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Abstract
We study nonnegative classical solutions u of the polyharmonic inequality
—A"u >0 in Bj(0) — {0} C R".

We give necessary and sufficient conditions on integers n > 2 and m > 1 such that these solutions u satisty
a pointwise a priori bound as x — 0. In this case we show that the optimal bound for u is

ux) = O(F(x)) asx —> 0

where I is the fundamental solution of —A in R”.
© 2011 Elsevier Inc. All rights reserved.

Keywords: Polyharmonic inequality; Isolated singularity

* Corresponding author. Fax: +1 979 845 6028.
E-mail addresses: marius.ghergu@ucd.ie (M. Ghergu), amir@math.utoronto.ca (A. Moradifam),
stalia@math.tamu.edu (S.D. Taliaferro).

0022-1236/$ — see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2011.04.003


https://core.ac.uk/display/82628863?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

M. Ghergu et al. / Journal of Functional Analysis 261 (2011) 660-680 661

1. Introduction

It is easy to show that there does not exist a pointwise a priori bound as x — 0 for C2 non-
negative solutions u(x) of

—Au>0 in B;(0) — {0} CR", n>2. (1.1)

That is, given any continuous function i : (0, 1) — (0, co) there exists a Cc? nonnegative solution
u(x) of (1.1) such that

u(x) # O(tﬁ(|x|)) as x — 0.

The same is true if the inequality in (1.1) is reversed.
In this paper we study C>" nonnegative solutions of the polyharmonic inequality

—A"u>0 in B1(0) — {0} CcR" (1.2)
where n > 2 and m > 1 are integers. We obtain the following result.

Theorem 1.1. A necessary and sufficient condition on integers n > 2 and m > 1 such that C*"
nonnegative solutions u(x) of (1.2) satisfy a pointwise a priori bound as x — 0 is that

either m is even or n < 2m. (1.3)

In this case, the optimal bound for u is

u(x) = O(Fo(x)) asx — 0, (1.4)

where
IO [ T s
"= tog 2 irn=2 (>

The m-Kelvin transform of a function u(x), x € 2 C R" — {0}, is defined by
v(y) = |x|""*u(x) where x = y/|y|%. (1.6)
By direct computation, v(y) satisfies
A"Mv(y) = |x|" T Ay (x). (1.7)

See [14, p. 221] or [15, p. 660]. This fact and Theorem 1.1 immediately imply the following
result.
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Theorem 1.2. A necessary and sufficient condition on integers n > 2 and m > 1 such that C*"
nonnegative solutions v(y) of

—A"v>0 inR"—- B(0)

satisfy a pointwise a priori bound as |y| — oo is that (1.3) holds. In this case, the optimal bound
forvis

v(y) = 0(Io(y)) as |yl — oo (1.8)
where
|y|2m—2 lfl’l 2 37
I'o(y) = { (1.9)
Py 10g61y) ifn=2.

The estimates (1.4) and (1.8) are optimal because A" Iy =0= A"l in R" — {0}.

The sufficiency of condition (1.3) in Theorem 1.1 and the estimate (1.4) are an immediate
consequence of the following theorem, which gives for C*”* nonnegative solutions u of (1.2) one
sided estimates for A°u, 0 =0, 1,2, ..., m, and estimates for |Dﬁ u| for certain multi-indices 8.

Theorem 1.3. Let u(x) be a C*™ nonnegative solution of
—A"u>0 in By(0)— {0} CR", (1.10)

where n > 2 and m > 1 are integers. Then for each nonnegative integer ¢ < m we have

20

+
(—l)m UAGM()C) S C‘m

F0(|x|)‘ for0<|x| <1 (1.11)

where I is given by (1.5) and C is a positive constant independent of x.
Moreover, if n < 2m and B is a multi-index then

dI!

B _
aot=o{

Fo(lxI)D asx — 0 (1.12)

2m —n ifnis odd,
1Bl < (1.13)

2m —n—1 ifniseven.
There is a similar result when the singularity is at infinity.
Theorem 1.4. Let v(y) be a C*™ nonnegative solution of
—A"v >0 inR"— B1)(0), (1.14)

where n > 2 and m > 1 are integers. Then for each nonnegative integer o < m we have
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(_l)m-‘rUAo (|y|20—2mv(y))

{|y|_210g5|y| ifo =0andn =2,

<C 5
[y~ ifo>21orn>3,

for|y| > 1 (1.15)

where C is a positive constant independent of y.
Moreover, if n <2m and B is a multi-index satisfying (1.13) then

dA
B _
D v(y)|—0<‘d|y|lmroo(|y|)‘) as |y| — oo (1.16)
where s is given by (1.9).

Note that in Theorems 1.3 and 1.4 we do not require that m and n satisfy (1.3).

Inequality (1.15) gives one sided estimates for A% (|y|>** ~>"v(y)). Sometimes one sided es-
timates for A%v also hold. For example, in the important case m = 2, n =2 or 3, and the
singularity is at the infinity, we have the following corollary of Theorem 1.4.

Corollary 1.1. Let v(y) be a C* nonnegative solution of
— A%y >0 mnR"-— B1,2(0)

where n =2 or 3. Then

d
v(y) = O(I'(Iyl)) and !Vv(y)\=0<mroo(|y|)‘> as|yl—oo  (L17)

and

2

d
—Av(y) <C‘WFOO(|y|)‘ for |y| > 1 (1.18)

where I's is given by (1.9) and C is a positive constant independent of y.

The proof of Theorem 1.3 relies heavily on a representation formula for C?” nonnegative
solutions u of (1.2), which we state and prove in Section 3. This formula, which is valid for all in-
tegers n > 2 and m > 1 and which when m = 1 is essentially a result of Brezis and Lions [1], may
also be useful for studying nonnegative solutions in a punctured neighborhood of the origin—or
near x = oo via the m-Kelvin transform—of problems of the form

—A"u= f(x,u) or 0K —-A"u< f(x,u) (1.19)

when f is a nonnegative function and m and n may or may not satisfy (1.3). Examples of such
problems can be found in [3,4,8,10,11,14,15] and elsewhere.

Pointwise estimates at x = oo of solutions u of problems (1.19) can be crucial for proving
existence results for entire solutions of (1.19) which in turn can be used to obtain, via scaling
methods, existence and estimates of solutions of boundary value problems associated with (1.19),
see e.g. [12,13]. An excellent reference for polyharmonic boundary value problems is [7].
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Lastly, weak solutions of A™u = u, where w is a measure on a subset of R”, have been studied

in [2] and [5], and removable isolated singularities of A”u = 0 have been studied in [10].

2. Preliminary results

In this section we state and prove four lemmas. Lemmas 2.1, 2.2, and 2.3 will only be used to

prove Lemma 2.4, which in turn will be used in Section 3 to prove Theorem 3.1.

Lemmas 2.1 and 2.2 are well known. We include their very short proofs for the convenience

of the reader.

Lemma 2.1. Let f:(0, 2] — [0, 00) be a continuous function where ry is a finite positive con-

stant. Suppose n > 2 is an integer and the equation

" n—1 ’r_
v+ V=—f(r), O<r<r,

has a nonnegative solution v(r). Then

r

/r"_lf(r) dr < o0.

0
Proof. Let r; =ry/2. Integrating (2.1) we obtain

r

r”_lv/(r)=ri’_lv/(r1)+/,0”_1f(,o)d,o forO<r <ry.

"
Suppose for contradiction that

r

rf_lv/(rl)—i-/,o”*lf(p)dp}l for some rg € (0, ry).

ro
Then for 0 < r < rp we have by (2.3) that

ro
U(FO)—U(F)prl_"dp—)oo asr — 0t

r

which contradicts the nonnegativity of v(r). O

Lemma 2.2. Suppose f:(0, R] — R is a continuous function, n > 2 is an integer, and

R

/p”‘1|f(p)|dp < 00.

0

2.1

(2.2)

(2.3)

(2.4)
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Define ug: (0, R] — R by

L " f(pydp + [Fpf(p)dpl  ifn =3,

rh

uo(r) =
(g 22) [T pf (p)dp + [ pllog 2) f(p)dp ifn=2.

Thenu =uy(r) is a C? solution of

n—1

—(Auw)(r) = —(u”(r) + u'(r)) =f(r) forO<r<R. (2.5)

’
Moreover, all solutions u(r) of (2.5) are such that
r

2 +;
/p”_1|u(p)|d,0= { o(rv) asr— 0" ifn >3, 2.6)

O@*logly asr— 0T ifn=2.
0

Proof. By (2.4) the formula for uo(r) makes sense and it is easy to check that u = ug(r) is a
solution of (2.5) and, as r — 0,

o™ ifn>3,
up(r) = 1 P
O(logs) ifn=2.

Thus, since all solutions of (2.5) are given by

P2 ifn >3,
logl ifn=2

r

u=u0(r)+C1+C2{

where C| and C, are arbitrary constants, we see that all solutions of (2.5) satisfy (2.6). O

Lemma 2.3. Suppose f:(0, R] — R is a continuous function, n > 2 is an integer, and

| £(1x])| dx < oo. 2.7)
xeBg(0)CR"
If u =u(|x|) is a radial solution of
—A"u=f forO<|x|<R, m>1 (2.8)
then
o) asr — 0% ifn >3,
/ |u(x)|dx = o . (2.9)
O(r“logy) asr— 0" ifn=2.

|x|<r



666 M. Ghergu et al. / Journal of Functional Analysis 261 (2011) 660-680

Proof. The lemma is true for m = 1 by Lemma 2.2. Assume, inductively, that the lemma is true
for m — 1 where m > 2. Let u be a radial solution of (2.8). Then

—A(A" ') =—A"u=f for0<|x|<R.
Hence by (2.7) and Lemma 2.2,
g:=—A"""ue L' (Bgr(0)).
So by the inductive assumption, (2.9) holds. O

Lemma 2.4. Suppose f : Bg(0) — {0} — R is a nonnegative continuous function and u is a C*"
solution of

J— m = N

: uu>J:)} in Br(0) — (0} CR", n>2, m> 1. 2.10)
Then

[ weod 0w asr—>0Tifn>3, @11

ux)dx = ’

R O(rzlog%) asr— 0% ifn=2

X|<r
and

|x|2m_2f(x) dx < oco. (2.12)
|x|<R

Proof. By averaging (2.10) we can assume f = f(|x|) and u = u(|x|) are radial functions. The
lemma is true for m = 1 by Lemmas 2.1 and 2.2. Assume inductively that the lemma is true
for m — 1, where m > 2. Let u = u(|x|) be a radial solution of (2.10). Let v = A” 1. Then
—Av=—A"u = f and integrating this equation we obtain as in the proof of Lemma 2.1 that

rn
P () = rg_lv’(m) + / " f(p)dp forall0<r <ry <R. (2.13)
r

We can assume

R

/ " F(p)dp = o 2.14)

0

for otherwise f‘X|<R f(x)dx < oo and hence (2.12) obviously holds and (2.11) holds by
Lemma 2.3. By (2.13) and (2.14) we have for some r; € (0, R) that

V() =1 (2.15)
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Replacing r» with rq in (2.13) we get

r

/s"_lf(s)ds for0 < p <r
p

B P () 1

v'(p) =

pn—l pn—l

and integrating this equation from r to r; we obtain for 0 < r < ry that

r
—u(r) = —v(r) + W () :
v = v(ry 1 v 1 ,On pn—l
/

ri r
1 n—1
— dp + s"T f(s)dsdp
r o

and hence by (2.15) for some rg € (0, ) we have

1
o

o
/sn_lf(s)dep>0 for 0 < r < ry.

-1
p

ro
—A" ) = —v(r) > /

So by the inductive assumption, u satisfies (2.11) and

ro

[ s = [ RSy

|x|<rg 0

ro ro ro
1
>/r2m+"_5</—1 /S"_lf(S)dsdp) dr
P
0 r p

0]

= C/‘szm_zf(s)s"_1 ds

0

=C / X122 f(x) dx

[x[<ro

00 >

nwy

where in the above calculation we have interchanged the order of integration and C is a positive
constant which depends only on m and n. This completes the inductive proof. O

3. Representation formula

A fundamental solution of A™ in R", where n > 2 and m > 1 are integers, is given by

(=)™ x| ?mn, if2<2m <n, 3.1)
D) i=af (=) x|, if3<n < 2m andn is odd, (3.2)
(=13 |x|2m—n log % if 2<n <2m and n is even, (3.3)
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where a = a(m, n) is a positive constant. In the sense of distributions, A" @ = §, where § is the
Dirac mass at the origin in R". For x # 0 and y # x, let

(=y*
|

i) =bx—y)— Y

la|<2m—3

DY® (x) (3.4)

be the error in approximating @ (x — y) with the partial sum of degree 2m — 3 of the Taylor series
of @ at x.

The following theorem gives representation formula (3.6) for nonnegative solutions of in-
equality (3.5).

Theorem 3.1. Let u(x) be a C*™ nonnegative solution of

—A"u >0 in By(0) — {0} CR", (3.5)

where n > 2 and m > 1 are integers. Then

u=N+h+ Y  a,D*® inB(0)— {0} (3.6)
lo|<2m—2

where ay, |a| < 2m — 2, are constants, h € C*°(B1(0)) is a solution of
A"h =0 in B1(0),
and
N(x)= / U (x, y)A"u(y)dy forx #0. 3.7
lyl<1

When m = 1, Eq. (3.6) becomes

u=N+h+ay®; in B;(0)— {0},

where

N(x) = f D1 (x — y)Au(y)dy
lyl<1

and @1 is the fundamental solution of the Laplacian in R”. Thus, when m = 1, Theorem 3.1 is
essentially a result of Brezis and Lions [1].

Futamura, Kishi, and Mizuta [5, Theorem 1] and [6, Corollary 5.1] obtained a result very
similar to our Theorem 3.1, but using their result we would have to let the index of summa-
tion « in (3.4) range over the larger set |o| < 2m — 2. This would not suffice for our proof of
Theorem 1.1. We have however used their idea of using the remainder term ¥ (x, y) instead of
@ (x —y) in (3.7). This is done so that the integral in (3.7) is finite. See also the book [9, p. 137].
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Proof of Theorem 3.1. By (3.5),

f:=—A"u>0 in By(0)—{0}. (3.8)
Thus by Lemma 2.4,
/ Ix|?" 2 £ (x) dx < 00 (3.9)
[x]<1
and
2 1 +
u(x)dx =0\ r-log- asr — 0. (3.10)
r
|x|<r
If || =2m — 2 we claim
D*®P(x) = O(Fo(x)) asx— 0 (3.1D)

where I(x) is given by (1.5). This is clearly true if @ is given by (3.1) or (3.2) because then
n >3 and IH(x) = |x|>". The estimate (3.11) is also true when @ is given by (3.3) because then
|x|¥"=" is a polynomial of degree 2m — n < 2m — 2 = |a| with equality if and only if n = 2, and
hence D“® has a term with log % as a factor if and only if n = 2. This proves (3.11).

By Taylor’s theorem and (3.11) we have

@ (x, )| < Cly* 2 (x)

5
<C|y|2m—2|x|2—"10gﬁ for |y|<%<l. (3.12)
X
Differentiating (3.4) with respect to x we get
DE(w(x,y)) = (DP®)(x — y)
I patte for x # 0 and 3.13
- Z ——( )(x) forx#0andy#x (3.13)
|o|<2m—3
and so by Taylor’s theorem applied to D ® we have
B =2, 2=n—|B e D x|
|DEw (x,y)| < Clyl x| 1og|—| for |y|<7<1. (3.14)
X
Also,
A?W(x,y):O:A'y'.’lII(x,y) forx #0and y # x (3.15)

(see also [9, Lemma 4.1, p. 137]) and
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/ |q§(x — y)|dx <crm log§
-

|x|<r
22,
< Cly| rclog— forO<r <20yl <2. (3.16)
r
Before continuing with the proof of Theorem 3.1, we state and prove the following lemma.
Lemma 3.1. For |y| < 1 and 0 <r < 1 we have
5
/ |@ (x, )| dx < Cly*"2r*log =. (3.17)
r
|x|<r
Proof. Since ¥ (x,0) =0 for x # 0, we can assume y # 0.

Case 1. Suppose 0 <7 < |y| < 1. Then by (3.16)

/ @ (x, y)|dx < / D —y)|dx+ > |y / |D*® (x)|dx

O<|x|<r O<|x|<r lor|<2m—3

5 5
<C[|y|2mzr210g_+ > |y|'°*'r2'"'°"log—}
r r

la|<2m—3

O<|x|<r

5
< C|y|2m72r2 log —.
r

Case II. Suppose 0 < |y| <r < 1. Then by (3.16), with r = 2|y|, and (3.12) we have

/|lI/(x,y)|dx: / |lI/(x,y)|dx+ / |l1/(x,y)|dx

|x|<2r 2lyl<|x|<2r |x]<2]y]

5 5
<c| [ PR iog o dr P og
x| Iyl

2|yl<|x|<2r

+ Yyl / |D°‘q§(x)|dxi|

lo|<2m—3 [x|<2|y|

_ 5 _ 5
< c[mz’" 2r210g; + [y[*"2|y[* log |y—|]

5
< Cly"*r*log =
,
which proves the lemma. O

Continuing with the proof of Theorem 3.1, let N be defined by (3.7) and let 2r € (0, 1) be
fixed. Then for 2r < |x| < 1 we have
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N(x) = / [@(y—x)— > %D“@(x)]&"u@)dy

r<lyl<l lo|<2m—3
_ / W, y) f () dy.
0<|y|<r

By (3.9) and (3.14), we can move differentiation of the second integral with respect to x under
the integral. Hence by (3.15),

A"N = A"y (3.18)

for 2r < |x| < 1 and since 2r € (0, 1) was arbitrary, (3.18) holds for 0 < |x| < 1.
By (3.7), (3.8), and Lemma 3.1, for 0 < r < 1 we have

/|N<x)|dx< / ( / |!I/(x,y)|dx>f(y)dy

|x|<r |lyl<l |x|<r

5 _
<Cr210g; / IyI?" =2 £ (y) dy
Iyi<I

1
= 0<r210g—> asr — 0"
r

by (3.9). Thus by (3.10)

vi=u— N € L (B1(0)) C D'(Bi(0)) (3.19)
and
f lv(x)|dx = 0<r2 log %) asr — 0%, (3.20)
|x|<r
By (3.18),

A"v(x)=0 for0 < |x|<1.

Thus A™v is a distribution in D’(B1(0)) whose support is a subset of {0}. Hence
A"y = Z agD*$
| <k

is a finite linear combination of the delta function and its derivatives.
We now use a method of Brezis and Lions [1] to show a, = 0 for |«a| > 2m — 1. Choose
@ € C§°(B1(0)) such that

(=D(D)(0) =ay for |a| < k.
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Let ¢ (x) = (p(%). Then, for 0 <& < 1, g, € C;°(B1(0)) and

/vAm¢8 = (Amv)((/)s) = Z aa(Daé)ﬁas

la| <k

=Y au(=D"18(D%:) = Y aa (=11 (D*¢;)(0)

| <k ol <k
_ Z a (_I)IGIL(DQ )(0)_ Z a2i
= o ol P P)) = o« gl
ol <k ol <k

On the other hand,

1
/vAmgo‘g:/v(x)ng(A’"(p)(g) dx

C 1 1
_ +
<82m /|v(x)|dx_0<82m_210gg> ase — 0

|x|<e
by (3.20). Hence a, = 0 for |«| > 2m — 1 and consequently
A"v= Y a,D*= Y a,D*A"®.
la|<2m—2 || <2m—2
That is
N (v - > aaD"‘cD> =0 inD'(Bi(0)).
lo|<2m—2

Thus for some C* solution of A™h =0 in B;(0) we have

v= > ayD*®+h inBi(0)—{0}.
lo|<2m—2

Hence Theorem 3.1 follows from (3.19). O
4. Proofs of Theorems 1.3 and 1.4 and Corollary 1.1
In this section we prove Theorems 1.3 and 1.4 and Corollary 1.1.

Proof of Theorem 1.3. This proof is a continuation of the proof of Theorem 3.1. If m =1 then
Theorem 1.3 is trivially true. Hence we can assume m > 2. Also, if o = m then (1.11) follows
trivially from (1.10). Hence we can assume o <m — 1 in (1.11).

If ¢ and B are multi-indices and || = 2m — 2 then it follows from (3.1)—(3.3) that

gl

a+p _
o

Fo(|x|)‘> as x — 0. 4.1)
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This is clearly true if n =2. If n > 3 then |o 4 8| =2m — 2 4 | 8| > 2m — n and thus

4Bl
a+p — 2m—n—Q2m—2+|B])\ _
D*Pd(x)=0(|x| )= 0<‘d|x||/3| 1‘0(|x|)').

Let L be any linear partial differential operator of the form ZI Bl=b CB DP, where b is a nonneg-
ative integer and cg € R. Then applying Taylor’s theorem to (3.13) and using (4.1) we obtain

db
—F0(|x|)‘ for |y| < % < 1. 4.2)

|Lbw (x, )| < ClyPm ™2 TR

Here and later C is a positive constant, independent of x and y, whose value may change from
line to line. For 0 < b < 2m — 1 we have

L°N(x) = / —Lbw(x, ) f(y)dy for0<|x|<1.

lyl<1

Hence by (4.1), (4.2), (3.6) and (3.9) we have

b

Llux)<C d—F0(|x|) for0 < |x| <1 (4.3)
S ld)xp '
provided 0 < b <2m — 1 and
—L2Ww(x,y) < Cly|*"? d—bro(|x|) f0r0<m<|y|<1 (4.4)
S d|x|b 2 ' '

We will complete the proof of Theorem 1.3 by proving (4.4) for various choices for L. For the
rest of the proof of Theorem 1.3 we will always assume

x|
O<7<|y|<l 4.5)

which implies
lx — yI < x|+ [yl < 3]yl (4.6)
Case 1. Suppose @ is given by (3.1) or (3.2). It follows from (3.13) and (4.5) that

Dfw(,y) = Dfdx—y)|<C Yyl
lo|<2m—3

< Cly 2 x 1AL
Thus (4.4), and hence (4.3), holds provided 0 < b < 2m — 1 and

—(LP®)(x — y) < Cly[" 2 |x)> 0. (4.7)
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Case I(a). Suppose @ is given by (3.1). Let o0 € [0, m — 1] be an integer, b = 20, and L =
(=1)"9 A% Then 0 < b < 2m — 2 and

sgn(—Lbd>) = (=" sen AP

— (_1)1+2m+a 2m—n — (_1)1+2m+20 — _1

sgn A% |x|

Thus (4.7), and hence (4.3) holds with L? = (—1)"t° A% and 0 < ¢ < m — 1. This completes
the proof of Theorem 1.3 when @ is given by (3.1).

Case I(b). Suppose @ is given by (3.2). Then n is odd. It follows from (4.5) and (4.6) that for
0< |8l <£2m —n we have

[(DP @) (x — )| < Clx =y L ClyPrr1PL <y P2 x 1Pl
So (4.7) holds with L? = +DP and |8] = b. Hence
|DPu)| < Clx>" Pl for0< Bl <2m —nand 0 < x| < 1.
In particular
|A%u(x)| < Clx[*™"7%  for20 <2m—nand0 < |x| < 1.
Also, if2m —n+1<20 <2m—2,b=20,and L? = (= 1) A then 0 < o <m — 1 and

Sgn(—Lb<1§) — (_1)m+a+1 sgn AP = (_1)m+0+1+”771 sgn A0|x|2m—n

b—Q2m—n+1) 2m—n+1
— 2 A 2

— (_1)m+0+1+% Sgn(A |x|2m—n)

— (_1)m+0+1+%+0—m+% =1
because A ZF x| = C|x|~! where C > 0.
So (4.7) holds with L? = (—=1)""t A% . Hence (—1)"t A%u(x) < C|x|>"2° for 0 < o <
m — 1 and 0 < |x| < 1. This completes the proof Theorem 1.3 when @ is given by (3.2).

Case II. Suppose @ is given by (3.3). Then 2 < n < 2m and n is even. To prove Theorem 1.3 in
Case 11, it suffices to prove the following three statements:

(i) Estimate (1.12) holds whenn =2, 8 =0, and m > 2.
(i) Estimate (1.12) holds when |8| <2m —n — 1 and eithern >3 or |B]| > 1.
(iii) Estimate (1.11) holds for 2m —n <20 <2m — 2.

Proof of (i). Suppose n =2, 8 =0, and m > 2. Then, since u is nonnegative, to prove (i) it
suffices to prove

5
u(x)gClogﬁ for0 < |x| <1
X
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which holds if (4.4) holds with b = 0 and L? = D% =id. That is if

B 5
—W(x,y) < Cly"*log ™t (4.8)

By (3.4), (4.5), and (4.6) we have

W@y —e@x—y[< Y Do)
|| <2m—3

o 5 _ 5
<C D0yt '“'logmscwm 2logm
lo|<2m—3

and

|®(x — y)| =alx — y|*"*log
lx — yl

5 5
< ClyP" P log = < Clyl" " log —
Yl x|
which imply (4.8). This completes the proof of (i).
Proof of (ii). Suppose |B| < 2m —n — 1 and either n >3 or || > 1. Then n + |B] > 3 and in
order to prove (ii) it suffices to prove

|DPw (x, y)| < Cly|™ 2 FO(IXI)‘ (4.9)

d'B
d|x|IP!

because then (4.4), and hence (4.3), holds with L? = £ D#.
Since @ is given by (3.3) we have n > 2 is even and

@ (x) = P(x)log i
x|

where P(x) =a(—1)2 |x|>™=" is a polynomial of degree 2m — n. Since DP P is a polynomial of
degree 2m —n — |B| < 2m — 3 we have
(="

DIP(x—y= > —'D"‘JrﬂP(x). (4.10)
ol

|| <2m—3

Since DPW(x,y) = A1 + A + A3, where

5
A =DPw(x,y) - DPd(x — y) + (DEP(x — y)) log R

Ay=DEo(x —y) — (DEP(x — y))log

)

|x — vl

|x|

Az = (DEP(x —y))log Pl
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to prove (4.9) it suffices to prove for j =1, 2, 3 that

18]

. 2m—2
Al <P

Fo(|x|)‘. 4.11)
Since

D* P (x) — (D“TP P(x))log |5—|

=‘ Z <0l;|/-,3)(DVP(x))<Da+ﬂ—V log %)' < C|xprn—lel-IA

y<Sa+p
la+p—yI21

it follows from (3.13), (4.10), and (4.5) that

al=1-al=| Y om0t pia) tog
o! ! x|
lo|<2m—3 lo|<2m—3
<SC Yo Iyt g oy P lf
lo|<2m—3
o 1Bl
= ClyP" 2 g To (i) .

Thus (4.11) hold when j = 1.
Since Ay =0 when § =0, we can assume for the proof of (4.11) when j =2 that || > 1
Then by (4.6) and (4.5),

_ ﬂ o _ B—a 5
=] £ (rre (o)

<X
|B—al=1

O N O
< ClyPr 2V

1B
d|x]|IP!

— C| |2m—2

F0(|x|)’.

Thus (4.11) holds when j = 2.
Finally we prove (4.11) when j =3.Letd =2m —n — |B]. Then 1 <d <2m — 3,

|A3] < Clx — y|¢

) x| ‘
og
lx — ¥l

and by (4.5) and (4.6) we have
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e = 31D =[x |? < ClyPm2 PP e — y] < xl,

lx — y|9|log

~X
O e =y B2 = e — P2 P x| < e — )

4P
x|l FO(M)"

< Cly x| =y P2

Thus (4.11) holds when j = 3. This completes the proof of (4.9) and hence of (ii).
Proof of (iii). Suppose 2m —n < 20 < 2m — 2. In order to prove (iii) it suffices to prove

| a¥
(=) AT (x, y) < Cly" e |2(,F0(| |)‘ (4.12)

because then (4.4), and hence (4.3), holds with L? = (—=1)"*7 A% and b = 20.
If |B| = 20 then (4.5) implies

_ o
Z ( y') Da-i—ﬂ@(x)‘ <C Z |y||01||x|2m—n—|a|—|ﬂ|
o

1<]a|<2m=3 1<]a|<2m—3

< ClyPr 2L
Thus it follows from (3.13) that
[ATY (2, 3) = ATP(x = y) + A7 P ()| < Cly " 2772
Hence to prove (4.12) it suffices to prove
(=D AT D (x — y) = ATD () < Cly" 2P (4.13)
We divide the proof of (4.13) into two cases.

Case 1. Suppose 2 < 2m —n +2 <20 < 2m — 2. Then by (4.5)
‘Ao’d)(x)| < C|x|2m—n—20 < C|y|2m—2|x|2—n—2(7

and since

m—n 5 5
AP (|x|2m ”log|—|> Alog 7~ B (4.14)

where A > 0 and B > 0O are constants, we have

sen((— D)™ AT B (2)) = (—1)"TOTEH (1) T = 1 for [z] > 0.

This proves (4.13) and hence (iii) in Case 1.
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Case 2. Suppose 20 =2m — n. Then by (4.14) and (4.6) we have

(_1)m+a+l(Ag¢’(x —y) - AP (x)) = (—1)3+mtotl g10 | x| |
X =y
— 3 3 2m—2
=A10gu<Alo M<A<M>
x| |x] x|

_ 2m—2,.2m—2 . 2—n—20
=A3 |yl |x] .

This proves (4.13) and hence (iii) in Case 2, and thereby completes the proof of Theorem 1.3. O

Proof of Theorem 1.4. Let u(x) be defined in terms of v(y) by (1.6). Then by (1.7) and (1.14),
u(x) is a cm nonnegative solution of (1.10), and hence u(x) satisfies the conclusion of Theo-
rem 1.3. It is a straight-forward exercise to show that (1.16) follows from (1.12) when n < 2m
and B satisfies (1.13). So to complete the proof of Theorem 1.4 we will now prove (1.15).

Suppose o < m is a nonnegative integer. Let v, (y) be the o-Kelvin transform of u#(x). Then
Vo (¥) = |y|?° 2" v(y) and thus by (1.11), we have for |y| > 1 that

(=)™ A (Iy* 2 u(y)) = (= D™ A%, (y)

— (_1)m+a |x|n+2a Ao'u(x)
20

< Clx[rt2 d—Fo(IXI)‘

d|x|2‘7

<C{uﬁmg% ifo=0andn =2,

|)c|2 ifo>1lorn=>3

which implies (1.15) after replacing |x| with 1/[y|. O

Proof of Corollary 1.1. Theorem 1.4 implies (1.17) and

—A(lyITv() < Clyl™ for |y > 1

and thus for |y| > 1 we have

—yI72Av(y) = =A(lyI72v()) + (AlyI7H)v(y) +2V]y[ 7% Vo(y)
d
<=A(lyMv) + C(|y|4roo(|y|) + |y|3mroo(|y|))

<C{|y|—2 ifn=3,
ly|2log5ly| ifn=2

| d?
< Cly|™? Wroo(w‘

which implies (1.18). O
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5. Proof of Theorem 1.1

As noted in the introduction, the sufficiency of condition (1.3) in Theorem 1.1 and the esti-
mate (1.4) follow from Theorem 1.3, which we proved in the last section. Consequently, we can
complete the proof of Theorem 1.1 by proving the following proposition.

Proposition 5.1. Suppose n > 2 and m > 1 are integers such that (1.3) does not hold. Let
¥ :(0,1) = (0, 00) be a continuous function. Then there exists a C* positive solution of

—A"™u >0 inBi(0)— {0} CR" (5.1)

such that

u(x) # 0(v(x1)) asx— 0. (5.2)

Proof. Let {xj};?oz1 C R" — {0} be a sequence such that 4|x; | < |x;| < 1. Choose a; > 0 such
that
q;
V(x))

Since (1.3) does not hold, it follows from (3.1)—(3.3) that lim,_,9 —®(x) = oo and —® (x) > 0
for 0 < |x| < 5. Hence we can choose R; € (0, |x;|/4) such that

— 00 asj— oo. (5.3)

—®(2)dz > R12/aj, forj=1,2,.... (5.4)

lzI<R;

Let ¢ :R — [0, 1] be a C*° function such that ¢(z) =1 for r < 1 and ¢(¢) =0 for ¢t > 2. Define
fj € C°(B;i(x))) by
2

[ go('x _xj')
! 2/ R R, )

Then the functions f; have disjoint supports and

Cn)
/fj(x)dx: / fix)dx < T
Rn

[x—x;|<2R;

Thus f := 230:1 fi € L'(R™) N C*®(R" — {0}) and hence the function u: B;(0) — {0} — R
defined by

u(x) = / —O(x — ) f () dy
yi<i

is a C positive solution of (5.1). Also
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u(x)) > / —o(x; — ) fi () dy

lyl<I1

> ! b d

Z 5 pn —D(x; —y)dy
[x—xj|<R;

:W / —®(z)dz > aj

|z\<Rj
by (5.4). Hence (5.3) implies that u satisfies (5.2). O
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