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Abstract

We extend the notion of monogenic extension to the noncommutative setting, and we study the
Hochschild cohomology ring of such an extension. As an application we complete the computation of
the cohomology ring of the rank one Hopf algebras begun in [S.M. Burciu, S.J. Witherspoon, Hochschild
cohomology of smash products and rank one Hopf algebras, math.RA/0608762, 2006].
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Introduction

Let k be a field, G a finite group whose order is relatively prime to the characteristic of k
and C = k[x]/(x"), where n > 2. Let x : G — k> be a character. The group G acts on C via
8x = x(g)x for all g € G. Consider the corresponding skew algebra H = C # k[G]. As a vector
space H = C ® k[G] and the multiplication is

(@®g)(b®h)=a®b®@gh foralla,beCandg heG.

Assume there is a central element g; € G such that y (g;) is a primitive nth root of 1. Then H is
a Hopf algebra with coproduct A, counit € and antipode S defined by

AX)=xQ@1+21®x, AR =g®g,
€(x)=0, €@ =1,
S(x)=—g ', S =g,

for all g € G. These algebras are examples of Rank one Hopf algebras, a generalization of Taft
algebras defined in [A-S] for abelian groups G and generalized further in [K-R] (but with the
opposite coproduct). The cohomology ring of H was computed in [B-W], where was also posed
the problem of compute the cohomology ring of the other rank one Hopf algebras. That is, those
ones in which the relation x" = 0 is replaced by x" = g} — 1 (see [K-R]).

The aim of this paper is to solve this problem. We carry out this task by computing the coho-
mology ring of the monogenic extensions K [x, «]/(f) of a separable k-algebra K (here K [x, ]
is an endomorphism type Ore extension and f € K[x, o] is a monic polynomial satisfying suit-
able hypothesis) and noting that each rank one Hopf algebra is such an extension (as associative
algebra).

For many of the results the fact that & is a field is not essential. So we fix a commutative ring k
with 1, an associative k-algebra K, which we do not assume to be commutative, and a k-algebra
endomorphism « of K, and we consider the Ore extension B = K[x, «], namely the algebra
generated by K and x subject to the relations

xA=a(A)x forallAeK.
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Let f=x"+)", X;x"~1 be a monic polynomial of degree n > 2, where each coefficient
A € K satisfies a(A;) = A; and ;A = o/ (M)A; for every A € K. Sometimes we will write f =
Z?:o AjxT assuming that 1o = 1. For instance, the above conditions hold if the A;’s are in the
center of K, a(A;) = A; for all i and o/ = id for all i such that A; # 0. Finally let A = B/(f).
We call A the monogenic extension of K associated with « and f. Notice that under these
assumptions,

fx=xf and fAi=da"(A)f forallAeKk,

andso fBC Bf =(f).

Motivated by the problem mentioned above, we study the Hochschild cohomology ring
HH7 (A) of A relative to K. If the k-algebra K is separable, then HH} (A) = HH*(A) and
so, our results apply to this case. As we said above, based on this study we were able to com-
pletely compute the cohomology ring of all the rank one Hopf algebras, which was our original
objective. Our methods extend to the noncommutative setting those of [B].

The paper is organized as follows: Section 1 is devoted to establish some notations and basic
results. In Section 2, we obtain a small resolution of A as an A-bimodule relative to K, and we
build comparison maps between this resolution and the normalized canonical one. Sections 3
and 4 are the core of the paper. In the first part of Section 3 we use these results to obtain a small
cochain complex Cg(A, M) given the Hochschild cohomology H;(A, M), of A relative to K,
with coefficients in M, for each A-bimodule M. When M = A we will write C5(A) instead of
Cs(A, A) and HHY% (A) instead of H} (A, A). Moreover, we obtain a map Cg(A) x Cs(A) —
Cs(A) inducing the cup product in HH% (A). Then, in Section 3.2, applying these results we
compute the cohomology ring of A, under suitable hypothesis. In Section 4 we apply the results
obtained in Section 3 to study closely the cohomology of A = K[x,«]/(f), when K = k[G]
is the group algebra of a finite group G and « is the automorphism defined by «(g) = x(g)g,
where x : G — k™ is a character satisfying suitable hypothesis. Finally, in Section 5 we solve the
problem posed in [B-W].

1. Preliminaries

In this section we fix the general terminology and notation used in the following, and establish
some basic formulas.

Let K, o, B, f and A be as in he introduction. We remark that, from the condition fB C Bf
and the fact that f monic, it follows that {1, x, ..., x"’l} is a left K -basis of the algebra A. More
precisely, given P € B, there exist unique P and P in B such that

P=Pf+P and P=0 or degP <n.

In this paper, unadorned tensor product ® means Qg, all the maps are k-linear and all k-
bimodules are symmetric. Given a K-bimodule M, we let M® denote the quotient M/[M, K],
where [M, K] is the k-module generated by the commutators mA — Am with A € K and m € M.
Given a k-algebra extension C /K, let Cé, := Cy ® C, where Cyr is C endowed with the regular
left C-module structure and with the right K -module structure twisted by «”, namely, if ¢ € Cyr
and A € K, then ¢ - A = ca” (A). We define

r 2
—:B— B,
Tx
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as the unique K -derivation such that % =1® 1. Notice that

; i—1

Txi . :

14 i—¢—1

= X Q@x .

=2
=0

Composing with the canonical projection B2 — A2 we also obtain a well-defined derivation
% B — Aé.

Lemma 1.1. On Aé the following equality holds for all 0 <i <n — 1:

T(fxi)_xiT_f_T_fxi
Tx ~ Tx Tx '

T

Proof. Since = is a derivation,

T(fx" Tf . Tx' Tf .
(fx ) =—f.xl +f X :_f‘xl7
Tx Tx Tx Tx

but also

T _T&f) _ G Tf
Tx ~ Tx ~ Tx

bl

which finishes the proof. O
2. The resolution

Let K, o and f be as in the introduction and let A be the monogenic extension of K associated
with & and f. Let 7" be the family of all A-bimodule epimorphisms which split as K -bimodule
maps. It is easy to see that the A,r’s are 7 -projective. The aim of this section is to obtain an
T -projective resolution C(A), of A as an A-bimodule, smaller than the normalized canonical
one. We also build comparison maps between C(A) and the normalized canonical resolution.
We consider the following complex

~ d. d, d; d} d
/ 2 3 A2 4 42 3 42 2 2% 2m
Cs(A)=-—> A1 > A = A > Agn > Ay — A= A,

aﬂ
where m is the multiplication map and the differentials d,, are the A-bimodule maps
/ . A2 2 7L A2 2
d2m+1 . Aamn+1 — A()tm" and dzm . Aamn — Aa(m*1>"+1 )

defined by

dyp (1@ =x®1—1Q®ux,

Tf n i—1 )
dy, (1@ D)= —— = D hi Y xtexTtl
=0

i=1



M. Farinati et al. / Journal of Algebra 319 (2008) 5101-5124 5105

We remark that, since we are tensoring over K and not over k, the twisting by powers of « in the
modules is necessary for the well-definition of the maps d.,.

Theorem 2.1. C 5(A) is contractible as an (A, K)-bimodule complex. A contracting homotopy
is given by the maps

a0 - A— A X A, O2m+1 :Aglmn g Azanr] and O2m - Ai(m—])n-%-' ad Aimn .
defined by
oola) =a®1,
: Tx!
o a®x')=—a ,
2m+l( ® ) Tx
0 ifi <n—1,

azm(a®xi)={a®l ifimn—1.

Consequently, the complex

, dl d, dj dy 5 dp
Cy(A)=-- —>A2,,+,—>A2,,—>A,,+]—>A A, —A

is a T -projective resolution of A.

Proof. We leave to the reader to check that these maps are well-defined. Let us check that o is a
contracting homotopy. To begin, it is clear that mog = id4 and opm (1 ® x') = x' ® 1. Moreover

/ i / Txi
Dy 10241 (1@ x7) =dyy, TTx

i—1

Z e+1®x 1_x£®xi—l)
=0
=1®x —x®l.

So, in particular, (com + djo1)(1 ® x') = 1 ® x'. Making the computation we obtain

ozm,ldém_l(l ®x"_1) = 0om—1 (x Rx" 1 -1 ®x”)
=02m_1(x " -1 (x” — f))
Tx"1 n T x" B E
Tx Tx Tx
Tf
Tx

=1@x" -

and
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02m—ldém_1(1 ®xi) = 0om—1 (x ®xi —1 ®x[+l)

Txi+1 Txi
= —x
Tx Tx
=1® xi,
fori <n — 1. Besides,
d/ n—1\ _ Tf / i\ .
2 (1@ x""1) = T and dj,00m(1®x')=0, fori<n-—1.
So, démazm + sz_ldém—l = id. To finish the proof, it remains to check that

! ! .
d2m+102m+1 + Ozmdzm =id.

But, by Lemma 1.1 and the fact that o, is left A-linear,
oamdy,, (1 ®xi) = oo (xi;—ﬁ> = @l=1®x — i 102m1(1 ®xi),
as desired. O
2.1. Comparison maps
From now on we will use the standard notations
A=A/K, A —K and A®"=A®---®A (ntimes),
forn > 1.

Proposition 2.2. The family of A-bimodule maps

®2m+1

V3 ARAT" @ A— A2 and Y5, AR AYT @A A2,
recursively defined by ) = id and
U1 (1®ar® - a1 @) =0p 1Y, 1 (1Q0a1 ® - Qa1 ® 1),

is a homotopy equivalence, from (A @ A® @A, b)t0C s(A), with homotopy inverse given also
recursively by ¢, = id and

¢ (1Q 1) =Cupipdy, (1@ 1),

where §ny1(a0 ® -+ Q@ ans1) = (—1)"Map®@ - @ ap11 ® 1.
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Proof. It follows by a standard argument in homological algebra. O
Recall that P and P are defined as the unique polynomials such that
P=Pf+P and P=0 or degP <n.
Theorem 2.3. The explicit formulas for ¢’ and " are
Pl H=1Q1,

P1I®)=10xx1,
P (1®1) = Z)tn—i lei_“"_’” Q% @1,

iel, Lel;
Do (1@ 1) = Z)»n—i lei_el_m X @xel,
iel, Ll

Yhn (1@ X121 @ 1) = xittiayisHa ... xiam-1+im @ 1,

, ; — T (x"2"+)
1.2m+1 — i1 yi3tig ... yiom—1+i
W2m+1(1®x m ®l)—x1 2xi3tia .. ylom—1+iom T

where

Lp={G1,....in) €Z™: 1 <ij <nforall j},
Ji={,....In) €Z": 1<1j <ij forall j},
)vn—i:)\n—h "'An—im;

iem,l =x®xgm®...®x®x£l,

i— €= 3Gy — ),

° Xllr :xl1®...®xlr‘

Proof. Both formulas for ¢’ and ¥’ can be checked by induction on the degree. The compu-
tations for ¢’ are easy and straightforward. It is clear that the equality for v is true, since
1#6(1 ® 1) =1® 1. To abbreviate, given 1 < j <[ we write Xl = xl @ -+ @ x'. Assume
the formula for wém. The recursive definition of v/, 41 gives

1,0/(1 ®Xi1,2m+1 ® 1) — O’lﬂ/b/(l ®Xil,2m+1 ® 1)
= UW/(b/(l ®Xi1,2m+1) ®1-1 ®Xi1*2’”+1)

= o’( .. ® 1) — O'(.Xi1+i2 . .xiZm—l+i2m ®xi2m+1)

T (xiam+1)
Tx

— xil+il .. .xi2m71+i2m

Assume now the formula for ¢, . By the recursive definition of ¥, we have
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w/(l ®Xil’2m ® 1) — U'(/f,b/(l ®Xil’2m ® 1)
= gw/(b/(l ® Xil,zm) RI+1® Xil,Zm)

— - - T x’2m 1
=0 x11+12 e x’Zm—S‘HZm 2 ¥ i2m
Tx

‘We note now that in B = k[x, «],

T (xtam-1) iy T (xtam—1tim) - T (xi2m)
xim — — xlem—
Tx Tx Tx
_ T(.xiZm—l“l‘iZm f) n T(x’2m—l+’2m) B xizm_l T(xiZm)
Tx Tx Tx
and this equality in A becomes
M m — yizm—1+izm T(f) T (xom170m) — ylam—1 M’
Tx Tx Tx Tx

since % is a derivation and the class of f in A is zero. So,

'(p/(l ® Xil’zn1 ® 1) =0 xi1+i2 .. ._xiZm—lJFiZm M
Tx

= xittiz ... xiam—1t+im @ 1,
as desired. O
3. Hochschild cohomology of monogenic extensions

Let K, «, f and A be as in he introduction. As usual, we let A° denote the enveloping algebra
A ®; A°P. Given an A-bimodule M, we let M9 denote the k-submodule

M* ={meM: mp=o (M)mforallAe K} S M.
Theorem 3.1. Let M be an A-bimodule. The following facts hold:

(1) The cochain complex

+1 a3
MY <—M"‘<—M“

5 w
Cs(A M) = L™ & e
where the coboundary maps are defined by

n i—1
A" l(m)=xm —mx and dzm(m):ZZ)\n_ixzmxi_l_l,
i=1 ¢=0

computes Hy (A, M).
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(2) The maps

¢*: (Homge (A%, M), b*) — Cs(A, M),
¥*:Cs(A, M) — (Homge (A®", M), b*),

defined by
¢°(g) =g(1),
¢'(9) =g(x),
()= Aniy xiTTmg(xbnr),
iell,, Lel;
¢ =Y Anoiy xTUTg (R @ x),
iel,, Lel;

w2m (m) (Xil,Z»z) = xiiti2.. ,xi2m71+i2mm,

i2mt1—1
1//2m+1(m) 112m+1 § xitt+iz . xiz,n,lJriz,,lemxiz»zH—5—1’

where we are using the same notations as in Theorem 2.3, are chain morphisms which are
inverse one of each other up to homotopy.

Proof. For the first item, apply the functor Homye (—, M) to the resolution C’S(A), and use the
identification

Hom e (AZ,, M) ——— M,
gH———g(1®1).

Let ¥, and ¢, be the morphism induced by comparison maps v, and ¢, introduced in Proposi-
tion 2.2. The second item is a straightforward consequence of Theorem 2.3. O

Recall from the introduction that when M = A we write Cs(A) instead of Cg(A, A).
3.1. Cup product

In this subsection we compute the cup product of HH} (A) in terms of the small complex
Cs(A). Given m; € C§(A) and my € CE(A), we write m; e my = ¢P T (P (my) — ¥¥(my)),
where ¥”(mp) — ¥9(my) denotes the cup product (at the level of cochains) in the canonical
normalized Hochschild cochain complex.

Theorem 3.2. Let a; € Cé’ (A) and ap € Cg (A). The following facts hold:

(1) If p is even or q is even, then a; e a, = ajas.
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(2) If p and q are odd, then

ajeay = Z E M—ixtayx?arx’3.

i=2  j1.j2.5320
J1+ipti3=i=2

Proof. We use the same notations as in Theorem 3.1. We recall that the cup product in terms of
the normalized resolution relative to K is given by

(g—h)(a1® - Qapiy) =g@1p)h(Ap+1,p+q)
for
g € Homge(A®", A) and h € Homge (A%, A),

where a1, =a1 ® - ®ap and apy1 prg =apt1 ® -+ @ Apyy. Assume first that p = 2u and
q =2v. We have:

12 Y e Y () < 9 ) )

iel,, Lel;
— Z Xll—i Zx‘i_‘el_malxl+eln . .x1+[u+la2xl+ev .. .x1+el N
iel, el

where m = u + v. But xf*t! = 0 unless £ = n — 1, and in this case x” = 1. If one wants to
consider non-vanishing terms, then all £; must be equal to n — 1 and this also forces that all i;
are equal to n. So, the sum reduces to the single term A’galaz =aia.If p=2u+1and g =2v,
or p=2u and g =2v + 1, then a similar argument as above shows that a; e a, = aja;. Finally,
if p=2u+1and g =2v + 1, then

arear =) iy U (YP @) — Y (ar) (X))

iel, Lel;
£—1
= Z An—i Z Z x‘i_el_’"l“gm,t%alng+1‘2xja2x£‘_j_l
iel, Lel; j=0
i—1¢-1
_an tZZ)C aleazxe j-1
=1 j=0

n
= Z Z hn—ixtaixaxx’,

i=2  Jj1.J2:4320
J1t+ip+ijz=i—2

wherem=u—+v+1,

Fem,v+2 — x1+em .. .x1+ev+2 and Fev+l,2 = xe1)+]+1 . .x62+1 .

This finishes the proof. O
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3.2. Explicit computations

Let K, @ and f be as in the introduction and let A be the corresponding monogenic extension.
In this subsection we are going to compute the cohomology of A with coefficients in A, under
suitable hypothesis. In the following theorem Z(K') denotes the center of K.

Theorem 3.3. Let C((A) denote the rth module of Cs(A). If there exists reZ (K) such that

then Ay =---=A,_1 =0 and

K" ifr=2m
CH(A) = mn ’
st {K"‘ x ifr=2m-+1.
Proof. Since A\, = Ajx = a'(A)A; and & — ! () is not a zero divisor of K for 1 <i < n, we
have that A1 =--- = A,_1 = 0. By Theorem 3.1 we know that

mn

r A ifr=2m
C A = mn ’
st {A"‘ ifr=2m+1.

Moreover it is immediate that a = Z:’;(} Ax' € A satisfies ai = (A\)a for all A € K if and only
if each A;xi satisfies the same condition. Hence, in order to prove the theorem it will be sufficient
to check that A’x € A" if and only if i =0 and A’ € K¢, and that 'x € A" i and only
ifi=1and A € K¥".If A'x* € A", then
Mxik=a™ )N xt =i x = kxd,
since a” (1) = A and & € Z(K). On the other hand, A'x' % = Mo’ (1)x'. So,
V(=o' ())x' =0,

which implies A’ = 0 when 1 <i < n, since A — ai(i) is not a zero divisor of K in this case.
mn+1

Moreover, it is clear that A’ € K N A" if and only if . € K ™ It a'xi € A2, then
Axia™ ) = TGO = I xT = A,
and Mx'o" 1 (%) = Ve 1H (X))l So
)»’()v» —qgitnl (X))xi =0,

which implies that 1’ = 0 or i = 1. Moreover, it is easy to check that A'x € A" if and only if

MeK* . O
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Theorem 3.4. Under the hypothesis of Theorem 3.3, the coboundary maps of C3(A) are given
by

n—1
d*" o) = (@) — A)x  and  d*"F(x) = — Zo/(x),\n.
=0

Consequently, if A, = 0, then the even coboundary maps are zero.

Proof. The first assertion is immediate. Let us check the second one. Let Ax € C§m+1 (A) =
K" x. By item (1) of Theorem 3.1 and Theorem 3.3

n—1
d2’"+2()»x) — inkxnfe
£=0

n—1
= Z at()x"
£=0
n—1ln—1

=— Z Zae(k))»n_ixi

=0 i=0
n—1
_ ¢
== ',
=0
where the last equality follows from Theorem 3.3. O

Theorem 3.4 implies that & ()X, = AX, forall L € K @™ Indeed, this can be proved directly
from the hypothesis at the beginning of this paper and then it is true with full generality. In fact,

M = " (A = A = & (M) An,

mn

where the first equality follows from the fact that L € K% .

Corollary 3.5. Under the hypothesis of Theorem 3.3,

HHY (A) = ker(a — id) N Z(K),

{(Ax e K¥""x: Zz;é at (M)A, =0}

K ( ) ((X —id)(K“m")x ’

(m+1)n

ker(a —id) N K%

HH%(m_FZ(A) = nfl mny "
Dot M)A, L e K™}
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3.2.1. Cup product

It is easy to refine Corollary 3.5 by describing the cup product in the Hochschild cohomology
of A relative to K. By item (1) of Theorem 3.2 we know that the product of two homogeneous
elements is induced by the multiplication map in K, whenever at least one of them has even

degree. On the other hand, if Ax € HH%(’”H(A) and A'x € HH%(’”/H(A), then, by item (2) of
Theorem 3.2,

Ax el x = E x/xx2) xx /3

12 320
J1+iatiz=n-2

— Z alt (a1 ()

J1:J2.J320
J1+ipt+iz=n—2

n—1
==Y > &t met )N, 1
i=0 Jj1.j2:/320
J1+jt+jz=n—2
== Y o),

10243 20
J1t+ip+iz=n-2

where the last equality follows from Theorem 3.3.

3.2.2. Gerstenhaber structure
We are going to compute the Gerstenhaber bracket in HH (A), under the hypothesis of The-
orem 3.3. We recall first the definition of the Lie bracket on HHY (A) introduced in [G].

Definition 3.6 (Gerstenhaber). Let C be a ring and V a C-bimodule. Let f € Homce (Ve V)
and g € Homee(V®' , V). The composition into the jth place of f and g, is the map
fojge HOI’nCe(V®r+r - , V)»

defined by

Foj gVirgr—1)=f(Vij=1 ® 8V} jr—1) @ Vjir! rir/—1)s

where v,y = v, ® --- ® vy for h < [. The composition product f o g and the bracket [ f, g] are
defined by

r

fog= Z(_l)(j-i-l)(r +1)f °oj g

j=1
[f,gl=fog— (=)D Hhgq ¢

Since our comparison maps are between C3(A) and the relative to K normalized complex
(Homge (A®* , A), b*), to compute the Gerstenhaber bracket we need to identify Homge (A®", A)
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with the K ¢-submodule of Homge (A®", A) consisting of all the functions f vanishing on all the
simple tensors a1 ® --- ® 1 ® --- ® a,p. It is well known that in this way one obtain a subcom-

plex of (Homge(A®", A), b*) and that the canonical inclusion is a quasi-isomorphism. Also, it
is clear that this subcomplex is, in fact, a Lie subalgebra. In order to establish the main result of
this paragraph we need first to introduce some notations

Definition 3.7. For a € C{(A),a’ € Cg/(A) and j =1,...,r, we define
acid =¢" " (Y (@)o; ¥ (@),

-
aoa' =Y (DU g
Jj=1
la,d']y =ao®d — (—)TTDE+D g o5 4.

Theorem 3.8. Let A € K" and v € K*"" . Assume that we are in the hypothesis of Theorem 3.3.
We have:

(A, uls =0,
mn—1
Dopxls= Y o (W,
h=0

(A, pacls = Za (WA = Za @)p.

To prove this theorem we are going to use the following lemmas:

Lemma 3.9. Let € K" The following equalities are true:

' N (b = |l ==y =0 — 1,
G (E) {O otherwise,
2m’ m’ o' — 1,1 2] l.fE]IN-ZEm/:n—l’
4 (,u)(x X ®x) { otherwise,
2m'+1 1 _ ifei ==Ly =n—1,
v (Mx) © x { otherwise,
w2m+l(ux)(xm+l®xm/l) 8 (,u)x l.f£2="':em’+1:n_1s
0 otherwise,

where 8, (1) = Y0 o ().

Proof. Theses equalities follow by a direct computation, using the formulas for y» obtained in
item (2) of Theorem 3.1. O
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Lemma 3.10. Let » € K" and 1 € K*"". Let §(1) = ZZ;(Z) o (). The following equalities
are true:

1) A oj. n=0,

2) rx o‘;. uw=0,

) if j is odd, then A oj. wx =a=Dn2)3

(4) if j is even, then ) o} px = ot T=2n/2(5(u))a,
(5) if j is odd, then J.x o pux = aU=Dn/2()ax,

(6) if j is even, then \x o‘;. pux =o' TU=Dn/2(5(u))ax.

Proof. All the equalities follow in a similar way. We prove the last one. By definition, the for-
mula for ¢2’"+2’"/+1 obtained in item (2) of Theorem 3.1, and Theorem 3.3, we have

ax O_;" ux = Z x\nfufu(l/f2m+l()\x) o; w2m/+] (/,Lx))(f{l“*l ®x)

Lel,
where u =m +m’ and n= (n, ..., n) (u times). By the last equality in Lemma 3.10, we know
that
Ax of ux = Z x ==y, 2me+ ()»X)(i(e””l‘j)),
£eln
where

$Wn.1.5) — gbmm—(j—4)2 IR 813,"_(1._2)/2 (M)xﬁm—(j—z)/z ® ghm-ir ® x.
But, by the formula for 1//2’"'H obtained in item (2) of Theorem 3.1,

w2m+] ()»x)(i(e”’v”)) _ {a1+(j_2)"/2(3(u))kx ifl,=n—1 forallh,
0 otherwise.

So, Jx o} ux = o TU=Dn2(5(u))Ax, as desired. O
Proof of Theorem 3.8. The first equality follows immediately from items (1) and (2) of

Lemma 3.10. We check the third one and left the second one to the reader. By definition and
items (5) and (6) of Lemma 3.10

m m
Ax of ux = ka 0%y MX + Z)Lx 03, WX

h=0 h=1
m m—1
= Zah” (W)rx + Z o (8(,u)))»x
h=0 h=0

mn
= Zoth (W)Ax.
h=0
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Similarly
m'n
ux o’ Ax = Zah M px.
h=0

The third equality follows from these facts. O
Corollary 3.11. Under the hypothesis of Theorem 3.3,
[HHE®", HHE®"] = 0.

In particular [HH%( (A), HH%( (A)] = 0 and so every infinitesimal deformation of A may be com-
pleted into a formal deformation.

Corollary 3.12. Let C,, = (w) be the cyclic group with n elements. Assume that the hypothesis
of Theorem 3.3 are satisfied. If 1, is invertible and o™ = id, then

HHY (A) = H*(Cu, Z(K)(@)),
where Z(K) () denotes Z(K) endowed with the structure of C,,-module given by w - A = a()).

Theorem 3.13. Suppose k is a field and that the hypothesis of Theorem 3.3 are satisfied. If K is
finite dimensional over k and o is a diagonalizable epimorphism, then

HHY% (A) = ker(a — id) N Z(K),
HHE' ™ (4) = (Ker(ar —id) N K" N Ann(n,))x,

ker(a —id) N K"
ni, (ker(a —id) N K*™)

El

HH%{W!+2(A) —

where Ann(ni,) = {, € K: nAi, =0}
Proof. Using that « is an epimorphism it follows easily that each K¢ is a-invariant. So each
K™ decomposes as a direct sum

mn

K" = (K" Nker(e —id)) & (K" Nker(a —id)) ",

where (K o™ ker(er — id))~ is the direct sum of the eigenspaces of « with eigenvalue different
from one. Clearly

(K" Nker(ar — i)™ = (@ —id) (K*™"),

and so

n—1
Zaﬁ MDA, =0 on (K“mn Nker(a — id))J‘,
£=0
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since o (M)A, = Ak, for all A € K" The result follows immediately from this fact and Corol-
lary 3.5. O

Remark 3.14. Assume that the hypothesis of Theorem 3.13 are satisfied. From the formula for
the cup product it follows that if Ax € HH%’"“ (A) and M'x € HH%{’” +1(A), then

Ax el x =— Z at (Nt O, = — (2) AN A,

J1+42:7320
J1t+iptijz=n-2

where the last equality is true since a(A) = A and a()') = A’. Since HH%(’"“(A) C Ann(niy),
this implies that the product of two elements of odd degree is zero if the characteristic of k
is different from 2, and also if the characteristic of k is 2, but n is odd or 4 divides n. If the
characteristic of k is 2, n is even and n/2 is odd, then Ax e A'x = AAA,,.

Next we consider another situation in which the cohomology of A can be computed. The
following results are very close to the ones valid in the commutative setting.

Theorem 3.15. If « is the identity map, then

Z(K)[x]

CL(A)=Z2(K)®Z(K)x®---® Z(K)x"' = e

where Z(K) is the center of K. Moreover, the odd coboundary maps drm+l of Cs(A) are zero,
and the even coboundary maps d*" are the multiplication by the derivative f’ of f.

Proof. This is immediate. O

Corollary 3.16. If « is the identity map, then

Z(K)[x]
HHY (A) = Z———,
x (A) )
HHZ" ' (4) = Ann(f),
Z(K)lx]
HH2m+2 A) = i
k@ (fs 11

where Amn(f") = {a € Z&I; 457 = 0).

4. Cohomology of some extensions of a group algebra

Let k be a field, K = k[G] the group k-algebra of a finite group G and x : G — k™ a charac-
ter. Let o : K — K be the automorphism defined by «(g) = x(g)g and let f € K[x] be a monic
polynomial whose coefficients satisfy the hypothesis required in the introduction. Assume that
there exists g1 € Z(G) such that x (g;) is a primitive nth root of 1. In this section we apply the re-
sults obtained in Section 3 to compute the cohomological ring of A = K[x, «]/(f). Note that the
hypothesis of Theorem 3.3 are fulfilled, taking A= g1. Since « is diagonalizable, Theorem 3.13
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and Remark 3.14 apply. In order to use the former we need first to make some computations. By
definition,

ker(e —id) =k[N], where N :ker(x :G— kX)

and

K" = { D 7@ kGl Y veg = vex""(Whgh™' Vhe G}-

geG geG geG

Note that Z(K) Nk[N] = k[N1C, where G acts on k[N] via conjugation. By Theorem 3.13 and
the first equality, we have the following result:

Theorem 4.1. Let A = K|[x, a]/{f) be as in the beginning of this section. The Hochschild coho-
mology of A relative to K is given by:

HHY (A) = K[N]°,
HH2H (A) = (KINTN K™ 0 Ann(ni,)x,

a(erl)n

KININK

HH7"2(A) = .
n(KIN1N K™,

It is easy to check now that

Z Ye8 € KY & Yhgh-1 = Vex"n(h) forallh eG.
geG

Consequently, if there exists # € G such that x"(h) # 1 and hg = gh, then y, = 0. Let X(r) =
{X1, ..., X1} be the set of the conjugacy classes X of G, which satisfy the following property: if
h € G commutes with an element of X, then x" (h) = 1. It is easy to see that for each X; there
exist elements y, € k \ {0}, where g runs on X ;, satisfying

Yhgh—1 = Ygx' (h) forallheG.

Clearly the family {ay, ..., a;}, where a; = dex/ Yg&, 1s a basis of K, Thus,

K= @ ka; and K* Nkerl@—id)= EP ka;.
X;jex(r) X;jeX'(r)

where X'(r) = {X; € X(r): X; C N}. From this discussion it follows that f satisfies the condi-
tions required in the introduction if and only if

rie P ka; foralli.
X;eX/(i)

Moreover, by Theorem 4.1, we have:
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HHY (A) = @ kaj,
X;€X/(0)

HH%”“(A):(Ann(m\n)m b kaj>x,
X jeX'(mn)

@X_,-eX/((mH)n) kaj

HH2m+2(A) — .
K n(@Xj eX’'(mn) ka./'))‘”

Remark 4.2. Let X be a conjugacy class of G. It is easy to check that there exists mg > 0
such that X € X(mn) if and only if mq divides m. Consequently, X(mn) C X(m'n) whenever m
divides m’.

Remark 4.3. Let v > 0 be the order of x". If m is congruent to m’ module v, then X'(m'n) =
X/ (mn) and X' ((m’ + Dn) = X'((m + 1)n), and so

HHZ"*1(A) = HH2"+1(A) and HHZ"*2(A) = HHZ"*2(A).

Hence, except for HH(}((A), the cohomology HH’;((A) is periodic of period 2v. Moreover, if
ni, =0, then

HHZ’(A) =HH% (A) and HHY""'(A) ~HHY"(A),

for all m > 0. We now are going to study the cup product in HH} (A). We already know that if
p or q is even, then the multiplication map

HH% (A) ®; HH% (A) — HHE Y (A)

is induced by the multiplication in A. We assert that the multiplication of two odd degree el-
ements is zero. In fact, since x(g1) has order n, the characteristic of k is relative prime to n.
Consequently, by Remark 3.14, the assertion is true still when the characteristic of k is 2.

Remark 4.4. If the characteristic of & is relative prime to the order of G, then k[G] is a separable
k-algebra. Hence, by [G-S, Theorem 1.2], HH*(A) = HHY% (A). From this and the discussion
above, the computations made out in [B-W, Section 2], follow immediately.

Remark 4.5. Let v be the order of x”. From Remark 4.3 it follows that HH; (A) is generated as
a k-algebra by

e k[N1% in degree 0,

e an arbitrary set of generators of HH%(’”H(A) as an HH(;( (A)-module in degree 2m + 1 for
0<m<v,

e an arbitrary set of generators of HH%{’” (A) as an HH([)< (A)-module in degree 2m for
0<m<v,and

e the class of 1 in degree 2p.

If ni, =0, then the situation is simpler. In this case HH}% (A) is generated by
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k[N1¢ in degree O,

x in degree 1,

an arbitrary set of generators of HH%(”’(A) as an HH(I)((A)—module in degree 2m for
0<m<v,and

e the unit 1 € k[N1% in degree 2v.

Consequently, if HH%(’" (A) =0 for 0 <m < v (for instance if v = 1), then the algebra HH} (A)
is isomorphic to k[N1¢ ®x k[y, x]/(x?), where the degree of x is 1 and the degree of y is 2v.
From this it follows immediately that if the characteristic of k is relative prime to the order of G,
then HH*(A) is isomorphic to k[N]° ®; k[y, x]/(x?). When f = x” this gives Theorem 3.4
of [B-W].

4.0.3. A concrete example

Let G = (g, h: g*=1=h* hg=g 'h). Clearly G = {g/h’: 0< j <u,0 <[ <4} Let
k =C and let x:G — C* be the character defined by x(g/h') = i’. Consider f = x2. The
hypothesis of Theorem 3.3 are satisfied with *=h2. By Remark 4.3, we know that the cohomol-
ogy of A is periodic of period 4, and, by a direct computation,

u—1
HH(A)={ > "y;¢’: vj =y forall j > 0},
j=0

HH'(A) = HH(A)x,

u—1
HH*(A)={ > "y;¢’: vj =~y for anj},
j=1

HH?(A) = HH?(A)x.
As a C-algebra, HH*(A) is generated by a = g+ ¢! in degree zero, x in degree one, b = g — g ™!
in degree two, and ¢ = 1 in degree four. The 4-periodicity is given by the multiplication by c.
Notice that if r is even, then dimg (HH2(A)) < dimg (HH(A)) and so HH*(A) is not isomorphic
to HH?(A) ®; V for any k-vector space V.

5. An application

Let k be a field, G a finite group whose order is relative prime to the characteristic of k
and x : G — k> a character. Assume that there exists g; € Z(G) such that x(gq) is a primitive
nth root of 1. In particular n is coprime relative to the characteristic of k. In this section we
compute the cohomology of A = k[G][x, a]/{x" —&(g} — 1)) over k, where £ € k™ and a €
Aut(k[G]) is defined by a(g) = x(g)g. Recall that ker(o — id) = k[N], where N = ker(y). We
consider two different cases. The second one solves the problem posed in [B-W], mentioned in
the introduction.

x™ #1.Let g € G such that x"(g) # 1. Since

g (" — (gl —1))g=x"()x" —& (g — 1),
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we conclude that (x" —&(g] — 1)) = (x", g] — 1). So, the algebra A is equal to k[G /(g )][x, &]/
(x"), where & is the automorphism induced by o. We consider now K :=k[G/(g])] and f = x".
These data satisfy the hypothesis of Theorem 4.1, with the character from G/(g}) to k* induced
by x and the class of g1 in G/(g]) playing the role of g|. Moreover K :=k[G/(g])] is separable
over k and so, HH*(A) = HHY (A). Thus,

HH'(A) = KG/<g'f>7

HH*" 1 (A) = (k[N /(g})] N K*")x.

HH>"2(A) =k[N/(g)] n k¥

The cup product of two homogeneous elements is zero if both of them have odd degree, and it is
induced by the multiplication in K, otherwise.

x" = 1. In this case f =x" — &(g] — 1) satisfies the hypothesis required in the introduction
(thatis a(§(g} — 1)) =&(g] — 1) and &(g] — DA =" (L)E(g} — 1)). Moreover K = k[G] is
separable over k and so, HH*(A) = HH} (A). Since x" =id, we have

mn

K¥" =Z(K) andso K[N]NK*" =K[N]®.

Hence, by Theorem 4.1,

HH’(A) = k[N1°,
HH?" T (A) = (K[N1° N Ann(g} —1))x,

HH2m+2(A) — ﬂ7
(8] — DKIN]C

since n¢ € k™. By Remark 4.3 the cup product of two homogeneous elements is zero if both
of them have odd degree, and it is induced by the multiplication in K, otherwise. Finally let
A= k[G/{g{)Ilx,al/{x"), where & is the automorphism induced by «. Using the formulas
obtained in Section 4, it is easy to see that HH” (A) = HH" (A), forall m > 0.

6. A final example

Here we consider an example in order to show that the cochain complex introduced in The-
orem 3.1 can be used to perform explicit computations still when the hypothesis introduced in
Section 3.2 are not satisfied.

Let H be the skew field of the quaternions over R. Recall that H is the four dimensional
real algebra with basis {1, i, j, k}, unit 1 and multiplication defined by iZ= j2 =—landij =
—Jji =k. Let o : H — H be the R-algebra automorphism, defined by

a(l)=1, a(i) = cosfi + sinfj,
a(k) =k, a(j) = —sinfi 4 cosbj,
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where 0 < 6 < 2m. So « acts as the rotation of angle 6 with axis k on the pure imaginary
quaternions. Take a monic polynomial with coefficients in H

f=x"4+rax""T4. 42,
and write
Au = Ayl + Ayii + )Vujj + Aukk  with Ay, Ay, )Nuj’ Auk €R.

Next we ask for the conditions in order that f satisfies the hypothesis required in the introduction.
That is

a(Ay)=A, and Ay A=ca"(A)A, forallxcH.
By definition

a(ry) = Ay1 + (Ayi cos — Ay sinB)i + (Ay; sin@ + A, cos0) j + Aurk.

. cosf —sinf Aui N dui
A =hu & <sin9 cos@)(kuj)_(kuj ’

a(ry) =, ifandonlyif Ay =2, =0.

Consequently,

So,

Then we assume that this condition is satisfied. Again by definition

Al = (DA,
Mk = o (k) (Au1 + dukk),
Ayl = Ayl + Aukk)i = Ay1i + Ak J s
" (i) hy = (cOS(uB)i + sin(h) j) Aut + huik)
= (cos(uO)Ay1 + sin(u6) dui)i + (sin(u6)ry1 — cos(uO)hux) j,
huj = Gt + Aukk) j = Aut j — Aukd,
" () = (—sin(0)i + cos@) j) (hu1 + Auick)
= (—sin(u@)kul + cos(u@)kuk)i + (cos(u@)kul + sin(u@))\uk)j.

Hence, a" (A)A,, = A, A for all A € H if and only if
cos(uf)  sin(uf) Al [ A
—sin(uf) cos(ud) Ak ) \ = )
Write

Ay = Ayt + duk = pekﬂ =p(cos B+ kSinﬂ)
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with p > 0 and 0 < B < 27. The above matrix equality is equivalent to 8 = —u6/2 (mod ).
Thus the following assertions are equivalent

e a(ry) =Xy, and " (M)A, = AyA,
o L, = pe k92 with p e R.

Next we compute the complex Cg(A) introduced in item (1) of Theorem 3.1.
6.1. Computation of A*

Let yo 4+ y1x 4+ --- + yp_1x"~! € A. Since

YuX"A = ypa” ()x",
we have that
WHyix+-+rex" e A & pa=d T Wy
for all u and all A € H. Write y, = yu1 + Vuil + YujJj + vurk. Since,
Yuk = Vurk — Yuij + Vuji —vuxe and  kyy = vurk + Vuij — Vuji — Vuk

if y,k =ao" 7" (k)yy = kyy, then y, = y,1 + yurk. Arguing now for y,, as above for 1, we obtain
that

yubh=a "Ny, forall L € H,

if and only if

Yul + Vukk = pek =012 = P(q,s(%) + ksN(%))

with p € R. So, the following conditions are equivalent
e WAYIXx+- o+ ymx" e AV
o y, = pek0/2 with p e R.

6.2. Computation of the boundary maps

By the above computations we know that if y,, + y,—1x + -+ + ylx”_l e AY™" then
o (yy) = yu-. Hence,

A"y + -y ) = (@) — yu)x + -+ (@) — y1)x" =0

and

n

d2m+2(y,,+~--+y1x"_l): (Zikn—ixi_l)()/n+"'+V1x”_l)-

i=1
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6.3. Computation of the cohomology

Let C = R[x]/(g), where g = x" 4+ ¢ix" ! + ... + ¢, € R[x] is the polynomial defined by

A = cue ® % A direct computation, using the results obtained in Sections 6.1 and 6.2, shows
that the map 9*: Cs(C) — Cs(A), defined by

192m (xu) — ek(u—mn)ﬂ/qu and 292m+1 (xu) — ek(u—mn—l)ﬂ/qu
is an isomorphism of complexes. Since H is an R-algebra separable

HH(A) =HH’(C) =,
HH>"*1(A) = HH?"T!(C) ={h e C: g'h =0},
C
HH2m+2(A) — HH2m+2(C) — _/ .
(g"
Moreover, from the formulas obtained in Theorem 3.2, it follows that #* induces an isomorphism
of algebras from HHy, (C) to HHy (A). So, the product of two homogeneous elements is induced

by the multiplication map in A whenever at least one of them have even degree, and it is zero
otherwise.
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