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KEYWORDS Summary The approximate solution of imbibition phenomenon governed by non-linear partial
el differential equation is discussed in the present paper. Primary oil recovery process due to
phenomenon; natural soil pressure, but in the secondary oil recovery process water flooding plays an important

role. When water is injected in the injection well for recovering the reaming oil after primary
Convergence control oil recovery process, it comes to contact with the native oil and at that time the imbibition
parameter; phenomenon occurs due to different viscosity. For the mathematical modelling, we consider the
OHAM homogeneous porous medium and optimal homotopy analysis method has been used to solve
the partial differential equation governed by it. The graphical representation of the solution is
given by MATHEMATICA and physically interpreted.

© 2016 Published by Elsevier GmbH. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Oil recovery process;

Introduction then there is a spontaneous flow of wetting fluid into the
porous medium and counter flow of native fluid from the
porous medium. This process is called imbibition. In sec-
ondary oil recovery process during water flooding, instead
of regular displacement of the whole front (common inter-
face) the protuberances will occur with irregular fingers in
size and shape. Injection of water is the principal form of
the secondary oil recovery because supply of water is often
plentiful, inexpensive, and it is usually more stable frontal
displacement than another form of secondary oil recovery.
Due to water injection, oil will displace towards the produc-

In this research paper, we have discussed the imbibition
phenomenon in the horizontal direction with inclined homo-
geneous porous media (Bourbiaux and Kalaydjian, 1990;
Chen, 2007). When porous medium is already filled with
some fluid and when it come contact with another fluid
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Figure 1
homogenous porous matrix. (B) Schematic representation of fin-
gers for imbibition phenomenon in inclined homogeneous porous
matrix. (C) Average cross sectional area occupied by small fin-
gers as rectangle for imbibition phenomenon.

(A) Representation of imbibition in an inclined

oil and water before and after the water has displaced the
oil in inclined porous matrix. The stability of water flood
depends on the mobility ratio between oil and water, hetero-
geneity of the porous medium and the interaction of several
forces (Chen, 2007). Imbibition phenomenon may occur in
both miscible and immiscible processes and originates on
the interface between two fluids (oil and water).

Statement of the problem

For the mathematical modelling, we choose a piece of cylin-
drical porous matrix from large natural field area and take
vertical cross-sectional area of this small finite incline cylin-
drical porous matrix as a rectangle. It is incline at small
angle with negative direction of x-axis and its three sides
are impermeable expect for one as shown in Fig. 1A. To
find the area occupied by water in the form of saturation
of water in different irregular fingers, Schidegger and John-
son (Scheidegger, 1958) suggested schematic presentation of
fingers by replacing irregular fingers by rectangular fingers
for mathematical study as shown in Fig. 1B. But still it is dif-
ficult to find the saturation held in schematic fingers. Hence
taking average cross-sectional area occupied by schematic
finger is considered as saturation of injected water which is
rectangular shape as shown by Fig. 1C.

Mathematical formation

In secondary oil recovery process, during water flooding, we
consider injected fluid as water and native fluid as oil. The
seepage velocities of the fluids water and oil are given by
Darcy’s law as followed by (Bear, 1972)

V,_——K <8p'+p,gsm9> (1)

i

Vi :——K (?X" +pngsm9> (2)
where k; and k, are the relative permeabilities of fluids
water and oil respectively, K is permeability of homogenous
porous medium, u; and w, are the constant kinematic vis-
cosities of fluids water and oil respectively and p; and p,, are
the pressure of water and oil. In order to prepare the math-
ematical model for imbibition phenomenon, we assume that
the densities of both injected and native fluids are constant.
The continuity equation for these two fluids are given as

85 av, ~0 3)
Bt
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where ¢ is the porosity and S; and S, are the functions of
saturations.

Also we consider the porous matrix is fully saturated, i.e.
the saturation of injected water and native oil is unity.

Si+S,=1 (5)

The counter-current imbibitions condition at the common
interface,

Vi+Vv,=0 (6)

The relation between relative permeabilities and phase
saturation is given by (Scheidegger, 1958)

ki = S,‘, kn = 1 - O[S,' (7)

where o« =1.11 (Patel et al., 2013)
The relation between capillary pressure and pressure of
the native and injected fluids are given by

Pc = Pn — Pi (8)

Also it is observed the capillary pressure is linearly
dependent on the saturation of injected water (Mehta, 1977)

pc(Si) = —BS;;  Bis constant 9)
Use (1), (2) into (6) and use (8)
P —ke/)K e
X ((ki/wi)K + (kn/pn)K) 0x
_ ((ki/pi)Kpi + (Kn/1n)Kpn)g sin 6

10
(7 i)K + (ko 1im)K) (10)

Use (10) into (1),

ki
Vi = K—%H( pngsind (11)
l

(ki/pi)(kn/pn) ~ ki ;
where m =L (Scheidegger, 1958)
Putting the value of (11) into (3), we get,

95, 0 (ki e
bt AT e L k2 = 12
88t+8x< X p,,gsme) 0 (12)

Doing some simplifications and using Egs. (7) and (8)

aSi KB 0 aS;
- B (s

—— 60| =0 13
5t e a-mwﬁm) (13)
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Use dimensionless parameters

X KB
X=- T= 14
L euith (14)
aS; ad aS; ad

where y =Lp,gsind
The appropriate initial and boundary conditions are given

as

SiX.0)=Sc(1—e¥); 0=<X<1 3
(16)

Si(0, T) = Sic; X=0&T>0

Solution by OHAM

According to OHAM first we construct the zeroth order defor-
mation equation as (Liao, 2012; Pathak and Singh, 2015)

(1=q) £[SiX. T5q) — S(X, T)] = coqMSi(X. T; )] (17)

where g € [0, 1] is the embedding parameter, ¢, # 0 is a
convergence control parameter. We choose £=09/9T (Baxter
et al., 2014) is an auxiliary linear operator and Sj(X,
T)=0.1e%+0.5TX is an initial guess of S;(X, T) (Patel, 2014).
According to OHAM expanding S(X, T; g) in Maclaurin series
with respect to g, then the corresponding mth order defor-
mation equation is given by

£ [Sim(X, T) — xmSiim—1y(X, T)] = €om[Sitm-1)(X, T)1, (18)
where

3 m—1
SmlSim-1(X, T)] = &(Si(m—n) - Zosir(si(m—1—r))xx

— (Sitm—1))% — 7(Sitm-1))x

Taking inverse operator

Sim(X. T) = xmSim-1)(X, T) + Co£ ™" 8m[Sigm—1) (X, T)1, (19)
where

B 0, m<1
=1, m>1

To, find the optimal value of convergence ¢, we use
Yabushita’s approach (Yabushita et al., 2007) by means of
finding the square residual error

1 M N m i 2
E) = G+ 1252 les (i N)}

i=0 j=0 n

(20)

The optimal value of convergence control parameter
Co=—0.0018239062890736024 with minimum square resid-
ual error E5 =2.65E — 01 at fifth order approximation, which
can be notice by Fig. 2.

Using the optimal value of convergence control param-
eter we have the following approximations for different

Es(cq)
0.265489 -

0.265489
0.265489

0.265489

TR RS S | PRI B S S R RS |

—0.00190-0.00188-0.00186-0.00184-0.00182-0.00180-0.00178-0.00176

Figure 2  Square residual error at 5th-order approximation.

values of m

S¢(X, T) = 0.0017(—0.076e*T — 0.034e*T — 0.19T2
—0.085eXT2 — 0.14T3 4+ 0.5TX — 0.0425eX T2X)

Si(X, T) = 0.0017(—0.076eXT — 0.034eXXT — 0.19T?
—0.085e*XT2 — 0.14T3 4 0.5TX — 0.0425e* T2X)
+0.0017(—0.0001e* T — 0.00006e** T — 0.0007T*
—0.0001e* T2 + 0.00007e? T% + 0.00003e* T2
—0.0002T3 + 0.00008eX T3 + 0.00003e¥ T3
—1.7x1078e¥*T3-7.9x10°e*T3+0.00001eX T*
—25x 107874 - 2.2 x 10783 T*

—1.7 x 1078e®T5 4+ 0.0009TX — 0.0001eXT2X
+0.00006e* T + 0.00008eX T3X + 0.00006e* T*X
—83 x 107%e¥T*X — 7.4 x 10773 T*X
—1.1 x 10~ T3X + 0.00002e* T*X?
—1.9 x 107%e¥T5x?)
and so on
Adding these approximations up to fifth order approx-
imation including initial guess we get, S;(X, T)=0.1e %+
0.5TX+0.0017(— 0.076eXT — 0.034eXXT — 0.197% — 0.085eX T2

—0.14T3 +0.5TX — 0.0425e*T2X) + 0.0017(— 0.0001eXT—

0.00006e%T — 0.000772 — 0.0001eXT2 + 0.00007e2XT2 +

0.00003e3XT2 — 0.000273 +0.00008eXT3 +0.00003eX T3 —

1.7 x 1078e3XT3 — 7.9 x 10~%e*™T3 +0.00001eXT* —

2.5 x 1078eXXT4 - 2.2 x 108e3¥T* — 1.7 x 10-8eXXT5 +

0.0009TX — 0.0001eXT2X + 0.00006eX T + 0.00008e2X T3X +

0.00006eXT*X — 8.3 x 107 %e¥*T*X — 7.4 x 10 %e¥T*X —
1.1 x 1078e2XT°X +0.00002e*T*X% — 1.9 x 107X T X2) +. ..

Numerical and graphical representation:

Table 1
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Table 1 Numerical result for the imbibition phenomenon in homogeneous porous media with y =—0.7609.
X T=0.0 T=0.1 T=0.2 T=0.3 T=0.4 T=0.5 T=0.6 T=0.7 T=0.8 T=0.9 T=1.0
0 0.1000 0.1001 0.1002 0.1004 0.1007 0.1010 0.1013 0.1018 0.1023 0.1029 0.1035
0.1 0.1105 0.1156 0.1207 0.1259 0.1311 0.1364 0.1418 0.1472 0.1527 0.1583 0.1639
0.2 0.1221 0.1322 0.1423 0.1525 0.1627 0.1730 0.1833 0.1937 0.2042 0.2148 0.2255
0.3  0.1350 0.1500 0.1651 0.1803 0.1955 0.2108 0.2261 0.2415 0.2570 0.2726 0.2883
0.4 0.1492 0.1692 0.1893 0.2095 0.2297 0.2499 0.2703 0.2907 0.3112 0.3318 0.3525
0.5 0.1649 0.1899 0.2150 0.2401 0.2653 0.2906 0.3159 0.3414 0.3669 0.3925 0.4182
0.6 0.1822 0.2122 0.2423 0.2725 0.3027 0.3329 0.3633 0.3937 0.4243 0.4549 0.4856
0.7 0.2014 0.2364 0.2715 0.3066 0.3418 0.3771 0.4125 0.4480 0.4835 0.5192 0.5549
0.8 0.2226 0.2626 0.3027 0.3428 0.3831 0.4234 0.4638 0.5042 0.5448 0.5855 0.6263
0.9 0.2460 0.2910 0.3361 0.3813 0.4265 0.4719 0.5173 0.5628 0.6084 0.6541 0.7000
1 0.2718 0.3219 0.3720 0.4222 0.4725 0.5228 0.5733 0.6239 0.6745 0.7253 0.7762
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We have discussed an imbibitions phenomenon in homo-
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