primitive of T. Recall that

r r

Ja(x, r):/a(s, g'x)ds and Ja(x, r):fax[a(s,g’(x))]ds

0 0

For simplicity, we write
D2 Ja(x, T(u®(t + AD)) := Dy Ja(x. T(u*(t + AD))] = Ju (x, T(u® (¢ + AD)).
Working as in the proof of Step 6 of Theorem 3 in [4] we find out that
[D2Ja(x, T+ AD))]" =au e+ A0, g)a[T (" + AD)]. (5.97)

Using (5.97), (2.10) and (5.84), we obtain
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T L
// " (D (T (uX(t + AD) — g) dt
00
L
- f/¢[D2]a(x, T(u*(t+ A0)) —aw @+ Ao, g')g']de
://¢[z’<(r)nxr(u’<(t+m)) - %0 g +a(uf e+ Ap), g')g']dt
—//d){[Dz]a(x, T(uX @+ A0))]* + [D2Ja(x T(uX ¢+ Ap))]'} dt
= //¢(a(u"(t+ Ab), g) —z¥(0)(g' — %T (X + AD))dt
+/f¢[z’<(r)D§T(u’<(t+At)) —[DaJa(x, T(uX(t + A0))]']dt
2//¢[z’<(r)D;T(u’<(t+At)) —[D2Ja(x T(uX ¢+ A0))] ] de

L

T
/ ¢>[§ [DY(T (¥ (¢ + A0)*)| = [DaJalx. T(u e + N””S] a
00

WV

Again working as in the proof of Step 6 of Theorem 3 in [4], we get

/T/L¢>[ |D3(T (u (t+At)) )| = [D2Ja(x, T (u¥ (t+At)))]:| £>0.

Therefore, we obtain

TL
/ / ¢z (DX (T (u® (¢t + AD) — g) dt
00
TL
— //([)[Dz]a(x, T(uX(t+ Ap)) —a(u® @+ Ap), g')g']dt > 0. (5.98)

00

Now we shall bound from above the first term. By (5.85) and for At small enough, performing like in
(5.78), we get
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T L TL
//¢(t,x)T(uK(t+At))DXzK(t)dt=//q>(t 0T (U + A0)&X (t) dxdt

00

/'/' P (t — At, x) o (t, x) ( K(t))dtdx

Then, integrating by parts, we have

TL
//¢(t)z’<(t)Dx(T(uK(t+ Ab)) — g)dt

00

//¢(t—At) ¢(t) ( K(t))dtdx

/f(;)(t)ggK(t)dtdx—// qdOZ O[T (X (t + AD) — g]dtdx.

Thanks to this inequality we arrive from (5.98) to
// G At) o© HUNG)) dtdx+//¢(t)g.§ (t)dtdx

- / / KO O[T (WXt + AD) — g]drdx

- // pO[D2Ja(x, T(u (¢ + AD)) —a(u + Av), g')g']dt > 0. (5.99)

Letting K — oo in (5.99) and having in mind that
D2 Ja(x, T(u® ¢+ AD)) — D2 Ja(x, T(u(t))) weakly as measures
we obtain

TL

// 8t¢(t)] u(t) dt+ (us, pg) — / u(t) z(t)axqﬁ(t)dxdt

00

+/[¢(t)[—Dzja(x,T(u(t)))+a(u(t),g’)g’] dt > 0. (5.100)
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By (5.66),
(ur, pg) = / / z(t)goxp(t) dtdx — / / z(H)g'p(t)dtdx
and we can rearrange (5.100) in the following way

TL TL
/ / dp () j(u(®))dtdx — / / z()g'p(t)dtdx — / / T (u(t))z(t)dxg (t) dxdt
00 00 00

+f/¢(t)[—D2]a(x,T(u(t)))+a(u(t),g’)g/]dt>0. (5.101)

Now, for T small enough and using again the trick in (5.78), we have
t— t
// dp (t, %) j(u(t, x))dxdt = 11m // n( n® Jj(u(t, %) px) dxdt

< lim /fu(t x)p(x)—(nT(u)) (t.x)dxdt,

where we used again the notion of Dunford integral (see Remark 5.3). Using (5.65), we have

TL

d T T
[ [ w00 5 trmw)* ©dxde = ~{ue. p(r7 )" )
00

T

t
T . 1
= —lim{&". p(nT(w)) (~)>=—110rln/<sz°‘(t),,o; / n(s)T(u(s))ds>dt
t—

0
TL t T t

=lior[n /fz“(t)Dx<,o% / n(s)T(u(s))ds)dt:liop //8xpz°‘(t) / %n(s)T(u(s))dsdxdt
00 t=t 00 t=t

TL t L
+11m //pz (t)Dx[(nT(u) t]d /% / n(s)/T u(s))z(t)oxp dxds dt
t—1 0

TL
+lim // pz*®OR[(nT W) ©)] dxdt +lim /[ pz*®D3[(nT W) (t)] dt
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T
0

t
+/%/n@/mmwww@mwm
0 t—1 0

Q=

t L
/ / (u@s) z(t)axpdxdsdt—i—/ / (s)/pz(t)ax T(u(s))) dxdsdt
z 0

t—1 t—1

Taking limits when t — 0, having in mind (5.89), we obtain

T

L
// A () j(u(t) dxdt</17(t)/T u(t) Z(t)ax,odxdt+/n(t)/pz(t)ax (u(t)) dxdt
0

0
L
+cM/n(t)/p|D§[T(u(r))]|dt.
0 0

From (5.101), all gathered together reads

T

0< — //db(t)z(t)g dxdt—l—/n(t)/pz(t)ax (u(t)))dxdt+cM/n(t)/p|Ds (u(®)]dt
0

+//¢ D2 Ja(x T(u()) +a(u(t). )g']dt.

Using that Dy Ja(x, T(u(t))) = a(u(t), g)ox(T(u(t))) + [D2 Ja(x, T (u(t)))]°, this is written as

T L TL
O<CM/n(t)/p|D§T(u(t))]dt—//q/)[Dzja(x,T(u(t)))]sdt

+// g — (T (u®m))][a(u). &) —z@t)]p dxdt.

As measures,

cM|DST (u®)| — [D2Ja(x. T(u®))]’ +[g — o (T (u®))][a(u®), &) —z®)]£> >0
Taking the absolutely continuous part and particularizing to points x € [a < u(t) < b], this reduces to
[g —oxu®)][a(u), g') —z®)] >0,
an inequality which holds for all (t,x) € SN[a <u < b], where S C]0,T[ x ]0,L[ is such that

£2(00, T[ x 10, L[\ S) =0, and all g € C2([0, L]). Being (t,x) € SN[a <u < b] fixed and & € R given,
we can find a function g as above such that g’(x) = &. Then

(z(t,x) —a(u(r), &))(0xu(t,x) —£) >0, VEeRandV(t,x)eSN[a<u<b].
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By an application of Minty-Browder’s method in R, these inequalities imply that
z(x) = a(u(t, X), oxu(t, x)) ae.onQrnNja<u<bhbl.

Since this holds for any 0 < a < b, we obtain (5.96) a.e. on the points of Qr such that u(t,x) # 0.
Now, by our assumptions on a and (5.90) we deduce that z(x) = a(u(x), u’(x)) =0 a.e. on [u = 0]. We
have proved (5.96).

Step 6. The entropy inequality. Given S € P+, T € T+ and ¢ € D(Qr), working as in the proof of (5.92)
we can get

TL

// ¢z (DX (T (u® (¢ + AD)S(uX(t + AD)) dt
00
T L

<// JTs(uK(t))dedt

00

TL
—// 03T (U (t + AD)S (X (¢ + AD)) dxdt (5.102)

and the fact that {zX(®)Dx(TX(t + At)SX(t + At))} is a bounded sequence in L} (0,T;
M(]O L)). From here, as in the proof of Theorem 4.5 of [6], we can get that the sequences
(ZX(t)Dx J7s WX (t + A1)} and {zK @)Dy JgT WX (t + At))} are bounded in L} (0, T; M0, L[)). This
allows us to define, up to subsequence, the objects MT’ /Ls € M(Qrt) by means of

T

L
(¢, 5} =lim / ¢z (O)Dx Js(u (¢ + AD)dt, V¢ € C(Qr),
00

(¢, ) =lim / / ¢z (O DxJsr (uX (t + AD)dt, Ve Cc(Qr).
00

Then, passing to the limit in (5.102), we obtain
(6. u5) + (9. 13)
T L
< / Jrs(u(®)) o (t) dxdt — // 2()xpT (u(®))S(u(®)) dxdt, Vo eD(Qr). (5.103)
00
Working as in proof of Lemma 4.11 in [6], we can get the following result.

Lemma 5.6. For S € P*, T € T, we have that ,u,g > hs(u, DT (u)).

By the above lemma and (5.103) we obtain the entropy inequality
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TL TL
//dbhs(u,DT(u))dt+//¢hT(u,DS(u))dt
00 00

T L T L
g// ]TS(u)¢>’dxdt—//a(u,8Xu)-3X¢>T(u)5(u)dxdt
00 00

for truncatures S € P+, T € 7+ and any smooth function ¢ of compact support. O
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