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ARTICLE INFO ABSTRACT
Artifle histon{-' Murty, in 1971, characterized the connected binary matroids with
Available online 22 February 2011 all circuits having the same size. We characterize the connected

binary matroids with circuits of two different sizes, where the
largest size is odd. As a consequence of this result we obtain both
Murty’s result and other results on binary matroids with circuits of
only two sizes. We also show that it will be difficult to complete
the general case of this problem.
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1. Introduction

We consider the problem of determining the binary matroids with circuits of two different sizes.
Murty [11] solved the motivating instance of this problem below, where the matroids considered
contain circuits of a single size. The circuit-spectrum of a matroid M is spec(M) = {|C| : C € C(M)}. A
k-subdivision of a matroid is obtained by replacing each element by a series class of size k.

Theorem 1.1. Let M be a connected binary matroid. For ¢ € Z™, spec(M) = {c} if and only if M is
isomorphic to one of the following matroids:

(i) a c-subdivision of Up 1,
(ii) a k-subdivision of Uy ,, wherec = 2kandn > 3,
(iii) an l-subdivision of PG(r, 2)*, wherec = 2"landr > 2,
(iv) an l-subdivision of AG(r + 1, 2)*, wherec = 2"landr > 2.

It is difficult to characterize the matroids having a particular circuit-spectrum set even when the
set is small and the matroids belong to an interesting class. For example, characterizing the non-
binary matroids M with |[spec(M)| = 1 would involve solving questions from design theory (see
results of Edmonds et al. [4,5,13]). Authors including Cordovil et al. [3,10] constructed all matroids M
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Fig. 1. Some of the lines of the binary spike Sj.

€

Fig. 2. B(r,2).

with spec(M) C {1, 2, 3, 4, 5}, and constructed all 3-connected binary matroids M with spec(M) C
{3,4,5,6,7}.

We next give some terminology before stating the main results of the paper. This terminology
mostly follows [12]. If M is a matroid, then the sets of circuits, hyperplanes, and series classes of M
are denoted by ¢(M), #(M), and 8(M), respectively. The series-connection of matroids M and N is
denoted by S(M, N) [12, Section 7.1]. The binary projective geometry and binary affine geometry of
rank r 4+ 1 are denoted by PG(r, 2) and AG(r, 2), respectively. For an integer exceeding two, the binary
spike of rank n, denoted by S,,, is the vector matroid of the matrix consisting of all binary columns of
length n with exactly one, n — 1, or n ones. The tip (cotip) of S, (S;) corresponds to the column of all
ones. The Fano-matroid is S3. The four 3-point lines of the binary spike S4 are shown in Fig. 1.

The matroid B(r, 2) is constructed as follows. Add a point e of projective space to AG(r, 2), where
e is outside the r + 1-dimensional subspace determined by AG(r, 2). Add a point of projective space
to each line joining e to a point of AG(r, 2). The resulting matroid is B(r, 2) (see Fig. 2). Equivalently,
B(r, 2) may be constructed by adding a single new point e of PG(r + 1, 2) to AG(r + 1, 2). The dual
matroid B(r, 2)* is constructed as follows. Let Cy, Cy, C3, .. ., C; be a minimal set of circuits that spans
the cycle space of AG(r + 1, 2)* with C; = E(M) — C; for some integer r exceeding one. If e is a new
element of projective space, then B(r, 2)* is the matroid whose ground set is E(AG(r + 1, 2)) U e and
whose cycle space is spanned by Cy U e, Cq, (5, ..., C,. The element e mentioned above is called the
tip (cotip) of B(r, 2) (B(r, 2*)).

The first main result both generalizes Theorem 1.1 and has applications that provide information
on the matroids with circuit-spectrum size two. A deletable series class in a connected matroid is one
whose deletion from the matroid results in a connected matroid.

Theorem 1.2. Let ¢, d € Z*. Let T be a deletable series class in a connected binary matroid with corank
exceeding one. If each circuit of M that avoids T has c elements and each circuit of M that contains T has
d elements, then every series class of M different from T has | elements and the cosimplification of M is
isomorphic to one of the following matroids.



M. Lemos et al. / European Journal of Combinatorics 32 (2011) 861-869 863

i) Ul n forsomen > 3, wherec = 2landd = [+ |T|.

(i) S;, for some n > 4, where T is a subdivision of the cotip, c = 4l, and d = nl + |T|.

(iii) PG(r 2)*, forsomer > 2, wherec = 2"landd = (2" — 1) + |T|.

(iv) AG(r + 1, 2)*, forsomer > 2, wherec = 2"landd = (2" — 1)l + |T|.

(v) B(r, 2)*, for somer > 3, where T is a subdivision of the cotip, c = 2"l,andd = 2"l + |T]|.
We next obtain Murty'’s result as a consequence of this result.

Proof of Theorem 1.1. If M is a circuit, then the result follows. If M has corank exceeding one, then it
follows from [12, Section 10.2, Exercise 2] that M has a deletable series class. The result follows from
Theorem 1.2 by taking ¢ = d because cases (ii) and (v) cannot occur (in these two casesc < d). O

The second main result provides a complete characterization of the connected binary matroids
with a circuit-spectrum of size two in the special case that the largest circuit size is odd.

Theorem 1.3. Let c,d € Z" with ¢ < d and d odd. Let M be a connected binary matroid. Then
spec(M) = {c, d} if and only if there are connected binary matroids Mg, M1, ..., M, for somen € Z*
such that the following hold.

(i) E(My) NE(M;) = {e}, fordistinct iand jin {0, 1, ..., n}.

(ii) E(My) is a circuit of M.

(iii) For i € {1,2,...,n}, {e} is a series class of M;, all other series classes of M; have size l;, and the
cosimplification of M; is isomorphic to one of the following matroids.

(@) Uy, for some n; > 3, where ¢ = 2I,.

(b) PG(rl, 2)*, for some r; > 2, where ¢ = 2"il;.

(c) AG(rl, 2)*, for somer; > 3, where ¢ = 27711,

(d) s for some n; > 4, and e is the cotip, where ¢ = 4l;.

(e) B(r,, 2)*, forsomer; > 3, and e is the cotip, where c = 2”!»

(ivyd =|EMyp)| —1+di+dy+---+d, > c,whered; = % when (iii) (a) holds, d; = (2" — 1);
when (iii) (b) holds, d; = (2"i~! — 1)I; when (iii) (c) holds, d = n;l; when (iii) (d) holds, and d; = ¢
when (iii) (e) holds.

(v) M =S(Mp, My, ..., My)/e.

We next note an attractive corollary of Theorem 1.3.

Corollary 1.4. Let M be a 3-connected binary matroid with largest circuit size odd. Then |spec(M)| < 2
if and only if M is isomorphic to one of the following matroids.
(l) UOJ or U2’3.
(i) S3,, for somen > 2.
(iii) B(r, 2)*, for somer > 2.

In Section 2 of the paper we give a useful lemma that is of independent interest as well as
an application of this lemma. In Section 3 we give a construction that is used in the proof of the
main results. In Section 4 we prove Theorem 1.2, while in Section 5 we prove Theorem 1.3. Finally,
an example showing the difficulty in extending our results to a complete characterization of the
connected binary matroids with circuits of two different sizes is given in Section 6.

2. A useful result
We use the following result which may be known.

Lemma 2.1. Let M be a cosimple matroid with an assigned weight x. € R to each e € EM). If
ZeeD Xxe = 0, for every circuit D of M, then x, = 0 for every e € E(M).

Proof. Let M be a minimal counterexample. Then there exists e € E(M) such that x, # 0. Choose
f € E(M). We first show that for each series class S of M \ f,

ng =0. (1
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Let N be the cosimplification of M \ f. For each element g of N, we define y, to be equal to )", ¢ X,
where S is the series class of M \ f containing g. Note that den ¥e = 0 for every circuit D of N. The
result holds for N by the choice of M. Therefore y, = 0 for every g € E(N). Thus (1) follows.

Iff # e, then (1) implies that des X, = 0 when S is the series class of M \ f that contains e. Hence
IS] > 2 because x, # 0. Therefore L* = S U f is a coline of M such that |[L*| > 3 and e € L*. There
exists f’ € L* such that ng*ff, Xy # 0 because x, # 0. We arrive at a contradiction to (1) when
applied to f instead of f because L* — f’ is a series classof M \ f’. O

The following beautiful result of Basterfield and Kelly [1] and Greene [9] is a consequence of
Lemma 2.1. Note that their result is more general in that they characterize the corresponding extremal
matroids.

Corollary 2.2. If M is a simple matroid, then |#(M)| > |E(M)]|.

Proof. Observe that M* is a cosimple matroid such that |#(M)| = |C(M*)|. Consider the system
having a variable x, for each element e € E(M) and an equation for each circuit C of M*:

er =0.

ecC

By Lemma 2.1, this system has only the trivial solution. Therefore the number of equations |G (M*)| is
greater or equal to the number of variables |[E(M)|. O

Many papers have been written that provide partial characterization of the matroids that satisfy
|#(M)| = |[E(M)| +dford € Z" (see, for example, [2,8]). Dentice [6,7] characterized these matroids
ford € {1, 2}.

3. A construction

We say that a binary matroid N is even when |S| is even for every series class S. Such a matroid
has no coloops. Let N be an even binary matroid. For a set X disjoint from E(N), we say that M is an
X-extension of N provided E(M) = X U E(N) and the cycle space of M is spanned by C(N) together
with XU (Usegv) Xs), where aset Xs C S such that 2|Xs| = |S]| is chosen arbitrarily for every S € 8(N).
Observe that all X-extensions of N are isomorphic. Moreover, for each S € §(N), both Xs and S — X;
are series classes of M. We next describe the dual construction: start with N* \ (Uscsnv) Xs); add a
parallel class X outside the space determined by N* \ (Uscs(n) Xs); for each line that contains the
parallel class X and the parallel class S — X5 add a parallel class Xs. Note that there is just one binary
matroid obtained this way.

Lemma 3.1. Let N be an even binary matroid. If M is an X-extension of N, then |C| = |X| + w,for
every circuit C € (M) — C(N).

Proof. If D = X U (Uses(ny Xs), then there is a collection of disjoint cycles D), D5, . . ., D;, of N such that
C=DAD|AD,A---ADjbecause the cycle space of M is spanned by D and the cycle space of N.
LetD' = D/l A D/Z A A DL HenceC — X = [USG%Y(N):SZD’ Xs] @] [USG%S(N):SQD’ (S — Xs)] and so

ICl=1XI+ Y. Ksl+ > IS—Xsl.
Ses(N):SgZD’ Ses(N):SCD’
As |Xs| = |S — X;s|, it follows that

IS| [E(M)]
ICl=1XI+ Y IXs|=IX|+ Xl +—

Ses(N) Sed(N)

The straightforward proof of the next result is omitted.

Lemma 3.2. Let N be a binary even matroid having a circuit-spectrum of size one and M be an X -extension
of N. Then the following hold.
(i) If N is an I-subdivision of Uy 1, then M is obtained from an %-subdivision of Uy 3 by replacing a series
class by X, where X is a series class.
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(ii) If N is an I-subdivision of Uj p, for some n > 3, then M is obtained from an %—subdivision of Sy by
replacing the series class corresponding to the cotip by X, where X is a series class.

(iii) If N is an I-subdivision of PG(r, 2)*, for some r > 2, then M is obtained from an %—subdivision of
PG(r + 1, 2)* by replacing a series class by X, where X is a series class.

(iv) If N is an I-subdivision of AG(r + 1, 2)*, for some r > 2, then M is obtained from an %—subdivision
of B(r + 1, 2)* by replacing the series class corresponding to the cotip by X, where X is a series class.

Observe that, when n = 3 in (ii) and r = 2 in (iii), we obtain the same matroid whose cosimplifi-
cation is FJ' (therefore we may suppose thatn > 4 in (ii)).

4. A proof of Theorem 1.2

Lemma 4.1. Let ¢, d € Z*. Suppose that T is a series class of a connected binary matroid M with corank
exceeding one such that each circuit of M that avoids T has c elements and each circuit of M that contains
T has d elements. If C and D are circuits of M that avoid and meet T, respectively, and C N D # (, then
C A Dis acircuit of M. Moreover, |C N D| = %

Proof. There are pairwise disjoint circuits Dy, D5, ..., D, of M suchthat CAD =D;UD,U---UD,,.
As T isaseriesclassof M and T C D — C, it follows that T is contained in exactly one D;, say D,. Then
ID1| =dand |Dy| = |D3| = --- = |D,| = c. Thus

c+d>|CAD| =Dyl +|Ds| + -+ |Dul =d+ (n— 1)c.

Therefore n = 1 and C A D is a circuit of M.
To prove the second part of this lemma, observe that

2ICND|=|C|+|D|—|CAD|=c+d—d=c
and the result follows. O

We now prove the first main result of the paper.

Proof of Theorem 1.2. We argue by contradiction. Suppose this result is not true and choose a
counterexample (M, T) such that |[E(M)| is minimum. Consider the connected matroid N = M \ T.
It follows again from [12, Section 10.2, Exercise 2] that N is a circuit or N has a deletable series class
T'. In the latter case the choice of (M, T) implies that the result holds for the pair (N, T’). Therefore
N is a circuit or N is a %—subdivision of Uy p, forsomen > 3,orNisa 2%—subdivision of PG(r, 2)* or
AG(r + 1, 2)*, for some r > 2. (Note that Murty'’s result holds from this observation when ¢ = d.) If
N is a circuit, then (i) follows for n = 3. Choose a circuit C of M such that T C C.

First,assume that N isa %-subdivision of Uy p, forsomen > 3.LetSy, S, ..., Sy be the series classes
of N. The cycle space of M is spanned by the cycle space of N together with a circuit C of M such that

T CC.Forie{1,2,...,n},letX; =S; N C. We may reorder S1, Sy, ..., S, so that
1Xi] = 1Xa| = -+ = |Xal.

Observe that
d=|C| = T| + [X1] + |Xa| + -+ - + [Xal. (2)
Suppose that X, = X5 = --- = X, = (. As M is connected, it follows that X; # . By Lemma 4.1,
IXi] = |CN (S USy)| = 5 and so X; = Sy. Therefore T U Sy, $1US,, S, USs, ..., S—1 US, span both
the cycle spaces of M and H, where H is a subdivision of U; 11 having series classes T, Sy, S, . . ., Sp.
Thus M = H. Hence (i) follows.
Now we assume that it is not true that X, = X3 = --- = X;; = ¢. There is an m such that X;;, # ¢

and, when m # n, Xj,+1 = #. It follows from the assumption that m > 2. Choose a 2-element subset
{i,j}of {1, 2, ..., n}suchthati < m.By Lemma 4.1,

c
Xil + Xl = X U Xj| = 2 (3)

because X; UX; = (5;US;) NC.
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Now, we show that m = n.If m < n, then, by (3) applied to {i, j} = {m, m + 1}, |[Xz| = % and so
|Xi| > % for every i < m; a contradiction to (3) (recall that m > 2). Hence m = n. By (3) applied to
each 2-element subset of {1, 2, ..., n}, we conclude that |X;| = |X;| = --- = [X,| = §. We have (ii),
when n > 4, and (iii), when n = 3. (That is, M is a T-extension of N.)

Now, suppose that N is a %—subdivision of PG(r, 2)* or AG(r + 1, 2)*, for some r > 2. We consider
two subcases. First, assume that C N D = @, for some D € C(N). In this subcase we establish that (iv)
occurs. Now we prove that D is the unique circuit of N avoiding C. Assume that D” # D is a circuit of
N such that D" NC = ¢. Hence [DND"| = 3 because N is isomorphic to 5--subdivision of PG(r, 2)* or
AG(r+1, 2)* forsomer > 2.Let D' be a circuit of M such that D’ (DND") # @#and D' NC # @. Such
a circuit D’ exists because in either PG(r, 2)* or AG(r + 1, 2)* we can choose any two elements and
construct a circuit containing both, and C N E(N) # (. Then the structure of the circuits of PG(r, 2)*
and AG(r+1, 2)* imply that [D'ND| = [D'ND"| = § and [D'NDND"| = {.Hence |D'— (DUD")| = .
We arrive at a contradiction because, by Lemma 4.1, [D' N C| = % Thus D is the unique circuit of N
avoiding C. Next, we prove that E(N) —D C C. Consider any series class S of N such that SND = (. 1tis
enough to show thatS C C.Let D' beacircuit of N such thatS € D’and D'ND # (. So [DND'| = 5.But
CND’" # Pbecause D # D' and so,by Lemma 4.1, |CND’'| = 5.As|D'| = cand CND’, DND’ are disjoint
subsets of D" with cardinality , it follows that {C N D', D N D'} partition D" and so C N D" = D" — D.
In particular, S € C.Thus E(N) — D € C.Hence C = [E(N) — D] U T, and E(N) — D is not a circuit
of N. Therefore N is isomorphic to a %—subdivision of PG(r, 2)* and so M is obtained from a matroid
isomorphic to a 2%-subdivision of AG(r + 1, 2)* by replacing a series class by T. Thus case (iv) occurs.

Now, we consider the second case. Set Xs = C N S, for every S € §(N). As C A D is a circuit of M,
for every D € C(N), it follows that

0=[Cl—ICAaDI= Y [Xl—IS—Xsl
Se$(N):SCD

By Lemma 2.1, |Xs| = |S — Xs|, for every S € $(N). Therefore M is a T-extension of N. Thus Lemma 3.2
implies that (iii) or (v) occurs. O

5. 0dd circumference case

We determine the connected binary matroids having a spectrum of size two in this section in the
special case that the largest circuit size is odd. First we give two interesting lemmas.

Lemma5.1. Let ¢, d € Z" with ¢ < d and d odd. If M is a connected binary matroid with spec(M) =
{c, d}, then c is even.

Proof. The matroid M has corank exceeding one as it has at least two circuits. If X is a subset of E(M)
such that M|X is a coloopless connected matroid with corank two, then M|X is a subdivision of Uy 3.
So M|X must contain an even circuit. Therefore c iseven. O

Lemma 5.2. Let c,d € Z' withc < d and d odd. Suppose M is a connected binary matroid with
spec(M) = {c, d}. If C; and G, are circuits of M such that C; N\ C; # @, then:

(i) C1 A Gy is a minimum size circuit of M when |C;| = |C;| = c.
(ii) C; A Gy is a maximum size circuit of M when {|C4], |C;|} = {c, d}.

(iii) C; A Gy is a union of pairwise disjoint minimum size circuits of M when |C{| = |G| = d.
Proof. There are pairwise disjoint circuits Dy, D, ..., D, of M suchthat C; AC, = DyUD,U---UD,,.
Thus

ICi] + |G| = 2|Ci NG| = |C1 A G| = [Dy] + [Da| + -+ + |Dal. (4)

If |C1] = |C3] = c, then, by (4),
2¢ > |Dy| + |Da| + -+ - + |Dn| = nc.

Hencen = 1andso C; AG, is acircuit of M. Observe that |C; AC;| is even by (4). Therefore |C; AC,| = c.
Hence (i) holds.
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If |C;] = cand |C;| = d, then, by (4), |C; A C3| is odd. By (4), thereisi € {1, 2, ..., n} such that |D;|
is odd, say |D¢| = d. Again, by (4),

c+d>c+d—2/CiNG| = |Di|+ Ds| + -+ |Dy| = d+ (n— ).

Hence n = 1 and (ii) follows.
If |C;| = |G| = d, then, by (4), |C; A C;] is even and an even number of D; has maximum size.
Again, by (4),

2d >d+d—2|C; NG| = |D1] 4+ |Da| + - - - + |Dy|
and so at most one D; have maximum size. Thus no D; has maximum size and (iii) follows. O
Lemma5.3. Let c,d € Z* with ¢ < d and d odd. Suppose M is a connected binary matroid with
spec(M) = {c, d}. If C is the family of minimum size circuits of M, then:

(i) There is a binary matroid N over E(M) such that C(N) = C.
(ii) The cycle space of M is spanned by the cycle space of N together with any maximum size circuit of M.

Moreover, if N1, Na, ..., N, are the connected components of N with non-zero corank and Ny is the set
of coloops, then there are matroids Mg, My, . .., My, such that:

)
iv) Ny = M; \ e foreveryie {1,2,...,n};

vi) E(Mp) = L* Ue € C(My), where L* is the set of coloops of N;

(vii) fori € {1,2,...,n}, {e} is a series class of M;, all the other series class of M; has size I; and the
cosimplification of M; is isomorphic to

iii) E(M;) N E(M;) = {e}, for every 2-element subset {i, j} of {0, 1,...,n};

(a) Uy, for some n; > 3, where ¢ = 21;; or

(b) PG(r;, 2)*, for some r; > 2, where c = 2"il;; or

(c) AG(r;, 2)*, for some r; > 3, where ¢ = 2" 11;; or

(d) S,’;i,for some n; > 4, and e is the tip of Sy, where ¢ = 4l;;

(e) B(r;, 2)*, for some r; > 3, and e corresponds to the cotip, where ¢ = 2'il;; and

(viii) M = S(Mo, M1, ..., My)/e.

Proof. Observe that (i) is a consequence of Lemma 5.2(i). Now, we establish (ii). Fix a maximum size
circuit C of M. We need to prove that {C}UC spans the cycle space of M. It is enough to show that {C}UC
spans any maximum size circuit D of M. If C N D # @, then the result follows from Lemma 5.2(iii). We
may assume that C N D = @. There is a circuit C’of M meeting both C and D because M is connected.

If C’ is even, then C A C’ is an maximum size circuit of M, by Lemma 5.2(ii). But C A C’ is spanned
by {C} U €. By Lemma 5.2(iii), (C A C') A D is spanned by €. Hence D is spanned by {C} U C.

If C" is odd, then, by Lemma 5.2(iii), both C A C" and C’ A D are spanned by €. Therefore C AD =
(C AC') A (C' AD)isspanned by €. Thus D is spanned by {C} U €. Thus (ii) holds.

Let K; be the binary matroid whose ground set is E (N;) U C U e and whose cycle space is spanned by
the circuits of N; together with CUe. Set M; = K;/[C —E(N;)]. Observe that M = S(My, My, ..., My,)/e.
Note that the cycle space of S(My, My, ..., M,) is spanned by C(N;) U --- U C(N,) = C together
with UL [(C N E(N;)) Ue] = C U e. As every circuit of N; has size c and every circuit of M; that
contains e must have the same size, it follows, by Theorem 1.2, that M; is as described in (vii). The
result follows. O

Proof of Theorem 1.3. The proof of the reverse direction of the theorem statement is straightforward.
The forward direction of the theorem statement follows from Lemma 5.3. O
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6. An example

We next give some examples to show that the problem of finding all connected binary matroids
with a circuit-spectrum of size two is very complex. In particular, the following proposition together
with Theorem 1.1 allows us to construct many such matroids.

Proposition 6.1. If c,d € Z*, then there exists a connected binary matroid with spec(M) = {2c,
d|E(Z)|}, where Z is a connected binary matroid with spec(M) = {c}.

Proof. Let N be a coloopless simple binary matroid with spec(N) = {c} whose connected components

Ny, Ny, ..., Ny have the same size. Suppose H is a connected binary matroid on {1, 2, ..., k} with
spec(H) = {d}. We next construct the matroid M. Add an element €’ in series with each element e
of N to obtain the matroid N’. Each circuit of N’ has size 2c. For a subset A of {1, 2, ..., k}, we set

X4 = Uijea E(N;). Note that X4 A Xg = Xanp, Where A and B are subsets of {1, 2, ..., k}.
Let M be the binary matroid whose cycle space is spanned by C(N') U {Xc : C € C(H)}.IfCisa
circuit of M, then there are circuits C;, G, .. ., G, of N" and circuits Dy, D,, . .., D, of H such that

C=CAGA - ACy) A (Xp, AXp, -+ A Xp,).
This identity can be rewritten as
C=(GAGA---AGy) A Xp,aDya--4D,)-

IfDy ADy A--- AD, = @, then C is a circuit of N’. In this case, C has 2c elements. We may
assume that Dy A Dy A --- A D, # (). The symmetric difference Dy A D, A --- A Dy is a union of
disjoint circuits of H. However, since for alli € {1,2,...,m}, G C Nj/ forsomej € {1,2,...,k},if
(C1AG A -+ AGCp) AXpap,ya--ab, 1S a circuit, then Dy A Dy A - - A D, must also be a circuit as
otherwise (C; A G A -+ - A Gy) A Xp, ap,a...ap, Would be a union of disjoint circuits by the definition
of the cycle space of M. Denote D; A D, A --- A D, by D. Then

C=(CGACA - ACy) AXp. (5)

Choose Cy, Cy, ..., Gy so that this identity holds and m is as small as possible. Then Cq, C5, ..., Cy, are
pairwise disjoint by the choice of m.
We show, by induction on n, that

CGAGA---AG) AXp
meets each series class of N; in exactly half of its elements, when i € D, and avoids each series class
of N/, when i ¢ D. In particular, the cardinality of this set is equal to
> IE(Ny)| = IDIIE(Ny)| = dIE(Ny)],
ieD
where the first equality follows by (5). Taking m = n, we obtain the cardinality of C.
If n = 0, then the result holds. Suppose that the result holds for n — 1. Assume that G, is a circuit

of N;. Note that i € D because ;N Xp # ¥. Asi € D and every series class S of N/ is contained in C, or
avoids G, it follows that

SNIGA---AG)AXpl =SNG A+ AG-1) AXpl,
when S avoids C,, and
SAMGA---AC)AXp]l=S—EN[(C A--- ACh1) AXp)),
when S meets C,. The result follows by induction because |S| =2|SN (C; A ... AC,_1)|. O

The statement of Proposition 6.1 is particularly attractive if, for example, c = 2"~'I and the
components N; chosen in the proof are all isomorphic to either an [-subdivision of AG(r, 2)*, where
r > 3, or are isomorphic to a 2" ~2[-subdivision of U 4. In this case |[E(N;)| = 2c so that the matroid
M produced will have spec(M) = {2c, 2cd}.
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Note that M (K3 ,), for n > 3, is a 3-connected graphic matroid having circuits whose sizes are
equal to 4 and 6 only.

We end by giving another example that shows that the problem in general is complex. Let {C1, C,}
be a partition of the circuits of F;. Then there are even integers c¢; and ¢, satisfying c; < c; and a
subdivision of F; such that |C| = ¢; for every circuit C that is a subdivision of a circuit in ¢;. This may
be true for the dual of other projective geometries, but to prove this we need to find positive integers
c¢1 and ¢, such that the solutions for the system are positive integers:

§ Xe = Ci,

ecC

forevery G; € G;andi € {1, 2}. Note that the system has integer solutions when c; and ¢, are multiples
of the determinant of the system; however these integers may not be positive.
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