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Abstract

In this paper, a method of separating variables is effectively implemented for solving a time-fractional telegraph equation (TFTE).
We discuss and derive the analytical solution of the TFTE with three kinds of nonhomogeneous boundary conditions, namely,
Dirichlet, Neumann and Robin boundary conditions.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In recent years, there has been a great deal of interest in fractional differential equations. Historical summaries of
the developments of fractional calculus can be found in Oldham and Spanier [1], Miller and Ross [2], Samko et al. [3]
and Podlubny [4]. A number of numerical methods have been proposed for fractional differential equations [9—15].

Suspension flows are traditionally modelled by parabolic partial differential equations. Sometimes they can be
better modelled by hyperbolic equations such as the telegraph equation, which have parabolic asymptotics. In par-
ticular the experimental data described in [16,17] seem to be better modelled by the telegraph equation than by the
heat equation. Some of the related mathematics was discussed in [17]. The time-fractional telegraph equations have
recently been considered by many authors. Orsingher and Beghin [18] studied the fundamental solutions to time-
fractional telegraph equations of order 2«. They obtained the Fourier transforms of the solutions for any o and gave
a representation of their inverses in terms of stable densities. For the special case o = 1/2, they also showed that the
fundamental solution is the probability density of a telegraph process with Brownian time. Beghin and Orsingher [19]
considered the fractional telegraph equation with partial fractional derivatives of rational order « = m/n with m < n.
They proved that the fundamental solution to the Cauchy problem for the time-fractional telegraph equation can be
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expressed as the density of the composition of two processes, one depending on m and the other depending on n.
Recently Momani [20] derived the analytic and approximate solutions of the space- and time-fractional telegraph
equation with some special initial and boundary conditions using Adomian decomposition.

In this paper, we derive the analytical solution of the nonhomogeneous time-fractional telegraph equation under
three types of nonhomogeneous boundary conditions using the method of separation of variables.

In Section 2, we give some relevant definitions and a related theorem. In Section 3 we derive the analytical solution
of the nonhomogeneous time-fractional telegraph equation with Dirichlet boundary condition. In Sections 4 and 5, we
discuss the analytical solution of the nonhomogeneous time-fractional telegraph equation with Neumann and Robin
boundary conditions, respectively. Some conclusions are drawn in Section 6.

2. Basic concepts and theorem

We consider the following nonhomogeneous time-fractional telegraph equation:

e o 3%u(x,t) 1
D, u(x,t)+aD,u(x,t)=kT + f(x,t), O0<x<L,t>0, 2 <a <1, (1)
where D,2°‘ and Dy are Caputo fractional derivatives with respect to ¢, the rate a is an arbitrary nonnegative constant
and k is an arbitrary positive constant, x and ¢ are the space and time variables, f(x,?) is a sufficiently smooth
function. The Caputo fractional derivative of order « is defined as [4]

1 4 fm(f) d
T (m— fo —ae=adt, m—1<a<m,
DI = o
drm f(t)a oa=m,
form e N.

When a =0, Eq. (1) is the fractional counterpart of the nonhomogeneous wave equation. In fact, without the forc-
ing term f(x, t), and with a = 0, Eq. (1) is known as the fractional diffusion—wave equation studied in Schneider and
Wyss [5], Mainardi [6], and [24]. Daftardar-Gejji and Jafari [23] investigated boundary value problems for the equa-
tion. Anh and Leonenko [7,8] considered the fractional diffusion—wave equation under some random initial conditions
and obtained their renormalized solutions. Gaussian and non-Gaussian scaling laws are established for these solutions
in terms of multiple stochastic integrals. The present paper considers the nonstochastic situation, and the solutions
obtained here, in terms of the multivariate Mittag-Leffler function, contain corresponding results for boundary and
initial value problems for the wave equation, namely, when o = 1.

For convenience, we introduce the following definitions and theorem, which are used further in this paper.

Definition 2.1. (See [21].) A real or complex-valued function f(x), x > 0, is said to be in the space Cy, o € R, if
there exists a real number p > « such that

fx)=x? fi(x) 3)

for a function f1(x) in C[0, oo].

Definition 2.2. (See [22].) A function f(x), x > 0, is said to be in the space C)J', m € No = N U {0}, if and only if
fM e Cy.

Definition 2.3. (See [22].) A multivariate Mittag-Leffler function is defined as

> k! I, <"
E@ o b@lezn) =y S “)

I oo x ' T " al;
(20 otk 11 ! D+ aili)
130,00

inwhichb >0,a; >0, |z;| <o0,i=1,...,n.



1366 J. Chen et al. / J. Math. Anal. Appl. 338 (2008) 1364—1377

In particular, if n = 1, the multivariate Mittag-Leffler function is reduced to the Mittag-Leffler function

S k

e
Eal,b(Zl)= E m’ a],b>0, |Zl| < Q. (5)
k=0

Theorem 2.4. Let (£ > 1 > -+ >y, =20, mi — 1 < pu; <mj, mj e No=NU{0},A; e R, i =1,...,n. The initial
value problem

(D*y)(x) = Y 2i(DMy)(x) = g(x), ©
i=1
yk(O)zckeR, k=0,....m—1, m—1<u<m,

where the function g(x) is assumed to lie in C_y if w € N, in CL | if v & N, and the unknown function y(x) is to be
determined in the space C™,, has the solution

m—1
YO =y () + Y crur(x), x>0, (7)
k=0
where
X
ye(x) = / VE G (08 — 1y dr, ®)
0
and
xk "
u () = + | Zzlxix"*“*“f EQktttp—p X), k=0,...,m—1, )
1=+

Sfulfills the initial conditions u,({l) ©0) =6k, k,1=0,...,m — 1. The function

E).80) = Ep_pypmpin,p(Mx" 71, At THR), (10)
The natural numbers ly, k =0, ...,m — 1, are determined from the condition
my, 2 k+1,
(11)
my 41 < k.
Inthecasem; <k, i=1,....m—1, wesetly:=0,andifm; 2k+1,i=1,...,m—1, then [ :=n.

Proof. See [22]. O
3. Nonhomogeneous time-fractional telegraph equation with Dirichlet boundary condition

In this section, we determine the solution of the following time-fractional telegraph equation:

%u(x,t 1
tho‘u(x,t)+an‘u(x,t):k%+f(x,t), O<x<L,t>0, 5<o¢<1, (12)
X
with the initial conditions
u(x’o)=¢(x)9 ul('xvo)zl//(-x)9 O<X<L3 (13)

and the nonhomogeneous boundary conditions

u©,7) = p1(2), u(L,1)=p2(), 1>0, (14)
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using the method of separating variables, where ¢ (x), ¥ (x) are continuous functions satisfying ¢ (0) = u1(0), ¢ (L) =
12(0), w1 (t) and ua(t) are nonzero smooth functions with order-one continuous derivative.

In order to solve the problem with nonhomogeneous boundary, we firstly transform the nonhomogeneous boundary
into a homogeneous boundary condition. Let

u(x, 1) =Wilx, 1)+ Vi(x,1)
where Wi (x, t) is a new unknown function and

Vl(x»t):llvl(l‘)-l,-w 0

satisfies the boundary conditions

Vi0,1) = (), Vi(L, 1) = p2(1). (16)

The function Wi (x, t) then satisfies the problem with homogeneous boundary conditions:

D2*Wy(x, 1) +aD* W (x, t)—ka MO 4 fx.1), O<x<L,t>0,

Wi(x,0) = ¢1(x), W0 wl(x) 0<x<L, a7
Wl(oat)ZWl(L7t)_ E) t>09
in which

fx,0)=—=D*Vi(x,1) —aD®Vi(x,1) + f(x,1),
1
d1(x) = (x) — u1(0) — —[MZ(O) - m(O)]x,

Y1 (x) = ¢ (x) — 1y (0) — [MZ(O) 15 (0)]x. (18)

We solve the corresponding homogeneous equation in (17) ( f (x, t) being replaced by 0) with the boundary conditions
by the method of separation of variables.

If we let Wi (x,t) = X (x)T (¢) and substitute for Wy (x, t) in (17), we obtain an ordinary linear differential equation
for X (x):

A
X"(X)+EX(X)=0, X(0)=X(L)=0, 19)
and a fractional ordinary linear differential equation with the Caputo derivative for 7 (¢),

DX T(t) +aD*T (1) + T (1) =0, (20)

where the parameter A is a positive constant.
The Sturm-Liouville problem given by (19) has eigenvalues
2.2
ok
A = 77 n=12,...,

and corresponding eigenfunctions

. nmx
X,,(x):smT, n=12,....

Now we seek a solution of the nonhomogeneous problem in (17) of the form

Wl(x,t):,;Bn(t)sin ? Q1)

We assume that the series can be differentiated term by term. In order to determine B, (¢), we expand f (x,t) as a

Fourier series by the eigenfunctions {sin “*}:
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f(x,r>=;ﬁ,<r>sin?, 22)
where
) L
- ~ . nmXx
fn(t)zz/f(x,t)sdex. (23)
0

Substituting (21), (22) into (17) yields

22koo

Z sin —B (t) + Z 7ot sin —x. (24)

o o
. nmwx . hmwx
Z sin TD?“B,, @) +a Z sin TDf‘Bn(t) =
n=1 n=1
By equating the coefficients of both members we get
n’m k
DY By (1) +aD{ By (1) + —5—Bu (1) = fu(0). (25)

Since Wj(x, t) satisfies the initial conditions in (17), we must have

Y onto B (0)sin "= =1 (x), O<x <L, 26)
Yoo B (O)sin 2 =y (x), O<x<L,
which yields
Bn(O)z%f0L¢l(x)sinwdx n=1,2,..., o
B/ (0) = Lfo Yi(x)sin®Edx, n=1,2,....
For each value of n, (25) and (27) make up a fractional initial value problem.
According to Theorem 2.4, the fractional initial value problem has the solution
t
20—1 a —kn2n2 2a0 ) 7 /
B,(t) = T E(a,Zot),Z(x —art-, 12 T fu@—1) dt 4+ B, (0)uo(t) + Bn O)u1(r), (28)
in which
knn? knn?
up(t)=1- 2 1% E (4.20) 1420 (—ala, - IZO‘), (29)
km?n? km?n? kZn?
ur(t) =t —at' " E20) 240 <—at“, 2 tza) - " E 4. 20) 2420 (—at“, 2 t2°‘>, (30)

where the multivariate Mittag-Leffler function is given in Definition 2.3. Hence we get the solution of the initial-
boundary value problem (17) in the form

Wi(x,t) =ZB (t)sm—

- 200—1 o kn,2n2 201 niwx
Z f E(@20),20 | —at”, 2 falt —T)dT + By (0)uo(t) + Bj(O)uy (1) | sin——

€29

where functions ug(f) and u(¢) are given in (29) and (30), respectively. Therefore, we obtain the solution of problem
(12)—(14) as
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o0

\ 20—1 k?n? 54\ =
u(x,t):Z /r o= E(a,ga),ga(—ar“,— T T “)fn(t—r)dr
0

n=1

+ B, (0)uo(t) + B, Oy, (r)} sin ? () + M (32)

3.1. Special cases

In this subsection, we consider a number of special cases with results already available in the literature. We aim
to show that the solution obtained above agree with those established in these special cases. This indicates that the
concept of fractional derivatives extends the concept of derivatives of integer order.

Let us first consider @ = 0 in (32). Then

kmZn? kr’n
up(t)y=1- 2 1% E (4.20) 1420 (—at“, 2 tza)
_1 km*n? 2 kr?n? ,,
== 177 E2q, 1420 —Tl

0 ( k t2a)m

L2 1"(2am + 14 2a)
( k:r t2a)m

- n; r(zam +1)

kn’n
= E2a,1< 12 t20{) 33)

and

km2n? km2n? km2n?
ur(t) =t — at'" " E 20y 244 <—ala, - 1) — 1" E gy 2w | —ar®, ———5—12*

L2 L? L2
2.2 2.2
_t_knn 42 _kmon 20
== 20,2420t 2
kn2n2 00 (— kn n t2a)m

142«
=f— —
L? Z F(2a(m+ 1)+2)

( k7r t2a)m
=1 Z
r (Z(xm +2)
kn2n
= tE2<x,2< 72 l2a>. (34)
Substituting (33) and (34) into (32), we obtain

o0

t
u(r, 1) = Z[/rZ“—lEza,za< S 2“)fn<r —Dde

n=1L{
kw?n? , , kw?n? . nmX
+Bn(O)E2a’1(— L2 t Dt) +tBn(O)E20‘v2(_Tt Dt) SIHT

+/L1(t) + (:u2(t) _LMI(I)X), (35)

where B, (0), B}, (0) are given by (27), f,, () is given by (23).




1370 J. Chen et al. / J. Math. Anal. Appl. 338 (2008) 1364—1377

Ifwelet (x) =0, u1(2) = u2(t) =0, L =m, f(x,t) = q(t) in (35) (to compare with the results in [23]), and
note 1 =Y > M sinnx, B (0) = 0, then we have

n=1

T
u(x,t)=— ZEZ‘“ kn2 2“ sinnx/qb(x) sinnx dx

+Zsmn M[ 21 By 2 (—kn24)q (t — T d. (36)

n=1

This result is in accord with the result obtained in [23].
We next look at the case of zero forcing, i.e. f(x,t) =0 in (36). The corresponding solution is

u(x,t)=— ZEZ‘“ —kn?t2 sinnx/¢(x) sinnx dx. 37

The result agrees with that discussed by Agrawal [24].
In particular, leta =0, ¢ = 1, u1(¢) = u2(¢) = 01in (32), then

kr?n? 2a>
t
L2

kmZn?
uo(H)=1- 12 fzaE(a,za),lJrza(—at“,—

_1_ kn tE knznzt2

_ kn " (2
Z ' 2m +3)

( 1)m(\/_7mt)2m
2m +2)!

n? 2

(_1)m(fl7:rnl)2m

]
— 2m)!
kmnt
=cos Vknn (38)
L
and
km?n? km2n? krm<n
ul(t):t_at1+aE(a,2a),2+a<_ataa_ P 120‘) - tl+2aE(a,2a),2+2a<—ata, le‘x)
kr’n? km?n® ,
=t — 2 t"Er a4l — 2 t
i —kTL’zl/l 2 00 ( kﬂznzz)m
B L2 2m + 3)!
m=0
L knmt
= sin knz . (39)
JVknr L

Substituting (38) and (39) into (32), we obtain

u(x,t) = ( /¢(x)sm—dx cos—x/_t
n=1
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/V’(ﬁsm—dx sm—«/—t> s1n7x

\/—Jrn L

> . nmw nnt 2 . nnéd J 40
+Zlﬁnn-s1nfx/ sin (—t)~sz(é,r)smT & ldr. 40)

n= 0 0

This result is indeed the solution of the integer order wave equation [25].
4. Nonhomogeneous time-fractional telegraph equation with Neumann boundary condition

In this section, we determine solution of the following time-fractional telegraph equation with Neumann boundary
condition using the method of separating variables

DX u(x, 1) + aD%u(x, t)_ka 4o 4 f(x.f), O<x <L, t>0,

u(x,0)=¢(x), u,(x,O)—W(x), 0<x<L, (41)
ux(0,1) = (1), >0,
Mx(L,t)ZMZ(Z)» l‘ZO,

where f(x,1), d(x), ¥ (x), n1(t), ua(t) are as defined in Section 3.
In a similar manner, we transform the nonhomogeneous boundary condition into a homogeneous boundary condi-
tion. Let

u(x, 1) =Walx, 1)+ Va(x, 1),
where Vo (x, 1) = M ~+ w1 (¢)x fulfills the boundary condition
VX(()’ t) = I‘Ll(t)v

and the function W (x, t) satisfies the homogeneous boundary-value problem

DX W)(x, 1) +aD? W (x, 1) = k 20200 WD 4 fx,n), 0<x<L,t>0,
Wa(x,0) = ¢2(x), 0<x<L, 43)
PO =y (), 0<x<L,
anio 1) BW%(XL,I) =0, t>0,
where
f(x,t):—D}"‘Vz(x,t)—an‘Vz(x,t)+M+f(x,t)
0) — t1(0)]x?
r() = () — 20 22“( O,
7(0) — . (0 2
V) = (o) — 2D IORE oy (44)

We now solve the corresponding homogeneous equation (41) (supposing that f(x, ) = 0). We assume that the
solution of the homogeneous equation takes the form

Wo(x,t) =X (x)T(2).
Substituting this representation into (41) (letting f (x, 1) = 0), we get the following ODE with boundary values:

{X”(x)—i— ZX(x)=0

(45)
X'(0)=X'(L)=0.
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A straightforward calculation shows that the eigenvalues of the Sturm—Liouville problem (45) are

km?n?
A= T

and corresponding eigenfunctions

, n=1,2,...,

nmw
Xn(x)=cosTx, n=12,....

Hence, the solution of the nonhomogeneous equation (43) has the form

Wa(x,1)= 3 By(t)cos %x. (46)

n=1

We assume that the series is convergent. In order to determine Bj(¢), we expand f (x,t) in a Fourier series by the
eigenfunction {cos F-x},

Fo,n=Y" fultycos %x, 47)

n=1

where the Fourier coefficients are
) L
- ~ b4
fn(t)z—/f(x,t)cosudx, n=1,2,.... 48)
L L
0
Inserting (46) and (47) into (43), we obtain the following fractional differential equation:

n'2n2 ~
T Ba() = 1), (49)

D> B, (t) + aD¥ B, (1) +

Since W;(x, t) satisfies the initial conditions in (43)

Yoo Bu(0)cos M =¢p(x), O<x<L,
o g nix (50)
Yome1 Br(0)cos B =yn(x), 0<x <L,
we obtain
By(0) =2 [F da(x)cos X, n=1,2,..., -
By(0)=2 [Y ynr(x)cos ™™, n=1,2,....
According to Theorem 2.4, the solution of the fractional differential equation (49) with initial value (51) is
t
20—1 o kn2n2 2\ 7 /
B,(t)= [ v E@2a),2¢| —at”, — 77 " @ —7)dT + By(0)uo(t) + B, (0)u; (1), (52)

where the functions u¢ (), u1(¢) are given in (29) and (30). Thus, we obtain the solution to the problem (43) as

o0
Wa(x,0) =" By (t)cos ””Tx

n=1

:Z /T “ E(a,2a),2oz<_afa’ T2 T a)fn(t —1)dt
n=1
0

+ B, (O)uo(t) + B, (0)u1(t)] cos ? (53)
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where B, (0), B}, (0) are given in (51), f,,(t) is given in (48), uo(z), u1(¢) are given in (29), (30), respectively. Then the
solution of (41) is obtained in terms of the multivariate Mittag-Leffler type function E () g(x) as

t
- - o kn? o\ =
u(x,r)=21[fr2“ 1E<a,2a>,2a(—ar T )fn(r—r)dr
n= 0
B 2
+Bn(0)uo<t>+B,;(0>u1<z>} cos T WO Z IO (54)

In particular, let a =0, k = 1, @ = 1 in (41); then the fractional order equation is reduced to an integer order wave
equation with Neumann boundary.
Now, applying (54), we get

t t

k 27.[2 » nznz ~
/xz"‘*lE(aga)’ztx (—ax“, — an x2°‘>fn(t—x)dx =/xE2,2<— 2 x2>fn(t—x)dx
0 0

—D" ()"

t
00 ( _
=/XZ—(2m+l)! Fiult = x) dx
0

m=0
t
L 0 (_l)m(%x)%n—&-l B
:E/Z Gm 1y Il odx
0 m=0
L t
t—1) -
== / sin an(t —1)dr. (55)
0
Furthermore
kn?m? knn?
uo(H)=1-— tzaE(a,2a),l+2a (_ata, - 12 t2a>
2.2 2.2
_ nemwe 5 nomwe 5
=1- 2 tE2,3(— 2 t)
00 £\2
_ g e
!
= 2m)!
nit
_ it 56
cos 7 (56)
and
km?n?
ui(t)=t _atl+aE(a,2a),2+a <_ata, - 12 12a>
kn?r? km2n?
— B t]+2aE(a,2a),2+2a (_ata’_ 7 l2o¢>
2.2 2.2
=1 — —Zt E2,4<—7t )
Cn2p22 & (~Emym
=t+t
L? 2m +3)!
m=0
L t
= = sin 22 (57)
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Substituting (55)—(57) into (54), we obtain

00 t
u(x,;)=Z[%/sinwj?n(r)dr+Bn(0)cos"Tm

n=1 0

x| lua() — 1 ()1x?

7 3L + i (0)x, (58)

n L B (0)si nm(t) n
— sin cos
nmw " L

where f,, (¢) is given by (48), and B, (0), B, (0) are given as (51).

5. Nonhomogeneous time-fractional telegraph equation with Robin boundary condition

Let us now consider the time-fractional telegraph equation with Robin boundary condition

2
DXu(x,t) +aDfu(x, 1) = k45D 4 f(x.1), O<x <L, t>0,

M(xvo)=¢(x)’ ul(-x»o):‘tp(-x)’ O<X<L, (59)
u(0,1) + oqux(0,1) = 1 (1), 20,
u(L,t) + Brux (L, 1) = u2(t), >0,
where a1, 81 are nonzero constants. We assume
u(x,t) =Ws(x,t) + V3(x,1),
where
) — 1 L 1) — t
V3(x’t):m() Mz()x_( + Bu1 () 0!1#2()’ 60)
a;—p1—L a;—p1—L
fulfills the boundary condition
av3(0,1)
V3(0,1) + o) ——— = u1 (1),
0x 61)
oV3(L,1)
V3(L»t)+,3184=l$2(l),
and the function W3(x, t) is the solution of the following problem:
DEWs(x, 1) +aDEWs(x,1) =k WD 4 Fx ), 0<x<L,1>0,
W3(x,0)=¢3(x), TBED = ys(x), 0<x<L, )
W3(0, 1) + o 2300 =, >0,
AWs(L.1) _
Wa(L. 1) + 1 230 = o, t>0,
with
fx, 1) =—=DV3(x,1) —aD?*V3(x, 1) + f(x,1),
w1(0) — p12(0) (L + B)p1(0) —ayu2(0)
¢3(x) =p(x) — x + ,
ar—p1—L ar—p1—L
w; (0) — w5 (0) (L + B (0) — ayusy (0)
Y3 (x) =Y (x) — = 2 x : 2, (63)
aj—pB1—L a;—pB1—L

Similarly to the analysis in Section 4, we firstly assume that the solution of the homogeneous equation in (62)
(putting f (x, ¢t) = 0) has the form

Wa(x,t) =X(x)T (¢).

Inserting this expression into (62) (putting f (x, t) = 0), we get the Sturm—Liouville problem
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X"(x) + %X(x) =0,

(64)
XO0)+ao1X'(0)=0, X(L)+pBi1X'(L)=0.
Through a simple calculus, we know the eigenvalues satisfy the equation
(a1 — B \ﬂ >
tanpul = ——, =,/—>0, A=kp". 65
1z a1 fiil 2 r iz (65)
We can obtain the solution of this equation by numerical method. For convenience we denote the solution in (65)
as y, n=1,2,.... Then the eigenvalues are A, = ku%, n=1,2,.... Note that the eigenvalues are countable and
can be listed in a sequence
M<Ah< <Ay <---,
with
lim A, = oo.
n—o0
So the corresponding eigenfunctions are
X,(x) = —aiupcosuyx +sinu,x, n=1,2,....
A straightforward calculation shows that
L L
/ X,zl(x) dx = /(—alun COS [y X + sin ,unx)zdx
0 0
_ oelzun —1 tan w, L o] tan? nL (alzuﬁ + 1)L
N 2 1+4+tan?p, L 14tan?pu, L 2
=:b,, (66)
where tan u, L = % Then the formal solution of the boundary value problem (62) is
oo
W3(x, 1) =) Bu(t)Xn (). (67)
n=1
We can determine B, (0), B, (0) by the following expressions:
(0,¢]
W3(x,0) = Bn(0)(—ai fty COS 11X + sin 1, x) = $3(x),
= (68)
dWs3(x, 0) , :
o = D BLO) (ot 1 €08 i x + im 1) = Y13 (x).

n=1

We assume that ¢3(x),¥3(x) are continuous functions with order-one derivative. Multiplying (68) by
(—aq py cOS wyx + sin i, L) and integrating from O to L with respect to x, we get

L
Ba(0) = by / 38 (=1t COS Jnk + sin i) dE
0

(69)

L
BL(O) = by f U3 (E) (=1 1 €O Jn -+ sin ) dE.
0

Here b,, is given in (66). _
As in Section 4 we also expand f(x,t) in a Fourier series in the interval [0, L] by the eigenfunctions
{—o1py cOS pyx + sin py x},
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Fany = (@)= cos junx +sin ), (70)
n=1
where
L
f) =b! f FE. 1) (=1 cOS i + sin o) dE. a1
0

Substituting (67), (70) and (71) into Eq. (62) we obtain the fractional linear differential equation fulfilling condi-
tions (69)

DB, (t) + aD>* B, (t) + ki’ B, (1) = fu(t), n=1,2,.... (72)
According to Theorem 2.4,

t

B, (1) = / X VE @20y 00 (—ax®, —kp2x®®) fu(t — x) dx + By (0)uo(t) + By, (0)u; (1) (73)
0
in which
uo(t) = 1 — kpt* E(q 20y, 1420 (—at®, —kpat™),
ur(t) =t — at'" " Ey o0 210 (—at®, —kppt®®) = kpgt "2 E 00 2120 (—at®, —kpat™). (74)

Consequently the solution of the nonhomogeneous time-fractional telegraph equation with Robin boundary condi-
tion is
ux, 1) =Ws(x, 1) + V3(x, 1)

mi(t) — Mz(l)x (L A+ B (1) — aypa(r)
a;—p1—L a;—p1—L '

o0
= 3 Bult)(—a1y c0s pux + sin px) + (75)
n=1
In particular, lettinga =0, k =1, @ = 1, 1 = B1 = 1 in (5§9), the fractional order equation is reduced to an integer
order wave equation with Robin boundary.

Now, noting that tan L = % =0, = +/A, then p, = 5% n=1,2,.... From (56) and (57), we then get

uo(t) = 1 — kpat* Eq 20,1420 (—at®, —kpat™)

_1 n?n? 2p n?m? 2
B
Tt
=cosnT, (76)
and

u1(t) =t — at' " Eg 20y 210 (—at®, —kpit™)

- kﬂﬁtlﬂa E.20),242a (—at“, —kuﬁtz"‘)
L nmt

= —sin —. 77
nr L (77)

Inserting (76) and (77) into (75) we obtain

00 t
L Cona(t—r1) -~ nmt L , . nmt
u(x,t):Z p— s1ann(f)dr+Bn(0)cosT+EBn(O)smT

n=1 0

nw  nmt . nm [ua(®) — 1 (MIx (L + Dy (8) — pa(t)
X<—TCOST +SIHT)C)+ 2 =+ 2

where fn (¢) is given by (71), and B, (0), B,,(0) are given by (69).

) (78)
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6. Conclusions

We have derived the analytical solutions of the nonhomogeneous time-fractional telegraph equation under three
kinds of boundary conditions using the separation-of-variables method. The time fractional derivative is considered
in the Caputo sense. The solutions, which are given in the form of the multivariate Mittag-Leffler function, reduce to
those of the integer order telegraph equation and corresponding wave and diffusion equations.
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