View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Elsevier - Publisher Connector

JOURNAL OF ALGEBRA 111, 1-13 (1987)

On PSU(3, q) as Collineation Groups
CHAT YIN Ho

Department of Mathematics, University of Florida,
Gainesville, Florida 32611

AND

ADILSON GONCALVES

Department of Mathematics, University Federal Pernambuco,
Recife, Pe, Brazil

Communicated by Walter Feit

Received August 27, 1984

1. INTRODUCTION

In the study of groups of Lie type as collineation groups of projective
planes, the linear groups of dimension 2 or 3 and the unitary groups of
dimension 3 are the important families related to the Desarguesian planes.
The unitary family, PSU(3, ¢), has been studied, among others, by Hering,
Hoffer, Kantor, Walker, and Seib. In this paper we study PSU(3, q) as a
collineation group of a finite projective plane such that its involutions are
perspectivities. As the situation involving elations has been handled by
Hering and Walker [4], we assume here that the involutions are
homologies. Using geometric method, the group structure of PSU(3, g),
and a character theoretical-like method based on Proposition 2.1, we
obtain an invariant subplane of order ¢° under various conditions.

THEOREM A. Ler m be a finite projective plane. Then the following are
equivalent.

(a) = is a Desarguesian plane of order g%, g odd.

(b) 7 admits a collineation group G = PSU(3, q), q odd such that G
does not leave any point or line invariant, an involution in G is a homology,
and the order of the stabilizer or any point of T is even.

THEOREM B. Let G= PSU(3, q), g€ {3, 5, 7}, be a collineation group of
a finite projective plane of order n such that its involutions are homologies
1
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and G does not fix any point or line. Assume n+#1 (mod 3) when q = 3. If the
stabilizer of any point of n in G is not trivial, then n contains a G-invariant
Desarguesian subplane of order q* where G acts naturally on.

More general results are presented in Theorems 4.1 and 5.1.

2. NOTATION AND PRELIMINARIES

Let n=(2, %) be a projective plane of order n and G a collineation
group of n. For H<G, set P(H)={Pe? | P’ =P for all ce H} and
LHYy={leZ|I’=1 for all e H}, and Fix(H)=(2(H), £(H)). For
Ae?, le¥, <P, and A< YL, let [A]={be L |Aeb}, ()=
{Pe#|Pel}.

We call a collineation 1#0¢ a perspectivity if #(c)=(a)u {4} and
Z(o)=[A]u {a} for some A€ P and ae ¥, and say that 4 = C(o) is the
center and a=a(o) is the axis of 6. A perspectivity is called a homology if
its center does not lie on its axis. We call a collineation ¢ planar (resp.
triangular) if Fix(c) is a subplane (resp. triangle). If #(c)={A4} and
Z(0)={a} such that 4 ¢aq, then o is caled an anti-flag collineation. The
same terminology applies to collineation groups also. A collineation group,
which does not leave any point, line, triangle, or subplane invariant, is
strongly irreducible. A G-incidence matrix of n is an integral matrix whose
rows (resp. columns) are indexed by the line (resp. point) orbits of G such
that for a line orbit ¢ and a point orbit Q the (g, Q)-entry is the number of
lines in g passing through a point in @, which is denoted by ¢Q. Any per-
mutation among the columns or rows yields an equivalent G-incidence
matrix. In order to include the information about the orbit sizes of G, we
write on top (resp. to the left) of the column (resp. row) indexed by
Q (resp.q) the number |Q| (resp.|q|). This is called the embroidered
G-incidence matrix of ©

For a finite set of integers {k;|iel}, let 3 ;*, k,; be the sum of all non-
negative integers in this set.

For any prime p, Syl p(G) denotes the set of Sylow p-subgroups of G.
For any subset S of G, (S denotes the subgroup of G generated by S and
C;(S) denotes the centralizer of S in G. Let K be a subgroup of the sym-
metric group of a set £ and let a € Q. The stabilizer of g in K is denoted by
K,. Other notation and terminology concerning groups (resp. projective
planes) can be found in [2] (resp. [1]). For the convenience of the reader,
we record some known results used in this paper.

2.1. PrRopoSITION. Let Q, Q,, ..., Q, be the point orbits of G and let
g1 q, be the line orbits of G. For 1<t, s<v, define [q,]q,]c=
i1 1P (g, P;)Nq,P;). Then [q,]9,]6=q. 19} +nlq,nq,.
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Proof. The conclusion for [¢q,| q,]s is a special case of 2.1 of [6].

2.2. Lemma [3, Lemma 5.3]. Perspectivity leaving invariant a subplane
has its center and axis belonging to this subplane.

2.3. THEOREM [3, Theorem 3.18]. Let G be a strongly irreducible group
of collineations of n and let M be a minimal normal subgroup of G. Then one
of the following statements holds.

(a) Each element of M is regular or planar.
(b) M is elementary abelian of order 9 and Cy(M)= M.

Either each subgroup of M is triangular, or M contains two triangular and
two planar subgroups of order 3.

(c) M is not solvable, and each subgroup of any component of M is
regular or planar.

(d) M is non-abelian simple and Cy(M) is a {2,3}-group. If
Co(M)# M, then each subgroup of M is regular, planar, or triangular.

3. EMBEDDING OF A UNITAL IN &

In this section let == (P, L) be a finite projective plane of order »
admitting a collineation group G = PSU(3, q), where ¢ is a power of an
odd prime p, such that Fix(G)=(¢4, #) and an involution in G is a
homology. Hence n is odd. Since G has only one conjugacy class of
involutions, all involutions in G are homologies. Let Pe Syl p(G) and
H=Ng4P).

3.1. LeMMA. Different involutions in G have different centers and axes.

Proof. Let a# B be two involutions of G. If « and § have a common
center, then G = {Cg(a), Cs(B))> fixes this common center. This con-
tradicts Fix(G) = (¢, ¢). Similarly, « and § cannot have a common axis.

3.2. PROPOSITION. The g* distinct centers (resp. axes) of the involutions
of H are collinear (resp. concurrent) except possibly for g=3, n=1 (mod 3),
Z(P) is planar, and H is strongly irreducible on the subplane of order con-
gruent to 1 modulo 3, generated by the centers and axes of involutions in H.

Proof. The following structure of H is used in this proof: H = PC,
where C is a cyclic subgroup; Z(P) is the unique minimal normal subgroup
of H; H/Z(P) is a Frobenius group with kernel P/Z(P); and Cn P=1.

First we claim that H fixes a point or a line, unless we are in the excep-
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tional situation mentioned in the Proposition. Assume not. Suppose H
leaves invariant a triangle 4. Let H(A4) be the kernel of the action of H on
4, and H= H/H(4). Since H is isomorphic to a subgroup of the symmetric
group on three letters and |H| =q*(¢> —1)/(g+ 1, 3), we get H(4) > P by
the structure of H and ¢ does not divide 6. Hence H is cyclic of order 1, 2,
or 3. If |H| <2, then H fixes a point, a contradiction. Therefore |H| =3,
and so all involutions of H belong to H(4). Thus the vertex (resp. sides) of
4 are centers (resp. axes) of three involutions in H(4). Hence these three
involutions commute with each other. However, this contradicts the fact
that C is cyclic. Therefore we may assume that H does not leave invariant
any triangle. Let n, be the substructure of n generated by the centers and
axes of the involution of H. Hence =, is an H-invariant subplane. By
Lemma 2.2, H is strongly irreducible on n,. Let H, be the kernel of the
action of H on 7. Suppose H, # 1. Then H, > Z(P). By the structure of H
and Theorem 2.3 we get that H, = Z(P), P/Z(P)= C;x Cy, g =3, and non-
trivial elements of P/Z(P) are triangular, on 7, which implies they are also
triangular on Fix(Z(P)). Since an element in P/Z(P) is a product of two
involutions, it is not planar. This implies # =1 (mod 3). Therefore we may
assume H,=1. By Lemma22, Z(P)=C;xC; and C ,(Z(P))=Z(P).
However, this contradicts the fact that C,(Z(P)) contains a subgroup of
order g + 1= 10. Our claim is established.

Next we prove that if H fixes a point, then H fixes a line containing a
center of an involution of H. Suppose not. Let the fixed point be P*. By
Lemma 3.1, there is an involution « € H such that its center (o) # P*.
Since any two involutions of H do not commute, [ P*] contains all axes of
involutions of H. Let x(a) = P*@(a). Then C,(a)=Z(P) C< H,,,. Since
C () is a maximal subgroup of H, we may assume C,(a)=H ,,. Hence
%(a) is the unique center of an involution of H incident with x(x). For
ae P\Z(P), let I(c)={ieH|i*=1 and ¢'=0""'}. Thus the centers of
involutions of I{¢) are collinear. Denote this line by /(o). For any line
¢ [P*],ifI°=1 then [=(c). Now P= AB, where 4 and B are elementary
abelian normal subgroups of order ¢*> containing Z(P). Let ae A\ Z(P).
For aleA\Z(P) we have I(a)*=(a). Hence [(a)* =(a). Since
a)¢ [P*], lla)=I(al). Let be B\Z(P). As A<a P, a’c A\ Z(P). Hence
{(@®)=l(a). But l(a®)=(l(a))’. Therefore /(a)’=1I(a). Since la)¢ [P*],
Ka)=1(b). As A=<A\Z(P)> and B= (B\Z(P)), we get l(a)*=l(a)=
l(a)®. Hence /(a)” = l(a). This implies /(c) = /(a) for any o € P\ Z(P). Thus
l(a)” = l(a). Therefore H always leaves invariant a line containing a center
of an involution of H.

By duality we get that if H fixes a line then H fixes a point incident with
an axis of an involution of H. Since we prove that H fixes a point or a line,
H fixes a point P* and a line /* such that P* (resp. /*) is incident with an
axis (resp. a center) of an involution of H. The action of P on [P*] (resp.



ON PSU(3, q) AS COLLINEATION GROUPS 5

(I*)) shows that all g* axes (resp. centers) of involutions of H are incident
with P* (resp. I*).

3.3. CoroLLARY. {(a) Ifq+3orn#1 (mod3), then n contains a G-in-
variant configuration isomorphic naturally to a unital of the Desarguesian
plane of order ¢*.

(b) (Kantor [8]) If a fixed point of H is incident with a fixed line of
H, then m contains a G-invariant subplane naturally isomorphic to the
Dearguesian plane of order g*.

Proof. Consider the natural action of G on PG(2, ¢°)= 2.

(a) By Proposition 3.2, H fixes a point P* in n. Applying the
argument in the proof of Proposition 5.3 of [4] yields that (P*)“ is a con-
figuration isomorphic naturally to a unital of PG(2, ¢°).

(b) Let P*eP(H) and /* e L(H) such that P*e/*. By Lemma 3.1 we
get that all g2 centers of involutions of H are incident with /*. Since H is a
maximal subgroup of G and Fix(G) = (¢, ¢), |(/*) n {centers of involutions
of G}| =¢° An easy counting argument on the axes of involutions of G
shows that any line joining two points in P*% is an axis of an involution of
G. Hence |(I*)n P*“| =1. Let P*=P*“y {centers of involutions of G}
and L*=/*%0 {axes of involutions of G}. Then (P*, L*) is a G-invariant
subplane of order ¢ Therefore (P*, L*) is a Desarguesian plane by
Hoffer [6].

4. THEOREM A

In this section we retain the conditions and notations of Section 3. The
exceptional situation mentioned at the end of Proposition 3.2 will be called

Case E. g=3, n=1 (mod3), Z(P) is planar, and H is strongly
irreducible on the subplane of order congruent to 1 modulo 3, generated by
the center and axes of involutions in H.

The following result improves Theorem A except in Case E.

4.1. THEOREM. In addition to the conditions, we assume that |G| is
either even or a power of q. Then n contains a Desarguesian subplane of
order q* where G acts naturally on, except possibly in Case E.

Proof. Suppose this theorem is false. Let the fixed line and point of H
in Proposition 3.2 be /* and P* By Corollary 3.3(b) we may assume that
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P* ¢ * Let « be an involution of H and let B=a(a)n /*. So B**'= B, and
|€(x)¢ N I*| = g* = |B° n I*| by counting axes of involutions.

If |G,| is always even, then [* = (%(a)’ N I*)u (B I[*). Since Z(P)
fixes each point in these two sets, Z(P) consists of homologies with com-
mon axis (resp. center) /* (resp. P*). Hence 2g° — 1 =n=1 (mod ¢}, a con-
tradiction. Therefore there exists a point U of /* such that |G| is a power
of g. Let €(a)®, BC, 01, ..., Os be the G-orbits of points whose intersections
with /* are not empty. For i=1, .., s let Uie0i~ /*. Thus |G| is a power
of g. Let W1, ., Wr€ (resp. V19, .., Vt%) be the G-orbits of points whose
intersections with a{a) (resp. P*$(«)) are non-empty.

If all elements in P\Z(P) are anti-flag, then P(Z(P))= (/*), which
implies n+ 1 =0 (mod p) and » — 1 =0 (mod p). This contradiction shows
that there exists a non-antiflag element o € P\ Z(P). Thus ¢ fixes a point on
I*. Since ¢ is a product of two involutions in H, P(g) < {P*} U (I*). Thus
n=1 (mod p). The action of P on /* now implies the existence of Ze/*
such that G, = P.

We now use the method introduced in [5] based on Proposition 2.1 to
construct the following part of the embroidered G-incidence matrix involv-
ing the line orbits a(«), P*% (), and [*. For the convenience of the reader,
the number of points of a G-orbit on a line of a line orbit is put in the
lower corner of that entry for some cases. Also we indicate the represen-
tative of G-orbits involved.

Some remarks concerning TableI are in order. Note that the points in
the line orbits represented by a(x), P*€(a), /* are contained in the point
orbits shown in Table I, where V= (g+1,3) and U= (g> — 1)/V.

Clearly |€(2)| = la(x)®| =q* (> —q+1). Since H=Gp=Gp., |I*°| =
@ +1=|P*%. As |Cg(a): Co(a) nH| =g+ 1, [[6(2)] nI*C]| = g+ 1. From
{* N E(a)| =q°, we get |[B1nI*®|=1. Hence Gz<G,.,=H and so
Gg=Hgz=Z(P) C. Therefore |B“| =q*(g>+ 1) and |[[€(x)] N I*C| =g+ 1.
Similarly |P*%(a)°| =q*(¢° + 1) and |P*@ () n € (a)®| =g+ 1.

The columns indexed by #(a), B, P* are easily obtained by counting
axes and centers of involutions.

Counting incidence in {xny | x#yea(a)®} yields the remaining upper
corner entries of the first row. Computing {first row | third row] yields the
entries of the third row indexed by the W’s, which are zeros. Counting
incidence in {x Ny | x#yel*°} yields the remaining upper corner entries
of the third row.

Let Uj*e P*¢(x). Suppose GyrnZ(P)#1. Then G rnZ(P)<P*
implies P# = P by the structure of PSU(3, q). Hence g € H and so P** = P*
Thus P*¥&(a) = P*Uj® = (P*U;)®* = [*%, a contradiction. Therefore
Z(P)NGp=1, and PS# P. As Ppegyy=Z(P), |(P*(2))U%| = |G yel =
1Gl. This shows that |[[Uj¢]n (P*&(x))° = Gyl y;,, where y; =L
Thus |[Uj]n (P*$(x))¢|=|G,,| yj. Computing [P*€(a)¢ | [*°] yields
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@+ =¢g"—q+D)(g+D{g+ 1)+ Z;_, U1 (IGyl ). Since |G| =
q*(q* + 1) (¢° — 1)/V, the above equation gives

V=Y y, (1)

Jj=1

Since the cyclic subgroup of order g—1 of C is inverted by an
involution, it is not planar.

There is exactly one axis a(f) of an involution § of G passing through W
for any WelJ;_ W¢. Therefore G, <G, =Cs(B). The axis of any
involution commuting with Z{P) is in [P*]. Hence {Z(P)nG,|=1 for
We Wi¢~ P*¢(a), i=1, ..., r. This and the last paragraph now imply that
|Wi®n P*@(a) =q(q— 1) b, for some non-negative integer b,. Since
P*¢(a) nE(a)’ = {%(a)}, (P*€(a))’ # P*€(a). Hence a,> 2.

Let X be a point in the G-orbits of the U’s or V’s. Then |G| is a power
of g. Hence |Gy~ C| = 1. Therefore C acts semi-regularly on X¢ n P*%(«).
This shows that |V.,°~ P*&(a)| =ud, for some non-negative integer d,.
Assume now X is a point in the G-orbits of the U’s. Then |Gy Z(P)| = 1.
Therefore |Uj¢ n P*@(a)] =qUx; for some non-negative integer x,.
Since  |Uj°l-1G 1 y;=4¢°(¢>+ 1)(qUx;) by the incidence structure
(P*€(2)°, Uj°), x;=y,.

[U7_, W9 P*@(a)| = (¢ — q)(g> — 1) by counting the intersection of
axes of involutions with P*@(a). On the other hand, this number is
2i-19(¢—1) b, Hence

Y b= —1. 2)
i=1
Counting the points on P*#(a) we get
2
g-—1
=1 d .
" <m0 - ) (3)

Since Z"=2Z, (P*Z)"=P*Z. As P(a)<I*u {P*} for ae P\Z(P), the
action of P on the points of P*Z yields n=1 (mod ¢*). By (3) we get

2q*—1)

n=1+11 7 for some integer A. (4)

Counting the points on P*#{a), we now get

2 2_1 r 2_1 K
1+,1q_(q____)=n=1+q(q_1) y bi+ﬂ_) Yy,
4 i=1 |4 i=1

2_1 !
L4
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By (1) and (2), the last equation, after we first cancel 1 from both sides and
then divide them by (¢° —1)/V, becomes ig>=q(g— 1) V+qV +Y!_,d.,=
q*V+3Y!_, d;. Therefore,

i

Y di=(i—V) g (5)

Counting incidences in {xny|x#ye(P*¢(a))°}, we get (g*(¢°>+1))
@@+ -D=¢(F —g+DNg+ VD -q+ (@ + )¢ - 1)+
i q%g + Dglg —1)bla;, — 1) + 2 UPN Gl yAIG il yi— 1) +
it (g7 — 1Y V) d;-q*(q® +1)(C; — 1). After dividing by ¢*(¢* + 1), this
equation simplifies to

S

alg*—1)= i bia,— 1)+ 24D Z (Gul yi—1)

q2~1
%

+ 2 d(C;—1).

By (1), (2), and the fact that ¢;>2 and |G| =g, we get from the last
equation that

2
1
aa'~ 1)z a0~ 1+ LD g
which, after dividing by g* — 1, yields
1 !
9(q*+1)>q(g—D+qlg— 1)+ X d(C,—1). (6)
i=1

If A=V, then by (5) we have d;=0 for i=1, .., . This means that the V’s
do not exist. We recall that G;8 ~» Z(P)=1= G, n Z(P). Therefore Z(P)
fixes exactly two points on P*¥(«), and so Z(P) is not planar. Thus
P(Z(P))<!*u {P*}. Hence P(P)</*u {P*}. Now the action of P on
P*Z yields n=1 (mod ¢*), which gives n=1 (mod ¢>((¢>—1)/V)) by (3).
However, 41=1 implies n=1+ g*(g>—1)/V by (4), which contradicts the
last congruence. Therefore we may assume A> ¥V and ¢ > 1.

Let ie{l,..,¢}. Since P(P\Z(P))</*u {P*} and Vinl*=¢, we
obtain G, (P\Z(P))°= . This implies that G,,=Z(P?) for some
g€ @G, as |G, is a power of ¢. Thus there are two kinds of Z(P) C orbits of
Vi¢ n P*C. The first kind has size (g2 —1)/V and the stabilizer of a point is
Z(P). The second kind has size g((g° — 1)/V) and the stabilizer in Z(P) C
of a point is 1. Let r,=number of Z(P) C orbits of the first kind and
f;=number of Z(P) C orbits of the second kind. By the incidence structure
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((P*€(x))“, Vi) and |G,|=gq, we get that d,=C,. Counting
| Vi€ P*€(a)| yields

Hence

di=qfi+r, for i=1,.,¢ (7)

Let m=1+ ((g>—1)/V) X!_, r.. Since the fixed points of Z(P) on P*%(x)
different from P* and @(x) are in ', (Vi€ A P*E(a)),
m=|P(Z(P))n P*&(a)| — 1.

Let Q, = {1</<r|f;#0}. Suppose 2, = . Then for 1 <j <t we have
;=0 and so Vj° n P*¢(a) < P(Z(P)). Since 1> 1, Fix(Z(P)) is a subplane
of order m. Thus m=1+((g>—1)/V)S!_, di=14+(A—V) qg*((¢> = 1)/V)
by (5). Since A>V and g>3, m>gq. By (4) we get n—m=¢q?(qg>— 1),
which is strictly less than Vm as A> V. Hence n < (V + 1) m. Since m*> < n,
we get m <V +1<4, a contradiction. Therefore we may assume 2, # (.
For ieQ, we have C,=d,>qf,>q by (7). Now (6) yields g(¢>+1)>
24(q— 1)+ (V) Sico afilg—1). Thus @ —1+2=¢>+122(q—1)+
(/VNg—1)>,co fi- After dividing by ¢—1, this becomes
g+14+2/(g—1)22+(1/V) Y0, /- Therefore

Vg-D+——> 5 fi= 3 f, (8)
q-1 ie i=1

Case 1. V=1.

By (8), Xi_,fisq By (7), Xi_,d;<q’+X!_,r;. Therefore
(L—2)g*<Y!_, r, by (5). Hence m =1+ (1 —2) g*(g> — 1). Suppose i > 2.
Then Z(P) is planar and m is the order of Fix(Z(P)). By (4),
n—m<2q*(q*> — 1), which is strictly less than 2m. Thus m* <n < 3m and so
m < 3. However, by the definition of m, 1> 2, and ¢ = 3, we get m > 3. This
contradiction shows that A=2 as A >2. By (4), n=1+2¢%(¢*> —1). If Z(P)
is not planar, then n=1 (mod ¢3(¢° — 1)) by the action of P on P*%(a)
and (3). This contradiction shows that Fix(Z(P)) is a subplane of order m.
Thus n—m=0 (mod g). Since n—m=(2¢*—F!_, r)g’—1), ¥!_,r,=0
(mod g). By the definition of m, we get m>1+g(g>—1). Hence m*>n, a
contradiction. Therefore case | cannot occur.

Case 2. V=3.

Since V=(q+1,3),q#3. Thus ¢=5. S0 2V/(¢q—1)<2V/(q+ 1)< 1. By
8), 3¢g—223!_,f.. By (7), Xi_,d.<q(3¢—2)+3:_, r,. Therefore, by
(5), X!_, ri=(A—6) g* + 2q. By the definition of m, we now have m>1+
[(2—6) ¢*+241((g° — 1)/V). Hence, by (4), n —m < 2¢(3g — 1)((g* — 1)/V).
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Suppose A>6. Then Fix(Z(P)) is a subplane of order m and
m=1+[g*+291((¢*—1)/V)>7. Thus n—m<6m. Hence m*<n<Tm,
and so m < 7. This contradiction shows that 4 < A1<6.

Assume that Z(P) is planar. Then Fix(Z(P)) has order m. Since
n—m=0 (modg), 3!_, ;=0 (mod q). Thus m>1+ q((¢g°>— 1)/¥). Since
1<6, we have 14 64%((g>—1)/V)n=m?>>=1+ ¢*((¢* —1)/V)*. This con-
tradicts (g> — 1)/V = 8. Therefore Z(P) is not planar. As before we get n=1
(mod ¢*((¢g*> — 1)/V)). By (4), ¢q divides A>6. This forces g=4=35, and
n=1001=0 (mod 7). Table I shows that if |G| is even then 7 | (4> — g+ 1)
must divide |X°|. Hence 7} |G,|. However, n* +n+1=1 (mod 7) implies
that an element of order 7 of G cannot act semi-regularly on the points of
7. This contradiction shows that Case 2 cannot occur either, and the proof
of the theorem is complete.

We prove Theorem A in the rest of this section. By Theorem 4.1, it
suffices to treat Case E. By Proposition 3.2, m, is a subplane, whose order
will be denoted by m. Let H be the collineation group of H induced on=,.

If 0 € P\ Z(P), Fix(4) is a triangle. Since H is strongly irreducible, P acts
transmvely on F1x(o) Let the vertex of Fix(6) be denoted by {R, S, T}.
Let I(o)={ie H|i*=1,0'=0""}. Then the three centers of involutions of
I(o) are on one side of Fix(d) and different from its vertex. Let this line
be ST. Then the threc axes of the involutions of I(¢) are in [R]
Let o/ = {axes of involutions in G}. Then |[[X]n/|>3 for Xe {S, T}
Since an involution commutes with 9—3=6 other involutions,
we have [([SJU[T]IV (Uicioy [ED)NA#|=>3+3+3-6=24. Since
|| =9(9 — 3 + 1) = 63, there are at most 39 axes in &/ intersecting ST not
in S, T or %4(i) for iel(s). Since |G,|=even for any point V,
n+1—-5<39. Thus n<43. By Proposition3.2, m=1 (mod3). Since
m? < n, m=4. Therefore an involution will induce an elation on =,, which
contradicts the fact that it is a homology. The proof of Theorem A is now
complete.

5. THEOREM B
Conditions and notations of Section 3 are kept in this section.

5.1. THEOREM. We assume the following additional conditions:
(1) (fg, (g+ 1)/ V)=1, where fo=lem.{|G pcp|l|A4,B,C,D form a
quadrangle in '}, and V= (q+ 1, 3); (2) |G| is either even or not less than
g, where q is a prime. Then n contains a Desarguesian subplane of order q°
where G acts naturally on, except possibly in Case E of Section 4.

Proof. Using the same notations as in the proof of Theorem 4.1.
Following the proof of Theorem 4.1 with slight modification we get a con-
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tradiction except n=1001 and ¢=35. As 1001 is not a sum of two squares
we can apply The Bruck-Ryser Theorem {1].

5.2. In the rest of this paper we prove Theorem B. Define f; as in the
statement of Theorem 4.1. Theorem: Since (¢+1)/V is a power of 2,
(fe.(g+1)V)=1. As in the proof of Theorem4.l, it suffices, by
Theorem 5.1, to consider X' e P*#(«) such that |G| is odd. Thus X belongs
to the orbits of I’s.

Assume |G| <gq. Since |X€| is divisible by (¢°—1)/V -q, |G| divides
¢+1=4.7 if g=3 and 8-43 if g=7. Therefore |G, =7 if g=3 and
|Gyl =43 if g=7 as |G| is odd. This contradicts |G| < q.

In the rest of the proof we assume that ¢=5 and |G| < 5. Since g* + 1 =
32.2.7, |G4| =3. This shows that we may assume that |G,|>3 for any
point X such that |G| is odd. As in the proof of Theorem 4.1, we get
gq(g*+1)=q(g— 1) +q(g— 1)+ (1/V)X!_,d(C;—1). We just show that
C,> 3. Since d; > qf;, the last equation yields (¢ —2¢+3)=>(2/V) X!, f.
Asg=5 weget 9V =3"!_, f. Since 9=2¢g— 1 and V=3, the last equation
yields 6¢° —3qg=q(2q— 1) V=3!_, qf;. From the proof of Theorem 4.1 we
get !_,d;=(A—3)q* as V=3. Hence X!_, r,>(A—9)(¢*+1) 3q, and
m=1+(Zi_,r)(@*—1)/V) 2 1+ ((4—-9) ¢° + 3¢)((¢>— 1)/V). Recall
n=1+Aq*((g*—1)/V) in the proof of Theorem4.1. If A>9, then
m>1+43q((g*—1)/V). Suppose A>9. Then Z(P) is planar and
m>(g*+3¢)((g*—1)/V)>9. Now n—m<(9¢°>—3¢)((¢g*>—1)/V)<8m.
Since m?<n, the last inequality yields m <9, a contradiction. Suppose
A=9.Then n=1+9(g*(g>*—1)/V and m> 1 + 3q((¢*> — 1)/V). Thus Z(P) is
planar. Hence m? < n, which is impossible. Therefore 3<i<8as A=V =3.
Now n<1+84%*((g>—1)/V) and m> 1+ g(q*>— 1)/V. Since (¢g*>—1)/V =8,
m>>n. Hence Z(P) cannot be planar. This implies n=1
(mod ¢*((¢* —1)/V)). Since n=1+Aq*(¢*—1)/V), ¢ divides A As
3<A<8 and ¢=5, A=¢=35 and n=1001. This has been shown to be
impossible in the last part of the proof of Theorem 5.1. The proof of 5.2 is
now complete.
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