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1. INTRODUCTION

In many wave propagation problems of classical physics, one encounters
layered media. The seismic wave propagates inside the earth through the
layered structure and in acoustic problems in fluids such as atmosphere or
oceans, the media often have a stratified form. Many works have been
devoted to the spectral and forward scattering problems for the stratified
media (see, e.g., Wilcox [22], Dermenjian and Guillot [2], Weder [21],
Kikuchi and Tamura [14], and Shimizu [19]). A complete set of
generalized eigenfunctions are constructed, the wave operators are defined
and are shown to be asymptotically complete, and the scattering matrices
are proved to be unitary. Little is known, however, about the inverse
problem, in spite of its great importance. The construction of the pertur-
bation from the scattering matrix is one of the main themes of the
study of the wave propagation problem and it certainly has considerable
significance in practical applications.

In the present paper we shall pick up the simplest and the most
fundamental case of the wave equation in a stratified medium. Namely, we
study the equations

(0/0t)> u=co(y)* 4, ,u, (0/01) u=c(x, y)* 4, ,u, (1.1)
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in R"*', n>2, where 4, ,=3"_,(9/0x,)* + (0/0y)*. Here and henceforth,
x=(x, .., x,)eR", yeR! Let us assume that

(A-1) co(y)=c, for +y>0, where c, are constants such that
O<c_<c,.

(A-2) infe(x, y)>0.
(A-3) There exist constants C, d,> 0 such that

|C(X, y) — co(y)| < Ce*()‘o(\x\ + |y|)'

Note that no regularity is assumed on the perturbation c(x, y)—co(y).
In particular, it is allowed to be piecewise continuous.

As mentioned above, with this problem one can associate a family of
unitary scattering matrices {§(E ); E>0}, E being an energy parameter.
The precise definition of S(E) is given in Section 2. Our aim is to show the
following theorem.

THEOREM 1.1. Under the assumptions (A.1)—-(A.3), the perturbation
c(x, y)—co(y) is uniquely reconstructed from the scattering matrix of an
arbitrarily fixed energy E> 0.

For example, let us consider the wave propagation in the atmosphere
under the following situation: The atmosphere has an interface I', above
and below which the sound speed takes different constant values. Then
I is uniquely reconstructed from the scattering matrix of an arbitrarily
fixed energy provided I” coincides with the plane {y =0} outside a bounded
set.

Despite their appearance, the equations (1.1) require a rather involved
analysis. In order to deal with the above problem in a Hilbert space
L*(R"*'; dxdy), we employ the unitary transformations U, f(x, y)=
co(¥) f(x, ¥), Uf(x, y)=c(x, y) f(x, p), by which —co(y)*4, , and
—c(x, y)* 4, , are transformed into

Hy= —co(y) 4. ycolp), (1.2)
H= —c(x, y)4, ,c(x, p). (1.3)

Next we note that with the aid of the invariance principle, studying the
scattering matrix for the wave equations (1.1) is equivalent to doing so for
the Schrodinger equations

i0u/0t = Hyu, i Ou/0t = Hu. (14)

(See, e.g., Reed and Simon [17]).
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Our basic strategy is to accommodate the Faddeev theory of inverse
scattering [4] developed for Schrodinger operators to (1.4). We follow
mainly our previous work [11, 12], in which the theory of Faddeev and
the Green operator of Eskin and Ralston [ 3] were reformulated in terms
of pseudo-differential calculus. In our case (1.4), the coefficient ¢y( y) has a
singularity at the interface {y =0}, which makes it difficult to use the
pseudo-differential calculus directly. We shall replace it in this paper by the
calculus of commutators, which was developed in the study of N-body
Schrodinger operators [6, 9, 10]. The basic observation is very simple. Let

1
Azz—i(x-Vx+y8y+Vx-x+0yy). (1.5)

Then [ A4, ¢y(y)] =0; hence
i[Hy, A]=2H,. (1.6)

This simple relation enables us to transfer the results proved for N-body
Schrodinger operators to our operators H, and H. In particular, one can
introduce the radiation condition for H, in terms of B=X '24X "2
X=(1+|x]*>+ y*"% which in turn is essential in studying the crucial tool
of the direction dependent Green operator for H,.

In Section 2, we represent the scattering matrix using the spectral
representation of H,. In Section 3, we summarize various facts on the
resolvent of H, and the direction-dependent Green operator, leaving
the proof until Sections 6 and 7. In Section 4, we construct the Faddeev
scattering amplitude and the perturbation is reconstructed from this in
Section 5.

The commutator calculus has now turned out to be one of the most
powerful tools in the study of spectral and scattering theory in mathemati-
cal physics. It is therefore very plausible that the commutator method also
has a wide range of applicability in the inverse scattering problem. We shall
return to this subject elsewhere.

Let us also remark that by the terminology inverse scattering, we restrict
ourselves in this paper to the reconstruction of the perturbations from the
scattering matrices. There are of course many different formulations of
inverse scattering, some of which can be seen in [1, 7, 18, 20].

We finally mention some notations used in this paper. C, =
{zeC; £Imz>0}. For {=((,,..{,)eC", ’=3"_,{;. For xeR", let
(x> =(141x|?)"2. For two Banach spaces X and Y, B(X; Y) is the set of
all bounded operators from X to Y, B(X)=B(X; X). Cs denote various
constants. F( ---) denote the characteristic function of the set { ---}. For
example, F(z>0) is the Heaviside function. For a linear operator 4, o,(A)
denotes the set of the eigenvalues of A.
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2. PRELIMINARIES

2.1. Spectral Properties of H

Let H be as in (1.3). By the assumptions (A-1)—(A-3), it is self-adjoint
with the domain

D(H)={u; c(x, y)ue H}(R" ™)}, (2.1)

where H™(R""') denotes the Sobolev space of order m. For seR, the
weighted Hilbert space L** is defined by

we L < ully= (1 + x| + [ y])* ulx, p)| ey <00, (2.2)

The following theorem was proved by Weder [21, p. 40, p. 59]. Let
Rz)=(H—2z)""

THEOREM 2.1. H has no eigenvalues. For any E>0 and s > 1/2, the norm
limit

R(E +i0) =lim R(E + i¢)
el0

exists in B(L**; L> —%).

2.2. Spectral Representation for H,

We recall the spectral representation for H, defined by (1.2). For the
details see [22] or [2]. The generalized eigenfunctions for H,, are given by

@,(x, ¥, E, &) =(2m) "2 e Seo(y) T a(E, O Wy(p, ELE), 1<j<3, (23)
where £>0, eR”, and y; is a solution to the equation

<_ <j> —Eco(y)2+f2> ¥y, E, &) =0.
'y

Explicitly, they have the following expressions. Let
0,=0,(E &) =E/c>, — & (24)
If £2<E/c® or Ejc® <&,

gpl(xa y, Eﬂ é) :O
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If E/c*> <& <E[c*,

a,(E, &) =0"(nE(c* —c*)) e, e,

lpl(ya Es é)
T Hi(—0,/0)"2) e+ (1 —i(—0, /0_)P)e ",y <.

If E/c? < &2,

@,(x, y, E,£)=0, j=2,3.

If &< E/c?,
a(E, &) =n P00+ 012,
a(E, &) =n P00+ 01,
Yoy, E, €)
— {e""m}’, -
T 00" e LA +0_/0,) ) e, >0,

Us(y, E, &)
— {em%’ y>0,
HA4(0,/0 )P) e +1(1—(0,/0_)P)e ", y<0.

Using these generalized eigenfunctions, we can obtain the following
spectral representation for H,. Let

Dy=(@1, P2, 93),  PF="(?1, 92 P3).
Define the auxiliary Hilbert space by
H(E)="(L*(Q,(E)), L(Q(E)), LA(Q4(E))),
Q(E)={& Efc’, <& <E[c’}, (2.5)
Q,(E)=Q4(E)={&; &< Efc® ).

We define the operator %y(E) by

(F(E) f)(f)=J D (x, y, E, &) f(x, y) dx dy. (2.6)

Rr+1
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Then for any E>0 and s> 1/2,
FE)=B(L>*; A (E)).
Fo(E)* e B(A#(E); L*> ~°) is an eigenoperator of H, in the sense that
(Hy—E) Z(E)*=0.

Moreover it satisfies

%M(RO(E—FI.O)_RO(E_I.O))z%(E)* Fo(E). (2.7)

Here Ry(z)=(H,—z)"'. We also introduce
A ="(LA(Q)), LX(2,), L(Q23)),
Q,={(E &) Ejc’, < <EJc’},
Q,=Q;={(E, &); & <Elc’}.

It has a direct integral representation
®
H = j #(E) dE,
(0, )
and for ge i,

[ 188 dg dE=[ " 8B ) s .

We define (% f)(E, &)= (FH(E) f)(&) for fel**, s>1/2. Then % is
uniquely extended to a unitary operator from L*R"*') to #. It
diagonalizes H,:

(ZoH, fIE, &) = E(F [E, Q).

2.3. Scattering Matrix

The wave operators are define by

W, =slim e™e "™,

t— +w
Let S= W* W_ be the scattering operator. We define

S=FSTFE.



INVERSE SCATTERING IN STRATIFIED MEDIA 25

Then it has the direct integral representation

. @

S= j S(E) dE.

(0, )
More precisely, for any E>0 there exists a unitary operator S(E) on
A (E) such that
(S/)E, &) =(S(E) f(E,-))(&),  Nfe.

The unitary operator S(E) is called the scattering matrix and has the
following representation.

LEMMmA 2.2.

S(E)—I= —2miEZ(E)(Q — EQR(E+i0)0) Z(E)*,

Q:1_<Co>2, )

4

Proof. Since c¢,/c —1 is Hy-compact, we have

—itHy

. . CO
W, =slim e —e

t— + oo C

c too )
:?O_H'J e"™QH e "0 .
0

Using this formula, one can argue in the same way as in [8, Lemma 3.1 ]
to get

A

S(E)—I= —2mi(E) . OF(E)*
+27iF(E) HyOR(E +i0) OH, Zy( E)*.

Since H,%,(E)* = EZ,(E)*, we obtain the lemma. [J

3. GREEN OPERATORS

In this section, we summarize fundamental properties of the resolvent of
H, and introduce the direction dependent Green operator. Most of the
proofs are given in Sections 6 and 7.
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3.1. Resolvent of H,

We first introduce some notations. Let p, = —iV,, p,= —id/Jy, and
X=(1+|x]*+|y|*)"2 Let B be the self-adjoint operator defined by

B=3X""(x-p.+p.-x+y-p,+p, -»X (3.1)
For meR, #” denotes the set of C*-functions f(¢) on R satisfying
IFODISCI+ 1" 5, V=0
For a,meR, #"(a) are the subsets of # " such that

F"(a)={feF";supp f<(a, )},

F"(a)={feF";supp fc(—o0,a)}.
Let Ry(z)=(H,—z) " The following theorem will be proved in Section 6.
THEOREM 3.1. (1) For any E>0 and s>1/2,

Ry(E+i0)eB(L>*; L> —*).

. (2) Let CO(E)=\/E/C+. Then for any m> —1/2, t>1 and F ; €
T (£ C(E)),

F_(B) Ry(E+i0)eB(L>"+"; L>™),

F
(3) Let O<a<l1/2<s<1 and E>0. Let ueL* ~* satisfy co(y)ue

H; (R"*YY and Hyu= Eu. Suppose there exists an ¢>0 such that
F(B) ue L*> ~* either for any Fe #° (&) or for any Fe 7 ° (—¢). Then u=0.

By the above theorem, one can see that when ue L* ~* (s > 1/2) satisfies
(Hy—E)u= felL**,

u is written as u=Ry(E+i0) f if and only if there exist ¢>0 and
0 <a<1/2 such that

(Clowe  F_(ByuelL>~%  VF_eF°(e),
and u is written as u = Ry(E—i0)f if and only if

(Cw  F (BuelL>™",  VF, eF%(-¢),
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for some ¢ >0 and 0 <o < 1/2. Therefore, (C),, should be called the out-
going radiation condition and (C),, the incoming radiation condition. We
shall also use the terminology outgoing (incoming) solution, the meaning
of which is evident.

3.2. Direction Dependent Green Operator
For (e C", let

Ho(0)=co(»)((py+ 0+ p3) co(»), (3.2)
Lo(Q)=(p.+07+ pi— V() (3.3)
V(y)=Eco(y) > (3.4)

We then have formally

(Ho(O)—E) ' =i 'Lo(0) " e

1

We fix an arbitrary direction yeS"~' and construct Ly(zy) ' for zeC, .

For ¢>0 let
D,={zeC;|Rez|<¢g/2}. (3.5)

Let ¢,(t) e C*(R) be such that ¢,(¢) =1 for |¢| >2¢, ¢,(¢) =0 for |{| <e.
Let

VioE 2)=(Z o) ((E+ 29+ s = V() oy &) Fey (3.6)

where 7, _, . denotes the Fourier transformation

Foe =) [ e () dx.

R
Since |[Im(&+zp)’| =2iImz(y-&E+Rez)|=eImz, V, ((E z) is a
B(L?*(R"*1))-valued analytic function on D,.
For &, >0, let
QF=C, u{z;|Im(z+ E/c* )|* <&, Re(z + E/c?)}. (3.7)
For seR, let
%: {Ll, e.v(|x|+\y|)u€LZ(RnJrl)}'

Without loss of generality, we take y=(1,0, .., 0) and let x=(x,, x'). We
define | similarly to above on R’~'xR]. Then for any §>0, there
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exists ¢, >0 such that (p3 +p;— V(y)—z)*l defined for ze C, has an
analytic continuation on Q(*’ as a B(A; A" s)-valued functlon (see
Theorem 7.5), which we denote by R',(z).

Let ¢o(t)=1—¢,(¢) and

W, o(E 2)=(F Lc) AR (—=(&+2)*) F(E <0) go(&)
+R_(—(&+2)°) FE>0) o)} Fone (38)
where 7, _ . denotes the partial Fourier transformation with respect to x;.
Here we recall that F(---) denotes the characteristic function of the set
{---}. For small >0, — (&, +2)°€Q{*) if &, esupp @,, ze D,. Therefore
W, o(E, z) is analytic on D, as a B(#;; #_;)-valued function.
We finally define
Uy, O(Ea Z) = Vy, O(Ea Z) + Wy, O(Ea Z)' (39)
We need to prepare some more notations. For ¢ €R, let
M () =(F L) ' Fl+y-(E—17)=0) 7 .. (3.10)
We also let X' =x—(y-x) 7, X' =(1+|x'|>+ »*)"? and
B =3X' "X petpy-x+y-ptp, )X (311)
For seR, L** is defined by

ue L3 < llull, =1+ 121 +19D" ulx, ) 2ro1) < 0.

We prove the following theorem in Section 7.

THeOREM 3.2. (1) For any 6 >0, there exists ¢>0 such that as a
B(A;; A 5)-valued function, U, ((E, z) is analytic on D, and for s>1/2,
there exists a constant C> 0 such that

U, o(E, i)l o 2 <Clt if T>1.

(2) Let I.,=(—¢/2,¢/2). As z—tel, U, (E, z) converges in
B(A;; H 5). Hence so does V, ((E,z). Let V} ol ,t)—hm-_,, V., olE, z).

Actually V, |(E, z) converges to V, o(E, t) in B(L>*; L*> ~*) and
V, o(E, 1) eB(L>*; L*> %), s>1/2, tel

e

(3) Fortel,, W, (E t)eB(L>"; L% ), s> 12,
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(4) Let
G(E, 1) =cy '™V, o(E, t)e "™ ey, (3.12)
Go(E, 1) =cy '™ "W, o(E, 1) e "¢ ", (3.13)
R, o(E, 1) = G\(E, 1)+ Go(E, 1). (3.14)

Then we have

(HoE) G\(E, 1) =@\(y-p—1),
(Hy—E) Go(E, 1) = @o(y-px—1),
(Hy—E)R, o(E, t)=1
(5) For any m> —1/2 and s> 1, we have
F,(B) M{*)(1) G, (E, 1) e B(L>"**; L"),
VF, e 7°(F Cy(E)), (3.15)
F (B)M{*(1) Go(E, t) e B(L: ™", LT ™),
VF, e 7. (F C(E)), (3.16)
where Cy(E f/c+, J(E)=(E/c* —&*/4)'.

3.3. Perturbed Green Operator

We construct an operator satisfying
(px+29)°+ps—Ec(x, ) ) U,(E, z)=1
It should satisfy the equation
(1—EU, ((E,z)(¢ > —¢;?) UJE, z)=U, ((E, z2).

In view of (A-3), we choose 0 =0,/2, accordingly taking & small enough so
that U, o(E, z)(¢c™ " — ¢y %) is a bounded operator on #_.

DerFINITION 3.3 (Exceptional Points). &,(E) is the set of ze D, such
that 1€ ,(EU, o(E, z)(¢c > —cy 2)).

Lemma 3.4. &,(E)nC, is discrete and &,(E)nR is a closed set of
measure 0.
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Proof. As an operator on # 5, U, ((E, z)(¢c >—c¢y?) is compact and
analytic. Moreover by Theorem 3.2 (1) for t>1

[ U;f,O(Ea it)(c™?— CJZ)H B(# 5 S C/r.

The lemma then follows from the analytic Fredholm theorem. |i

We define for ze D,\é,(E),
UJ(E,z)=(1—EU, ((E,z)(¢c >—c;?) ' U, (E, z). (3.17)

The following theorem is a direct consequence of Theorem 3.2 and (3.17).

THEOREM 3.5. (1) As a B(H;; A s)-valued function, U,(E,z) is

analytic on D,\&,(E), continuous on D, \&,(E).
(2) There exists a constant C>0 such that

H Uy(E’ ZT)H B(A 55 H _5) < C/T

for t>1.
(3) For teI\6,(E), let

R(E t)=c 'e™ U(E, t)e "™ 7c™ (3.18)
Then it satisfies
(H—E)R,(E, t)=1
(4) (Resolvent Equations) Let W =c,/c. Then

R(E, t)=WR, (E, 1) W+EWR, (E, )(W—W " )R (E, t).

y

4. FADDEEV THEORY

R, o(E, t) introduced in (3.14) has the half-outgoing and half-incoming
property, which is seen in the following formal formula:

R, o(E, t)=Ry(E—i0) M (1) + Ry(E+i0) M~ (z). (4.1)

Let us give the precise meaning to (4.1). We take y(¢) e C*(R) such that
x(t)=1 for |t] >2, y(t)=0 for |¢|] <1, and let for small J >0

Ky=(Z. o) 2y - (E=1))0) 7. .. (4.2)
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THEOREM 4.1. For fe L** s>1/2, we have in L*> —°

Ry, o(E, 1) f=lim (Ro(E—i0) M{*)(1) + Ro(E+i0) M~ (1)K /.

Proof. We take y=(1,0, .., 0) and let x = (x,, x"). Letting [Z; =1—K;
we have for small 6 >0

R, o(E, K, =Gy(E, ) K,.
Therefore by Theorem 3.2 (3) for fe L**
|X' R, ol E, 1)K, £ < C XK f1,
which shows that as 6 — 0
R, o(E,)K;f—0  inL>"
By the same reasoning we have
(Ry(E—i0) M\ (t) + R(E+i0) M\ (1)) K, f»0  in L> .
Therefore we have only to show that for small § >0
R, o(E, t)Ks=(Ro(E—i0) M\ )(t) + Ry(E+i0) M| (1))K;. (43)
This is proved if we show that
M F(0)R, o(E, t)K;=M (1) R(EFi0)K,

Let u= M ")(t) G,\(E, t)Ksf. Then by Theorem 3.2 (4) and (5), u is the
outgoing solution of

(Hy—E)u=M{" (1) p:(p,, — K, .
Therefore by Theorem 3.1
M{7(1) G\(E, t)Ks=Ro(E+i0) M (1) ¢1(py, — 1) K. (4.4)
We next let v=M{"(1)coGo(E, 1) coKsg with cog=f, and let w=

F, 0. Then by virtue of Theorem 3.2 (5), w is the outgoing solution of
the equation

(P3=V)+pr+EDw=F e M{7(1) o p, — 1) Ksg.
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Therefore in view of Theorems 7.1-7.3 in Section 7, we have
w=(pi—=V()+pl+&—i0)"" F o M 7(1) oo py, — 1) Ksg.

Multiplying by (‘%ﬁfl)_l’ we see that v is the outgoing solution of the
equation

Ly(0) v=M{7(1) po(ps, — 1) Ksg.

This implies that M ~)(7) Go(E, t) Ksf is the outgoing solution of the
equation

(Hy—E)u=M (1) Po(py,—1) Ks f.
Therefore we have
MAMEN(1) Go(Et) K= Ro(E+i0) M7 (1) 9o paasie, — 1) KAS)
The formulas (3.14), (4.4), and (4.5) imply tAAt
M(1)R, o(E, t) Ks=Ro(E+i0) M| (1) K.
In theAAame way one can show that
M ()R, o(E, t) Ks=Ro(E—i0) M\ () K;. |
Let

T,(E) =2miF(E)* F(y-({—1y) = 0) Z(E). (4.6)

The following formula follows directly from Theorem 4.1 and (2.7).

LEMMA 4.2.

R, o(E, 1) = Ry(E +i0) —T,(E).

LEMMA 4.3. Let W=cy(y)/c(x, y). Then we have

R,=R—(W+ERW—W ") T,(W+EW—-W "R, (4.7)

b4

where we have used the abbreviation R,=R,(E,t), R=R(E+i0),
T,=T,E).
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Proof. Using the resolvent equations,
R=WR W+ ER(W—W~"YR,W,
R,=WR, W+EWR, o(W—W "R,
we have
—(W+ERW—-W ")) T, (W+EW—-W~")R,)
=(W+ERW—-W "R, (W+EW—-W "R,
—(W+ERW—W ") Ry(W+EW—W~")R)
=(14+E1—-W?)R,—R(1+E(1—-W *R,)
—R,—R,
which proves the lemma. |

Let us define the operators in B(L>*; #(E)), s>1/2, by

F(E)=FyE)\W+E(W—W~1) R(E+i0)*), (4.8)
F(E, 1) = T EX W + E(W—W ") R (E, 1)*%). (4.9)

They are eigenoperators of H in the sense that
(H—E)Z (E)*=0, (H—E)Z,(E, t)*=0.

We define the physical scattering amplitude A(E) and the Faddeev scat-
tering amplitude 4 ,(E, t) by

A(E)=F(E)W ™' — W) F (E)*, (4.10)
A (E. 1)=F(E)W ' — W) Z,(E, 1)*. (4.11)

By Lemma 2.2, we have
S(E)=1—2nriEA(E).

Let

F,=F(y-(E—17)>0), (4.12)
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THEOREM 4.4.

F(E, 1)* = F (E)* + 2mEF (E)* F,A,(E, 1), (4.13)
A,(E, 1) = A(E) + 2miEA(E) F, A (E, 1). (4.14)

Proof. By using Lemma 4.3, we have
F,(E. 1)* = WF(E)* + ER (W— W) F(E)*
=F (E)*—E(W+ERW—-W ")T,(W—-W")Z(E, t)*

Using the definition of 7,, we get (4.13). By multiplying (4.13) by
FAE)W—W~"), we get (4.14). |

THEOREM 4.5. Let K=2niEA(E) F,. Then

teé,(E)<=1ea,(K).

Proof. One can easily check that
te&(E)<=1ea,(EWR, ((W—W)).
Letting K =2niEF (E)* F,Z(E)(W "' — W), we have
1—EWR, (W—W )=(1—EWR(W—-W"))(1-K). (415)
In fact, by the resolvent equation and (4.8) we have
F(E)*=(W '"—ER(W—-W") Z(E)* (4.16)
This and Lemma 4.2 imply that
(1—EWR(W—W~1))(1-K)
=1—-EWR(W—-W™ +EWT (W — w1
—1—EWR, (W—W"").
Since E¢o,(H), 1 — EWR\(W— W ™"} is a bijection. Therefore
lea,(EWR, (W—W 1)) <=1leao,(K).
Letting S, = Z(E) W ' — W), S, =2miEZ (E)* F,, we have

K=S,S,, K=85,8,.
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As can be easily seen, 6,(S,5,)\{0} =0,(5,5,)\{0}, which proves that
leap(f()©leap(K). |
By Theorem 4.5 and (4.14), for teI,\&,(E) one can construct the

Faddeev scattering amplitude A,(E,t) from the physical scattering
amplitude:

A (E 1)=(1—K)" " A(E). (4.17)

5. RECONSTRUCTION PROCEDURE

We shall prove Theorem 1.1 in this section. Suppose we are given the
scattering amplitude A(E) for a fixed energy E > 0. By virtue of (4.17), for
an arbitrary direction ye S”~!, one can construct the Faddeev scattering
amplitude A, (E, 1) for 1€ I,\&,(E). This is an operator-valued 3 x 3 matrix,

A, (E, 1)=(AY°(E, 1)),

where each AV(E, 1) is in B(L*(Q4(E)); L*(2,(E))), and has the follow-
ing expression:

(FEV /N = 0 ED) fx. y) dxdy.

This has a continuous kernel A/(E, 1; &, &), £€ Q,(E), &' € Q(E). We are
going to extend A‘y-"k)(E, t; &, &) meromorphically with respect to ¢ by
restricting ¢ and &’ to some affine spaces. Let

o=(£-0)"
and for w, " € R” satistying |w| <1, |o'| <1, and w-y=w"-y=0, let
B(t; 0, 0") = ATPE, t; &(1, ), &(t, ")),
Etw)=A,(t)o+1y, Et,w)=2,(t) o'+ ty.
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By virtue of the expression of ¢;(x, y, E, £) and Theorem 3.5 (3), it has the
expression

B(t; 0, ') = B\(1; 0, ") — EBy(1; 0, '),
By(1; 0, @) = [ e 00 NPTy 1 @)
X W3(3, &1 ) O, ¥) o) dx b,
Bylt;0,0) = [ e 00 W3 EL o)) Olx, p) co(y) " elx, )

x U, (E, 1)(Qe™+ " 5(-, &1, ")) ¢g ' e~ t) dx dy,

Py, &) =(2m) "% ay(E, &) Y3( 0, E, &).

Since U,(E,t) has a meromorphic extension on D, by Theorem 3.5,
B(t; w, w') has a unique meromorphic continuation on D, by the well-
known theorem.

We reconstruct the perturbation c(x, y)—cq(y) from the asymptotic
behavior of B,(it; w, ') as t— . We take p=(p, p,.,1)€R""" with
p#0 and p, ., #0 arbitrarily. We choose ye S" ', 7= (1,7, .,) € S" such
that

p-i=p-y=n-y=0,  n,,,>0.

In fact, we first take ye S” ' orthogonal to p. Then 7= c(p, —|p|*/P,+1)
satisfies the above conditions by the suitable choice of c.

For sufficiently large 7> 0, let

_ 12 _
P _ P
@ o,0=(1-25) 1+ L.

47
@ o =1 —f;)l/zﬁ—ff-
Then we have
0=+ 20, o, =+ 0,
o =n=L40a), =, PR 0.
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We also have for any (w, w, ;)€ S” with @, ;>0
E 12
0B 0 = (- tor) =i o,
+

E E 1/2
0 _(E &(t,w)"* = < — o’ tT o w2> .

- +
Therefore as 7 — o0,

0+(E9 é(ifs a)))l/Z: Ta)n+l + 0(771)3

0_(E, &(it, w) * =10, ., +O0(z7").
We have therefore
Pi(y, Elit, ) =27"%(2m) "D (109, ) T e + O( ),
Choosing w, @' as above we have

SU3(J’» f(if’ CO)) 5”3(.)/’ é(if, CO’))
— 271(27_[)7(;1+1) (T']n+1)71/2 efir(w,,ﬂfw,',ﬂ)y + 0(,573/2)

=2"12n) "tV (g, ) " Pe P O(r ).
Since A4, (it)(w —w')=p+ O(t "), we have
e Hrlimlo—a)x — p=iv-x 4 (77 1),
We have therefore
B\(it; w, ")

~2712m) Y (o) TR [T 0N, ) e dv d,

On the other hand, we have by Theorem 3.5 (2) that
2B, (it; o, ') = 0.

This shows that the perturbation ¢(x, y)— c¢o(y) is uniquely reconstructed
from the limit of t'?B(it; w, ') as T — 0.
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6. PROPERTIES OF (H,— EFi0)~"

We shall prove Theorem 3.1 in this section. The method we use here is
the combination of the classical idea of integration by parts and the com-
mutator calculus developed in the study of N-body Schrodinger operators.
The basic ideas have already been proposed in the papers [5, 6, 9], and
the summary of the applications to the N-body problem was presented
in [10]. We state below essential requisites to reproduce the arguments in
[5, 6,9, 10] but sometimes omit the details.

6.1. Mourre Estimate

Let p,= —iV,, p,= —i0/0y and

A=(x-p.+yp,+p.-Xx+p,y)2 (6.1)
A 1is essentially self-adjoint on &% =the space of rapidly decreasing func-
tions. Let R"*'={(x, y)eR""'; +y>0}. Let %, be the set of functions
u such that
ue H'(R"*")nH'(R""Y),  x-pou, yp,ue L*(R"F') n L¥R"H).

By the cut-off argument and the standard mollifier technique, one can show
that &, = D(A). A direct calculation shows that for u, ve D(H,) n %,

i{ (Au, Hyv) — (Hou, Av)} =2(H,u, v). (6.2)

Let £E>0 and let ¢(¢)e C;°(R) be such that ¢(f)=1 for |t—E| <4,

¢@(t) =0 for |t — E| > 20. Then it follows from (6.2) that for any ¢ > 0, there
exists ¢ >0 such that

@(Ho) i[Ho, A] ¢(Ho) > 2(E—e¢) ¢(H,)™. (6.3)

Let Ry(z)=(H,—z)'. Then by (6.3) and the well-known Mourre theory
[15, 16], we can show that

Ry(E+i0)eB(L>*; L*> ), Vs> 1/2. (6.4)
This is an alternative proof of Theorem 3.1 (1).

6.2. Commutator Calculus

Let X=(1+ |x|>+ y*)"? and

B=X""24x"1"~, (6.5)
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For meR, we let 7,, be the set of smooth functions v(x, y) such that
105000 < C, s X711 Yo, . 4, ,, denotes the set of differential
operators of order k with coefficients € ¥,,. For two operators P and A4, we
define their multiple commutators by

ady(P, A)=P,
ad,(P,A)=[ad,_ (P, A), A], nz=l.

Straightforward manipulations show the following lemma.

LemMa 6.1. (1) [A4, co(»)]1=[B, co(y)]=0.
(2) Pe'@c,mi[})) B] e'%c,mfl'
(3) ad(X,B)e% ,_,, n=0.
(4) i[HO,B]=2X*1/2(H0—COBZCO)X*‘/2+c0X*1/2PX*‘/2c0,Pe9j,,l.
(5) ad,(H,, B)=cyPcy,, Pe® _,, n=0.

We now define the following class of operators.

DEerFINITION 6.2. For meR, 027(X) is the set of operators P satisfying
X*ad (P, B) X’ e B=B(L?; L?), Va, f, Yn >0 such that a + f=n—m.

The following lemma is proved easily by the above definition and a
simple computation.

LemMa 6.3. (1) Pe0OP"(X)< P=X"P, for some P, e OP°(X).
(2) Pe0OP™(X)=[P,Ble 02" (X).

3) PeOP"(X)=XPX'e 02" **(X), Yk, leR.

4) Pe(O0P"(X)=P*ec0P"(X).

5) Pe0P"(X), Qe0P"(X)=PQecOP" "(X).

6) PeO0P"(X)=c,PeO0P"(X).

Let # be the set introduced in Section 3. Representing f'e #™ by its
almost analytic extension, one can show the following lemma (see [5,
Lemma 2.4] or [10, Lemma 2.47).
Lemma 6.4. (1) f(X)eOP"(X) for fe F™, meR.
(2) f(H,), f(B)e 02°(X) for fe F™, m<O.
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Here in proving (2), one must use the following inequality

(1+1z])
[ITm z|

leo(»)(Hy=2)"" fllm2<C I£1-

Lemma 6.5. (1) BY¥(H,+i) VeB, VN=0.
(2) f(B)p(H,)eBiffe7", meR, peCy(R).

Proof of (1). By an induction one can show that BY(H,+i) " is
written as a finite sum of the terms of the form

B\(H,+1i) " B(Hy+1i)" ™,  B;=ad,(H,, B).
The assertion (1) then follows from Lemma 6.1 (5). The assertion (2)
follows easily from (1). |

The following lemma is proved by the formulas (2.3) and (2.4) of [10].

LEMMA 6.6. For Pe O2™(X), feZ", m,neR, we have the following
asymptotic expansion

[P, f(B)]1~ ) (=1)*"'kladd(P,B) f*)(B),  ad(P,B)e 02" “(X).

k=1

6.3. Uniqueness Theorem

One can now prove the following uniqueness theorem which is well
known for the Laplacian.

THEOREM 6.7. Let 0<a<1/2, E>0. Suppose uel> ™ satisfies
co(V)ue H2 (R"*YY and Hyu= Eu. Then u=0.

loc

Proof. Let ¢(t)e C*(R) be such that ¢(¢)=1 for |[t—E| <d, ¢(t)=0
for |t — E| > 20, where 0 < J < E/2. Since u = ¢(H,)u, we have only to show
o(Hy)ue L

Let v=@(Hy)u, v,=(1+&eX) *v. Then

(Hy—E) v, =2iae(1+eX) " ¢yBcyv, + K, v,
IK(x, »)| <CX 2,

where the constant C is independent of &> 0. A direct calculation shows
that

i([H07 A] Vg, Uc) :40((XYEBCOU£5 BCOU:;) + (QJ;COUa COv)a
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where Y, =¢(l +eX) !, |0(x, y)| < CX 2 Noting that XY, <1, we have

2(Hyv,, v,) <4 || Begu,|I>+ CIX o]
<da |[Vegu, |2+ C | X 1ol?
<4a(Hyv,,v,)+ C.
Since 4o < 2, we have (H,v,, v,) < C. This implies that
(Hyp(Hy)* (1 +eX) *u, (1+eX) *u)<C.
Letting ¢ — 0, we have ve L> |

Let us prove Theorem 3.1 (3).

THEOREM 6.8. Let 0<a<1/2<s<1 and E>0. Let ueL* ~* satisfy
co(V)ue H: (R**YY and Hyu= Eu. Suppose there exists an ¢ >0 such that

loc

F(B)ue L> ~* either for any Fe 7° (&) or for any Fe #° (—¢). Then u=0.

Proof. We shall assume that F(B)ueL*> ~* for any Fe Z° (¢) and
prove u=0. Let v=cy(y)u. Then

(—A4—WVu=0, V=cyy) 2 E.

We take y(p)e CF(R) such that y(p)=11if |p| <1, y(p)=01if |p| >2 and
let

7.(X) =f k2 (k/t)> dk, >0
X

Using the identity

. ~ ~ a ~

l[iAx,y’thlzzRe V.\"%t'px—k@)(t'py s
we have

Re(X **¢?Bv, v) =0,

where y, = y(X/t). Since [ B, ¢o(y)] =0, we have

Re(co( »)? X 22 Bu, u) = 0. (6.6)

Let ¢(1)e Ci°(R) be such that ¢(t)=1 for [t—E|<d, ¢(t)=0 for
|t — E| > 20, ¢ being a small constant. Since H,u = Fu, we have u= ¢(H,)u.
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We take F,(1)e C*(R) such that F_(t)+F_(t)=1, F_(1)=1 if t<¢/2,
F_(t)=0if t>e. Since

sup |(co()* X ™% BF (B) o(H,)u, p(Ho)u)| < o0,

t=1

by the assumption of the theorem, we have by using (6.6) and
F,(B)+F (B)=1

sup Re(co(y)* X >*%?BF . (B) ¢(Hyu, p(Hy)u) < co. (6.7)

t=1

Let g . (1)=(F(¢))"*and g_(1)=1— g, (t). (6.7) implies that \/E g.(B)
o(Hy)ue L*> ~* from which one can show g, (B)ue L* ~* Therefore we
have u=g,(B)u+ g_(B)ueL* % which implies u=0 by the previous
theorem. ||

6.4. Resolvent Estimates

We turn to the proof of Theorem 3.1 (2). Let ¢(¢) e C;(R) be such that
p(t)=1for |t — E| <0, ¢(t)=0 for |t — E| > 26. It follows from Lemma 6.1
(4) that

@(H,) Xl/zi[Ho, B] XI/Z(P(HO) =2¢(Hy)(H,— COBZCO +K) o(H,),

K being a compact operator. Therefore, for any ¢ >0 there exists a d, >0
such that for any J <4,

@(Ho) Xl/zi[HOa B] Xl/z(ﬂ(Ho) = 249(H0)(E*8* Cz+ Bz) §0(H0)-
This is the basic inequality used to estimate the commutator i[ H,, B]

from below.
For a small &, >0, we take Fy(t)e 7° f/c ) satisfying

Fy(1)=0 if 1> /Ec,
Fy(1)=1 if 1< /Ejc, —2e,
(t) : Fy(1)e C~,

=0
<0, J—Fit)eC™.
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and let

F,(1)

(C{(E)—1t)" Fy(1),
Fopoi()=(C(E)—1) F,(1)~.

LEmMMA 6.9. Let m> —1/2. With F,(t) and @(t) introduced above, we
define P,,= X"'F,(B) @(H). Then there exists a constant C,>0 such that

—Re @(Hy) i[ Hy, X"+ 'F,, - (B)] 9(Hy) = Co PEP,, + (),

where (x) denotes an operator having the following asymptotic expansion:

2. PufuB), P,e 02> 171(X),

n=2
eZ°(JElc,),  supp f,<suppF,.

Proof. The proof of this lemma is essentially the same as that of [5,
Lemma 3.2] or [10, Lemma 3.2]. We give only the sketch of the proof.
First we note that

i[Ho. X" 'y, (B)]
=i[Ho, X" 1 sy o(B) + X" [ Hy, Fsp o i(B)].
Applying Lemma 6.6 formally, we have
i[Hy, X" ' 1=202m+1) 2BX*" + -,
l[HOanerl(B)] =i[H,, B]F2m+l(B) + o
where --- denotes the lower order terms in X. Noting that
— Fyp (1) =02m+1) F,(1)>+ G(1),
G(1) = —2(C\(E) — 1)1 Fi(1) Fo(1),
we have
—Re p(Hy) il Ho, X*"*'F,,, 7 (B)] @(Ho)
=2(2m+1) ¢(H,) F,(B) X" (c; B> — C|(E) ¢; B) X"'F,(B) ¢(H,)
+(2m+1) o(H,) F,(B) X" '2i[H,, B]X"*'?F, (B) p(H,)

+@(Hy) X" /G(B)X [ Hy, B1X'? \/G(B) X"p(H,) + (+).
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Taking account of Lemma 6.1 (4), we have
—Re (Hy) i[ Ho, X"+ 'Fy, 1(B)] 0(Hy)
=22m+1) P¥(Hy— C,(E) c;B)P,,
+20(Ho) X" \/G(B) (Hy— ¢3 B*) \/G(B) X" p(Hy) + (%).
We now use

c_<cy)<cs,

Hy2E—¢  on supp ¢(H,),
the latter of which holds if 20 <e, to get
P:rkl(H()i CI(E) C(z)B)Pm

> PH(E—e—Cy(E) cgB) P, + (%)

> Py U (E—g—c2 C(E)B) -2 P, +(x).
c. c.

Noting that

E—e—c* C(E)B>¢ on supp F,(B),

we have
¢ 2
Pi(Ho~ CE) GBIP, >5P% (<) Pyt (x)
Cy
c 2
=e <> P:X;Pm +(*)
Cy
Since

E—¢—c¢> B*>>0  on supp G(B),
we also have
@(Ho) X" \/G(B) (Hy— 3 B?) \/G(B)X"'p(H,)

>@(Ho) X" \/G(B) (E—&—c% B*) /G(B)X""p(Ho) + (*)

= (*).



INVERSE SCATTERING IN STRATIFIED MEDIA 45

We have thus proven that

—Re @(H,) i[ Hy, X*"+'Fs1(B)] @(Ho)

2
>22m+1)e <c> PiP,, + (%),

i
which completes the proof of the lemma. |

Once we have proved Lemma 6.9, we can prove the following theorem
in the same way as in Theorem 3.4 of [5] or Theorem 3.4 of [10]. We
have only to estimate the quadratic form

—Re(g(Ho) il Hy, X" 5, (B)] 9(Ho) Ro(2) f; Ro(2) f)

from above and below.

THEOREM 6.10. Let Ry(z)=(Hy—z)"', m> —1/2, t>1. Let Fe
%(i(\/f/cur). Then we have

X"F(B) Ry(E+i0)X " "eB.

The proof for R(E—i0) is obtained similarly.

7. PROPERTIES OF L,({) !

We shall study various properties of Ly({) ™' in this section. We begin
with establishing the same results as in Theorem 3.1 for L,=L,(0)=
pa+pi— V(). Since [V(y), A1=0 and V(y)= E/c’ , we have

i[Ly, A]1=2(p%+ p})=2Ly+2E/c? . (7.1)

THEOREM 7.1. Let s> 1/2. Then for > —E/c*,

(Ly—AFi0)'eB(L**; L*> —9).
Moreover there exists a constant C>0 such that

I(Lo—AFie) || B(125, 1% —0) S CL'2,

for 2>1 and e =0.
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Proof. This theorem follows from (7.1) and the Mourre theory. The

high-energy estimate is proved by the same method as in [13] (see
Theorem 4.2 of [13]). |

For a small 6 >0, let ¢(z)e C;°(R) be such that ¢(¢)=1 for |¢| <4,
@(t) =0 for |t| >20. Then by a direct calculation we have

@(Lo) X'2i[ Lo, B]1Xp(Lo) =2¢(Lo)(Lo — B>+ V+ K) ¢(Ly),

K being a compact operator. Therefore for any ¢ >0, by choosing ¢ small
enough we have

(P(LO)XI/Zi[LOs B] XI/ZQD(LO) = 2¢(L0)(E/Cz+ -B —e) (P(L0)~ (7.2)

This inequality (7.2) should be compared with (6.8). Using (7.2) one can
repeat the same argument as in the previous section to show the following
theorem.

THEOREM 7.2. Let Cy(E f/c . Then for m> —1/2, t>1 and
F_ e7%(+£Cy(E)), wehave

F_(B)(Lo Fi0) 'eB(L>"*"; L>™).

The proof of Theorem 6.8 actually shows the following theorem.

THEOREM 7.3. Let O<a<12<s<1. Let uelL* 5 satisfy Lou=0.
Suppose there exists ¢ >0 such that F(B) ue L* ~* either for any Fe Z° (¢)
or for any Fe 7° (—¢). The u=0.

In particular Theorems 3.1 and 7.1-7.3 imply

COROLLARY 7.4. Ry(E+i0)=cy (L, Fi0) "¢,

We study the analytic continuation of (L, —z) "

THEOREM 7.5. For any 0>0, there exists an ¢>0 such that
(Lo+ E/c’, —z) ™" defined on C . have analytic continuations across the
positive real axis (0, c0) into the region {zeC;|Ilmz|°<eRez} as
B(#;; A _5)-valued functions.

Proof. Let A= —A,, B=—(0/dy)>—V(y)+ E/c’.. Let F,(A), >0,
and Zy(k), k>0, 0 =E/c’. —E/c*> , be the spectral representations for 4
and B respectively. #,(4) is the trace on the sphere of radius ﬂ of the
usual Fourier transformation. Therefore if e?™f(x)e L*(R"), Z,A) f is
analytic on {Re\/:l>0 |1, f| <80 for some ¢,>0. By solving the
differential equation (—d?/dy>— V(y)+ E/c* ) u=ku explicitly (see, e.g.
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[21], p. 165), we see that the generalized eigenfunctions of B associated
with the energy k>0 are linear combinations of exp( +i \/l; y) and
exp(+i./k—a y), both of which are analytic with respect to \/l; in the
right-half plane. Therefore if e°'”!f(y)e L*(R), Fp(k)f is analytic on
{Re \/k >0, |Imﬁ| <é,} for some &,>0.

Since Z,(4) ® Fp(k) diagonalizes A ® 1 + 1 ® B, we have for Im z #0,

F(A)* @ Fp(k)* F4(2) ® Fp(k)

d) dk.
At k—z

I

The analytic continuation of this operator is obtained by deforming the
path of integration. For a, ¢ >0, let us introduce the following sets:

Q,={zeC;|Imz|*’<¢Rez},

Q,.,={zeQ,;5a<Rez<6a}.

Elementary computations show the following facts:

zeQ£:>|Imﬁ|<\/.§,
zeQ, .. k<da=|Im . /z—k| s\/67£.

We split the integral for (A® 1+ 1® B—z)~! into two parts:

- da dk+ﬂ oo didl = 1,(z) + I(2).

J‘J\}.+k<4aorl+k>8a da<i+k<8a
I)(z) clearly has an analytic continuation on @, , as a B(L?; L?)-valued
function. 7,(z) is again split into two parts:

. d} dk+” o dh dk =: I(z) + L(2).

J~La<ﬂ.+k<8a,k<4a da<l+k<8a, k>4a

We factor the denominator if /5(z) as ( f JzZ— ﬂ +./z—k). Since
|Im /z — k| <\/678 if k<4a, ze Q,, by deforming the path of ﬂ 1ntegra-
t10n we see that I;(z) has an analytic continuation on ,, as B(J%;

Valued function for sufficiently small ¢ > 0. On the integrand of 7,(z),

|Im N \/678 since 4 <4a, z€ L2, ,. Therefore the deformation of the
path of k -integration implies that I,(z) has an analytic continuation
on Q,
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We turn to the proof of Theorem 3.2. The main part of the proof is the
convergence of V, (E,z) as z—tel,=(—¢/2,¢2). Let z=t+1ir, tel,
0<t<1, and let

17% olE, 2)=e"™7V, |(E, z)e ™7 (7.3)
=(Zne) N ((EHT)’ +pi = V() Loy (E=1)) File
For fe L**, we put
U () =(Fn) " Fxy-(E—1)20) LV, o(E 2) f. (T4)
By the support property of ¢, they satisfy

suppifff\,_,éui(r)c{f; +y-&=¢/2}, (7.5)
Ly(izy)u (7)=f, (7.6)
fo=(F ) "ty E=t)20)0,(y- E—ty) F o f. (1)

LEMMA 7.6. Let m> —1/2 and F,(B), F;:l (B) be as in Lemma 6.9.
Let ¢(t) be as in (7.2). We take Y(t)e C*(R) such that y(t)=1 for
t< —¢/d, Y(t)=0 for t> —¢/8. Then there exist a constant Cy,>0 and
Qe 02>~ (X)) such that for 0 <t <1

—Re ¢(Lo) Y(y-p.) {{ Lo(iry)* X*" ', ((B)
— X2, T (B) Lo(ity)} w(y-p.) ¢(Lo)
=>CyP P, + 0O,
where P,,=X"F (B)y(y-p.) ¢(Ly).
Proof.  We shall estimate
—i(Lo(ily)* X>"+'Fy, ((B) — X*"1F,, " (B) Lo(ity))
= —i[Ly, X*"*'F,, . (B)]
—20(X*"F, (B)y - pot 70 X E,, (B)).

Using (7.2) and arguing in the same way as in the proof of Lemma 6.9, we
have

—Re Y(y-py) 9(Lo) il Los X" 'Fyp o (B)] @(Lo) (7
=>Cy,P:P,,+ 0O

with Cy,>0, Qe 02>~ '(X).
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We let

T=—@(Lo)Y(y-p,)S¥(y-p,) o(Ly),
S=Re(X>" " 'Fyp ((B) - pet7-p X"y, (B)),

and estimate T from below by an operator in O2%"~(X).
Let

Ty=(=y-p)"¥(y-p.) ¢(Lo),
T2= Xm+ 1/2F/27+/1(B) Xm+1/2'

We show that
T—-2T,T,T, e 02>~ '(X).
In fact, using the relation
Re X" 'F, 7 ((B) = Ty + 3 [ [Fypy (B), X7 120, X741,
we have
= — (L) Y(7 PNy -pt7-p ) Y(y-po) p(Lo) mod 022" ~(X).
Commuting ¢(Ly) Y(y-p,) and T,, we get
T=T,T;+T5T, mod O2*"~(X).
We finally commute 7', and T, to get
T=2T,T,T, mod 02>~ (X).

Since T, T,T, >0, we have T>0mod 02"~ '(X), which completes the
proof. |

Lemma 7.7. Let m> —1/2 and P,, be as in Lemma 7.6. Then there exists
a constant C>0 such that for 0 <t <1,

|Pm (T)|‘<C(Hf“m+l+Huf(r)Hmfl/Z)'

Proof. Let us first note that u_(7)=y(y-p,)u_(7) by virtue of (7.5).
Using Lemma 7.6, we have

—Re i{(X*"*'Fy ((B) o(Lo) u_(7), @(Lo) f_)
( )f— F2m+l B) X2m+l(ﬂ(Lo) “—(7))}
=C, |P,u_()|*—C Hu—(T)H;Zﬂfl/z'
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Noting that [F,,,(B), X*"*'] ¢(L,) e O2*"(X), one can see that the
left-hand side is estimated from above by

20(X>" By (B) @(Lo) u_(2), @(Lo) f) + CULIZ oy + lu_ (D)2 ).

Since @(Ly) X"+ Fyp oy (B) o(Lo)u_(t) = X" QP u_(1) with Qe
OP°(X), this is estimated from above by

ellPu (012 + CULI5 o+ lu (D50

¢ being an arbitrary constant > 0. This completes the proof. ||

LemMMA 7.8. Let 1/2<s<1 and a=1—5s. Let F_ € F° (Cy(E)). Then
there exists a constant C> 0 such that

[F_(B)u (0)] o <COISls+ llu (D) —3p)

for 0 << 1.

Proof. Let ¢(t) be as in (7.2) and @(¢)=1—¢(z). Then since
(Lo+ity-p.) @(Ly) u_(7)=@(L,) f, we easily have

I¢(Lo) u (D), < CISfIs

with a constant C> 0 independent of 0 <7 < 1.
Let F_ e #° (Cy(E)). Choosing P_ suitably as in Lemma 7.6, we have

X"F_(B)o(Lo)u_(1)=0P_,u_(7)
with Qe 02°(X). Hence, by Lemma 7.7, letting m= —a=5— 1

IF_(B) p(Lo) u (D)l o < CUS s+ llu (D)5 —312)s

which proves the lemma. ||

LemMa 7.9. Let 1/2<f <s<3/4. Then there exist constants C>0, ¢ >0

such that
F <1§> 2> u_(1)

for0<t<l1, t>1.

, <SG (lu_ (@l —p+ 1LF1),
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Proof. We take p e C*(R) such that p(k)=1 for k>2 and p(k)=0 for
k<1 and put p,(k)=p(k/t). We define

1= xp (x) ax.

k
It is easy to see that
< Ce' =2

By a direct calculation we have, letting v=u_(7),

—i([ Lo, x{X)]v,v) =2(BX Pp(X)v, X Pp,(X)v).
On the other hand, using the relation L(ity-p,)v=f_ we have

—i([ Ly, x(X)]v,v)= =2iIm(f_, y (X)v)+47z Re(y (X)ycot p,v,v).

By (7.5) and Garding’s inequality

Re(y(X)y-poo,0) SCt 2 ul 2, < Ct' =2 ul 2.
We also have

(X )o, fOISCE = (o]2 4+ 11 £117).

We have therefore

(BX Pp X )o, X Pp(X)v) <Ct' = (Jol2 ;+ 1 1117)- (7.8)

Here we take F_(t)e F° (Cy(E)) such that F_(¢)=1 for t < Cy(E)/2 and
let F, (t)=1—F_(¢). By Lemma 7.8 we have for some ¢ >0

IF_(B) X Fp(X)v| < Ct=(llv] s+ f1])- (7.9)
Using F,(B)+ F_(B)=1 and (7.9), one can also show that
IF(B) X PpX)vl| < Ct*(|v] s+ £ (7.10)

The inequalities (7.9) and (7.10) prove the lemma. ||
We let

ZUNE, 2)=(F, o) " Fly-(E—1)=20) Z, . T,

Vs

oE ). (111
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THEOREM 7.10. Let 1/2<p <s<3/4. Then there exists a constant C>0
such that

|ZEE, t+it) fIl _z<C|fls

fortel, 0<t<l.

Proof.  We shall prove this theorem for the (—) case. Suppose this is
not true. Then there exist ¢, + it,, f, € L** such that ¢,+it, » tel, and
u,=Z\J(E, t,+it,) f, satisfies

HunH 7/i:19 an“s_)o

By Lemma 7.9 and Rellich’s compactness theorem, {u,} ;. , contains a
subsequence convergent to some ue L> ~#. Hence |u|| _p=1, Lou=0. By
Lemma 7.8, F_(B)ueL* ~* for any F_ € #° (C,(E)). Theorem 7.3 then
implies that u =0, which is a contradiction. ||

THEOREM 7.11. Let J={z=t+it;tel,,0<t<1}. Let 12<f<
s<3/4. Then as a B(L>*; L> ~")-valued function, Z'%)(E, z) is uniformly
continuous on J.

Proof. Let ¢ € C;°(R) be such that ¢(¢) =1 near t =0. We have only to
consider ¢(L,) Z ;,fO)(E, z). Suppose this is not uniformly continuous. Then
there exist ¢,>0, z,, z/, € J and f,, € L*>* such that

an”szla Zn)Z’n_>t€Isa
I(Z3 (. 2,) = Z3 (. 23)) @(Lo) foull 5> eo.

Let u,=Z\")(E, z,) ¢(Lo) f,., v,=Z\)(E, z,) 9(L,) f,. Take 1/2<s"<s.
By the compactness, one can assume that ¢(L,) f, converges in L*>*. Let
w,=1u,—0,. Then [|w,| _z>¢,. By Lemma 7.9 and Rellich’s compactness
theorem, one can assume that w, converges to some w in L* ~#. Hence
[wl _g=¢,. On the other hand, one can see that L,w=0. By the same
reasoning as in the proof of Theorem 7.10, one is led to the
contradiction. ||

TuEOREM 7.12. Let s>1/2. Then V, ((E, z) is uniformly continuous in
B(L**; L* ~*) with respect to zeJ and there exists a constant C>0 such
that

HVV,O(E9Z)fH—s<CHf”.ra ZEJ'
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Proof. We choose f, s’ such that 1/2 < ff <s'<s and consider
XV, oEz) X =X 4P X PZUE ) X X0
+ X X2 E ) X X )

We then apply Theorems 7.10 and 7.11 to conclude the theorem. ||

We now prove Theorem 3.2. The analyticity of U, ((E, z) in z is obvious

by the definition. It is easy to show that ||V, o(E, it)| g(;2, 12y < C/7 for t>1.

O
fo

n the other hand Theorem 7.1 implies that ||W, o(E, it)llg 25, f2-5 < C/t
r t>1, which proves that U, ((E, ir) satisfies the same inequality.

Theorem 7.12 proves (2). Theorem 7.1 proves (3). The assertion (4) follows
from a direct computation. Finally, the assertion (3.15) can be proved by
applying the same arguments as in the proof of Theorem 6.10 to 17;,, olE, 2).
The assertion (3.16) follows from Theorem 7.2.

REFERENCES

. M. Cheney and D. Isaacson, Inverse problems for a perturbed dissipative half-space,
Inverse Problems 11 (1995), 865-888.

. Y. Dermenjian and J. C. Guillot, Théorie spectral de la propagation des ondes acoustiques
dans un milieu stratifié perturbé, J. Differential Equations 62 (1986), 357-409.

. G. Eskin and J. Ralston, Inverse scattering problem for the Schrédinger equation with
magnetic potential at a fixed energy, Comm. Math. Phys. 173 (1995), 199-224.

. L. D. Faddeev, Inverse problem of quantum scattering theory, J. Sov. Math. 5 (1976),
334-396.

. C. Gérard, H. Isozaki, and E. Skibsted, Commutator algebra and resolvent estimates, in
“Spectral and Scattering Theory and Applications” (K. Yajima, Ed.), Advanced Studies in
Pure Mathematics, Vol. 23, pp. 69-82, Kinokuniya, Tokyo, 1994.

. C. Gérard, H. Isozaki, and E. Skibsted, N-body resolvent estimates, J. Math. Soc. Japan
48 (1996), 135-160.

. V. Isakov, Uniqueness and stability in multi-dimensional inverse problems, Inverse
Problems 9 (1993), 579-621.

. H. Isozaki, Structures of S-matrices for three-body Schrodinger operators, Comm. Math.
Phys. 146 (1992), 241-258.

. H. Isozaki, A generalization of the radiation condition of Sommerfeld for N-body
Schrodinger operators, Duke Math. J. 74 (1994), 557-584.

. H. Isozaki, On N-body Schrodinger operators, Proc. Indian Acad. Sci. Math. Sci. 104
(1994), 667-703.

. H. Isozaki, Multi-dimensional inverse scattering theory for Schrodinger operators, Rev.
Math. Phys. 8 (1996), 591-622.

. H. Isozaki, Inverse scattering theory for Direct operators, Ann. Inst. H. Poincaré Phys.
Théor., to appear.

. A. Jensen, High energy resolvent estimates for generalized many body Schrédinger
operators, Publ. Res. Inst. Math. Sci. 25 (1989), 155-167.

. K. Kikuchi and H. Tamura, Limiting amplitude principle for acoustic propagators in
perturbed stratified fluids, Proc. Japan Acad. Ser. A Math. Sci. 65 (1989), 219-222.



54 HIROSHI ISOZAKI

20.

21.

22.

. E. Mourre, Absence of singular continuous spectrum for certain self-adjoint operators,
Comm. Math. Phys. 718 (1981), 391-408.

. P. Perry, I. M. Sigal, and B. Simon, Spectral analysis of N-body Schrédinger operators,
Ann. Math. 144 (1981), 519-567.

. I. M. Reed and B. Simon, “Methods of Modern Mathematical Physics,” Vol. 3, Academic
Press, New York/San Francisco/London, 1979.

. V. G. Romanov, “Inverse Problems of Mathematical Physics,” VNU Sciences Press,
Utrecht, 1987.

. S. Shimizu, Eigenfunction expansions for elastic wave propagation problems in stratified

media R3, Tsukuba J. Math. 18 (1994), 283-350.

G. Uhlmann, Inverse boundary value problems and applications, Astérisque 207 (1992),

153-211.

R. Weder, “Spectral and Scattering Theory for Wave Propagation in Perturbed Stratified

Media,” Applied Mathematical Sciences, Vol. 87, Springer-Verlag, Berlin, 1991.

C. H. Wilcox, “Sound Propagation in Stratified Fluids,” Applied Mathematical Sciences,

Vol. 50, Springer-Verlag, Berlin, 1984.



