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In this paper, we study the case of single field inflation within the framework of modified gravity theory 
where the gravity part has an arbitrary form f (R). Via a conformal transformation, this case can be 
transformed into its Einstein frame where it looks like a two-field inflation model. However, due to the 
existence of the isocurvature modes in such a multi-degree-of-freedom (m.d.o.f.) system, the (curvature) 
perturbations are not equivalent in two frames, so despite of its convenience, it is illegal to treat the 
perturbations in its Einstein frame as the “real” ones as we always do for pure f (R) theory or single field 
with nonminimal coupling. Here by pulling the results of curvature perturbations back into its original 
Jordan frame, we show explicitly the power spectrum and spectral index of the perturbations in the 
Jordan frame, as well as how it differs from the Einstein frame. We also fit our results with the newest 
Planck data. Since there is large parameter space in these models, we show that it is easy to fit the data 
very well.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

As a cosmological paradigm of the early universe, inflation has 
achieved many reputations thanks to its capability in addressing 
several problems of Big Bang cosmology [1–3] such as horizon, 
flatness, unwanted relics and so on (see [4–6] for early works). 
Furthermore, inflation predicts a nearly scale-invariant primordial 
power spectrum, which was verified to high precision by Cos-
mic Microwave Background (CMB) observations [7,8]. Due to these 
salient features, more and more people have been paying attention 
to the study of inflation and more and more models have been ex-
plored. Observational data has also been developed to better and 
better precision in order to verify/falsify these models.

Among a variety of theoretical models of inflation, one inter-
esting kind of models is that based on modified gravity. In these 
models, Einstein’s Gravity is modified in high energy level, which 
can lead to a period of inflationary expansion of the universe. One 
of the examples is the well-known Starobinsky inflation model [4], 
where a squared term of Ricci scalar has been added to the nor-
mal Lagrangian of Gravity. The newest PLANCK constraints on in-
flation have shown us that the Starobinsky model is among the 
best models fit for the observations [8,9]. However, there may also 
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exist some scalar fields at early times of the universe (such as ax-
ions [10] or curvaton field [11]), and observations do not exclude 
the possibilities that the observed CMBR fluctuations come from 
more than one degree of freedom [8,9]. Therefore as a generic 
study, we want to extend the modified gravity inflation models 
by adding an additional scalar field. Note that Ref. [12] comes 
out during the revision of this paper, which studies similar model 
while taking the scalar field as a curvaton (see also [13] for ear-
lier works). Quantum corrections of this type of models have also 
been studied in e.g. [14].

In usual modified gravity models, it is convenient to transform 
them from their original Jordan frame to the Einstein frame, where 
they look like field theory models minimally coupled to gravity, 
which is easier for the analysis. The transformation is called con-
formal transformation, of which we change the scaling of the met-
ric while keep the inner constructure unaltered. It has been proved 
that for pure f (R) modified gravity theories or single scalar field 
nonminimally coupled to gravity, the curvature perturbations de-
fined in the two frames are equivalent, and one can directly use 
what he gets in Einstein frame as one’s final result. However, for 
the models we are going to discuss, as has been addressed in [15], 
the curvature perturbations in two frames are no longer the same. 
As will be seen below, the difference is mainly due to the gener-
ation of isocurvature perturbations. Therefore, when the Einstein 
frame analysis is done, it is necessary to pull everything back to 
its Jordan frame to get the right results. In a like manner, we also 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 

https://core.ac.uk/display/82623506?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.physletb.2015.03.061
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:qiutt@mail.ccnu.edu.cn
mailto:xiajq@ihep.ac.cn
http://dx.doi.org/10.1016/j.physletb.2015.03.061
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2015.03.061&domain=pdf


274 T. Qiu, J.-Q. Xia / Physics Letters B 744 (2015) 273–279
have to perform the constraint on observable in its Jordan frame 
with observational data.

Although some basic inflationary models have been checked 
against the observational data by the newest PLANCK Collabora-
tion [8,9], many other models, including the ones we’re talking 
about, were not. In this paper, we will also compare the power 
spectrum of curvature perturbation, in its Jordan frame, to the 
PLANCK data. Our numerical plot shows that it is very easy to 
make the theoretical results consistent with the observational data.

The present paper is organized as follows. Section 2 gives the 
background of our model. We transfer the model into Einstein 
frame and solve the equation of motion to get the inflationary 
solution in the Einstein frame. In Section 3, we study the per-
turbation theory of our model in detail in the Einstein frame and 
then pull back to the Jordan frame. One can see that the results 
of the two frames will be quite different. Section 4 is devoted to 
the constraints on this model by use of the PLANCK data. Finally, 
we conclude with a discussion in Section 5. Note that, we will 
work with the reduced Planck mass, Mp = 1/

√
8πG , where G is 

the gravitational constant, and adopt the mostly-plus metric sign 
convention (−, +, +, +).

2. The model

We start with the action:

S =
∫

d4 x̃
√

−g̃
[ f (R̃)

2κ2
+Ls

]
(1)

with κ2 = 8πG , where f (R̃) is an arbitrary function of the Ricci 
curvature R̃ , and Ls = −∇̃μχ ∇̃μχ/2 − V(χ) is the lagrangian for 
the matter field χ . For later convenience, we refer variables with 
tilde to those in Jordan frame while their correspondence without 
tilde are in Einstein frame. This is just a simple example of modi-
fied gravity accompanied with normal matter, but a big difference 
from pure modified gravity is that it contains more than one de-
gree of freedom, where at large scales, the curvature perturbation 
is no longer a conserved variable but sourced by isocurvature per-
turbations, thus the system will not be in an adiabatic state. The 
equation of motion of the system (1) can be written as:

3H̃2 = 1

2F
( f + 3F ′′ + 3H̃ F ′) + κ2 ρs + 3P s

2F
, (2)

−2H̃ ′ = 1

F
(F ′′ − H̃ F ′) + κ2 ρs + P s

F
, (3)

where H̃ is the Hubble parameter, F is defined as F ≡ ∂ f /∂ R̃ , 
and ρs and P s are energy density and pressure of the scalar part, 
respectively. Prime denotes derivative with t̃ , the cosmic time in 
Jordan frame. One can also define the “effective” energy density 
and pressure for the whole system, which are

ρ̃ = 1

2κ2 F
( f + 3F ′′ + 3H̃ F ′) + ρs + 3P s

2F
, (4)

P̃ = − 1

2κ2 F
( f + F ′′ + 5H̃ F ′) + ρs − P s

2F
, (5)

satisfying the Friedmann equations 3H̃2 = κ2ρ̃ and −2H̃ ′ =
κ2(ρ̃ + P̃ ).

As is well known, the system (1) can be written into a Brans–
Dicke form by simple field redefinition. Define ϕ ≡ F , U (ϕ(R̃)) =
F R̃ − f (R̃), the action (1) becomes:

S B D =
∫

d4 x̃
√

−g̃

[
ϕ R̃

2κ2
− U (ϕ) +Ls

]
, (6)

which looks like two scalars, but still with one of them non-
minimally coupled to gravity. The nonminimal coupling can be 
removed by further transformation, however, by the price of mod-
ifying the scaling of space–time, namely conformal transformation. 
To do this, we need to define a new metric, which we call the met-
ric in Einstein frame. The metric in Einstein frame connects to the 
original metric (the metric in Jordan frame) as:

gμν = 	2 g̃μν (7)

where 	 ≡ √
ϕ . Therefore by manipulation we have:

S E =
∫

d4x
√−g

[
R

2κ2
− 1

2
∇μφ∇μφ

− 1

2
e2b(φ)∇μχ∇μχ − V (φ,χ)

]
, (8)

where

φ = −
√

6

κ2
ln	, b(φ) =

√
κ2

6
φ,

V (φ,χ) = 	−4(U (ϕ) + V(χ)). (9)

From the above one can see, via conformal transformation one 
can transform our model (1) into a minimal coupling two-field in-
flation model. The equation of motion for such two-field models 
contains two second-order differential equations, but no higher-
order derivatives involving, thus is easier to be solved. That is a 
very important reason why people like to do the calculations in 
Einstein frame rather than directly in the original Jordan frame. 
For the system (8), we would like to first analyze the background 
dynamics, and define some slow-roll parameters for later use. 
From (8), the energy density and the pressure in Einstein frame 
are:

ρ = 1

2
φ̇2 + 1

2
e2b(φ)χ̇2 + V (φ,χ), (10)

P = 1

2
φ̇2 + 1

2
e2b(φ)χ̇2 − V (φ,χ), (11)

where dot denotes derivative w.r.t. cosmic time in Einstein frame t . 
By varying the action w.r.t. φ and χ , we can obtain the equations 
of motion for both fields:

φ̈ + 3Hφ̇ + Vφ − bφe2b(φ)χ̇2 = 0, (12)

χ̈ + 3Hχ̇ + 2bφχ̇ φ̇ + e−2b Vχ = 0. (13)

Finally, the Friedmann equations read:

H2 = κ2

3
ρ, Ḣ = −κ2

2
(ρ + P ). (14)

Hereafter we take the unit such that κ2 = 1. The various slow-roll 
parameters can be defined as:

εφ = φ̇2

2H2
, εχ = e2b χ̇2

2H2
, ε = − Ḣ

H2
, (15)

which should be much smaller than unity during inflation, and sat-
isfy the relation: εφ + εχ = ε . Under slow-roll approximation, the 
equation of motion (12) can be solved to give:

φ̇ � − Vφ

3H
, χ̇ � −e−2b Vχ

3H
, 3H2 � V (φ,χ). (16)
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3. The perturbation of the model

3.1. Calculation of the perturbations in Einstein frame

In this subsection, we first calculate the perturbations of our 
model in its Einstein frame, namely in form of a two-field in-
flation model (8). The analysis of two-field inflation model has 
been well-developed and the detailed calculation can be found in 
e.g. [15–18], and here to be more concise we will only summarize 
their results which are needed for our later study. First of all, the 
perturbed metric can in general be formulated as:

ds2 = −(1 + 2α)dt2 + 2a(t)∂iβdtdxi

+ a2(t)[(1 − 2ψ)δi j + 2∂i∂ j E]dxidx j, (17)

while the field can also be perturbed as

φ → φ0(t) + δφ(x), χ → χ0(t) + δχ(x). (18)

It is convenient to define variables of perturbation that are in-
variant under gauge transformation. The often-used gauge invari-
ant variables are:

� ≡ α − [a2(Ė − β/a)]·, (19)

� ≡ ψ + a2 H(Ė − β/a), (20)

R ≡ ψ − H

ρ + P
δq, (21)

Q i ≡ δφi + φ̇i

H
� (δφi = δφ, δχ), (22)

where � = � is the Newtonian potential, R is the comoving cur-
vature perturbation, and Q i is the gauge-invariant perturbation the 
i-th field. Moreover, δq defined according to the relation ∂iδq =
δT 0

i where T 0
i is the (0, i) component of the energy–momentum 

tensor of action (8). In spatial-flat gauge which will be applied in 
this paper, one chooses ψ = 0, and thus Q i identified with δφi .

What we want to calculate is the comoving curvature pertur-
bation R, because it can be directly connected with the observ-
ables to test our model. However, what we can handle from the 
action (8) is the field perturbations Q i . Therefore, we need to con-
nect between these two variables. One convenient technique is the 
so-called “(instantaneous) Adiabatic–Entropy decomposition” [16,
18], where one can decompose the field perturbations in the field-
space {φ̇, χ̇} into adiabatic and entropy directions, which traces 
along with/orthogonal to the field trajectory. Perturbations along 
the two directions are often called adiabatic and entropy pertur-
bations of field respectively, which is proportional to the curvature 
perturbation R and the isocurvature perturbation, S . Note that in 
single-field limit, there is only one field perturbation and the field-
space is also one-dimensional, so the field perturbation can only 
goes along the field trajectory producing adiabatic perturbation, 
thus S → 0. In multi-field case however, isocurvature perturba-
tions orthogonal to the trajectory can also exist, and as will be 
seen later, can act as a source of the adiabatic ones on large scales.

Following [15–18], we give the expression of adiabatic and en-
tropy field perturbations (Q σ and Q s) as:

Q σ = φ̇

σ̇
δφ + e2b χ̇

σ̇
δχ, Q s = −eb χ̇

σ̇
δφ + eb φ̇

σ̇
δχ, (23)

where σ̇ =
√

φ̇2 + e2bχ̇2 is the velocity of the background part of 
the adiabatic field σ . From the definition of R one can have

R = H
Q σ (24)
σ̇

in flat gauge. Similarly one can define the isocurvature perturba-
tion as S = (H/σ̇ )Q s .

From action (8) as well as Eq. (23), one can finally obtain the 
equation of motion of Q σ and Q s after a long derivation [18]:

Q̈ σ + 3H Q̇ σ + (
k2

a2
+ μ2

σ )Q σ = −(
2V ,s

σ̇
Q s)· + 2V ,σ V ,s

σ̇ 2
Q s,

(25)

where

μ2
σ = − (σ̇ /H)··

σ̇ /H
− (3H + (σ̇ /H)·

σ̇ /H
)
(σ̇ /H)·

σ̇ /H
, (26)

and

Q̈ s + 3H Q̇ s + (
k2

a2
+ μ2

s + 4V 2
,s

σ̇ 2
)Q s = 2V ,s

Ḣ

k2

a2
�, (27)

where

μ2
s = V ,ss + σ̇ 2

2
R F − V 2

,s

σ̇ 2
, (28)

and the right hand side which is proportional to k2 is negligible on 
large scales. Here R F is the scalar curvature in the field space, and 
in our model, we have R F = −2b2

φ . Another useful relationship is 
between V ,s and the slow-roll parameters, namely [18]:

V ,s

σ̇
= Hησ s − bφσ̇ sin3 θ. (29)

By manipulating these equations, we can finally get a solution 
of Q σ and Q s as:

Q σ � Q s ∼
√−τ

a(τ )
H (1)

3
2

(−kτ ), (30)

where we have taken the slow-roll limit and assume that the cor-
relation between Q σ and Q s is small. H (1)

3/2 is the first kind Hankel 
function of order 3/2. In the k → ∞ limit, from the above solution, 
one obtains the Bunch–Davies vacuum solution:

Q σ (τ ) � Q s(τ ) � e−ikτ

a(τ )
√

2k
(31)

deep inside the horizon as usual, while in the k → 0 limit, one gets

Q σ∗ � Q s∗ ∼ Hk− 3
2 (32)

at the Hubble-exit time. Here τ ≡ ∫
a−1(t)dt is the conformal time.

The inflationary observables are usually expressed in terms of 
power spectra and correlation functions. One could define the 
power spectrum for Q σ and Q s as:

〈Q m† Q n〉 = 2π2

k3
Pm(k)δ(3)(

−→
k − −→

k ′)δmn (m,n = σ , s) (33)

where δmn denotes that there are no correlations between Q σ and 
Q s until the Hubble-exit. This is actually reasonable, since inside 
the horizon, the correlations of the variables are determined by the 
communication relations of their production–annihilation opera-
tors, which should commute because they are independent degrees 
of freedom. Although they have coupling, it should be subdom-
inant inside the horizon where |kτ |  1. Considering the relation 
between R, S and Q σ , Q s (Eq. (24) and the sentences thereafter), 
one can have

PR = H2

σ̇ 2
Pσ , PS = H2

σ̇ 2
Ps, (34)

and from the results (32), one has:
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PR∗ � PS∗ = H2∗
8π2ε∗

(35)

at the Hubble-exit time. Here we denote the values of variables at 
Hubble-exit time by a star in the subscript. The spectral index of 
scalar spectrum at Hubble-exit time is then evaluated as

nR∗ ≡ d lnPR∗
d ln k∗

= 1 − 2ε∗ − η∗. (36)

One can also calculate the tensor perturbation of this model. 
In Einstein frame where the model behaves like two-field inflation 
model, the tensor power spectrum is the same as that of GR, which 
is

PT = 2H2∗
π2

. (37)

One can also define the tensor–scalar ratio of the model, which is 
r ≡PT /PR .

3.2. Perturbations at large scales

What we concerned more about is the values of perturbations 
that reenter the horizon. In single-field case, there is only curva-
ture perturbation which is conserved at superhubble scales, so it 
is reasonable to take the Hubble-exit values of perturbation the 
same as those of the Hubble-reenter values, and thus the calcu-
lations in the above subsection is enough. However, in multi-field 
case, there is also isocurvature perturbation which will source the 
curvature one and the latter will evolve even after Hubble-exit, 
which we must take into account. We in this subsection give the 
formulation of perturbations at large scales as briefly as possible, 
while more detailed calculations can be found in the preceding 
works [18,20]. From the equations of motion of the field perturba-
tion (25) and (27), one can get the varying of the curvature and 
isocurvature perturbations at large scales as:

Ṙ ≈ AHS, Ṡ ≈ B HS, (38)

where

A = −2V s

Hσ̇
, B = −η

2
− 1

3
(
μ2

s

H2
+ 4V 2

s

H2σ̇ 2
). (39)

By integration over time one can get the expressions for R and S
at late time, which is (in matrix form):(
R
S

)
=

(
1 TRS
0 TSS

)(
R
S

)
∗
, (40)

where

TRS(t∗, t) ≡
t∫

t∗

A(t1)TSS(t∗, t1)H(t1)dt1,

TSS(t∗, t) ≡ exp

⎛
⎝ t∫

t∗

B(t2)(t∗, t2)H(t2)dt2

⎞
⎠ . (41)

The power spectra at horizon-reentering therefore can be ex-
pressed as:

PR = (1 + T 2
RS)PS∗, PS = T 2

SSPS∗, CRS = TRS TSSPS∗,
(42)

assuming that R and S are uncorrelated at Hubble-exit time. De-

fine the rotation angle � such that sin � = TRS/

√
1 + T 2 , and 
RS
applying the definition of spectral index in Eq. (36), one can fur-
therly have:

nR = nR∗ − H−1∗ sin(2�)
∂TRS
∂t∗

= 1 − 2ε∗ − η∗ − A∗ sin(2�) − 2B∗ sin2 �, (43)

where the definition of TRS has been used.

3.3. Pulling back perturbations into Jordan frame

In the previous sections we have calculated the perturbations of 
the model (1), including the scalar and tensor perturbations, in its 
Einstein frame. This is what usually people do to analyse modified 
gravity theories, for it is much easier to deal with pure field the-
ories in Einstein frame and one doesn’t need to bother with the 
higher order curvature terms. For the case of pure modified grav-
ity or single field nonminimal coupled with gravity, the curvature 
perturbation are invariant in both frames, i.e. R̃ =R [19], and one 
can directly use the Einstein frame results to compare with the ob-
servations. For our case, however, it is no longer the case. To see 
this, let’s pull the results we get in Einstein frame back into the 
Jordan frame and see how different they are. From the conformal 
transformation (7), we have:

ã = 	−1
0 a, dt̃ = 	−1

0 dt,

H̃ = H	0 − 	̇0 = H	0 − 	′
0/	0, (44)

where 	 = √
ϕ = √

F .
It is useful to define the Jordan-frame-based slow-varying pa-

rameter:

ω̃ ≡ 	′

H̃	
, ε̃χ ≡ χ ′ 2

2H̃2 F
, ε̃ ≡ − H̃ ′

H̃2
,

z̃ ≡ ω̃′

H̃ω̃
, η̃ ≡ ε̃′

H̃ ε̃
, (45)

where one could find from Eq. (3) that first three of these param-
eters have the relation:

ε̃ = −ω̃ + ε̃χ +O(ω̃2), (46)

while we have εφ � 3ω̃2 from Eqs. (9) and (15). Furthermore, one 
could get that the slow-roll parameters in the two frames are re-
lated as (up to leading order):

ε = ε̃ + ω̃ � ε̃χ + 3ω̃2, η = η̃ε̃ + z̃ω̃

ε̃ + ω̃
. (47)

Furthermore, from perturbed metric (17), one can have

α̃ = α − δ	

	0
, ψ̃ = ψ + δ	

	0
, (48)

and the curvature perturbation in Jordan frame is:

R̃ = ψ̃ − H̃

ρ̃ + P̃
δ̃q. (49)

From this expression, one can see that the curvature perturbation 
is not conformal invariant any more. To see this more clearly, one 
can calculate the difference of R of two frames, which is:

R̃−R = ψ̃ − H̃

ρ̃ + P̃
δ̃q − ψ + H

ρ + P
δq

= δ	 + H̃
′ δ̃q − H

˙ δq, (50)

	0 2H̃ 2H
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where we have used the background equations. Note also that δq
is defined from the equation δT 0

i = ∂iδq, so one has:

δ̃q = − 1

F0
(χ ′δχ + δF ′ − F ′

0α̃ − H̃δF ), (51)

δq = −(φ̇δφ + e2bχ̇δχ), (52)

respectively.
Although the right hand side of Eq. (50) looks some compli-

cated, it only contains terms that involves δφ and δχ . Actually in 
such a two-field system (or f (R) + single field in Jordan frame), 
there are only two degrees of freedom and δφ and δχ can become 
a complete set which can present everything. Therefore, after some 
straightforward calculation and making use of the inverse transfor-
mation of Eq. (23), we finally express R̃−R in terms of δφ and δχ
(or R and S , because of their one-to-one correspondence) as:

R̃−R �
[

A
ω̃

ε̃
− (B − 1)

ε̃

√
ε̃ + ω̃

3
− ω̃2

]
S, (53)

where higher order terms are omitted and as it is perturbation on 
large scales, Eq. (38) is used.

From the above formula one can see that, the curvature pertur-
bation R in the two frames differs by a quantity proportional to 
the isocurvature perturbation, S . That means some parts of isocur-
vature perturbations have now been transferred into the adiabatic 
ones during frame transformation. So before and after transforma-
tion, we are actually talking about different “adiabatic perturba-
tions”, which is in spite of the fact that mathematically the formu-
lae in the two frames can be transformed to each other smoothly. 
Contrarily, in solo-degree-of-freedom (s.d.o.f.) system where the 
isocurvature perturbations do not appear, this difference will van-
ish and R̃ and R will coincide, which gives the equivalence be-
tween curvature perturbations in two frames. Note that although 
we only show this point by taking a small example in this pa-
per, in like manner, it can also be applicable for more complicated 
modified gravity models with m.d.o.f. This conclusion is consistent 
with that in Ref. [15] obtained by using different methods.

According to (53), the power spectrum of R̃ is:

P̃R̃ ∼ |R̃|2

�
∣∣∣R+

[
A
ω̃

ε̃
− (B − 1)

ε̃

√
ε̃ + ω̃

3
− ω̃2

]
S

∣∣∣2

� PR +
[

A
ω̃

ε̃
− (B − 1)

ε̃

√
ε̃ + ω̃

3
− ω̃2

]2
PS

+ 2
[

A
ω̃

ε̃
− (B − 1)

ε̃

√
ε̃ + ω̃

3
− ω̃2

]
CRS , (54)

where PR , PS and CRS can be related to their values at Hubble-
crossing via relations (42).

From the expressions of A and B in Eq. (55) and making use of 
Eqs. (28) and (29), it is straightforward to express A and B as:

A = −2ησ s − bφ

√
ε sin3 θ, B = −η

2
− 1

3

V ss

H2
+ 1

3
b2

φε − 1

4
A2,

(55)

and one can see that all the terms in A and B are slow-roll pa-
rameters. Therefore, although it is difficult to integrate (41) nu-
merically, it is convenient to assume that the coefficients A and B
in Eq. (38) are nearly constants, so one simply have:

TRS � A
(eBN∗ − 1), TSS � eBN∗ , (56)
B

where N∗ denotes the efolding number from Hubble-crossing time 
to the end of inflation. Taking this into account, one can straight-
forwardly get the final power spectrum of curvature perturbation 
in the original Jordan frame, namely R̃, as:

P̃R̃ = C
H̃2∗

8π2 F∗(ε̃∗ + ω̃∗)
, (57)

where

C = 1 +
[( A

B
+

[
A
ω̃∗
ε̃∗

− (B − 1)

ε̃∗

√
ε̃∗ + ω̃∗

3
− ω̃2∗

])
eBN∗ − A

B

]2
,

(58)

and from Eq. (43) one can get the spectral index in Jordan frame 
as:

ñR = 1 − 2ε̃∗ − 2ω̃∗ − η̃∗ε̃∗ + z̃∗ω̃∗
ε̃∗ + ω̃∗

+ C′

H̃C
. (59)

From Eq. (57) we can see that, when C = 1, P̃R̃ will coincide 
with PR , so C will behave as an estimator of the inequality be-
tween curvature perturbations in Einstein and Jordan frames in our 
model. From the expressions of nR in Eq. (59), one could get non-
trivial constraints on slow-roll parameters, which will be different 
from what is done in Einstein frame. The difference comes from 
two sources, one is due to the frame transformation, and the other 
is caused by the deviation of C from 1, namely the inequality of 
the perturbations in two frames.

How can we physically understand the possibility that the 
isocurvature modes do not decay to zero at the end of inflation? 
If that happens, it will indicate that there are still different com-
ponents when inflation ends, namely the d.o.f.s in inflation may 
decay into different products. An example is that in m.d.o.f. sys-
tems, the dominant d.o.f. decays into radiation, while the sub-
dominant ones decay into baryons, cold dark matter or neutri-
nos. As long as there has more than one component at the end 
of inflation, remnant isocurvature perturbations will appear, and 
according to Eq. (53), the frame difference of the adiabatic ones 
will show up. The newest PLANCK paper has carefully discussed 
these cases, and showed us the primordial isocurvature fractions 
βiso ≡ PS/(PR + PS ) in various cases by numerical study [8]. 
In the most general case, the 95% upper limit of the primordial 
isocurvature fractions is βiso < 0.6, while in our models, for exam-
ple when TSS takes the value 0.9, one could get βiso ∼ 0.4, well 
within the allowed range. On the other hand however, the total 
vanish of the isocurvature modes means that the frame difference 
will disappear again at the end of inflation (although they have 
existed during inflation).

As a side remark, one may worry that the exponential form of 
the transfer function and TSS might enhance the isotropic fluctu-
ations too much to conflict with the observations. However, if we 
scan its form more carefully, we will find that it is not the case. 
This is because that the factor B will be quite small, namely only 
of order slow-roll parameters, while N∗ is nothing but the efold-
ing number of the inflation, namely around the number 60. As a 
special but explicit example, it has been numerically shown in 
Ref. [13] in which one of the two d.o.f.s act as curvaton, that the 
slow-roll parameters is around 10−3 to 10−6, making TSS ∼ 0.9. 
So no matter whether B > 0 or B < 0, the isocurvature perturba-
tions will actually not expected to deviate much from the value at 
Hubble exit (although it does deviate). Moreover, since we can see 
that the most terms in B are negative, there are large possibilities 
that B is negative, meaning that the isocurvature modes are de-
caying. More exact identification of the sign of B needs fitting at 
the whole parameter space, which is obviously beyond the scope 
of this paper.
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It is also straightforward to get the tensor spectrum P̃T in 
Jordan frame of our model from Eq. (37). After taking conformal 
transformations (44) and keeping only leading order, the result will 
be

P̃T = 2H̃2∗
π2 F∗

, (60)

which coincides with PT . This is because since tensor degrees of 
freedom of perturbations are decoupled from the scalar degrees 
of freedom, and in such a system there is only one tensor degree 
of freedom, so the tensor modes of the two frames are equivalent, 
and the tensor spectra in the two frames differ only by a conformal 
transformation. Eqs. (53)–(60) are our main results in this context.

4. Fitting with the PLANCK data

In the previous section, we derived the perturbation generated 
by a “modified gravity + single scalar” system, and after calculat-
ing in Einstein frame, we pull it back to its original Jordan frame, 
which can be used to fit the data. Actually, one can see that the 
results are controlled by a series of parameters, namely H̃∗ , ε̃∗ , η̃∗ , 
ω̃∗ , z̃∗ , F∗ and C , while C contains information after Hubble-exits, 
namely A, B and N∗ . Therefore, even we take explicit forms of 
f (R) to break the degeneracy of some of the parameters, there are 
still large parameter space that can easily make our model consis-
tent with the data. Here for illumination we just show two simple 
examples. In the first example f (R̃) is taken to be of the form [21]

f (R̃) = ξ R̃n, F = nξ R̃n−1 = nξ [6H̃2(2 − ε̃)]n−1, (61)

and ω̃∗ and z̃∗ can be simply expressed in terms of ε̃∗ , η̃∗ as

ω̃∗ � (1 − n)ε̃∗, z̃∗ � (1 − n)η̃∗, (62)

and Eqs. (57) and (59) become

P̃R̃ = C
H̃2(2−n)∗

8 × 12n−1π2n(2 − n)ξ ε̃∗
, (63)

ñR = 1 + 2(n − 2)ε̃∗ + (
2

n − 2
+ n)η̃∗ + C′

H̃C
(64)

with

C = 1 +
{ A

B
[1 + eBN∗(nB − B − 1)]

+ (B − 1)eBN∗

√
2 − n

3ε̃∗
− (n − 1)2

}2
, (65)

C′ = 2H∗eBN∗
{ A

B
[1 + eBN∗(nB − B − 1)]

+ (B − 1)eBN∗

√
2 − n

3ε̃∗
− (n − 1)2

}

×
[

A(nB − B − 1) + (B − 1)B

√
2 − n

3ε̃∗
− (n − 1)2

+ (B − 1)(n − 2)

6
√

2−n
3ε̃∗ − (n − 1)2

η̃∗
ε̃∗

]
. (66)

One can check that it returns to the results of standard inflation 
when ξ = n = 1.

Another example is the well-known Starobinsky model [4]:

f (R̃) = R̃ + ξ R̃2, F = 1 + 2ξ R̃ = 1 + 12ξ H̃2(2 − ε̃), (67)

and ω̃∗ and z̃∗ can be simply expressed in terms of ε̃∗ , η̃∗ as
ω̃∗ � − 24ξ H̃2∗
1 + 24ξ H̃2∗

ε̃∗, z̃∗ = −2ε̃∗
1 + 24ξ H̃2∗

+ η̃∗, (68)

and Eqs. (57) and (59) become

P̃R̃ = C
H̃2∗

8π2ε̃∗
, (69)

ñR = 1 − 2ε̃∗ − 2η̃∗ + C′

H̃C
(70)

with

C = 1 +
{ A

B
+ eBN∗

[
A(1 − 1

B
− 1

1 + 24ξ H̃2∗
)

+
(B − 1)

√
1 + 24ξ H̃2∗(1 − 72ξ H̃2∗ε∗)√

3ε̃∗(1 + 24ξ H̃2∗)

]}2
, (71)

C′ = 2H∗eBN∗
{ A

B
+ eBN∗

[
A(1 − 1

B
− 1

1 + 24ξ H̃2∗
)

+
(B − 1)

√
1 + 24ξ H̃2∗(1 − 72ξ H̃2∗ε∗)√

3ε̃∗(1 + 24ξ H̃2∗)

]}

×
[

A(B − 1 − B

1 + 24ξ H̃2∗
) − 48Aξ H̃2∗ε̃2∗

(1 + 24ξ H̃2∗)2

+ (B − 1)B
√

1 + 24ξ H̃2∗(1 − 72ξ H̃2∗ε̃∗)√
3ε̃∗(1 + 24ξ H̃2∗)

+
√

3(B − 1)

6(1 + 24ξ H̃2∗)2
√

ε̃∗[1 + 24ξ H̃2∗(1 − 72ξ H̃2∗ε̃∗)]
× {48ξ H̃2∗ε̃∗[1 + 24ξ H̃2∗(1 + 6ε̃∗)]
− (1 + 24ξ H̃2∗)2η̃∗}

]
. (72)

Interestingly, we find that in this case, although expressed using 
slow-roll parameters in Jordan frame, the expressions of ñR has 
the same form of that in Einstein frame, namely Eq. (36), except 
for the C term. This holds for any value of ξ , and only depend on 
the quadratic scaling of the second term in f (R̃).

Since the parameter space is still large for a global fitting, 
in Fig. 1 we take three cases of parameter choice for each exam-
ple, and plot the TT power spectrum as well as compare them to 
the Planck data points. Although these three cases are randomly 
chosen and are different from each other, they are all consistent 
with the data, showing that it is quite easy to have our model fit 
the observations. Moreover, with proper choices, one of our cases 
tends to give a large tensor/scalar ratio r, which can contribute to 
TT power spectrum at large scales, and has possibilities to be jus-
tified by near future data. We present the parameter choices as 
well as the result such as As , ns and r for each case in the cap-
tion of Fig. 1. The newest PLANCK constraints on these quantities 
are ln(1010 As) ≈ 3.089 ± 0.036 and ns ≈ 0.9655 ± 0.0062 at 1σ
confidence level, where PLANCK + LowP data are used [9].

5. Conclusion

In this paper we discussed about a well-motivated subclass of 
inflationary models, namely a scalar field in f (R) modified grav-
ity, and calculate the perturbations generated from this model. As 
a system of m.d.o.f., it is convenient to transform it into Einstein 
frame so that it becomes a minimal-coupling two-field system, the 
perturbations of which can be calculated in a standard way. How-
ever, contrary to the cases of pure f (R) modified gravity or single 
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Fig. 1. The plot of TT spectrum from the examples in this section. The green and 
orange points and error bars are Planck data for low-l and high-l, respectively. Up-
per panel: the f (R̃) = ξ R̃n case, where we choose (ξ, n) as (1, 1.1) (black solid), 
(104, 1.8) (red dash), (0.1, 1.5) (blue dot dash) respectively. The power spectrum in-
formation (As, ns, r) are obtained as (2.13 ×10−9, 0.9627, 5.56 ×10−3) (black solid), 
(2.15 × 10−9, 0.9708, 2.60 × 10−2) (red dash), (2.19 × 10−9, 0.9609, 0.11) (blue dot 
dash). Lower panel: the f (R̃) = R̃ + ξ R̃2 case, where we choose ξ as 1/6 (black 
solid), 100 (red dash), 1000 (blue dot dash) respectively. The power spectrum infor-
mation (As, ns, r) are obtained as (2.17 × 10−9, 0.9629, 2.73 × 10−3) (black solid), 
(2.21 × 10−9, 0.9703, 1.55 × 10−2) (red dash), (2.27 × 10−9, 0.9645, 1.28 × 10−2)

(blue dot dash).

field models nonminimally coupled to gravity in which the cur-
vature perturbations in Jordan and Einstein frames are equivalent, 
in our model they are different. Therefore, one should “pull-back” 
the Einstein-frame results via the conformal transformations in or-
der to take the “real” results of perturbations in the Jordan frame. 
In this paper, we calculated the power spectrum and spectral index 
of the curvature perturbations in Jordan frame, and showed their 
difference between those in Einstein frame. In the solo-degree-of-
freedom system however, the quantities such as power spectrum 
and spectral indexes are given the same via computations in Jor-
dan and Einstein frames, and one can directly use the results he 
gets in Einstein frame as his final results.

The main reason that causes the difference of the curvature 
perturbations in the two frames of our model is that, as an 
m.d.o.f. system, isocurvature perturbations will be generated, and 
the isocurvature perturbations in Einstein frame will contribute 
to the curvature ones in Jordan frame. In other words, although 
mathematically it has no problem to do such a transformation, 
physically we are concerning different quantities. So the differ-
ence of curvature perturbations between two frames are real, not 
only from conformal transformations. One can check that when 
the isocurvature fraction of the perturbations approaches zero, adi-
abatic perturbations in the two frames will again coincide. Our 
results are consistent with that in Ref. [15], though the analysis 
are different. For more general systems of m.d.o.f., it is straightfor-
ward to prove that the conclusions are the same.

We also plot the TT spectrum according to the Jordan frame 
results we’ve got and compare it to the PLANCK data, with two 
simple examples. In the first one f (R) takes the form of Rn , while 
the other is the famous Starobinsky model, f (R) = R + ξ R2. From 
the plot one can see that, since in both examples the parame-
ter space is quite large, it is very easy to have the theoretical 
plots of the spectrum consistent with the data points. We also ex-
plicitly gave the spectrum amplitude and spectral indexes of the 
two examples respectively, which are well within the constraints 
given by the PLANCK data. Thus it also indicates that the model 
itself is interesting and deserves further investigations in the fu-
ture.
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