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1. Introduction

The interesting feature of the set differential equations is that the results obtained in this new framework become the
corresponding results of ordinary differential equations as the Hukuhara derivative and the integral used in formulating the
set differential equations reduce to the ordinary vector derivative and integral when the set under consideration is a single
valued mapping. Also, we have only semilinear complete metric space to work with, in the present setup, compared to the
complete normed linear space that one employs in the usual study of the ordinary differential equations. The study of set
differential equations has been initiated as an independent subject and several results of interest can be found in [1-9]. The
basic theory, comparison results and the stability considerations for hybrid dynamical systems were discussed in [ 10]. Since
then, much progress has been made in studying various fundamental aspects of the stability of set differential equations
(see [11-16]). For instance, certain Lyapunov-like functions were used to study their stability criteria by Lakshmikantham,
Leela and Devi [12]. In [13], Bhaskar and Devi studied the Lyapunov stability for the solutions of set differential equations,
using Lyapunov-like functions which are continuous. Moreover, an important comparison result in the light of Lyapunov
functions was employed in [13] to investigate the qualitative behaviour of the solutions of the following set differential
equation

DyU = F(t, U), U(to) = Up € K(RY),

such as, the equistability, equiasymptotic stability, uniform and uniform asymptotic stability. Here K.(R") denotes the
collection of all nonempty, compact and convex subsets of R". Gnana Bhaskar and Shaw explored the stability criteria for
set difference equations in [16].

On the other hand, a theory known as dynamic systems on time scales has been built which incorporates both continuous
and discrete times, namely, time as arbitrary closed sets of reals, and permits us to handle both systems simultaneously
(see [17,18]). This theory allows one to get some insight into and better understanding of the subtle difference between
discrete and continuous systems. The theory of dynamical systems on time scales recently received much attention and is
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undergoing rapid development (see [ 17-20]). Recently, many monographs to investigate the stability criteria for the solution
of dynamic systems on time scales can be found (see [21-28]).

Based on the above mentioned notions, Hong [29] introduced a class of new derivatives of multivalued functions on time
scales and developed a new theory of set dynamic equations (SDEs) by extending set valued differential equations onto time
scales, also, author provided some results on the existence of their solution. In this paper, provided inspiration by [13,16], we
shall consider the stability criteria for the solutions of set dynamic equations as in the original Lyapunov results for ordinary
differential equations. Our purpose is to explore such a stability criteria in a unified way of the study in set differential
equations and set difference equations and to offer more general conclusions. We employ an important comparison result
in terms of Lyapunov functions and investigate the qualitative behaviour of the solutions of the initial value problem for the
following SDE

AyU =F(t, U), U(to) = Up € K (R), (n
where Ay denotes the derivative of multivalued functions defining on the time scales (see [29, Definition 3.1]). As a result,
the mapping U € @rld(h, K. (R)), Jr = [to, to + alr (a > 0) is said to be a solution of (1) on Jy if it satisfies (1) on J. Since
U e G}d(h, K:(R)) we have U(t) = Uy + ftg ApU(s)As, t € Jr. Thus we associate with the initial value problem (1) the

following
t

U(t) = Upy +f F(s,U(s))As, t€]r.

fo
As an analogue of [2], these Lyapunov-like functions serve as a vehicle to transform the set dynamic equations into
scalar comparison differential equations, and therefore, it is enough to consider the qualitative properties of the simpler
comparison equation under suitable conditions for Lyapunov-like functions.

2. Preliminaries

In this section we give all the necessary background material needed for a self-contained presentation of our study.

We begin with a brief but complete description of the basic known results for Hausdorff metrics, continuity and
differentiability for multivalued mappings on time scales, also, the concept of time scales, single-valued functions and their
corresponding properties within the framework of time scales.

Let K.(R") denote the collection of nonempty, compact and convex subsets of R". The following operations can be
naturally defined on it:

X+Y={x+y:xeX,yeVY}, A-X={A-x:xeX}, LeR,.

XY ={xy:xeX,yeY} forX,Y € K.(R).
In addition, the set Z € K. (R") satisfying X = Y + Z is known as the geometric difference of the sets X and Y and is denoted
by the symbol X — Y. It is worthy to note that the geometric difference of two sets does not always exist but if it does it is

unique.
We define the Hausdorff metric as

D[X, Y] = max {sup d(y, X), supd(x, Y)} ,
yey xeX

where d(x,Y) = inf{d(x,y) : y € Y} and X, Y are bounded subsets of R". The Hausdorff metric satisfies the following
relations:
[X,Y] >0 withD[X,Y]=0ifandonlyifX =Y,
[X,Y]=DI[Y, X],

DIX,Y] < DIX,Z] +DIZ, Y],
forany X, Y,Z € K.(R").

Notice that K. (R") with the metric is a complete metric space. Moreover K. (R") equipped with the above-mentioned
natural algebraic operations of addition and nonnegative scalar multiplication becomes a semilinear metric space which
can be embedded as a complete cone into a corresponding Banach space [4]. On the other hand, the Hausdorff metric D is
compatible with the operations defined on it as described by the following properties: for any X, Y,Z, W € K.(R") and
m,veRy,

DIX+2Z,Y+Z]=D[X,Y],

D[pX, uY] = uD[X, Y],

DX +Z,Y + W] <D[X, Y] + D[Z, W],

D[uX, vY] < max{u, v}-DIX, Y]+ [ —v|- (X + IY]D,

where ||V|| = D[V, {0}] for V € K.(R"). Here we assume that the differences appearing in the above formulas exist.

DIX, Y]
DIX, Y]
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A multivalued mapping F : I — K.(R"), where I C R", is said to have the limit at x, € I if there exists a element
A € K.(R") such that, for any ¢ > 0, there existsad = &(¢, Xo) > 0 such that D[F(x), A] < ¢, forall x € I with ||x — x| < §.
We denote the limit by lim,_, , F(x), that is, A = lim,_,,, F(x). Let F (xo) be well defined. F is called continuous at xo € I if
its limit at xo exists and limy_.x, F(x) = F(xo).

Alternatively, we may write, in terms of the convergence of sequences that

lim D[F(x,), F(xg)]=0
Xn—Xo

for all sequences {x,} in I with limx, — xo.

It is significant to refer that if we restrict ourselves to single valued mappings, then the previous notions reduce to their
classical counterparts, i.e. to ordinary continuity in R".

We recall also briefly the notions of time scales and Hilger derivative on them.

Let T be a closed nonempty subset of real number set R. In the light of some of the current literature, T is called a time
scale or measure chain. The calculus of time scales we refer readers to Bohner and Peterson [18]. Here we introduce the
basic notions connected to time scales and differentiability of functions on them. Let us start by defining the forward and
backward jump operators.

Let T be a time scale. For t € T we define the forward jump operator ¢ : T — T by

ot)=infltreT: 7t >t}

and the graininess function & : T — R™ by
u(t) =of(t) —t,

while the backward jump operator p : T — Tis defined by
p(ry=sup{tr eT: 7 <r}.

In this definition we putinf@ = sup T(i.e.o (t) = t if Thasa maximumt)and sup # = inf T (i.e. p(t) = t if T has a minimum
t), where ¢ denotes the empty set. t is said to be right scattered if o (t) > t and t is said to be right dense (rd) if o (t) = t. t
is said to be left scattered if p(t) < t and t is said to be left dense (I1d) if p(t) = t. A point is said to be isolated (dense) if it
is right-scattered (right-dense) and left-scattered (left-sense) at the same time. We introduce the sets T and T, which are
derived from the time scale T as follows. If T has a right scattered minimum m, then T, = T — {m}; otherwise set T, = T. If
T has a left scattered maximum M, then T = T — {M}; otherwise set T = T.

A function f is left(right)-dense continuous (1d(rd)-c, for short) if f is continuous at each left(right) dense point in T and
its right(left)-sided limits exist at each right(left) dense points in T. By C4(T, R) and C,4(T, R) we denote the set of all left
and right dense continuous functions from T to R, respectively.

The set of functions f : T — R that are differentiable and whose derivative is rd-continuous is denoted by

Cy = Cu(T. R).

Forf :T— Randt e T, S. Hilger defined the delta (or Hilger) derivative of f (t), f 2 (t), to be the number (when it exists),
with the property that, for each ¢ > 0, there exists a neighborhood U of t (i.e.U = (t — §,t 4+ 8) N T for some § > 0) such
that

f (0 () —f(5) =FA () (0 (t) —5)| < glo(t) —s],
foralls € U. We say f is A-differentiable at t if its delta derivative exists at t. Moreover, we say f is A-differentiable on T* if
its delta derivative exists at each t € T*. The function f2 : T — R is then called the delta (or Hilger) derivative of f on T¥.
Forf : T — Randt e Ty, we define the nabla derivative of f(t), fV(t), to be the number (when it exists), with the
property that, for each ¢ > 0, there exists a neighborhood U of t such that

f (p(6)) = F(s) = fY () (p(t) — )| < &|p(t) —s],

foralls € U.

IfT = Rthen fA(t) = fV(t) = f/(t).If T = Z then f2(t) = f(t + 1) — f(¢t) is the forward difference operator while
FY(t) = f(t) — f(t — 1) is the backward difference operator.

A continuous function f : T — R is called pre-differentiable with (region of differentiation) D, provided D c T*, T \ D
is countable and contains no right-scattered elements of T, and f is differentiable at each t € D.

For an interval of real numbers I, by It we mean the set I N T and by C,ﬁ (Ir) we mean the set of all functions from It to
[0, co) which are A-differentiable on Iy«.

IFFA(t) = f(t) fort € [a, T]y, then we define the delta integral by

t
f f(s)As =F(t) — F(a).
a
IfFY(t) = f(t), then we define the nabla integral by

t
/ f(s)Vs = F(t) — F(a).
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By L4(It), LY (It) we denote the set consisting of all functions which are delta integrable on It and the set consisting of
all functions which are nabla integrable on Ir, respectively. Some useful relationships concerning the Hilger derivative are
given next.

A function f : T — R is called regulated provided its right-sided limits exist (belong to R) at all right-dense points in T
and its left-sided limits exist (belong to R) at all left-dense points in T.

Lemma 2.1 ([18, Theorem 8.12]). Suppose f, : T — R is pre-differentiable with D for each n € N (a set consisting of all
nature numbers). Assume that for each t € T* there exists a compact interval neighborhood U (t) such that the sequence {f 2 nen
converges uniformly on U(t) N D.

(i) If {f,} converges at some ty € U(t) for some t € T, then it converges uniformly on U(t).
(ii) If {f,} converges at some t, € T, then it converges uniformly on U(t) forall t € T*.
(iii) The limit mapping f = lim,,_, » f; is pre-differentiable with D and we have

fA© = lim f,(0)
forallt € D.

Lemma 2.2 ([18, Theorem 8.13]). Let t; € T, ¢ € R, and a regulated map f : T — R be given. Then there exists exactly one
pre-differentiable function F satisfying

FA(t) =f(t) VteD,
F(f()) =CcC.

Definition 2.1 ([29]). Assume F : T — K.(R) is a multivalued function and let t € T*. Let AyF(t) be an element of K, (R)
(provided it exists) with the property that given any £ > 0, there exists a neighborhood Uy of t (i.e. Uy = (t — 8, t +86) NT
for some § > 0) such that

D[F(t +h) — F(o (1)), AxF () (h — (1)) < e(h — (1)),
D[F(o (t)) — F(t — h), AyF()(u(t) + )] < e(u(®) +h)

forallt — h,t +h € Uy with0 < h < §, where w(t) is the graininess function. We call AyF(t) the Ay-derivative of F at
t. We say that F is Ay-differentiable at ¢ if its Ay-derivative exists at t. Moreover, we say F is Ay-differentiable on T¥ if its
Ap-derivative exists at each t € T. The multivalued function AxF : T — K.(R) is then called the Ay-derivative of F on
T,

Proposition 2.1 ([29]). Some easy and useful relationships concerning the Ay-derivative are given next.

(i) If the Ay-derivative of F at t exists, then it is unique. Hence, the Ay-derivative is well defined.
(ii) Assume F : T — K. (R) is a multivalued function and let t € T*. Then we have the following:
(1) If F is Ay-differentiable at t, then F is continuous at t.
(2) If F is continuous at t and t is right scattered, then F is Ay-differentiable at t with
F(o(t)) — F(t)

AyF(t) = T
uw
(3) If tis right-dense, then F is Ay-differentiable at t iff the limits
. F({t+h)—F(@) . F({t)—F({t—h)
lim —— and lim ———
h—0t h h—0t h

exist and satisfy the equations
m E(t +h) — F(t) — lim E(t) — F(t — h) — ALF().
h—0F h—0+ h
(4) If F is differentiable at t, then
F(o(t)) = F(t) + p() AnF(1).
(iii) Assume that multivalued functions F, G : T — K.(R) are Ay-differentiable at t € T*. Then
(1) Thesum F 4+ G : T — K.(R), defined by (F + G)(t) = F(t) + G(t) = {x+y :x € F(t),y € G(t)} foreach t € T, are
Ay-differentiable at t € T* with
An(F + G)(t) = AgF(t) + AxG(t).
(2) For any nonnegative constant A, AF : T — K.(R) is Ay-differentiable at t with
A (AF)(t) = LALF(t).
(iv) Assume that multivalued functions F, G : T — K. (R) are Ay-differentiable at t € T*. Then the product function FG defined
by (FG)(t) = F(t)G(t) for t € Tis Ay-differentiable at t € T* with

Ay (FG)(t) = F(o (t))AgG(t) 4+ G(t) AgF(t) = F(t) AgG(t) 4+ G(o (t)) AxF(t).
In what follows, in order to define the integral of multivalued functions on time scales, we first need the following notions.

Let D C T. A function f : D — Ris called a sector of the multivalued function F : D — K.(R) if f(t) € F(t) forallt € D. By
Sr(D) we mean the set of all A-integrable sectors of F on D.
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Definition 2.2 ([29]). A multivalued function F : T — K. (R) is called Ay-integrable on D C Tif F has a A-integrable sector
on D. In this case, we define the Ay-integral of F on D, denoted by fD F(s)As, as the set

/F(s)As: {/f(s)As f eSF(D)}.
D D

Proposition 2.2 ([29]). Assume that ty, T, € Tand F, G : [to, Tlt — K.(R) are Ay-integrable and have rd-continuous sectors,
then we have

f[T[F(s) + G(s)]As = ftT F(s)As + f[T G(s)As.
AF(s)As = Aft F(s)As, A € Ry, t € [ty, Tl
F(s)As = ft F(S)As—}—jt F(s)sAs,t € [ty, Tly withtg <t <T.

)
i)
(iv) F(s)As = {0}.
(v) Iff € Se([to, Tlr) implies that f € Ciq4([to, Tlr), then |[F(-)|| : [to, Tt — R is A-integrable and

T T
’ / F(s)as| < / IE(s) ]| As.

(vi) If f € Sp([to, Tly) and g € S¢([to, Tly) imply that f € Gy([to, Tlr) and g € Cq([to, T1r), respectively, then D[F(-), G(-)] :
[to, Tt — R is A-integrable and

T T T
D |:/ F(S)As,/ G(S)As] 5/ D[F(s), G(s)]As.
to to to

Definition 2.3. A multivalued function F : T — K. (R) is called regulated provided its regulated sectors exist.
A multivalued function F : T — K (R) is called rd-continuous provided its rd-continuous sectors exist.

(11

111

S
ﬁ

In this paper, the set of rd-continuous multivalued functions F : D C T — K (R) will be denoted by
Crg = Cpy (D) = Cu (Ds Kc (R))

The set of multivalued functions F : D C T — K. (R) that are Ay-differentiable and whose Ap-derivative is rd-continuous
is denoted by

el =ceLd) = eLD, K (R)).

Definition 2.4. A continuous multivalued functionF : T — K. (R) is called pre-differentiable with (region of differentiation)
D, provided D C T¥, T\ Dis countable and contains no right-scattered elements of T, and F is Ay-differentiable ateach t e D.

Proposition 2.3 ([29]). (i) Let I C R is an interval. If ty € T, then % defined by

t
F(t) =Xo + / F(s)As, fort € Iyand Xy € K:(R),
to
where F : Iy — K. (R) is rd-continuous, is Ay-differentiable and one has the equality
Ay Z(t) =F(t), ae.only

(ii) If F is rd-continuous and t € T, then

o(t)
/ F(s)As = w(t)F ().
t

3. Comparison results

In this section, we will formulate a comparison theorem for the solutions of SDE (1). As an application of the comparison
result, we also prove a global existence result. In what follows, we always assume that T is the time scale with t5 > 0 as
the minimal element and has no maximal element. Throughout this paper, unless otherwise mentioned, U(t, to, Up) always
stands for the solution of SDE (1) on Jt corresponding the initial value (to, Up).

Theorem 3.1 (Comparison Result). Assume that F € C.4(82, K.(R)), where 2 = Jy x {U € K.(R) : D[U, Uy] < b} with
Jr = [to, to + alt anda,b > 0, andfor teT, U(t) = U(t, to, Uo), V(f) = V(f, to, Uo) € KC(RH),
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DIF(t, U(t)), F(t, V()] = g(t, D[U(t), V(D)D),
where g € Cy(£29, Ry) with 29 = Jr x {w € R : |[w — wo| < b} and g(t, w) is nondecreasing in w for each t € Jr. Moreover,
we require that there exists the maximal solution r (t, ty, wq) of the scalar equation

w?(t) = g(t, w), w(tp) =wo >0, ter (2)
Then we have

DIU(®), V(O] < r(t, to, wo), t € Jr,
provided that D[Uy, Vo] < wo.

Proof. Since U(t), V(t) are solutions of SDE (1), the differences U(s) — U(t), V(s) — V(t) exist for small s — t > 0. Set
m(t) = D[U(t), V(t)] for t € T. As an application of the properties of Hausdorff metric, we obtain the estimation
m(s) —m(t) = D[U(s), V(s)] — DIU(t), V(t)]
< D[U(s), U(t) + (s — t)F(t, U)] + D[U(t) 4+ (s — t)F (¢, U), V(t) + (s — O)F(t, V)]
+D[V(t) + (s — t)F(t, V), V(s)] — D[U(t), V(t)]
< D[U(s), U(t) + (s — OF (¢, U)] + DIV (t) + (s — OF(t, V), V()] + (s — t)D[F (¢, U), F(t, V)]
= D[U(s) — U(t), (s — t)F(t, U)] + D[(s — t)F(t, V), V(s) — V(t)] + (s — t)D[F(t, U), F(t, V)].

This implies that

m(si - tm(t) <D [U(Si - ij(t) JE(t, u)} +D [F(t, V), V(S):V(”} 4 DIF(E, U, F(t. V)], -
If t is a right-dense point, taking lim sup as s — t*, then inequality (3), together with Proposition 2.1(3), yields

o) = T sup "~

IA

D[ARU(t), F(t, U)] + D[ARV (t), F(t, V)] + D[F(t, U), F(t, V)]
D[F(t,U), F(t, V)],

where mﬁ(t) is the right-derivative of m(t). On the other hand, if t is a right-scattered point, let us take s = o (t) in (3).
From Proposition 2.1(3) it follows that

m(o (t)) — m(t)

mA(t) =
wu(t)
Uo(t)) —U(®) V(o () — V()
< D[U(t) — ,F(t, U)] +D |:F(t, V), BrTGETE ] + D[F(t, U), F(t, V)]

— DIF(t, U), F(t, V)].

In addition, the fact that D[Uy, Vo] < wp implies that m(ty) < wy. Consequently, the comparison theorem for ordinary
dynamic equations (see [25, Theorem 5.2]) gives

DLU(t), V()] < r(t, to.wo), t € Jr.
This proof is complete. O
Remark 3.1. Assume F satisfies the hypotheses of Theorem 3.1 and ||F(t, U)|| < My on £2. In addition, g is assumed to

satisfy that g € C(Jr x [0, 2b], R;), g(t, w) < M; on [0, 2b], g(t,0) = 0, g(t, w) is increasing in w for each t € Jy and
w(t) = 0is the only solution of

w?(t) = gt,w),  w(t) =0.
Then the successive approximations defined by
t
Unt1(t) = Uy —|—/ F(s,U,(s))As, n=0,1,2,....
to

exist on Iy = [to, to + «] with @« = min(a, %], M = max{My, M.}, as continuous functions and converge uniformly to the
unique solution U(t) = U(t, to, Uy) of SDE (1) on I.

The proof of Remark 3.1 exhibits the idea of the comparison result.
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Theorem 3.2. Assume that
(s1) F € C(T x K.(R), K. (R)) satisfies
IFt, )| < g(t, 21D

foreach (t, ®) € T x K.(R), where g € Cy(T x Ry, Ry ) and g(t, w) is nondecreasing in w foreacht € T.
(s2) The solution w(t, ty, wo) of the equation

wi(t) =g(t, w(t)),  wlto) > wy,
exists fort € T.

If F is smooth enough to ensure the local existence, then the largest interval of existence of any solution U(t, to, wo) of (1) with
IUoll < wo is [to, 00)r1-

Proof. Let us assume that V(t) = V(t, ty, Up) is a solution of (1) with ||Up|| < wy existing on the largest interval [ty, 7).
We will show that 7 is infinity. On the contrary, there exists 8 < t such that V(t) is a solution of (1) existing on interval
[to, B8]t and B cannot be increased. For t € [to, Blr, set m(t) = D[V (t), {0}]. Employing the procedure used in the proof of
the Theorem 3.1, we obtain the differential inequality

mA(t) < g(t,m(t)), t € [to, Blr.
Note that ||Up|| < wg, we have
D[V(t)7 {0}] 5 r(t7 t07 'LUO), te [t(]’ :B]T (4)

Now we select that t1, t; € t € [ty, Bl such that t; < t,. By means of the properties of Hausdorff metric, we have

%)
D[V(t1),V(t;)] = D |:V(t1), V(t)) + / F(s, U)As]

5]

t- t-
D[{O}, / “FGs, U)As] < f " D{0}, F(s. U(s))]As
f

f

IA

/ ’ g(s, D[U(s), {0}]) As.

t

In view of the nondecreasing of g in w and from (4) it follows that

5]
D[V (ty), V(t2)] 5[ g(s, (s, to, wo))As
f

= 1(ty, to, wo) — r(t1, to, wo).

If 8 is a left-dense point, we allow t;, t; — f in the above relation, since lim,_, g r(t) exists and is finite, from the above
inequality it follows that the limit of V(t) exists and is finite as t tends to 8~ by Cauchy’s criterion of convergence. We can
define V(8) = lim,_, g- V(t). We observe that a solution can have finite escape time only before left-dense points t € T,
since their neighborhoods contain infinitely many points to the left of t. Hence it is sufficient that we are only allowed to
suppose that § is a left-dense point of T. Consequently, we consider W, = V(f) as a new initial function at t = g. Then,
by the assumption of local existence, there exists a solution V(t, 8, Wp) of (1) on the interval [8, y] with ¥ > B. This
implies that the solution V (t) can be continued beyond 8, which contradicts our assumption that 8 cannot be increased.
This completes the proof of the theorem. O

Following the idea in [12, Theorem 3.1], we present the following comparison theorem in terms of Lyapunov-like
functions on time scales is very important to investigate the stability criteria of SDE (1). In order to discuss the stability
criteria of the solution of SDE (1), we state some notions and definitions.

On the Lyapunov-like function on time scales, Kaymakcalan [21] defined the Dini derivative of the function V €
Gq(T x R™, Ry ) along the solutions of SDE (1) when we restrict ourselves into single valued mappings U = u and F = f by

Vit,u) =Vt — ), u—pu@®)f(, u
DLV(E,u) = lim inf (t, u) — V(t — pu(t) n(®f( ))’
1(H)—0 w(t)
. Vit + ut), u+ w@)f(,u) —V(,u
DEV(t,w) = lim sup (t+ p(®) u@Of (£, u)) = V( ).
w(t)—0 u(t)

Now, to avoid the nonexistence of the above derivative when w(t) > h (a positive constant), we present a class of new
generalized Dini derivatives of the Lyapunov-like function on T as follows
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Definition 3.1. For A € C(T,K:(R)),t € Tand V € Cy(T x K.(R), Ry), we call A"V (t, A) and A, V(t, A) the right upper
(ru) and the right lower (rl) derivatives of the function V at (t, A(t)), respectively, if

V(o (1), Al (1)) — V(t, At)) oo~ ¢
AVEAD) =] VGHAD + 5 — DF . A©)) — V(e AD)

Sl_l)rtri sup p— , o(t)=t.

V(o (), Ao (1)) — V (&, A()) -
AVEAD =1y 5L = oFe Ao - v A

llr}}r inf p— , o(t)=t.

Similarly, we call A'V (t, A(t)) and A,V (t, A(t)) the left upper (Iu) and left lower (11) derivatives of the function V at (t, A(t)),
respectively, if

V(t, A(D) — V(p(t), A(p(D))) o
1 B r—ry , > p(t),
AVEAD) =1 V(s A(H) + (s — DF(t, AD)) — V(t, At))
Jim sup st - PO =t
V(t, A(D) — V(p(t), A(p(D))) o
0 , — p(t),
AVIEAD) =1 y(s AL + (s — HF (L, AL) — V(E, A))
llrtn_ inf p— , p)=t.

Theorem 3.3. Assume that V given as in Definition 3.1 satisfies
A'V(E, U®) <gE [UDID, teT,
V(e, U@®) —V(E, V)l <LDU@®), V)], L=0,teT,

whereg € Cy(T X Ry, R) and U(t) = U(t, tg, Up), V(t) = V (¢, to, Vo). Then, if U(t) is such that V (ty, Up) < wp on [ty, 00)T,
we have

V(t,U(t)) <r(t, to, wo), t € [ty,00)r, (5)
where 1 (t, ty, wo) is the maximal solution of DE (2) existing on [ty, 00)r.

Proof. Define m(t) = V(t, U(t)) so that m(ty) = V(to, Ug) < wo, U(t) = U(t, ty, Up) is any solution of SDE (1) existing on
[to, o0)1. Now for s € T with s > t, by our assumptions it follows that

m(s) —m(t) = V(s,U(s)) — V(t, U(1))
< Vs, Us) = Vs, U) + (s — OF(, U)) + V(s, Ut) + (s — OF(t, U(t))) — V(E, U())

< LD[U(s), U(t) + (s — OF(t, U(t)] + V (s, U(t) + (s — OF(t, U(t))) — V (¢, U(L)). (6)

Since U(-) is the solution of SDE (1), the Hukuhara difference Z(t) = U(s) — U(t) exists fors,t € Tand smalls —t > 0.
Hence employing the properties of Hausdorff metric, we have

D[U(s), U(t) + (s = OF(t, U(t))] = DIU(t) + Z(1), U(t) + (s — HF(t, U(1))]

= DI[Z(t), (s = )F(t, U(t))] = D[U(s) — U(t), (s — O)F(t, U(1))].

A

This shows that

U(s) — U(t)
S_

1
:D[U(s), U)+ (s—=t)F(t,U()]=D |: , F(t, U(t))] .

Lending this to (6), we obtain
m(s) —m(t) _ D [U(s) —U(t)

V(s, (s = O)F(t,U(t))) = V(t, U(t))

s—t - s—t

E(t, U(t))} +

Employing the procedure used in the proof of Theorem 3.1, we obtain that
U(s) —U(1)

lim sup ﬁD[U(s), Ut) + (s — tF(t, U(t)] = lirrl+ supD [
— s—t

s—>tt

,F(t, U(f))]
= D[A4U(t), F(t, U(t))] = 0.
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Employing the procedure used in the proof of Theorem 3.1, again, we find from Definition 3.1 and Proposition 2.1(ii)(4) that
mi(t) = A"(t, U(D) < g(t, m(), t € [to, o)1

Consequently, by [24, Theorem 5.2] we arrive at the estimate
m(t) < r(t, to, wo), t € [to, OO,

where r(t, tp, wo) is the maximal solution of DE (2) existing on [ty, 00)1. This proof is complete. O
4. Stability criteria

In order to discuss the stability criteria of the solutions of SDE (1), we state some notions and definitions.

Since the cause of the problem in SDE is due to the requirement of the existence of Hukuhara difference in the SDE, we
may need to incorporate the Hukuhara difference in the initial conditions also, in order to match the behaviour of solutions
of SDE with the corresponding DE (see (2), for example), we assume, following the idea in [12,13], as a standard hypothesis
that the Hukuhara difference exists for any given initial values Uy, Vy € K. (R) such that Uy — Vy = W) is defined. Then we
consider the solutions U (t, tg, Uy — Vy) = U(t, to, Wp) of SDE (1).

We are now in a position to formulate the stability criteria for the solution of SDE (1). In this section we assume that
F(t, {0}) = {0} and the solutions are unique and exist for all t € Twith t > ¢,. Let us first define the stability of the trivial
solution and set our notations.

Definition 4.1. Let U(t) = U(t, to, Up). The trivial solution U(t) = {0} is said to be
(I) equi-stable if for each ¢ > 0 and ty € T, there exists a § = §(to, &) > 0 such that ||Up|| < § implies that
U@ <e, telt, o0t (7)

(I) uniformly stable if in (I) the § = §(¢) > 0is independent of t,.
(III) equi-asymptotically stable if (I) holds and for any ¢ > 0 there existsa T > 0 such that (7) holds forallt € [ty + T, c0)t.
(IV) uniformly asymptotically stable if (II) and (III) hold simultaneously.

Let S(b) = {U € K.(R) : ||U|| < b} forb > 0. Let .# be the class consisting of functions ¢ € C[[0, b), R, ] such that
¢(0) = 0 and ¢(w) is increasing in w. For the sake of convenient, the following basic notions are needed:
Definition 4.2. The function V € C4(T x K:(R), R) is said to be positive definite if

(i) V(t,{0}) =0forallt €T.
(ii) There exists the function ¢ € .# such that V(t, A) > ¢(||A||) for each (t,A) € T x S(b).

V is said to be negative definite if —V is positive definite.
We begin the following result that follows the corresponding result of [25, Theorem 6.2] with appropriate modifications
and offers the first stability criteria of this paper.

Theorem 4.1. Suppose that F € C4(T x K:(R), K.(R)), g € Cq(T x R4, R) withg(t,0) = 0 forallt € T. Moreover,
(i) There exists V given as in Definition 3.1 such that V (t, {0}) = O forallt € T and

AV, U@) <g U®I), teT.

[V, Uut)) —V(E, W) <LD[U(t),W(t)], L>0,teT

with U(t) = U(t, to, Up), W(t) = W(t, t, Wp).
(ii) g(t, w) is nondecreasing in w foreacht € T.

Then the equi-stability properties of the trivial solution of DE (2), in which t € T instead of t € Jt, implies the corresponding
stability properties of the trivial solution of SDE (1).

Proof. Since V (tp, {0}) = 0 and V (o, A) is continuous with respect to A, for any ¢ > 0, there exists §; = 81(tp, €) > 0 such
that |Up|| < &7 implies that V (to, Up) < wy.
Let the trivial solution of DE (2) be equi-stable. Then, given ¢ > 0 and t, > 0, there exists a 6, = §,(to, &) > 0 such that

0 < wy < &, implies w(t) < ¢(e), teT, (8)

where w(t) = w(t, ty, wp) is any solution of (2). We claim that with these € and § = min{d,, 8,}, the trivial solution of
SDE (1) is also equi-stable. Suppose that this were false, there would exist a solution U(t) = U(t, ty, Up) of SDE (1) with
lUoll < dandaty €T,t; > to, such that

@) < lUE)| and UMD < @(e), t € [to, t)T.
On the other hand, using the inequality (5) at t = t{, we arrive at the contradiction
p(e) < U < r(tr, to, wo) < @(e),

which proves our claim. This proof is complete. O
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Theorem 4.2. Suppose that F € Cy(T x K. (R), K. (R)). Moreover, there exists V given as in Definition 3.1 such that V is positive
definite and

AV, U() <0, teT.
[V(t,U(t)) — V(, W())| <LDU(t), W(t)], L=>0,teT,

where U(t) = U(t, to, Up), W(t) = W(t, to, Up). Then the trivial solution of SDE (1) is equi-stable.

Proof. Define m(t) = V(t, U(t)), we have, from the fact that V is positive definite, m(t) = V(t, U(t)) > @(||U(t)]) for
some ¢ € .¥. Since V(ty, {0}) = 0 and V (ty, A) is continuous with respect to A, for any ¢ > 0, there exists § = §(tp, €) > 0
(8 < @(e))such that ||Ug|| < & implies that V(ty, Up) < ¢(¢), thatis, m(tg) = V(to, Ug) < ¢(e).

On the other hand, the equation

u =0, u(to) = V(to, Uo)

has only a solution u = V (to, Up). Now employing the procedure used in the proof of (5), the hypothesis A"V (t,A) < 0
guarantees

m(t) = V(t, U(t)) < V(t, Uo), t € [ty,00)r. 9)
Therefore, for all t € [ty, o0)t, We have

pUIUMI) = V(E, U) < V(to, Uo) < @(e).
Note that ¢ is increasing, we infer U satisfies (7), i.e., the trivial solution of SDE (1) is equi-stable as desired. O

We will next consider the uniform stability criteria.

Theorem 4.3. Suppose that F € Cy(T x K. (R), K. (R)). Moreover, there exists V given as in Definition 3.1 such that V is positive
definite and

A'V(t,U(t) <0, teT.
[V(,U(t)) —V(E, W) <LDU(t),W(t)], L=>0,teT,

where U(t) = U(t, ty, Up), W(t) = W(t, to, Up). Also, there exists v € ¢ such that V(t,A) < ¥ (||A|) (t,A) € T x S(b).
Then the trivial solution of SDE (1) is uniformly stable.

Proof. Theorem 4.2 guarantees the stability criteria. we next prove the uniform stability criteria. There exists ¢ € .# such
that

e(lAll) = V(t, A) < ¥ (lAlD, (t,A) € T x S(b).

For any e > 0 satisfying v ~1(p(¢)) < b, set § = ¥~ 1(p(e)). Since ¢, ¥ € ¢, 8 = 8(¢) exists uniquely and is independent
of tp. Hence if | Uy || < §, from (9) it follows that

e(IUOI) = V(t, U(t)) = V(to, Up) = ¥ (IUoll) < ¥ (), t € [to, 00)r.
This yields that
WOl < ¢~ (W(e) =e forallt € [to, co)r.
Hence the trivial solution of SDE (1) is uniformly stable and the proof is complete. O

The next result provides sufficient conditions for equi-asymptotic stability criteria.

Theorem 4.4. Let the assumptions of Theorem 4.2 hold except that the estimate A"V (t, A) < 0 be strengthened to
ATV (t, A) < —p(JIAl) (10)
for (t,A) € T x K.(R), where, ¢ € ¢ is given. Then the trivial solution of SDE (1) is equi-asymptotically stable.

Proof. Clearly, Theorem 4.2 guarantees that the trivial solution of SDE (1) is equi-stable. Thus, for any ¢ > 0, there exists
8 = 8(tg, &) > 0 such that ||Uy|| < § implies that

U@ <e, telto,o0)r.

From our assumptions it follows that

t
Vmwm+/¢wmmM§Wm%Ltemwh
to
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Note that V(t, U(t)) > 0and A"V (t,A) < 0 guarantees that the function Vy(t) = V(t, U(t)) is decreasingint € T. It is
easy to see that the limit lim,_, o, Vi (t) exists. Let « denote the limit.

We next prove that « = 0. On the contrary, we have o > 0. By means of the decrease of Vy (t), we have Vy(t) > o > 0
forall t € [ty, o0)1. On the other hand, from the continuity of Vy; (t) = V (¢, U(t)) with respect to U and V(t, 0) = 0, there
exists a positive constant £ > 0 such that ||[U(t)| > & foreacht € [ty, 00)t. This, together with ¢y € .7, yields that

t
V(t, U(t)) < V(to, Up) —/ d(IUG)INAs < V(to, Up) — ¢(E)(t — to), t € [to, 0O)r1.
to

Let t € T be large enough, we obtain that Vy (t) < 0, a contradiction. Hence « = 0, that is, lim;_, . Vy(t) = 0.

Finally, we will prove that lim;_. o |[U(t)|| = 0. If this were false, there would exists positive number &y > 0 such
that, for any natural number k, ||U(ty)|| > & for some ¢, € T with t, > k. From this, combining the fact that V is
positive definite, there would exist ¢ € .# such that V(t, U(ty)) > @(JlU)]) > ¢(go) > Ofork = 1,2,.... This
contradicts lim;_, o, V(t, U(t)) = 0. Hence lim;_, ||U(t)|| = O which guarantees that the trivial solution of SDE (1) is
equi-asymptotically stable and the proof is complete. O

The next theorem presents the sufficient conditions for the uniformly asymptotic stability.

Theorem 4.5. If the assumptions of Theorem 4.3 hold except that the estimate A"V (t, A) < 0 be strengthened to (10), then the
trivial solution of SDE (1) is uniformly asymptotically stable.

Proof. Theorem 4.3 guarantees that the uniformly stability follows. By our assumptions, there exist functions ¢, ¢, ¥ € %

such that

e(IAl) = V(t, A) < ¥ (lAlD, (t,A) e TxS(b), and (11)

AV, U(D) < —¢(lUD) < =~ (V(£, U(1)))) <O. (12)
(12) shows

ATVy(t) -

W1 (Vy(0)) ~

This yields that
Vy(©) 1
/v,,m P TVl V) = T

Vy (to) 1
— AV, > (t —tn).
/Vu(o oW1 (Vy(s))) u(s) = (t —ty)

From (11) it follows that Vi (to) < ¥ (|Up|) < ¥ (b).Forany e > 0 (e < b), from (11) we have

¥(b) 1 70 1 ¥ (b
e AVY(s) = AV AV
/W..U@.) P TN R fmum P (Vu(5) ”(s”/w) PTG R

/‘Vu(to) 1
> ———————AVy(s) = (t — to).
wo oW Vu®)
— vy 1 -
Letustake T = T(e, b) > 0® FTTVeE AVy(s), then T is independent of ty and Uy and
V) 1 v(b) 1
——— AVy(s) >t — t, —/ —— AVy(s)
~/<p(||U(t)\|) PO (Vy(s) 0 ey QW1 (Vy(s) v

>t—tg—T >0, tE(t0+T,OO)T.

This reduces that ¢ (JU(t)|)) < ¢(¢e) forall t € (t; + T, co)r. In view of the monotonicity of ¢ we obtain ||U(t)| < ¢ for all
t € (to + T, oo)t. This guarantees the uniformly asymptotic stability criteria as desired and the proof is complete. O

Finally, we consider the unstable criteria of of the trivial solution of SDE (1).

Theorem 4.6. Suppose that V given as in Definition 3.1 such that V(t, {0}) = 0 and for any ¢ > O there exists A € S(c)
such that V(t,A) > 0, where t € T. Moreover, if A"V (t,A) is positive definite, also, there exists v € ¢ such that
V(t,A) < ¥ (||A]]) (t,A) € T x S(b), then the trivial solution of SDE (1) is unstable.
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Proof. For any § > 0, by our assumptions, there exists Wy € S(§) (i.e. [Wy|| < &) such that V(ty, Wy) > 0. If the trivial
solution of SDE (1) is stable, then for any ¢ > 0 (e < b), there exists § > 0 such that ||Wy|| < § implies ||U(t)|| < ¢ for each
t € [to, oo)1, where U(t) = U(t, to, Wp). Since A"V (t, U) is positive definite, V(t, U(t)) is increasing. We have

V(t,U(t)) > V(tg, Wp) >0, forallt > tg.

This yields that ¢ (JJU(t)|]) > V (¢, U(t)) > V(to, Wp) > 0, namely,
U@ = ¥~ (V(to, Wp)) :=a > 0.

Again, applying the hypothesis that A"V (t, U) is positive definite, there exists ¢ € .# such that
AV, U@®) = e(lU®)ID

for (t, U(t)) € T x K.(R). Integrating this inequality with respect to t > ty yields
t

V(t, U(t)) = V(to, Wo) +/ (U IDAs = V(to, Wo) + @(a)(t — to).

to
By means of ||U(t)|| < &, we have
Y (e) > V(to, Wo) + @(@)(t — to).
This a contradiction for t approaching infinity. Hence the trivial solution of SDE (1) is unstable. This proof is complete. O

5. Examples

A functionp : T — R is called regressive provided
1+ u(t)p(t) #0 forallt e T

For given regressive functions p, q, Bohner and Peterson in [18] defined the delta exponential function e, (-, s) as the
unique solution of the initial value problem y* = p(t)y, y(s) = 1 with s e T. Furthermore, the “circle plus” and “circle
minus” are defined as, respectively,

p_
pdq=p—+q+ upq, req= and ©p=06p.

q
T+ 1q
It is easy to check thatp ® (©q) = p©q,©(Sp) =p,p O q=6(@Sp)andpSp = 0.
Ifp=1lete = S1,e(t,s) = e (t, s) fort, s € T.We will start with a simple example of a SDE to illustrate our approach,

which is easy to be solved analytically.
Example 5.1. Let us consider the DE

u? = eu, u@ =upeR, 0eT
and the corresponding SDE

AyU = 6U, U(0) = Uy € K.(R). (13)

By means of Proposition 2.3 and the properties of the Hausdorff metric we see easily that the solution of (13) is unique if it
exists. We next prove that the values of the solution of (13) are interval function. In fact, let U = [u4, u,] with

—_

1
uq(t) = =[uqo + uyle(0, t) + 5[“10 © uyle(t, 0),

2
© = -
u = -

2 2

1
[u10 + uz0le(0, t) + 5[”20 © uyole(t, 0).

In virtue of [18, Theorem 2.36], we have
1 1
u(t) = 95[1110 + uyle(0, t) + E[Ulo © uyle(t, 0) = Su, (),

1 1
uy(t) = 65[““’ + uyle(0, t) + E[Uzo © uygle(t, 0) = ouy ().
This shows that the vector function (u4, u,) is the solution of the system of equations
ui (t) = Ouy(t), u1(0) = uyo,
ug(t) = euy(t), U (0) = uyo.

Conclusively, U = [u1, u;] is a solution of (13) with the initial value Uy = [u1q, U2o].
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Conclusion 1. Given Uy € K. (R), let us choose V(t, A(t)) = ||A(t)|| for t € T. Then, for U(t) = U(t, ty, Up), a solution of
(13) corresponding the initial value (0, Uyp), we have

[U@O) = U@l

o(t) >t,

T t ’
AVEU@) =14 LT|(U)<t> +(s— UM — U@ 1
lim sup =

Jim - =~ VOl =-1Uol s =t

Now, let us take g(t, w) = %Mw. Ift € Tis right dense, then AV (t, U(t)) = —||U®)|| < g(t, |U®]). If t is right

scattered, then ATV (¢, U(t)) = IHENSIRAL < IWEERLOL — |4, U@ = | 0 U = g VO = g [UOID.

From Theorem 4.1 it follows that the equi-stability properties of the trivial solution of the DE (2) with g(t, w) =
and wo = ||Up|| implies the corresponding stability properties of the trivial solution of SDE (13).

1
T W

Conclusion 2. By the above discussion we obtain assuming t1p # —uy that

1 1
u) = 3 [uio — U0, Uzp — U0 e(t, 0) + 3 [u10 + uz0, Uz + u10] €(0, t).

By the analogical argument as in [12], for any general initial value Uy, the solution of SDE (13) contains both the desired
and the undesired parts compared to the solution of the corresponding DE. Let us choose the appropriate initial value
Uy = [uq0, U], say Up = [c, c] for some real number c, such that the term with e(t, 0) is eliminated and only the desirable
part of the solution compared with the DE is retained. In this case, note that 1 + p(t) > 0, from [18, Theorem 2.36(viii)
and Theorem 2.48(1)] we have e(0,t) > 0 and e?(0,-) < 0.Hence A"V (t, U(t)) < 0 with V(t,A(t)) = ||A(t)|. Now
Theorem 4.2 guarantees that the trivial solution of SDE (13) is equi-stable.

Let ¢ € ¢ with ¥ (w) = 2w for w € R,. Then Theorem 4.3 guarantees that the trivial solution of SDE (13) is uniformly
stable.

From the above discussion it follows that |[U(t)|| = |c|e(0, t) > 0 and ||U(t)|| is decreasing. Now we take

IOl — U ®
OERS wu(t)
SIW@I. o(t) =t

Then ¢ € .7 and the inequality (10) holds. Therefore, Theorem 4.5 guarantees that the trivial solution of SDE (13) is
uniformly asymptotically stable.

. o) >t

Example 5.2. Consider the SDE as

AgU =AU,  U(0) = Uy, (14)
which is generated by

u? = A(t)u, u(0) = uy,

where A(t) > 0is areal-valued function from T, =: R, NTinto R suchthat A € L'(T) is rd-continuous and 1+ (t)A(t) > 0
forallt € T, then we see that, with similar computation,

U(t) = Ugey (t, 0),t € Ty,

is the unique solution of (14) corresponding the initial value (0, Up) for any Uy € K. (R). Note that e;(0,0) = 1 and
ef (t,0) = A(t)e; (t,0) > 0, we obtain that e, (¢, 0) is increasing and e, (t,0) > 1onT;.

Let V(t,A) = ||A|| for A € K. (R). Then V(t, U(t)) = ||Upllex(t, 0) if U(t) is a solution of (14). It is easy to see that the
conditions of Theorem 4.6 are satisfied if |Up|| > 0. consequently, the trivial solution of SDE (14) is unstable.
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