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Abstract

The famous Stirling’s formula says that I'(s + 1) =+/2zs (s /e)*e’®) =/ 2n(s /e)* e )/125 Tn this paper, we obtain
a novel convergent asymptotic series of y(s) and proved that 0(s) is increasing for s > 0.
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1. Introduction

The Gamma function, one of the most famous functions in both mathematics and applied sciences,

o0

s!:F(s+1)=/ xSe ™ dx, s>0 (1)
0

can be analytically expanded to the whole complex plane excluding non-positive integers.
It is well-known that the Gamma function has the following famous Stirling asymptotic series
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(see [1, p. 167, 6, pp. 111-112])

1 1 N B,
ln(s—l)!zi In 27 + <s—§> lns—s+’;(—l) 2 (2n — D521’ 2

where B,, are Bernoulli numbers. However, series (2) is not convergent (see [1, p. 167]). In addition,
Lanczos obtained an efficient method for numerical calculation of the Gamma function (see [2]). In this
paper we obtained the following novel convergent asymptotic series.

Theorem 1. Let v>0 be a real number and s be a complex number such that Re(s) > 1, where Re(s)
denotes the real part of s. Then, we obtained

Ins!=41In2n+(s+21)Ins—s+ ), (3)

where

o0

B a(v)
/(S)—kXZ; (s+v)(s+v+1)...(s+v+k—1)’

1 1
ak(v):ﬂ / aq-20v—t)v+1—-¢t)---(v+k—1—1)dz.
0
Set v =1 in (3), we obtain the Binet’s formula (see [7, p. 253])

_1 ERATRURINEE = a(1)
ln(s—l)!—21n27r+<s 2>lns S+k§(s+1)(s+2)---(s+k)‘ )

Furthermore, we generalize equality (3) to all complex numbers s excluding negative integers.

Corollary 1. For all complex numbers s but not negative integer, let m> — [Re(s)] be a non-negative
integer, where [x] is defined to be the greatest integer not exceeding x. Then, we have

In s! 11n2 + s—i—m—i—l In(s +m+ 1) S In(s + p)
.= = T — —
2 2 2 P
p=1
—s—m—14+ys+m-+1). &)

For the polynomials ay (v)’s introduced in Theorem 1, there holds the following results.

Theorem 2. For any v>0, a;(v) = ﬁ, and ar(v) = v/12. If v=vg =~ 0.146094, the positive root of
24003 + 60002 +270v — 53 =0, then ar(v) >0fork>3.Ifv=0,ar(v) <0fork>3.1f0 <v < v, then
there exists an integer K, such that ay(v) >0 for k> K.

In this paper, for any complex number s with Re(s)> 1, we obtain the following generalized Stirling
formula in a new approach (see [7, p. 253])

. \/2ns(£>se7(s) — V2 (f)se(’“)/‘zs, (6)

e e
where 0(s) is an analytic function satisfying O < 6(s) < 1 for real numbers s > 1.
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In addition, (4) shows that y(s) is a strictly decreasing function for s > 1. We proved that 0(s) is also
monotone. More precisely, we have

Theorem 3. 0(s) is a strictly increasing function for real numbers s > 1.

Let n be a counting number. Herbert Robbins [5] obtained the following inequality:

1

nr1 W= 7

Maria [3] and Nanjundiah [4] improved the above inequality to get

1 |
L 8
P Y Te I AA A p ®)
and
! : (n) : 9)
_— < < —
127 36003 =" T 1m0

respectively. In fact, (9) is stronger than (8) since

1 1 1
120 +3/2Qn+1) 121 36003

In this paper, we improve the above results and obtain the following estimate,

1 1 1 1

b : 10
25 360 9 T35 T 36056+ D61 2) (10)

and more precise estimates. To obtain our results, we need the following asymptote formula.

Theorem 4.
|
- 1)7b 1
o= +Z( b4 0(s+p)"“(s+p+1)q+1 o
and
S\ 1
In (s + 1) — In («/Zns(;) ) - 5 S
|
b , 12
R ,;0 (Re(s) + p) 2 (Re(s) + p+ 12 1
where
_! 1 244 q4f = (g9
bq_E/O (1= 202001 =) dr = 15 (13)
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137
Furthermore, for real numbers s > 1, it holds
T Sk41(5) — dr(s) <(s) < % + Skt1(s)  if k=1 is odd,
1 1 . ,
ot Sk+1(s) <7(s) < I Sk+1(s) + 0ox(s) if k=2 is even, (14)

where

Sk(s) = Z( 1)9b, Z :

s+ )+ p+ DIt

1
0k () = bi+1
* Z 4G+ p) P+ p+ D s+ p+ DY

We also generalize Theorem 4 to the following theorem.

Theorem 5. Let s be any complex number except for non-positive integers and let M > — Re(s) be a
non-negative integer. Then, there holds

y(s) = (s—l—M—I—%)ln(s—i—M—i—l)—(s—l—%)lns

—Zln(s+p)—M—1+y(s+M—|—l) (15)

and

1
e = = b Z Res) + M+ p+ D2 (Re) + M+ p 22 O

where

1

s+ M—+1) = —1)7p
(s + M+ 1) 12(S+M+p+1)+q§( )b,

ad 1
XD
e

o HM+1+p) s+ M+ p 427t

M
1 1
FM(s)=§ln2n+<s+M+§)ln(s+M+1)_Z1n(s+p)
p=1
—s—M -1+ S+ M+1).

From Theorem 4, we obtain the following more precise inequalities.
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Theorem 6. For all real numbers s > 1, the following inequality holds

3
- 1,2
1 Lo 40(s + 1) 1 . 1 Lo a7
—_— = < <— — ,
125 360s3 ] ] 126055 7 =125 T 36053 | 126055
1+ + .
ss+ 1) 552(s 4+ 1)
() ! + ! 1+ 4 !
> — — - P}
M7 25 T 36053 T 126080 2Us(s + 1) ) 168057
1
1 1 1 - 84(s + 1)2
2
— — , 18
) <155 T 36053 T 126053 2 I 1 6057 1Y
+ 7+ = 5
s(s+1)  s2(s+1) 7s3(s + 1)
- Lo, |
§)>— — —
AT 905 T 36053 T 126055 1680s”
. | |
10 3 I I 9°
1+ + S+ 5+ ; 1188s
3ss+1)  s2(s+1) s3s+1) Os4(s + 1)
<! Lo, Y U | S 11 |
§)<— — — ,
/ 125 360s3 ' 126055  1680s’ 20s(s + 1) ' 14052(s + 1)) 1188s°
(19)
and
5= p) (1 Lo 15t 2730 . 910 ) 691
S > S - 9
n=p 152025(s + 1) 7601s2(s + 1)2 ' 22803s3(s + 1)/ 360360511
1
ss+1) 265+ D% 36+ A+ DY st + DY
L 691 00,
360360511
here p(s) L, ! Lo
Fe =— — — .
e P = s T 36053 T 126055 168057 | 118850
2. The proof of Theorem 1
To prove equality (3) is equivalent to prove
- a(v)
LOEDY : Re(s)>1. 1)

= C+Gs+v+D---G+v+k—1
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The following equality is crucial in the proof of (21).

1-2
)5) = = Z/ S 22)

where s is any complex number but not real number less than 1. Equality (22) can be proved from Euler’s
formula (see [7, p. 237])

s =1im,_, o nin’ . (23)
+DGs+2)---(s+n)

and the Stirling’s formula

n
= Vam(LYen, o<y <, 4
e 12n
where 7 is a counting number.
Next, we prove (22). In fact, for counting number 7, there holds
1 1 1 —2¢
In 2 Ins —
2 n n+(s+2) ns—s-—+ - Z/ t+s—|—p
1 (1/2)+s+p
—In ( 2ns< )) Zl ( +s+p22
e(s + p)( /2)+s+p
S\S (1 + s+ n)1/Dtstn
=n(v2rs(2)) +1
1 e 1 e tlg/D)+s (s + 1) (s +2)--- (s +n)
V271 + 5 4 n)1/2+stn n'n’
B estntlnlns +DE+2)---(s+n) ]’
From (24), we can prove
V2r(l + s +n)1/2D st |
n—>oo estntly s -
Therefore, it yields
1-— 2t
1 2 In s —
2 n n+(s+2> ns—s—+ - Zf t+s+p
nln®
=In lim,_, =In s (25)

s+ +2)---(s+n)
Eq. (22) can be obtained by comparing (3) and (25).
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From now on, we prove (21). For any counting number &, real number v >0 and complex number s
satisfying Re(s) > 1, it is easy to show that

1 1 K W—D@—t+1)-@W—t+qg—1
= Z + 7%,

= +
tts+p vtstp S @+s+HpFstptD--Es+p+g)

(v—t)(v—t+1)---(v—t+k)

TP Tt pED s T p OGS For Re(s) > 1, since limy_, o, r = 0, it yields

where r, =

o0

1 3 W—D@—t+1)-(—t+qg—1)
t+s+p v+s+p C(Wt+s+pwts+pt D @Wts+ptq)

(26)

From
w—tv—t+1)---(v—t+qg—1)
w+s+pw+s+p+D---(v+s+p+q)
max{v, 1}
(v+Re(S)+p+q — D@+ Re(s)+p+q)
for Re(s)>1 and g > 1, and equalities (22) and (26), we have

1 1—2¢
y(s)_EZ/ t+s+p

o0

1—2¢ Z 1-20v—t)w—t+1)---(v—t+qg—1)
v+s+p w+s+p+s+p+1)---(v+s+p+9q)

m|~

q=1
1=-20w—-1)w—t+1)-(—t+qg—1
w+s+pw+s+p+D---(V+s+p+q)

/ (I=20)@-Nw—t+D--—t+g-1
o W+s+pw+s+p+1)---(w+s+p+q)

dr

Mg

[\)I»—‘
||
—_

>
>
i

=0
/ Q-20v—-t)yv—t+1)---(v—t+qg—1)dr

N =

||M8 ”M8 II[Fﬂ:% ||M8 ||M8

1
‘q
1
((v+s+p)(v+s+p+1)---(v+s+p+q—1)
1
_(v+s+p+1)(v+s+p+2)---(v+s—|—p+q))

-y dq(v) ., Re(s)=1. (27)

s+vys+v+D---(s+v+g—-1

The proof of (3) is completed.
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3. The proof of Corollary 1

Corollary 1 can be obtained from Theorem 1 and the following recursive formula. For any fixed
non-negative integer m > — [Re(s)] and any complex number s but not nonnegative integer, we have

. (s+m+ D!
G+ DG+ s+m+ 1)

(28)

4. The proof of Theorem 2

It is easy to show thatforanyv}O,al(v)=11—2,a2(v)=v/12. va>%,0<t<% and 1 <m <k —1, then
v+m—t>v+m—1+t¢and

1
2kak(v):/ 1-200v—t)(v+1—-1t)---(v+k—1—1)dzt
O1/2
:/ 1-20wv—tw+1—1t)---(v+k—1—1)dt
0

1/2
—/ ad-2ttv+t—DH@w+1t)---(v+k—241)dt
0

1/2
2/ 1-200v—0w+1t)---(v+k—2+1)dt
0
1/2
—/ A=-20w+rt—D@w+1) - (v+k—2+1)ds
0
1/2
>f A =202%W+1)-(v+k—241)dt>0. (29)
0

Ifvp<v < %, where vg ~ 0.146094 is the positive root of 24003 4+ 600v% 4 270v — 53 = 0, then

1
2kak(v)=f (1-200w—0@W+1—1)@+k—1—1)dt
01/2
>/ (1=20w—1)@w+1—1)---(v+k—1—1)dt
0

=/U(l—2t)(v—t)(v+1—t)-'-(v—i—k—l—t)dt
0

1/2
+/ (A=20w—1@W+1—1)---(v+k—1—1)dt
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> /v(l —2t(v—t)(v+1—1t)(k — 1)!ds
’ 1/2
+/ 1-200v—0t)(v+1—-1t)(k—1)!dr

12
= (k— 1)!/ (1 =20 =)+ 1—1)dt
0

(k=1

560 (240v° + 600v% + 270V — 53) >0.

va=0,thenm—t>m—1+tf0r0<t<%and2<m<k—l,and
1
—2kak(0)=/ 1=-20t(1—t)R—1t)---(k—1—1)dt
0
1/2
=/ 1=-20t1 -2 —1t)---(k—1—1)dt
0
1/2
+/ Qt—-1D)A—-0)t(1+1)---(k—2+41)dt
0
1/2
>/ 1=20td—-t)(1+1)---(k—2+1)dt
0
1/2
+/ Rt—DA =t +1)---(k—2+1)dt =0.
0
If 0 < v < vy = 0.146094, then similarly to (30), we have
1/2
2kak(v)>/ a-20w—t)w+1—1t)---(v+k—1—1)dt
0
v
=/ ad-20w—0w+1—-t)---(v+k—1—1)ds
0
1/2
+/ a1-20wv—t)w+1—-1t)---(v+k—1—1)drs
v

v/2
>f 1-20wv—t)(v+1—1t)---(v+k—1—1)dt
0

12
+/ =20 —=1)@WA+1—1)--(+k—1—1)di
vv v v/2
> <1+§)---(k—1+§)/0 (1 —20)(v — 1) dt

12
+(k—1)!/ (1 —26)(v — 1)dt — 0o, when k — o0,
v

(30)

(3D

(32)
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since

A+v/2)---(k—1+0v/2)
In

(k—1)!
k—1 v k—1 v U2
:I;ln(1+5)>;<g — 8—172) — 00, when k — o0.

Inequality (32) shows that ax(v) > 0 for v > 0 and sufficient large counting number k. Thus Theorem 2
is proved.
Note: Theorem 2 can be further improved with more detailed calculations.

5. The proof of Theorem 3

Theorem 3 can be derived directly from Theorem 2. In fact, let v = 0 in (21), there holds

B B s 12a;(0)
6)(s)—12sy(s)—1+k§;(S+1)(s+2)“_(s+k_1) (33)

which is strictly increasing since ax(0) <0 for k >3. Let v =1 in (21), there holds

- a(1)
Y(S)_I;(s+l)(s+2)---(s+k) G4

which is strictly decreasing since ai(1) > 0 for k>1. Equality (6) can be easily obtained from (33)
and (34).

6. The proof of (10)
By Theorem 2, and a3(0) = — ﬁ, we obtain the right hand side inequality of (14),

o0

1
V(S)—m‘i‘k_

ar (0) 1 1

- SGFDE+2) G t+k—1) 125  360sGs+ D +2)° (35)

For the left-hand side inequality, we could refer to Theorem 4. But here we give an alternative proof
which also generalizes the result in [4] from counting numbers to all real numbers s > 1. From (22),
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we have

1—2¢ 1 1 1 —2t
- 1_ §: ——E: S — V1
) =i+ D / t+s+p 2p_0/0 t+s+1+p

1 11—2z 1 /142 1 1
:_f dt:—/ TS o Var=(s+)m it
2 Jo t+s 2 Jo t+s 2 s
1 1 1
2+ 4 6+
3(2s +1)? 5Q2s+D* 7@s+ 1)

11 1
+ _ = — -
3(2s +1)2 (5 32) (2s + D*
3(2s 32s 4+ 1)2
—1

-2
12s(s +1) (1 + 6s(s + 1) N 180s52(s + 1)? (1 - 4s(s + 1))

1 1
w1 wern)? (- 5e50)
12s(s +1) 6s(s +1) 180s2(s + 1)? 2s(s + 1)
3s(s+1)+1 1 1 1 1

= _ n ’
12s(s+1) T 36053(s +1)° 125 12(s+ 1) 36053 ' 360(s + 1)°

i.e.,
1 1 1
O s 360 7Y T 6 Y as0e 4 07
Repeatedly using the above method, for any counting number m >2, we have
1 1 1
T s 360 T DT e T 3606 4 1))
Zy(s +m) — 1 1

+ .
12(s +m)  360(s + m)>
Inequality (35) yields lim,,_, oo7(s + m) = 0 and

1 1
(s + 1) —
125 T 36053 /6 HD DGED 3606 1+ 1)

1 1
>1i : - —0.
Hiim o0 (/(s +m) Ret+m 360(s + m)3>

(s

Therefore, the right-hand side inequality of (10) is proved and finally (10) is proved.

7. The proof of Theorems 4 and 5

The proof of Theorem 5 is very similar to the proof of Theorem 4. So, we will only prove Theo-
rem 4. To prove Theorem 4, (22) plays the key role. In addition, the following two formulas are easy
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to verify,
1 _ 1/2 _ 2
1—2¢ 1 —2¢
/ =2 f (1=2) dr, (36)
o t+s+p o @G+s+pd—t+s+p)
1 B 1
(t+s+p) (A —t+s+p) G+pd+s+p)
t(1—t
— ( ) . (37)
s+pUd+s+p+s+pd—t+s+p)
Using (37) repeatedly, for any counting number &, there holds
1 i( e Ao + (=DM Re(p.1,5), (38)
- - - k 9 b s 9
(+stpU—tts+p 2 il +s+p)iT 3
B AL (] —pkt]
where Ry (p,t,s) = TS AN S e v v Thus,
1
(t+s+pd—-t+s5s+p)
k
. 11(1 — 1)1 k+1
= lim (=14 + (=D Ri(p, t,s
k— o0 qg() (S +p)q+1(1 +s +p)q+1 (p )
o0
t9(1 — 1)
=Y (-1 = g (39)
=0 (s+p)?T (1 +s+ p)

Combining (22), (36), and (39) yields

) = Z/ 1 —2¢ 1%/1/2 (1 —21)? i
s) = ==
! Tttt 254y GtsEpU—r+s+p)

/2 X (1 —=20)2%19(1 — 1)?
=_ 14
2 2:(:) /0 42:(:)( o AT 1+ s+ p)rt!

p
=Y (=), Z 1

s+ P+ p+ DI

1 o o0

1
=+ 2 (=D Z

s+ p) s +p+ DI
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Equality (11) is proved. To prove (12) and (14), we need the following formula,

tk-H (1 _ t)k-i-l

<Ri(p,t,s)
s+ p) A +s+pfTs+p+1)?
k+1 k+1
11— 1
< , O<t<-—-. (40)
(s + P21 + 5 + p)Ft? 2

Inequalities (12) and (14) can be derived directly from (38) and (40). Equality (13) is proved as follows.

1 12 1 !
bq=5/0 (1—2z)zzq(1—z)qdz=1/0 (1 —20)%9(1 — 1)? dt

L 1! 1
:Z/O (1—41(1—1))tq(1—t)qd121[) tq(l—t)th_[) (L] — e+ g

1@+ I’g+2)
4r2q+2) TI'Qq+4)

1
=ZB(q+1,q+1)—B(q+2,q+2)=

_ (gh?
429 +3)(2q + 1)

8. The proof of Theorem 6
To prove Theorem 6, we need to prove the following equality first.

n—1

2n — 1
(a+ D> —g? 1= Z T 2 a K@+ ik 41)
k=0

Let

n—1

2n —1 1 1
pnzz—2k+1c§’il+ka" a+ 1R
0

Then

00 2
Z 1

™ = x+ala+ 1)x 42)
n=1

(1 —a20)(1 = (a+ DH*x)’
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More precisely, let g = a(a + 1), we have

> > 2n —1

B 2k —1—k
E pux" = E E 2k + 1 Cn—l—f—kq” x"
n=1

2k n—1—-k_n
T G144 x

I
WK
e L
R 's’
+

e¢)
X
=y T Z(Zn +2k + 1CE 5 q"x"
k=0 n=0

S k+1
X
= E T (22 (n+2k+1)Cn+2kqx —(2k+1)§ Cn+2kqx)

n=0 n=0

o x o o
=y YT 2§(n+2k+1)(n+2k)---(n+1)q X

k=0

—Q2k+1) Z(n +2k) - (n + 1)q"x”>

n=0

xk+1 d2k+1 S
2k + 1!\ “dy2k+!

o

yl’l+2k+1 _ (2k + l)d T Zyn+2k> (y :qx)

>~
Il
=)

n=0
k+1 d2k+1 2k+1 d2k 2k
al 2 4 CQk+D— (22—
Qk+ 1!\ dy2k+1 \1—y dy* \1 -y

it gan 2k+l (2k+1—p) 1 )
C 14 -
2k + 1)! Z 21 (Y (1—y>

o

=
Il
=}

rqu

>~
Il
=)

2k 1 (2]
—Qk+1) Y Ch (PP <—)
p=0 L=y
k+1 2k+1

o0
2k + 1)! P!
— c?
Z(2k+l)' Z Il p y(l y)PHl

(2k)! p!
—Qk+1 Cs
( >pZO R

00 k41 2k+1 2k
X
=y ((1+1L> (1+1L> )
—l—y -y -y
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Z )2k+2_ Z )2k
X
_> (1-y*  x 1 _ Xty
1_(1x)2 l—yl_(lx)2 (1—y)?—x
-y -y

_ x +aa+ Dx?
(1 —a2x)(1 — (a + DHZx)

On the other hand,

0.¢] o o0
Z((a + D)@ hxt = x(1 +a) Z(a + 122" — xa Z a? 2!

n=1 n=1 n=1
x(1+a) xa x(1 4 ax + a%x)
= 2~ 2= - (43
1 —x(1+a) I —xa (1 —xa®>)(1 — x(1 +a)*)
Equality (41) is consequently obtained from (42) and (43) and (41) is equivalent to
_ Z n—1+k ) (44)
(27’[ _ 1)a2n—1 (27’[ o 1)((1 + 1)2n_1 = 2k + 1 anJrk(a + 1)n+k
Taking k = 1 in (14), we have
L 4 $5(5) = 01(5) <7(65) < — + S1(6). (45)
s 2 (s 1(s) <7y(s) < s 2 (s
Setn =3 and a = s + p in (44), there holds
1 1 5 5
5 5~ 3 3+ g 4
s+ p) s+p+1) s+p)rs+p+1D s+p)s+p+1)
1
+ 5 5
s+prs+p+1
and from above we obtain
1 ( 1 1 )
Lo ! S6+p)7°  Ss+p+1)]
s(s+ 1) 552(s +1)2
1 1 1
- p=0. (46)

< 3 3 < 5 5
s+p)ls+p+1D 5(s + p) Ss+p+1)
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With direct calculation, we have b =

$2(s) — 01(s) =

1

120
p=

1

840
p=

1

360
p=

1

1
840

1

36053

149

ﬁ and by = %. Therefore, from (46)

o)

>

2

—~ (s +p) (s+p+1)2

1 1
%; s+pGs+p+1)

1

— A+ pl s+ p+ D+ p+3)?

O((s+p)3 -

1 1
u+p+n3_@+pfu+p+ng

o0

80;%@+p>@+p+n3

1

o0

+p§)(

A+ s+ p+ D+ p+ )’

1
252(s + p)’(s+p+ 13

1

36053

1

360s3

o0

p=0

1

xz( !

5(s + p)5

1

1

252

t o5

\1+S(s+1)

1
3360(s + p)3(s + p+ 13 +p+ %)2>

3 > 1
3 3
o TP +p+1)

| 2
40<s + 5)
r 1
552(s 4+ 1)?

1
5(s—|—p+1)5>
3

1 2
40<s + 5)

 360s3

+

1260 +

1260 252 5

sis+ 1) + s2(s + 12
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Similarly,

0.¢] o

S$2(s) =

1 1
12 O};) (s +p) (s+p+1)2 840; +pls+p+1)°

1 1
- po(u+pﬁ_'@+p+n3_<w+m%x+p+DJ

o0

1 1
840 = s+ p) s +p+ 1)

1 o0

1
T 360s3 +pZ 3

— 252(s + p)’(s+p+ 1)’

A

1  — 1 1
_3@ﬁ+552%@m+pf_5@+p+DJ
1 1
~ 36057 T 126055

Inequality (17) is proved. To prove (18), letn =4 and a = s + p in (44), we have

1 1 7 14
7 7= 4 7t 5 5
s+ p) s+p+1 Ss+p)s+p+1) s+prs+p+1)
7 1

+ + :
GCHEPSGHP+HDS  G+p)G+p+ 1)

and from above we obtain

1 ( 1 1 )
2 1 1 7 7
14+ + - : Is+p)  Ts+p+1)
s(s+1) 254+ D> I3+ 1)
1
< 4 3
Ss+p)s+p+1)
1 1

< — , p=0.
Is+p)  Ts+p+1)7

Taking k = 2 in (14), there holds

1 1
25 + 853(s) <vy(s) < IEn + S3(s) + 2(s).

(47)
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Computing S3(s) directly yields

o0 o0
S0 = - 3 Dy :
3(8) = — o
120 = (s + p) <s+p+1)2 840 7= s+ PP’ +p+ 1)

o0

1 1
5040 ; G+p GHp+ )

o0 o0

1 1 1 1 1
= — + —_— -
36053 ' 252 pzz;) (s+p)>G+p+1)> 5040 I; s+p)*s+p+ D

1 1 & 1 1 1
B GRES R 2] Crews it e rye
o P P p)(s+p

]
S5+ p) s tpt 1)5)

o
1 3 1
5040 7= (s + p)*(s + p + D

B . 1 i 1
360s3 126055 240 G+ »is+p+D?

_i !

1260(s + p)>(s + p + 1)°

o0
. ( Lo ) 5 I
> [— —_— — —
360s3 ~ 1260s° 240 1260s(s + 1) s+pis+p+D*

p=0

1 1 1 1
7 7 36057 T 126055 (% T 1260s(s + 1))

o0

x Z( : — : ) (from (47))
p=0

Is+p)’  Ts+p+1)]

1 1 4 1
= — — |1 .
360s3 + 126053 < + 21s(s + 1)) 1680s7
Similarly,
oo

$3(5) + 62(5) L, ! Ly !
N = — _
. 28 36057 T 12605° 240 & s+ p)is 4 p D)

151
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> 1
— 5
2 12606+ et pr iy T2

o

p=0

1 n 1 1 Z 1
< — —_——
360s3 1260s5 240 =0 (s + p)4(s +p+ 1)4

ad 1

1
+
5040 ;) As+prs+p+DHs+p+D)?

1 1 1 1 > 1
<7 36055 T 126055 (% ~20160(s + %)2) p; s+ p)*s+p+ D
ot
1 1 84(s + 1)?
T 36057 126055 | L
s+ 264+ D2 0 Ts3s+1)°

— (from (47)).
X 168057 (rom (47))

Inequality (18) is thus proved. (19) can be similarly proved by using the following two equations.

S4(6) . . i 1
S)= — —
) 36057 ' 126055 168057 | 2= 132(s + p)>(s + p+ 1)

+ +
I; 240(s + p)°(s + p+ 1)° I;) 1680(s + p)'(s + p + 1)’

and

1 1 9 30
9 — 9 — 5 5+ 6 6
(s+p) s+p+1D s+pP+p+1 s+pP+p+1)
27 9
+ 7 7+ 8 8
s+p)s+p+1) s+p)-s+p+1)
1
+ 9 9
s+p)yG+p+1
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which is obtained by setting n =5 and a = s + p in (44). And (20) can be proved by using the following
two equations,

$5(6) 1 N 1 1 N 1 i 691
S)= — —_ —
> 36057 ' 126055 168057 ' 11885° 2= 32760(s + p)°(s + p+ 1)°

i 409 i 1
18480+ p) s+ p+ DT 13265+ )P+ p+ 1P

ad 1

- p; 1188(s + p)°(s + p+ 1)°

and

1 1 11 55
T T 6 st 7 7
s+ p) s+p+1) s+pPs+p+1) +ps+p+1)
77 44
+ 8 g T 9 9
s+p°s+p+1) s+p)ys+p+1)
11 1
+ 10 0T 11 11
s+p)Gs+p+1 s+p)' s+p+1)

which is obtained by setting n = 6 and a = s + p in (44).

Appendix and a proposed problem

We list a few ay (v) defined in (3) and obtain by using “DERIVE”.

al(v) = E9
v
aZ(U) = E9
3002 +30v — 1
az(v) = T,
1003 + 3002 + 19v — 1
as(v) = 120 .
70* + 4200° + 756v% + 378v — 25
as(v) = 210 ,
@) 4205 + 420v* + 145603 + 201602 + 863v — 66
ag(v) = ,

504
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42000 + 630005 + 35490v* + 9240003 + 108000v2 + 412500 — 3499
a7(v) = 5040 ,
60v7 + 1260v° + 10458v° + 43470v* + 93960v> + 97200v% + 33953v — 3117

ag(v) = 720 ,

ag(v)=

99008 + 2772007 + 317856v° + 192099615 + 6542580v* + 1236312003 + 1164240002 + 3780546V — 369689
11880

)

ajpo(v)=

11002 +3960v8 +59928v7 +495264v°0+24274800° +71544000% +12190464v3 + 1064448002 +3250433v — 334844
1320 '

It is easy to prove that ay (v) is a polynomial of degree k — 1 in v. We propose for the future research
that, for k£ >3, the coefficients of a; (v) are always positive except the constant terms.
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