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Abstract—We discuss the numerical solution of linear partial differential equations with variable
coefficients by means of an operational approach to Ortiz’ recursive formulation of the Tau
method.

We discuss a procedure which makes it possible to determine the coefficients of a bivariate Tau
approximant by means of a reduced set of matrix operations. It involves no discretization of the
variables, approximate quadratures or the use of special trial functions.

Error surfaces exhibit a remarkable equioscillatory behaviour.

1. INTRODUCTION
This paper concerns the application of an operational approach to Ortiz’ recursive
formulation of the Tau method[6] discussed by the authors in a recent paper on the
numerical solution of non-linear ordinary differential equations{9].

The approximate solution obtained with this technique is a polynomial which, as in
the Tau method, satisfies the given partial differential equation, but for a small per-
turbation term in the right hand side; the supplementary (initial, boundary or mixed)
conditions are satisfied exactly, provided they are of polynomial form.

The coefficients of the Tau approximant in two variables are determined through the
use of a systematic and computationally simple technique based on the use of linear
combinations of products of two matrices with only one line different from zero. They are
used to set up a collection of linear conditions on the coefficients of the approximant,
imposed by either the differential operator or the supplementary conditions. These are
equated to the right hand side of the differential equation and of the supplementary
conditions.

The approximate solution can be constructed in any bi-variate polynomial basis. In the
examples given in this paper we have chosen it to be the Chebyshev product basis (see
Ortiz[7]).

The examples considered here are second order partial differential equations with either
constant or variable (polynomial) coefficients. We have successfully solved biharmonic and
parabolic equations with a variety of supplementary conditions. A more extensive list of
examples is given in [10], where we use a technique proposed by Ortiz[8)], to deal with
Burger’s and other examples of non-linear partial differential equations. Their solution is
reduced to that of a sequence of linear problems with variable coefficients, the fixed point
of which is the solution of the non-linear problem. Segmentation of the domain into Tau
elements, used in [4] in connection with crack problems, is also discussed in [10].
Theoretical error estimates suggest that, for a given degree, the error of a Tau approximant
and the error of the best uniform approximation by polynomials are of the same order
(see [2]). Further details on Ortiz’ formulation of the Tau method can be found in [1]
and [5].

2. DIFFERENTIATION, SHIFTING, AND TRACES OF
BIVARIATE POLYNOMIALS

In this paper we follow the notation of Ortiz[6] for the Tau method, and that of Ortiz

and Samara[9] for the operational approach. Let (,) stand for transposition. Matrices

01 1 0

01 R _ .
n= OI’N'O 3 ,and n = Nu’;
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where introduced in [9] to discuss the effect of combined repeated differentiation and
multiplication by the variable (shifting) on the coefficients of a given polynomial y(x) = ax,
where g = (a,a,,...,a,0,0,...)and x = (1, x, x4 ...,x"...Y. Itisshownin [9], p. 17,
that
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In the case of two independent variables we have:

LEmMA 1
Let

a(x,y)= 3y Z ayx'y’ = xay (2)

i=0j=

where a = ((a)), i,jeN=0,1,2,...; then

ar+l
[xy Ay :Ia(x y)=xBy

where
B =Y Yan'n"
Proof. Follows by applying (1) to each of the variables.
Let u = Ux, v = Vx be two polynomial basis defined by lower triangular matrices U,
V respectively. Then
a(u,v) = udy = xay, where A =(U")~'aV "}, 3)

is the expansion of (2) in the basis ¥ = {u, v}.

LEmMMA 2
Let a(u, v) be given by (3). The combined effect of repeated partial differentiation and
shifting of a(u, v) with respect to x and y is given by

a’+’
[x Y axray‘] @l v) = ukt,

where
= (@) A@) @),
and

w,=UwU™!, Ww,=VwlV ™!, for any matrix w.

Proof. Follows from (3)and Lemma 1. Let z|,_, = (1, k, k% ..., k" k"', .. ) = z(k),
and a(x, k) =g.(x) =gix be the trace of a(x,y) on y =k, then -
a(x, k) = xay(k)=xU'AVy(k),

and
UAVy(k) = g 4)

Similarly, for a(k, y) = h(y) = by, trace of a(x, y) on x =k, we have

x()U AV = . (5)
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(i) The differential operator

Let 2 (see Ortiz[6]) be the class of linear partial differential operators L in the two
...... and wgnith cmaliimanainl AaaffRi~iants T at
variables X, ¥, and wiin poirynoimiial CoCmcicnis. L.Ct

[S419 nomial coemncient of the

for all

VxVy ﬁrﬁ»l

Lez:L= an(x V) 3a oy P=i(r,1), j=jr1); (6)

v, and v, are the maximum orders of differentiation in x and in y respectively.

THEOREM 1
The effect of a linear differential operator LeZ on the coefficients of a bivariate
polynomial a(x, y) = xay = uAy is given by

La(x,y)=ud(4),

where
Vx¥y
d(A) = Z punatrAB;w (7)
ijrt
and
.= Un'uiU-1 B =Vnyy-!
ir 4 s Pp T TR

Proof. Follows from Lemma 2 applied to (6).

Remark 1. The only line of non-zero elements of matrix «, (or f,) is obtained by
multiplying the element I, seN, of the unit matrix I by (r + s)!/s! (or (¢ + s5)!/s!) and
adding r (or 1) rows and i (or j) column of zeros.

(i1) The suppiementary conditions
The supplementary conditions of a partial differential equation can be regarded as

Aah A ey A tinl t 1 {~ ihad 1 fthe I
acined oy differential operators actmg on aix,y ; anOﬁg specinea sections of the usuﬁdafy

I of the domain Q in which the solution is required. If we assume that Q is a rectangle
with sides parallel to the coordinate axis, these operators will depend on only one variable:

e

Da(x, ' a3,y -, = gAx),

f l_ axrany y =y J
— . - !—\ ~ B i _‘ . N P ~ o
Dya(x,y)= LL Oy’ W_l a(x, y)s=xhy), (8)

where i and j stand for indices related to different sectors of the boundary I' of the domain
Q 5,,,, 8. are coefficients related to the differential operators D,; and D,, defined on sections

Yo AL TS

T ~
1 ANCUKEN &
The effect of the supplementary conditions on the coefficients of a bivariate polynomial
a(x.y)= xay = yAv is given by
D.a(x,y) = uR(A)

and
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where
. &, =Unp'U"!
B(A) = éirra :rAy{ { t
’ Z, - Y= Vn'y
) ﬁ}:Vni.ujV—l
Le(A)=Y 6,48, 4
__:( ) ;{ Jt ﬂj {érz UV)'J.C.

Proof. Follows from Theorem 1 and (8).

(iii) The right hand side
Let f(x, y) = xfy be the right hand side of the partial differential equation we wish to
solve approximately. From (7) it follows that

u[d(4)]p = f(x, y) = upy, where ¢ =(U")~ YV ~". )

Similarly, the supplementary conditions lead to the following set of conditions on matrix
A:

{ B(4)=¢, here {G’=(U,)’lgj. (10)

Le()=pg " \Hi= BV~
These equations can be written as
R(A)=G, Le(d)=H,
where R, G are matrices with a number of columns equal to the number of supplementary
conditions of the form y = const., and H, Le are matrices with a number of rows equal

to the number of conditions with x = const.

(iv) Assembly of the equations for the coefficient matrix A
The conditions on the coefficient matrix A expressed by (9) and (10), namely

dA)=¢; R(A)=G; Le(4)=H

can be given in the form of a linear matrix equation:

Le(4) [0 |H
_d(A):l’ and (D_[E ‘ (p]' (11

0

D(A)=®, where D(4) = [m

A Tau approximate solution u,,(x, y) of the partial differential equation

La(x,y)=f(x,y) (x,y)eQ,

with boundary conditions given by (8), is obtained by given a pair (n, m), where n is the
degree of approximation in the x variable and m the degree of approximation in the y
variable, and solving a suitable truncation of (11), which gives the approximate coefficient
matrix A4,, = ((a;), i =0(1)n, j = 0(1)m. Then, the Tau approximation is

n m

anm(x9 .V) = Z 0 aijui(x )U,()’),

i=0/=

with u(x)eUx, and v(y)eVx.
4. NUMERICAL SOLUTION OF THE ALGEBRAIC
PROBLEM D(4)=¢®

Although the numerical solution of matrix equations has a substantial literature (see
for instance Graham(3], and the references given there) we shall describe an ad hoc
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procedure which has been found efficient to deal with matrix equations of the general form
D(A)=Y AX + XB,+ CXD;

Wlle AL LLIDS UL LW lUllllD AX, B,ﬂ collle 1
or second variable, and those of the form C.XD, from mixed derivatives.
Let us consider the linear mapping S: d stringing where

- X, 7
o - Xy
Xy X X5 Xy X
=% X {7 fu---" and Y=| X
Xg X3 X9 Xyg.-. X,
X X X5 X6 e Xe

L - L. .

THEOREM 3

The mapping S is such that: (i) Y(2aAdf) = ZY(xAf); (i1) there exist a unique matrix
K,s such that Y(aAdB) = K,,Y(A4); (iii) for any given vector b there exist a matrix B such
that

Ab = ¢ implies BY(4)=c.

Proof. Let us consider only the case Y(ad) = (a,,a,, %44, - - - ), Where the repetition
of an index indicates summation over it. We can write

Ly = !.I(A )

where [ is clearly unique. If we call Le = (), i = 1,2, ..., it follows that Y(zd4) = Le Y(4).
The same arguments lead to Y(48) = RY(A), hence (11)
If we write 4, for the ith row of 4, and a; for the general element of 4, we have

¢ = 4:1_’ =0ay= é’I(A)

and the same argument as before completes the proof of (iii). We notice that matrix B is
such that there exists an integer k :b; =0 for all j —i = k. We will refer to such matrices
as banded from below; its transpose is then banded from above.

Remark 2. The linearity of the mapping S makes it possible that the operations of
generation of the equation D(4) = @ and its stringing be carried out simuitaneously, which
is computationally convenient. Let

ar+t

= Pux¥ 5omms 5

be a representative of the terms in the differential operator. Such terms will be used to

enerate a matﬂv
Cneratd 4 mairix

d(%) = p,,8,,AB,, where 4, = Un'u'U~", B,=Vn'pv-}

the process of stringing can be applied to the matrix d(1) to obtain A such that
Y (d(2)) = A T(4).
Let us assume that each of the individual terms of D(A4), and also of the supplementary

ndit are treated in thic wav nd that each of the 1 acscumnla 1
onaitions, are treateg in tnis way, and nat €acn oI nem 1s accumulated in a bi-

d1mensxonal array. We then obtain a linear algebraic system for the unknown vector Y(A4).
The coefficients of a Tau approximate solution are obtained by solving a suitable
truncation of that system, and re-defining the indices to transform the elements of the
solution vector back into the g, form. That is. applying S ™' to the vector to get elements
a, of A.
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approach to the Tau method requires following the steps listed below

€)] (‘holce of the degrees (n, m) of approximation in each of the variables.

(2) Choice of the basis ¥ = {u, v}.

(3) Construction and simultaneous stringing of the matrices d(4), R(A4), Le(A4), G, H
and ¢, that is of the elements of the matrix equation D(A4) = ®, up to the given (n, m).

(4) Inversion of the linear system of algebraic equations defined by the strang out
problem for (n, m).

(5) Redefinition of indices to get the required coefficient matrix 4 = ((a;)), i = 0(1)n,
j=0(1)m.

We shall consider two numerical examples.

Example 1. Poisson’s equation in the square.

Via(x,y) =f(x, y), for (x,y)eQ=[~ 1,1} x[—1, 1], with
a(x, — 1) =gy(x); a(x, 1) = gy(x), (12)
a(=1,y)=n0); a(l,y) =h().

Thus, L=V* is Laplace’s operator and D, D,_,, D\, D_,, are point evaluation

functionals applied to the variables x or y.
We shall assume that f(x, y) = xfy = uov, g(x) = xg,=uG, h(y)=hy =Hp, i =1, 2,
re polynomials (or polynomial approximations of given functions) of degree at most equal
to nin x and m =n in y; we are interested in obtaining an approximate solution of
degree > (n,n). Let us choose as ¥ = {u, v} the double Chebyshev basis defined in
[—1,1] x[— 1, 1], with u = Ux, v = Vy, where U = V' is the Chebyshev coefficient matrix
in[—1,1]: T,(t) =cos (r arccos t) = Ut = V1, reN. On account of Theorem 1, Laplace’s

operator applied to a(x, y) leads to the condition

uR uk o(h) =G, (14)
Le(Ayw =u(—DAv =Hv; Le(Aw =u()dv = Hyp,
where v(+ 1), u(+ 1) have the meaning indicated in (4), (5). As the elements of ¥ are
linearly independent, from (12), (13) we deduce the following matrix equation
'WM+AW =¢
Av(-1) =G,
Av(l) =G,
u(~HA = H,
| a4 =y,
which, as in (11) we write in the following form
DAd)y=aX +Xf =0 (15)
where
0 0o w=1] [ o o o] 0 o o 0 o ]
a=10 0 “u(D) ﬂ.—-\ 0 0 0,X=]0 0 0,<D=10 0 H,
LG 0 7’ ] LU(_!) v(l) "}ZJ LO 0 AJ LGI G, ’“Ji
Application of the stringing mapping S to (15) leads to a linear system of algebraic
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Table 1. Numerical approximation of the solution of V? a(x, y) = — 2 in Q, with
homogenous boundary conditions

Degree of approximation Maximum Absolute error
in x iny

4 4 1.6 x 1012

6 6 2.5x 10732

8 8 40x10-¢

equations of the form
MY(X) =Y (D),

for the column coefficient vector Y(X). A re-definition of indices gives us the required
approximate coefficients for the Tau approximant a,(x,y). In Table 1 we give the
maximum absolute error of approximations of degree 4, 6 and § in each of the variables
for the case of Saint Venant’s torsion problem for a prismatic bar of section Q, for which
the exact solution is known. The problem solved is:

) 2 N -~ s N — r . 1 r - -y

Via(x,p)=~2,(x,y)eQ=[—1,11 x [~ 1,1],
with

a1 DN =all VY= aly — Nmaly V=0

ey i, vy iy, ¥y ) QA i) U\A, 1) V.

Figure 1 displays the normalized error surfaces

u(x’ y) - unm(x’ y)i

max (X, ¥) = X, )|

for n =m =4, 6 and 8. They show a remarkable equioscillatory behaviour.
DRoraarl 2 If anmuatinn ALYV o YD) e enlvad maramatriaally in tarme Af tha
INCITir no e L1 \..\.iuauuu ive & \A ] - _& \‘i’) 1D OVl }JalﬂlllbLll\aall_y i1l viiiily Ui L

coefficients G, G, H, and H, a system of linear relations is obtained which gives the values
of the coefficients of the Tau approximate solution a,.(x, y) in terms of those of the
coeflicients of the boundary conditions. Thus the solution of the problem, for fixed n, m
and changing boundary conditions is expressed in a closed algebraic form. Further-
more, for a given equation, say Poisson’s or the biharmonic, and a fixed degree of
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Fig. 1(a).
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Fig. 1. Normalized error surfaces for Tau approximations i,,(x, v), n = m = 4(2)8, of the solution
of Saint Venant’s torsion problem for a prismatic bar with a square section.

approximation (n, m) it is possible to store M
f ol ul AN 7 r nm
product of a matrix and a vector.

Example 2. Let us consider the following second order partial differential equation with
variable coefficients:

"and find u,,(x, y) by simply doing the

i o

d? 1 a2 o

P SN B T (L
) = (¥ F3) Jag a2y Fn =2y (i6)

(I+x+x?)

(x,)eQ=[—-111x[-11]



Numerical solution of partial differential equations 13

with either of the two sets of boundary conditions:

6
aa(x’y)ly=—l =2x

2

(i) {a(x’ Whest =X G

0
a(X,J’)|x=i1=y‘ _a(x,y)!y=l=2x2

a(X,J’)|x=¢1 =y2‘

It is remarked in [6] that a Tau approximation of degree n should be identical to the

solution if the latter is a polynomial of degree < n. In the case of (16), a(x, y) = x*y%

2

Approximations of degree n,m > 2 give exactly u,,(x, y) = x2y>.
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