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Fractional differential equation to investigate the existence of solutions to the Cauchy problem for Caputo fractional
Monotone iterative technique . . . . . .
Cone differential equations in Banach spaces. New existence theorems are obtained for the case
Banach space of acone P being normal and fully regular respectively. Moreover, two examples are given
to illustrate the abstract results.
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1. Introduction

Fractional differential equations have been studied extensively by various methods (see, for instance, [1-13]). In recent
years, the monotone iterative technique is also used to deal with fractional differential equations (see, e.g., [14]-[15] and
references therein) in the spaces of real functions. In this paper, we investigate the following Cauchy problem for differential
equations with fractional order in a real Banach space E

Diu(t) = f(t, u(t)), u(0) = u, (1.1)

where “D? is the standard Caputo’s derivative of order0 < g < 1,t € ] = [0, 1],f € C(J X E, E).

Let P be a cone in E which defines a partial ordering in E by x < yifand only ify — x € P.If x < y and x £ y, we write
X <y.

P is said to be normal if there exists a positive constant N such that & < x < y implies ||x|| < N|y||, where 6 denotes the
zero element of E, and P is said to be fully regular if

X <Xy < <X Z-ee, sup [[xq| < 00
n

implies
|, —x|| = 0, asn— oo

for some x € E.
Clearly, the full regularity of P implies the normality of P.
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Denote by C(J, E) the Banach space of all continuous functions x : ] — E with norm ||x||c = sup,; [|x(t)]|. Set
Q={xeC(,E), x(t) >0 fort € J}.

Then Q is a cone in space C(J, E), and so, C(J, E) is partially ordered by Q : u < vifandonlyifv —u € Q, i.e., u(t) < v(t)
fort €.

We write R} = [0, +00).

A function x € C(J, E) is called a solution of (1.1) if it satisfies (1.1).
Definition 1.1 (/16,17]). Let S be a bounded set of a real Banach space E. Set

«(S) = inf{é > 0 : Scan be expressed as the union of a finite number of
sets such that the diameter of each set does not exceeds,
ieS = U2 Swith diam(S;) <38,i=1,2,...,m}.

Clearly, 0 < a(S) < 00.a(S) is called the Kuratowski measure of noncompactness.

Lemma 1.1 ([17]). H C C(J, E) is relatively compact if and only if H is equicontinuous and, for any t € J, H(t) is a relatively
compact set in E.

Lemma 1.2 ([17]).If H C C(J, E) is bounded and equicontinuous, then
(@) ac(H) = a(H()),
(b) a(H(J)) = maxqg at(H(t)), where H(J) = {x(t) : x e H,t € J}.

Lemma 1.3 ([18]). Let v, w € C([0, T], R), f € C([0, T] x R, R) and

t

(i) v() < v(0) + 7355 fo (t =T (5, v(s)ds,

(il) w(®) = w(0) + 75 [yt =97 (s, w(s))ds, 0 <t <T,

one of the foregoing inequalities being strict. Suppose further that f (t, x) is nondecreasing in x for each t and
v(0) < w(0).

Then we have

v(t) < w(), 0<t<T.

Remark 1.1. If v, w € C(J,E),f € C(J x E, E), Lemma 1.3 still holds. The proof is similar to that of Theorem 2.1 in [18].

Lemma 1.4 ([7]). Let H be a countable set of strongly measurable function x : ] — E such that there existsan M € L(J, RO+) such
that ||x(t)|| < M(t) a.e.t €] forallx € H. Then «(H(t)) € L(J, R(J,r) and

o ({/X(t)dt 1Xx € H}) < Z/G(H(f))dt.
J J

Lemma 1.5 (Monch ([16])). Let D be a closed and convex subset of E and uy € D. Assume that the continuous operator
A : D — D has the following property: C C D is countable, C C co({ug} U A(C)) — C is relatively compact. Then A has a
fixed point in D.

2. Results

Theorem 2.1. Let cone P be normal. Assume that

(Hy) t €], uy < upimplies f(t, uy) < f(t, up).
(Hp) Foranyt € Jandr > O, f(t, B;) = {f(t, u) : u € B,} is relatively compact in E, where B, = {u € C(J, E), |u]lc <r}.

Then the Cauchy problem (1.1) has minimal and maximal solutions in C(J, E).
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Proof. Write
={uecC(,E),llullc <R},

where

M; +6
R> |luoll + ———— +3,
ol + =

8 > 0is a constant. We will show that the Cauchy problem (1.1) has minimal and maximal solutions in By in three steps.

Step 1. We prove that the Cauchy problem (1.1) has at least one solution in Bg.
Define

(Au)(t) = ug + m / (t — )77 If (s, u(s))ds, foranyu e Bg. (2.1)

Since (H,) implies that f (t, B,) is bounded for any r > 0, i.e,, there is a positive constant M; such that
If(¢,w)ll <My, foranyte], ueB,

we have, foreveryu € 8grandt € J,

-l t
A O < lluoll + 7/ (t =) MIf (s, u(s)) | ds
I Jo

M;

< luoll + ———
lluoll CES)

< R,
that is,
lAuflc <R.
SoA: Br — Bg.

Moreover, letu,,u € C(J, E), ||u, — u]lc = 0 (n — o0).Thenforeacht € J,

anxo—mmaw5773/<nwW‘Wﬂsw@»—ﬂswsw¢

It is easy to see that

[t un(t)) — f(t,u(t)), asn—oo, te] (2.2)
and

(t — )" I (5, un(s)) — f(s. US| < 2My (¢ =) € L'(JLRy) fors e]. (2.3)
It follows from (2.2) and (2.3) and the Lebesgue dominated convergence theorem that

| (Aup) — (A)[lc — 0, asn — oo,
that is, A is continuous.

On the other hand, for t, t; € J, t; < t; and u € Bg, we deduce that

[ (Au)(t2) — (Au)(t1) ]|

t t
/ 2(tz —9)T7'f (s, u(s))ds — / (t; — 9)I7'f (s, u(s))ds
0 0

1 1
@/ (& =97 = (01 — )|l . u(s)) | ds

<

IY)/(a—wlw@u@wm

t1 _ 5 ty . M]
< [/ (& — )T = (t; —5)° 1Ids+/ (t; —9)° ldS]

0 t rq
< [2(t —tD* + (5 — t%) L
_[ 27— 4hu 2 — 4 ]F(q+1)

As t; — t, the right-hand side of the above inequality tends to zero.
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Thus, for any
B C B, B(t) = {u(t) : u € B},
by Lemma 1.2, we have
ac(AB) = rrtlgx a(AB(t)). (2.4)
So, A(Bg) is equicontinuous.
Now, let
V={u,:m=1,2,...} C B
with
V C co({xo} UAV)

for some xg € Bg. Then V is relatively compact.
Actually, it is obvious that

t =) S um@) | < Mi(t =) € L'(,Ry), forse]. (2.5)
By (2.1),(2.5) and Lemma 1.4, we obtain

t
2(AV)(D) < ——a ( / (t—s)‘H(f(s,V(s»)ds)
I'(q) 0

2 ' —1
< o [ e=9 e v
= 0. (2.6)
It follows from (2.6) that
a((AV)(t)) =0 forte].
This, together with (2.4), yields that ac(AV) = 0. Moreover, we have
ac(V) = ac{{xo} + (AV)} = ac(AV).

Thus, ac (V) = 0, and V is relatively compact.
Finally, Monch’s fixed point theorem guarantees that A has a fixed point in 8.

Step 2. We prove that the Cauchy problem (1.1) has a maximal solution in Bg.
Let

0<---<gp<égp1<--<&<e,n=12,...,
where
llenll <8 and  lim |l&q]| = 0.
11— 00
We consider the following fractional differential equation
Dhu(t) = f(t, u(t)) + &n, u(0) = uo + &, (2.7)

which is equivalent to the following fractional integral equation

t
u(t) =up+ &, + 1 / (t — )T F (s, u(s)) + eqlds. (2.8)
@ Jo
It follows from (2.8) that
-l t
luOl < lluoll + lleall + 7/ (t =) If (s, u(s)) + exllds
r@a@ Jo
M;+§
< |lugll +8 + m

< R.
Thus,

lullc =R.
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From Step 1, we know that the Cauchy problem (2.7) has a solution u(t, &,) in 8Bg.
By (2.8), we know that

u(t, e,) = u(0, &,) + m/ (t — )T f (s, u(s, €n)) + &,]ds, (2.9)

where

u(0, ;) = ug + &y.
This yields

u(0, &2) < u(0, &1),

u(t, &2) = u(0, &2) + I )f (t = )T If (s, u(s, £2)) + 21ds

u(t, &) = u(o, 81)—|—m/ (t — )T f(s, u(s, &1)) + €1]ds

> u(0, 1) + m[ (t = )T 'f (s, u(s, £1)) + &2]ds.

Combining (H;) with Remark 1.1, we have
u(t,e) <u(t,e), tej.
Hence,
< u(t,en) <u(t,en—q) <--- <u(t,e) <u(t,ey), n=1,2,.... (2.10)
Let
Vilt) ={u(t,ey) :n=1,2,...}, te].

From the above proof of the fact that A(8g) is equicontinuous, we know that V; is equicontinuous.
On the other hand, we know that

(t = )T, uGs, ) + enll < My 4+ 8) (¢ =) € L'(,Ry), forse]. (2.11)
Thus, a combination of (2.9), (2.11) and Lemma 1.4 gives that

aVi(t) < —— F(q) (/ (t =) (s, V1(5))+8n)d5>
< F(q)/(t—S)" Y (f (s, Vi(5))))ds.
=0. (2.12)

It follows from (2.12) that
a(Vi(t)) =0 fort e].
This, together with Lemma 1.2, yields that
ac(Vy) = 0. (2.13)

It follows from (2.13) that V; is relatively compact in C(J, E), and so, there exists a subsequence of {u(t, €,)} which converges
uniformly on ] to some u* € C(J, E). In view of (2.10), we see that {u(t, €,)} is non-increasing. Let {u(t, &,,)} converge to u*,
fori > j, we have u(t, &) < u(t, anj), which implies that u* < u(t, 5nj). Similarly, we obtain u* < u(t, &,). ForVe > 0,
there exists k such that

. 3

lu(t, &) —u™|l < N

Thus, for n > ny, we get u* < u(t, &n) < u(t, &4, ). This, together with the normality of P, yields that
lu(t, en) — u*[| < Nfu(t, &) — u*|| <&,

which implies that {u(t, ¢,)} itself converges to u* uniformly on J. So, we have

f(t,u(t, &) +en — f(t,u™(t)) asn— oo, t €]. (2.14)
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It follows from (2.5), (2.9), (2.11) and (2.14) and the Lebesgue dominated convergence theorem that

t
u* =uy + %/0 (t — )T f (s, u*(s))ds.

Consequently, u* is a solution to the Cauchy problem (1.1).
Let u(t) be any solution of the Cauchy problem (1.1). It is obvious that

u0) =ug < uo + e, = u(0, &),

u(t) < ug+ —— @ / (t — )T f (s, u(s)) + &q1ds,

u(t,en) =up+&n + —— / (t — )T f (s, uCs, &) + €nlds
' Jo

By (H;) and Remark 1.1, we deduce that
u(t) < u(t, &,).

Let n — oo, we have
u(t) < u*(t).

Thus, u*(t) is a maximal solution of the Cauchy problem (1.1).

Step 3. We prove that the Cauchy problem (1.1) has a minimal solution in Bg.
Since it is similar to the proof of Step 2, we omit it.
The proof is complete. O

Theorem 2.2. Let cone P be fully regular and (H;) in Theorem 2.1 hold. Assume that
(H3) f € CJ x P, P), up > 6, and there exist a, b € C(J, R0+) such that

If (¢, wl < a(t) + b(&)full,
t t
at = %/0 (t —s) la(s)ds < 0o,  b* = %/O (t—s)"1h(s)ds < 1, t €].

Then problem (1.1) has a positive solution u in C(J, P), which is a minimal positive solution of problem (1.1).

Proof. Let
vo(t) =0,
U () = ug + m/ (t —9)T'f (s, vm_1(s))ds.

From (H3), we see that

t
lom1 < lluoll + m/ (t =TI, vm-1(9)) | ds

t
/ (£ — 97 b(S)dsl|vm1lc + o]l + —— f (£ — )" a(s)ds.
0

- 1
=~ (g rq

Therefore,

lvmllc < b*lvm-1llc + k4

< b*(b*||lvm=zllc + k1) + ki
S s e
< )M lvollc + (™ + -+ 4+ b* + Dk,
1_ b* m

_ (b*) ks

1-—b*

k1
< , 2.15
=1 (2.15)

where

t
ky = Iluo] +m f (¢t — 5y 1a(s)ds.



Z.-W. Lv et al. / Computers and Mathematics with Applications 62 (2011) 1303-1311 1309

It follows from 60 = vy (t) < vy(t) and (H;) that

vil)) < vpt) <---<---, Vtej (2.16)
This, together with (2.15) and the full regularity of P, yields that
lim vy, (t) = u(t). (2.17)
m—o0

Using a proof similar to that of Theorem 2.1, we deduce that v, (t) is equicontinuous on J. From this, (2.17) and Lemma 1.1,
we know that V is relatively compact in C(J, P), and so, there exists a subsequence of {v,} which converges uniformly on J
to u. Since P is also normal, we see from (2.16) that the entire sequence v, converges to some u.

Similarly as in the proof of Theorem 2.1, we can prove that

1

t
WUzum+FGL£G—9*V&E®N&

It is obvious thatu € C(J, P) and u(t) > 6.
Let u(t) be any positive solution of problem (1.1). Then vo(t) < u(t) implies v (t) < u(t). Thus,

vp(t) <u) (m=1,2,...). (2.18)

Now, taking limits as m — oo in (2.18), we get u(t) < u(t) for t € J.
Hence, u(t) is minimal positive solution of Cauchy problem (1.1). This completes the proof of the theorem. O

3. Examples

Example 3.1. Let

E=co={u=(Uy,...,uy,...):u, = 0}
and
P={u=(Wuq,...,Up,...) ECo:U, >0, n=1,2,3---}.
Thus, E is a Banach space with the norm ||u|| = sup, |u,| and P is a normal cone in E.
Let
1
qziﬂ u:(u17""un"")7 f:(f]7"'5fn$"')5
AW = (), (=1,2,3--) (3.1
,U) = —— u,), (m=1,2,3---). .
" 100n "
Foreveryn,n=1,2,3---t € J, we consider the following initial value problem
Cunn :fn(ta u)7
{un(O) ~0. (32)

Conclusion. Problem (3.2) has minimal continuous solution v} (t) and maximal continuous solutions w; (t) satisfying
vp(t) = 0, wi(t) > 0asn — oofort €.

Proof. Itisclearthatf € C(J x E,E),and f € C(J x E, E) is nondecreasing. Thus, (Hy) is satisfied.
We now check (H,). Let t € J,r > 0 be given and {z™} be any sequence in f(t, B)(B C B,), where

2 =", 2 = fu(u™),
u™ = @™, u™ ) um=1,2,3,...).

By (3.1), we have

+7r
(m) —

z <— (nym=1,2,3,...). 33

lz,"| < 100m ( ) (33)
So, by the diagonal method, we can choose a subsequence {m;} of {m} such that

2,5'"") —2zy asi— o0, (n=1,2,3,..)), (3.4)
which yields

14+r
|z| < (3.5)
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Thus,

z=(z1,...,2y,...) Ecg=E.
For any € > 0, (3.3) and (3.5) yield that we can choose a positive integer ng such that

120" <&, |za] <&, ¥Yn>ng(i=1,2,3,...). (3.6)
By (3.4), we know that there is a positive iy such that

20" —z)| <&, Vi>ig(n=1,2,3,...,n). (3.7)
From (3.6) and (3.7), it follows that

2™ —z|| = sup |z — z,| < 3e, Vi> ip.
n

This means that

Iz —z|| > 0 asi— oo,
which implies that

a(f(J,B)) =0.

This yields that, forany ¢t € J andr > 0, f(t, B;) is relatively compact in E. Thus, (H;) is satisfied.
Hence, our conclusion follows from Theorem 2.1. O

Example 3.2. Let

E:llz{u:(u1,...,un,...): Z|un|<oo}
n=1

and
P={u=(u,...,up.. )€l u,>0,n=1,2,3,...}.

Then, E is a Banach space with norm |[u|| = Zﬁil |uy| and P is a normal cone in E.
Let

gq=—-,u=(Uy,...,Uy,...), f=WU,. ...fa, 9,

N | =

falt,u) = o3 (t+u), (n=1,2,3--1).

Foreveryn,n=1,2,3---,t € ] = [0, 1], we consider the following initial value problem
Dup = fu(t, u),
1
Uy (0) = ﬁ

Conclusion. Problem (3.8) has a minimal and positive continuous solution u}; (t) satisfying

> lup®)] < oo for te].

n=1

Proof. Since I! is weakly complete, we see that P is regular (see Ref. [17], Remark 1.2.4). From the regularity of P and the
definition of I', we see that P is fully regular.
In this situation, let

1 1
Ug = 1’?’.-.7ﬁ’... .

It is clear that
feC(yxP,P), ug>6.

Fort € J,u e P,

1 1
tu) < — + —uy,.
fat, ) TRETE
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Thus,

1 1
t,w| < — + —|ul.
IF e, wl 10+10II l
Here,

1
a(t) =b(t) = .

1 1 1 1

t1 1
d=b=—— | —(t—s)2"ds= t2 < —— < 1.
r(;)/o 10( ) 5.1 —5ﬁ<

This means that condition (Hs) holds. It is clear that (H;) holds. Hence, our conclusion follows from Theorem 2.2. O
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