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Abstract

Briot–Bouquet differential subordinations play a prominent role in the theory of differential subordina-
tions. In this article we consider the dual problem of Briot–Bouquet differential superordinations. Let β and
γ be complex numbers, and let Ω be any set in the complex plane C. The function p analytic in the unit
disk U is said to be a solution of the Briot–Bouquet differential superordination if

Ω ⊂
{
p(z) + zp′(z)

βp(z) + γ

∣∣∣∣ z ∈ U

}
.

The authors determine properties of functions p satisfying this differential superordination and also some
generalized versions of it.

In addition, for sets Ω1 and Ω2 in the complex plane the authors determine properties of functions p

satisfying a Briot–Bouquet sandwich of the form

Ω1 ⊂
{
p(z) + zp′(z)

βp(z) + γ

∣∣∣∣ z ∈ U

}
⊂ Ω2.

Generalizations of this result are also considered.
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1. Introduction

We begin by introducing the two important classes of functions considered in this article.
Let H = H(U) denote the class of functions analytic in U. For n a positive integer and a ∈ C,

let

H[a,n] = {
f ∈ H

∣∣ f (z) = a + anz
n + an+1z

n+1 + · · ·}.
Let Q denote the set of functions f that are analytic and injective on the set U \ E(f ), where

E(f ) =
{
ς ∈ ∂U

∣∣∣ lim
z→ς

f (z) = ∞
}
,

and are such that f ′(ς) �= 0 for ς ∈ ∂U \ E(f ). The subclass of Q for which f (0) = a is denoted
by Q(a).

Most of the functions considered in this article, and conditions on them are defined uniformly
in the unit disk U. Because of this we shall omit the requirement “z ∈ U” in most of the definitions
and results.

Many of the inclusion results that follow can be written very neatly in terms of subordination
and superordination. We recall these definitions. Let f,F ∈ H and let F be univalent in U. The
function F is said to be superordinate to f , or f is subordinate to F , written f ≺ F , if f (0) =
F(0) and f (U) ⊂ F(U).

Let β and γ be complex numbers, let Ω2 and Δ2 be sets in the complex plane, and let p be
analytic in the unit disk U. In a series of articles the authors and many others [7, pp. 80–119]
have determined conditions so{

p(z) + zp′(z)
βp(z) + γ

∣∣∣∣ z ∈ U
}

⊂ Ω2 ⇒ p(U) ⊂ Δ2. (1)

The differential operator on the left is known as the Briot–Bouquet differential operator. The main
concern in this subject has been to find the smallest set Δ2 in C for which (1) holds. This partic-
ular differential implication has a surprising number of applications in univalent function theory.

In this article we consider the dual problem of determining conditions so that

Ω1 ⊂
{
p(z) + zp′(z)

βp(z) + γ

∣∣∣∣ z ∈ U
}

⇒ Δ1 ⊂ p(U). (2)

In particular, we are interested in determining the largest set Δ1 in C for which (2) holds.
If the sets Ω and Δ in (1) and (2) are simply connected domains not equal to C, then it is

possible to rephrase these expressions very neatly in terms of subordination and superordination
in the forms:

p(z) + zp′(z)
βp(z) + γ

≺ h2(z) ⇒ p(z) ≺ q2(z), (1′)

h1(z) ≺ p(z) + zp′(z)
βp(z) + γ

⇒ q1(z) ≺ p(z). (2′)

The left side of (1′) is called a Briot–Bouquet differential subordination, and the function q2
is called a dominant of the differential subordination. The best dominant, which provides a sharp
result, is the dominant that is subordinate to all other dominants. Many results and applications
on these topics can be found in [7, pp. 80–119].

In a recent paper [6] the authors have introduced the dual concept of a differential super-
ordination. In light of those results we call the left side of (2′) a Briot–Bouquet differential
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superordination, and the function q1 is called a subordinant of the differential superordination.
The best subordinant, which provides a sharp result is the subordinant which is superordinate to
all other subordinants. Some other recent results related to (2′) can be found in [1] and [2].

In this article we will combine (1′) and (2′) to obtain conditions so that the Briot–Bouquet
sandwich

h1(z) ≺ p(z) + zp′(z)
βp(z) + γ

≺ h2(z) (3)

implies that q1(z) ≺ p(z) ≺ q2(z). This result, implication (2′), and generalizations of these re-
sults will be given in Section 3. First we provide the lemmas needed to complete the proofs in
Section 3.

2. Preliminaries

The first lemma provides a simple criterion for finding a subordinant and best subordinant of
a first-order differential superordination.

Lemma A. [8, Theorem 5] Let h be analytic in U, q ∈ H[a,n], ϕ : C2 → C, and suppose that

ϕ
(
q(z), tzq ′(z)

) ∈ h(U), (4)

for z ∈ U, and 0 < t � 1/n � 1. If p ∈ Q(a) and ϕ(p(z), zp′(z)) is univalent in U, then

h(z) ≺ ϕ
(
p(z), zp′(z)

) ⇒ q(z) ≺ p(z).

Furthermore, if ϕ(q(z), zq ′(z)) = h(z) has a univalent solution q ∈ Q(a), then q is the best
subordinant.

A function L(z, t), with z ∈ U and t � 0, is a subordination chain if L(· , t) is analytic and
univalent in U for all t � 0, L(z, ·) is continuously differentiable on R+ for all z ∈ U, and
L(z, s) ≺ L(z, t), when 0 � s � t [9, p. 157]. The following lemma provides a sufficient condi-
tion for L(z, t) to be a subordination chain.

Lemma B. ([7, p. 4] and [9, p. 159]) The function L(z, t) = a1(t)z+a2(t)z
2 +· · · , with a1(t) �= 0,

for t � 0, and limt→∞ |a1(t)| = ∞, is a subordination chain if

Re

[
z(∂L/∂z)

∂L/∂t

]
> 0, (5)

for z ∈ U and t � 0.

The next lemma provides subordinants and best subordinants of a differential superordination
by applying the theory of subordination chains.

Lemma C. [8, Theorem 7] Let q ∈ H[a,1], let ϕ : C2 → C, and let h be defined by

ϕ
(
q(z), zq ′(z)

) = h(z). (6)

If L(z, t) = ϕ(q(z), tzq ′(z)) is a subordination chain and p ∈ H[a,1] ∩ Q, then

h(z) ≺ ϕ
(
p(z), zp′(z)

) ⇒ q(z) ≺ p(z).

Furthermore, if ϕ(q(z), zq ′(z)) = h(z) has a univalent solution q ∈ Q(a), then q is the best
subordinant.
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3. Main results

Theorem 1. Let h be convex in U, with h(0) = a, and let Θ and Φ be analytic in a domain D. Let
p ∈ H[a,1] ∩ Q and suppose that Θ[p(z)] + zp′(z)Φ[p(z)] is univalent in U. If the differential
equation

Θ
[
q(z)

] + zq ′(z)Φ
[
q(z)

] = h(z) (7)

has a univalent solution q that satisfies q(0) = a, q(U) ⊂ D, and

Θ
[
q(z)

] ≺ h(z), (8)

then

h(z) ≺ Θ
[
p(z)

] + zp′(z)Φ
[
p(z)

] ⇒ q(z) ≺ p(z). (9)

The function q is the best subordinant.

Proof. We can assume that h,p and q satisfy the conditions of this theorem on the closed disk U,
and that q ′(ς) �= 0 for |ς | = 1. If not, then we can replace h,p and q with h(ρz),p(ρz) and
q(ρz), where 0 < ρ < 1. These new functions have the desired properties on U, and we can use
them in the proof of the theorem. Theorem 1 would then follow by letting ρ → 1.

We will use Lemma A to prove this result. If we let ϕ(r, s) = Θ[r]+ sΦ[r], then (7) becomes
ϕ(q(z), zq ′(z)) = h(z), and we have

ϕ
(
q(z), tzq ′(z)

) = Θ
[
q(z)

] + tzq ′(z)Φ
[
q(z)

]
.

By applying (7) this simplifies to

ϕ
(
q(z), tzq ′(z)

) = (1 − t)Θ
[
q(z)

] + th(z).

From (8) and the convexity of h(U) we conclude that ϕ(q(z), tzq ′(z)) ∈ h(U) for 0 � t � 1.
Hence condition (4) of Lemma A is satisfied and the conclusions of this theorem follow. �

In the special case when Θ[w] = w and Φ[w] = [βw + γ ]−1 we obtain the following result
for the Briot–Bouquet differential superordination.

Corollary 1.1. Let β,γ ∈ C, and let h be convex in U, with h(0) = a. Suppose that the differential
equation

q(z) + zq ′(z)
βq(z) + γ

= h(z) (10)

has a univalent solution q that satisfies q(0) = a, and q(z) ≺ h(z). If p ∈ H[a,1] ∩ Q and
p(z) + zp′(z)[βp(z) + γ ]−1 is univalent in U, then

h(z) ≺ p(z) + zp′(z)
βp(z) + γ

⇒ q(z) ≺ p(z). (11)

The function q is the best subordinant.

For conditions and examples for which the Briot–Bouquet differential equation (10) has uni-
valent solutions see [4] and [7, p. 91].

There is a complete analog of Theorem 1 for differential subordinations, which is given in
[5, p. 189] and [7, p. 125]. We can combine that result with Theorem 1 and obtain the following
sandwich theorem.
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Theorem 2. Let h1 and h2 be convex in U, with h1(0) = h2(0) = a, and let Θ and Φ be analytic
in a domain D. Let p ∈ H[a,1] ∩ Q and suppose that Θ[p(z)] + zp′(z)Φ[p(z)] is univalent
in U. If the differential equations

Θ
[
qi(z)

] + zq ′
i (z)Φ

[
qi(z)

] = hi(z)

have univalent solutions qi that satisfy qi(0) = a, qi(U) ⊂ D, and

Θ
[
qi(z)

] ≺ hi(z),

for i = 1,2, then

h1(z) ≺ Θ
[
p(z)

] + zp′(z)Φ
[
p(z)

] ≺ h2(z) ⇒ q1(z) ≺ p(z) ≺ q2(z).

The functions q1 and q2 are the best subordinant and best dominant, respectively.

In the special case when Θ[w] = w and Φ[w] = [βw + γ ]−1 we obtain the following Briot–
Bouquet sandwich result.

Corollary 2.1. Let β,γ ∈ C, and let hi be convex in U, with hi(0) = a, for i = 1,2. Suppose that
the differential equations

qi(z) + zq ′
i (z)

βqi(z) + γ
= hi(z) (12)

have a univalent solution qi that satisfies qi(0) = a, and qi(z) ≺ hi(z), for i = 1,2. If
p ∈ H[a,1] ∩ Q and p(z) + zp′(z)[βp(z) + γ ]−1 is univalent in U, then

h1(z) ≺ p(z) + zp′(z)
βp(z) + γ

≺ h2(z) ⇒ q1(z) ≺ p(z) ≺ q2(z).

The functions q1 and q2 are the best subordinant and best dominant, respectively.

If β = 0 and γ �= 0 with Reγ � 0, then (12) has univalent (convex) solutions given by

qi(z) = γ

zγ

z∫
0

hi(t)t
γ−1 dt, (13)

for i = 1,2. In this case we obtain the following sandwich theorem.

Corollary 2.2. Let h1 and h2 be convex in U, with h1(0) = h2(0) = a. Let γ �= 0 with Reγ � 0,
and let the functions qi be defined by (13) for i = 1,2. If p ∈ H [a,1] ∩ Q and p(z) + zp′(z)/γ
is univalent in U, then

h1(z) ≺ p(z) + zp′(z)
γ

≺ h2(z) ⇒ q1(z) ≺ p(z) ≺ q2(z). (14)

The functions q1 and q2 are the best subordinant and best dominant, respectively.

Hallenbeck and Ruscheweyh [3] gave the right differential subordination and conclusion in
(14), while the authors [8, Theorem 6] gave the corresponding left differential superordination
and conclusion.

Theorem 1 has dealt with finding a subordinant or the best subordinant for a differential su-
perordination for a given h. We next attack the problem from a different direction; first select the
subordinant q and then find the appropriate h corresponding to this q .
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Theorem 3. Let Θ and Φ be analytic in a domain D, and let q be univalent in U, with q(0) = a

and q(U) ⊂ D. Set Q(z) = zq ′(z) · Φ[q(z)], h(z) = Θ[q(z)] + Q(z) and suppose that

(i) Re

⌊
Θ ′[q(z)]
Φ[q(z)]

⌋
> 0, and

(ii) Q(z) is starlike.

If p ∈ H[a,1] ∩ Q, p(U) ⊂ D and Θ[p(z)] + zp′(z)Φ[p(z)] is univalent in U, then

h(z) ≺ Θ
[
p(z)

] + zp′(z)Φ
[
p(z)

] ⇒ q(z) ≺ p(z),

and q is the best subordinant.

Proof. As we have done before, without loss of generality we can assume that p,q , and h satisfy
the conditions of this theorem on the closed disk U, and that q ′(ς) �= 0 for |ς | = 1. If we let

ϕ(r, s) = Θ[r] + sΦ[r]
then the function q satisfies the differential equation

ϕ
(
q(z), zq ′(z)

) = Θ
[
q(z)

] + zq ′(z)Φ
[
q(z)

] = h(z).

We will use Lemma C to prove this result by showing that L(z, t) ≡ ϕ(q(z), tzq ′(z)) is a subor-
dination chain. The function

L(z, t) = Θ
[
q(z)

] + tzq ′(z)Φ
[
q(z)

] = a1(t)z + a2(t)z
2 + · · ·

is analytic in U for all t � 0, and is continuously differentiable on [0,∞). A simple calculation
shows that

a1(t) = ∂L

∂z
(0, t) = q ′(0) · Φ[

q(0)
]⌊Θ ′[q(0)]

Φ[q(0)] + t

⌋
. (15)

Since q is univalent we have q ′(0) �= 0, and combining this with condition (i) for z = 0, from
(15) we obtain a1(t) �= 0, for t � 0. Also from (15) we obtain limt→∞ |a1(t)| = ∞.

Another calculation combined with conditions (i) and (ii) leads to

Re

⌊
z(∂L/∂z)

∂L/∂t

⌋
= Re

⌊
Θ ′[q(z)]
Φ[q(z)] + t

zQ′(z)
Q(z)

⌋
> 0,

for z ∈ U and t � 0. According to Lemma B the function L(z, t) is a subordination chain, and
from Lemma C the conclusions of the theorem follow. �

In the special case when Θ[w] = w and Φ[w] = [βw + γ ]−1 Theorem 3 simplifies to the
following result for the Briot–Bouquet differential superordinations.

Corollary 3.1. Let β,γ ∈ C, and let q be univalent in U, with q(0) = a. Set

h(z) = q(z) + zq ′(z)
βq(z) + γ

(16)

and suppose that

(i) Re[βq(z) + γ ] > 0, and
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(ii)
zq ′(z)

βq(z) + γ
is starlike.

If p ∈ H[a,1] ∩ Q and p(z) + zp′(z)[βp(z) + γ ]−1 is univalent in U, then

h(z) ≺ p(z) + zp′(z)
βp(z) + γ

⇒ q(z) ≺ p(z),

and q is the best subordinant.

Several previous results of the authors enable us to replace the conditions that q be univalent
and that (i) be satisfied in the above result with weaker conditions. To do this we need to introduce
the open door function. Let c be a complex number such that Re c > 0 and let

C = |c|√1 + 2 Re c + Im c

Re c
.

If R(z) is the univalent function defined in U by R(z) = 2Cz/(1 − z2), and b = R−1(c), then the
open door function is defined by

Rc(z) = R

(
z + b

1 + b̄z

)
= 2C

(z + b)(1 + b̄z)

(1 + b̄z)2 − (z + b)2
.

This function is univalent and maps the unit disk onto the complex plane with slits along the
half-lines Rew = 0, and |Imw| � C. In [7, pp. 86–91] it is shown that if

βh(z) + γ ≺ Rβa+γ (z),

then differential equation (16) has an analytic solution q that satisfies condition (i) in Corol-
lary 3.1. In addition, condition (ii) implies that this solution q is univalent. Combining these
results with Corollary 3.1 we obtain the following improved result.

Corollary 3.2. Let h ∈ H(U) with h(0) = a, let β,γ ∈ C with Re[βa + γ ] > 0, and suppose that

(i) βh(z) + γ ≺ Rβa+γ (z).

Let q be the analytic solution of the Briot–Bouquet differential equation

h(z) = q(z) + zq ′(z)
βq(z) + γ

and suppose that

(ii)
zq ′(z)

βq(z) + γ
is starlike.

If p ∈ H[a,1] ∩ Q and p(z) + zp′(z)[βp(z) + γ ]−1 is univalent in U, then

h(z) ≺ p(z) + zp′(z)
βp(z) + γ

⇒ q(z) ≺ p(z),

and q is the best subordinant.
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There is a complete analog of Theorem 3 for differential subordinations, which is given in
[5, p. 190] and [7, p. 132]. We can combine that result with Theorem 3 and obtain the following
sandwich theorem.

Theorem 4. Let Θ and Φ be analytic in a domain D, and let q1 and q2 be univalent in U, with
qi(0) = a and qi(U) ⊂ D, for i = 1,2. Set Qi(z) = zq ′

i (z) · Φ[qi(z)], hi(z) = Θ[qi(z)] + Qi(z)

and suppose that

(i) Re

⌊
Θ ′[qi(z)]
Φ[qi(z)]

⌋
> 0, and

(ii) Qi(z) is starlike.

If p ∈ H[a,1] ∩ Q,p(U) ⊂ D and Θ[p(z)] + zp′(z)Φ[p(z)] is univalent in U, then

h1(z) ≺ Θ
[
p(z)

] + zp′(z)Φ
[
p(z)

] ≺ h2(z) ⇒ q1(z) ≺ p(z) ≺ q2(z).

The functions q1 and q2 are the best subordinant and best dominant, respectively.

For the special case of the Briot–Bouquet differential operator this result becomes:

Corollary 4.1. For i = 1,2 let hi ∈ H(U) with hi(0) = a. Let β,γ ∈ C with Re[βa + γ ] > 0,
and suppose that

(i) βhi(z) + γ ≺ Rβa+γ (z).

Let qi be analytic solutions of the Briot–Bouquet differential equation

hi(z) = qi(z) + zq ′
i (z)

βqi(z) + γ

for i = 1,2, and suppose that

(ii)
zq ′

i (z)

βqi(z) + γ
is starlike.

If p ∈ H[a,1] ∩ Q and p(z) + zp′(z)[βp(z) + γ ]−1 is univalent in U, then

h1(z) ≺ p(z) + zp′(z)
βp(z) + γ

≺ h2(z) ⇒ q1(z) ≺ p(z) ≺ q2(z).

The functions q1 and q2 are the best subordinant and best dominant, respectively.

References

[1] T. Bulboaca, Classes of first-order differential superordinations, Demonstratio Math. 35 (2002) 287–292.
[2] T. Bulboaca, Generalized Briot–Bouquet differential subordinations and super-ordinations, Proc. Romanian–Finnish

Seminar on Complex Analysis, in press.
[3] D.J. Hallenbeck, St. Ruscheweyh, Subordination by convex functions, Proc. Amer. Math. Soc. 52 (1975) 191–195.
[4] S.S. Miller, P.T. Mocanu, Univalent solutions of Briot–Bouquet differential equations, J. Differential Equations 56 (3)

(1985) 297–309.



S.S. Miller, P.T. Mocanu / J. Math. Anal. Appl. 329 (2007) 327–335 335
[5] S.S. Miller, P.T. Mocanu, On some classes of first order differential subordinations, Michigan Math. J. 32 (1985)
185–195.

[6] S.S. Miller, P.T. Mocanu, Briot–Bouquet differential equations and differential subordinations, Complex Variables 33
(1997) 217–237.

[7] S.S. Miller, P.T. Mocanu, Differential Subordinations, Theory and Applications, Marcel Dekker, New York, 1999.
[8] S.S. Miller, P.T. Mocanu, Subordinants of differential superordinations, Complex Variables 48 (2003) 815–826.
[9] Ch. Pommerenke, Univalent Functions, Vanderhoeck and Ruprecht, Göttingen, 1975.


