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Consider an abstract Hamiltonian system which is invariant under a group of
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1. INTRODUCTION

This paper is a continuation of [1]. We consider the abstract
Hamiltonian system

du ,
Z=JE(u(t)), u(t)e X,
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which is invariant under the action T of a Lie group G. By a “solitary
wave” or “bound state” we mean a solution z(¢) of (1.1) whose time
evolution is given by a one-parameter subgroup of G:

z2(t)=T(e™) ¢,

where @ belongs to the Lie algebra g and ¢, € X. If K is a subgroup of G,
we say this solitary wave is K-stable if a solution u(t) of (1.1) exists for all
t>0 and forever remains near the orbit {7(g) ¢, | g€ K} in the norm of
X provided its initial datum u(0) is sufficiently close to ¢,,.

Central to our analysis, as in [1], are the “charge” functionals Q, for
ceg, defined by Q, =J 'T,, where T, denotes the differential of T. (See
Section 2 for a precise definition.) We define the linear operator
H,=E"(¢,)—0Q.(¢,) and the scalar d(w)=E(¢,)—Q.(¢,) Under
appropriate assumptions (see Section2), we have the following main
results.

STABILITY THEOREM. Given w € g, consider the scalar function d restricted
to the centralizer g.,. Assume that it is non-degenerate at w and let p(d"”) be
the number of positive eigenvalues of its Hessian at w. Let n(H) be the
number of negative eigenvalues of H,,. Then p(d")<n(H). If p(d")=n(H),
then the solitary wave is G -stable, where G, is the centralizer subgroup.

INSTABILITY THEOREM. If d is non-degenerate at w and n(H)— p(d") is
odd, then the solitary wave is G -unstable.

The linearized equation around the solitary wave (1.2) is dv/dr=JH v,
with generator JH,,. Our assumptions are not on this generator, but rather
on the linearized Hamiltonian H,,.

The oddness assumption in the instability theorem is necessary. For
instance, take a pair of harmonic oscillators with the zero solution as a
stable center, with X=R* and G trivial so that p(d”")=0, but n(H)=
p(H)=2.

In [1] we studied one-dimensional groups G = R* or S. In that case d”
is a scalar function on g=R, so that p(d”) is either zero (if d"(w)<0) or
one (if d"(w)>0). The non-degeneracy means that d” #0. The Stability
Theorem asserts that we have stability if either n(H)=0 or else n(H)=1
with d”(w) > 0. The Instability Theorem asserts that we have instability if
n(H)=1 with d"(®w)<0. Thus we recover the main results of [1]. Note,
however, that the present paper allows n(H)> 1.

In Section 2 we set up the basic framework of this paper. In Section 3 we
define the key operator in the analysis, the reduced Hamiltonian, and we
relate the number of its negative eigenvalues to that of the full Hamiltonian
H,. Section4 is devoted to the Stability Theorem, as well as to its
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generalization to the degenerate case. The proof follows the same main
lines as in [1].

Sections 5 and 6 are devoted to the Instability Theorem. This result is
much more general than in [ 1] because n(H)— p(d”) is allowed to be odd
rather than just equal to one. This necessitates a completely different proof
of instability from that of [1]. In Section 5 we prove the “linearized
instability” and in Section 6 we deduce the “nonlinear” instability (as
defined above). Specifically, we use a topological argument to show that
the generator JH,, has a pair of real eigenvalues +4 (Theorem 5.1). (A
much simpler proof can be made if n(H)— p(d”)=1.) We also obtain an
upper bound on the number of eigenvalues of JH,, off the imaginary axis.
In Section 6 we deduce the instability with respect to G, as well as with
respect to the whole group G in certain cases.

The rest of the paper is devoted to several applications to nonlinear wave
equations. In Section 7 we consider a coupled system u,, —u,. + f(u)=0
with we R>. We saw in Example A of [1] that traveling waves u = @(x — ct)
are never stable. Here we construct waves of the form u =exp(tS) o(x —ct)
for skew-symmetric matrices S and show they are stable for certain choices
of S and c¢. The group G consists of the rotations in ¥ and the translations
in x. Thus a rotation in the dependent variables can be a stability
mechanism.

In Section 8 we consider harmonic maps from a Lorentz manifold S' x R
into S°. We show that a plane wave solution exp[ A(k3 + wt)] v is stabie if
w?>k? but unstable if w?<k> Our technique is to embed S* in R’
thereby approximating the problem by a system of the type of Section 7.

In a similar way, in Section 9 we consider solutions of the form u=
exp(tS) o(x — ct) of a system of coupled nonlinear Schrodinger equations.
In Section 10 we resume our discussion of the optical wave guide by
considering states with higher nodal structure. Some of these states are
unstable because n(H)>1 is odd. More elaborate examples can be
constructed. A list of errata to [1] is added at the end of this paper.

Many of our results were obtained [8] as early as 1985. A number of
references to related work have been given in [1]. Some more recent
references are the following: In [7], Oh considers the stability theory for
Hamiltonian systems on finite-dimensional manifolds. In [5] Jones uses a
dynamical systems approach to instability. In [3] Grillakis proves
instability if d”(w) <0 and G is one-dimensional, no matter what a(H) is.
In [4] Grillakis analyzes conditions under which a pair of eigenvalues of
JH can bifurcate off the imaginary axis. In [2] the theory is applied to
logarithmic and other singular nonlinearities.

We thank C. Jones, Y.-G. Oh, and M. Weinstein for their interest in this
work.
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2. FORMULATION

Let X, J, and E be the same as in [1]. For the sake of completeness we
repeat the assumptions here. Let X be a real Hilbert space with inner
product (, ) and dual space X*. Let I: X —» X* be the natural isomorphism
defined by {Ju, v) = (1, v). We shall identify X** with X. Adjoints will
refer to the pairing ¢, > not the inner product (, ).

Let J: D(J)— X be a linear operator with dense domain D(J)c X*. We
assume that J is one-one, onto, and skew-symmetric (with respect to
¢, >). (In [1] we did not assume it was one-one.) Let E: X » R be a C?
functional defined on all of X.

Let G be a finite-dimensional Lie group with Lie algebra g. We write
e“ =exp(w) for weg. For any weg, let

8,=10eg| [0, 0] =0}

and let G, be the subgroup generated by the centralizer g,,. Let T be a
unitary representation of G on X. Thus, for all ge G, T(g) is a unitary
operator on X, which in our notation means that T*(g)/=IT(g '). We
assume that F is invariant under the group action; that is,

E(T(g)u)=E(u) for geG,ueX. (2.1)
Differentiation leads to the identities

T*(g) E'(T(g)u)=E'(w) and  T*(g)E"(T(g)u) T(g)=E"(u).
(2.2)

The differential of T maps g into the skew-adjoint operators on X. We
denote it by w — T,,=dT,w(e). Regarding g as the set of left-invariant
vector fields, we have (d/dr) T(exp(tw))= T(exp(tw))T,. Thus each T, is
a skew-adjoint operator on X (with a dense domain). Differentiation of
(2.1) with respect to g leads to

KE'(u), T,u»=0 for ueD(T,). (2.3)

Assume that
T(g)J=JT*(g~') for geG. (2.4)
Equivalently, J~'T(g)=T*(g ')J ' Differentiating, we get J 'T, =
—T*J" ', whence (J7'T,)*=—(J )*T**=J"'T,. Thus J~'T, is a

symmetric operator with domain D(T,,). Assume that

J T, extends to a bounded operator B,,: X — X'* (2.5)
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for every weg. Then B, is also symmetric. Define
Q.,(uw)=3B, u,u) for ueX weaq,
so that @, (u)= B,u. Assume that

Q.(T(g)u)=Q,(u) for geG,, ueX

Remark. Probably (2.7) is a consequence of the previous assi
due to the following argument. Since T,7,—T,T,=T(, .,
JA =0, where

A = BwJBg - BaJB(u - B[w‘a]'
Hence

4 Q. (T(e”)u)=(B,u, Tyu)

ds|s-o
= {(B,u, JB u)
= Y(B,u, JB,u) — % B,u, JB,u)
= 3<u, By, oqu) + 3<u, Aud.
Letting v=J 'u, we have {u, Aud = {Jv, Au) = v, JAu)> =0. Hi

d 7
E o Q(:)(T'(ej )u) = Q[w,a](u)v

which imples (2.7). This argument is correct provided u belony
domains of the appropriate operators. Whether these domains hav
intersection is the only questionable point in the argument.

Differentiation of (2.7) leads to
I(g)*Q.T(g)=Q, for geG,,  where Q,=B8,

whence Q. T,= —TX*Q., forogeg,,.

Assumption 1 (Local existence of solutions). For each u,e
exists 7,>0 depending only on u, where |uol <p, and there
solution of

@=JE’(u(t), ueé(s; X)

dt
in the interval £ =[0,1,) such that u(0)=wu, and E(u(t))
0, (u(t))=0Q,(uy) for te # and seg.
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By a “solution” of (2.10) we mean a weak solution as defined in {1]. As
shown there, T(g) u(t) is a solution if () is one and geG.

This assumption is the same as in [1]. Note that the functionals £ and
0, are formally conserved. Indeed, a smooth solution satisfies

dQ;t(u)= <Q:,(u), f;_l:> — _<JQ;(u)’ E'(u)> = — (Tau, E’(u)> =0

by (2.3), and similarly for E(u).

DEFINITION. By a bound state or solitary wave we mean a solution of the
evolution equation (2.10) of the form

u(t)=T(e") e, where wegand peX. (2.11)

Lemma 2.1. T(e')q is a bound state if ¢ € D(T,) and
E'(¢)=0Q.,(o). (2.12)

Proof. Exp(sw) commutes with exp(¢tw). By differentiation, T, com-
mutes with T(exp(t®)). Using the notation (2.11) and g=exp(iw), we
deduce

d_ JE'(u)=T(e") T, — JE'(T(e") 9)

: =T(g){T,o—T(g™")JE'(T(g)9)}
=T(g){T,o—JE(9)}
=T(e){T.0—JQ,(¢)} =0
by (2.2), (2.4), (2.5), (2.6), and (2.12).
DEerINITION.  If K is a subgroup of G, we say the bound state is K-stable

if for all ¢ >0 there exists d >0 such that: whenever u(¢) is a solution of
(2.10) with |#(0) — @[ <, the solution u(t) exists for all 7>0 and

sup inf Ju(t)—T(g)el| <. (2.13)

Og1<ac gek
Otherwise it is called K-unstable.
Assumption 2 (Existence of bound states). There is a non-empty set
2 c g and a mapping from Q into X, denoted by w— ¢, such that
(a) the mapping is C!,
(b) E'(9.)=0u(0,),
(¢) ¢,eD(T?) forallseg,
(d) 2ng,is openin g, for all weg.
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As in [1] we define
Hw:E”((p(u)‘ ZJ(()D(:)):X_’X*-

Lemma 2.2, H (T,0,)=0;.u19, for all ceg and we L.
Proof. For all ge G we have

E(T(g) ¢,)— 0, (T(g) 0,)=T*(g) 'E'(¢,)—J 'T,T(8) ¢,
=J 'T(g)J-J 'T,0,—J ‘T, T(g) o,
=J71[T(g)’ Tw] Do

Setting g =exp(so) and taking the derivative at s=0, we get
{E"((P(,,) - Q:)} Ta Pou= J7 l7~[a’. w] D

DEFINITION. Let Z={T,¢, | d€g,}. By Lemma 2.2, Z is contained in
the kernel of H,,.

Assumption 3 (Spectral decomposition of H,). The space X is decom-
posed as a direct sum,

X=N+Z+P, (2.14)
where Z is defined above, N is a finite-dimensional subspace such that
(H, u,u><0 for 0#ueN, (2.15)
and P is a closed subspace such that
(Hyu,ud>=0d|ul|®> for ueP (2.16)

for some constant 6 > 0.

A few words of explanation are in order. The direct sum is in the sense
of vector spaces: each u can be written uniquely as n+z 4 p with ne N,
zeZ, and pe P. It follows that Z equals the kernel of H,, and that N and
P are maximal subspaces with the properties (2.15) and (2.16).

It may be helpful to introduce some general terminology. Let X be a real
vector space and A: X x X — R be a symmetric bilinear form. A subspace N
(or P) is called negative (or positive) if h(u, u) <0 (or >0) for all 0 #ue N
(or P). The kernel of h is Z= {ue X | h(u, v)=0 for all ve X}. Then all
maximal negative subspaces have the same dimension (< oc), which we call
the negative index n(h). Similarly, there is a positive index p(h). In case
h(u, u)= (Hu, u)>, where X is a Hilbert space, we write n(H) and p(H) for
these indices. We also write Z(H) for the kernel of H (=kernel of h) and
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z{(Hy=dim Z(H). In our case (Assumption 3), where H=H,, we have
n(H,)=dim N< oo and p(H,)=dim P=oc (if dim X=o0). The decom-
position (2.14) is orthogonal if N and P are chosen to be spectral subspaces
for H,,. Thus n(H,) is the number of negative eigenvalues of H ,.

We define d: Q+— R by

dw)=E@,) - Q,(¢,).

For each we, we define d"(w) to be the Hessian of this function
restricted to Q ng,,. It is a symmetric bilinear form on g, so that we can
speak of n(d”), z(d"), and p(d"), which are the number of its eigenvalues
which are negative, zero, and positive, respectively.

We shall write ¢ for ¢, H for H,, where there is no possibility of
confusion.

3. THE REDUCED HAMILTONIAN

For fixed we 2, we write H= H,, and define the subspace

Xl: {XEXI <Q;—(‘P(u)’ u>=0’V06gw}

and let /7, be the orthogonal projection of X onto X,. We define the
reduced Hamiltonian

H,=1II}H, restricted to X,.

Let zo=dim{o€g, | T,9,=0}. By (3.6) and (3.9) below, z,<z(d").

THEOREM 3.1.  The reduced Hamiltonian has the negative index
n(H,)=n(H)— p(d")—(z(d") - z,), (3.1)
and the null index
z(H ) =z(H)+ (z(d") — zo). (3.2)

COROLLARY 3.2. p(d”")< n(H).

Proof of Theorem3.1. Differentiating the equation E'(¢,)= 0. (¢.)
with respect to w in the direction s eg,,, we get

H(U( G(P(I)) Qﬂ((p(l) (3'3)

where 0, denotes differentiation in g,, in the o direction. That is, d,¢,, =
(d/de)|,_ o9, . . Differentiating d(w) = E(¢,,)— Q. (¢,,), we obtain

0, dw)=—Q,(,). (34)
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Differentiating once more,
ar aa d(w) = - <Q;'(q)w)9 ar(Pw>
= _<Hu)(adq)w)s ar(pw> (35)

for any pair of directions 7, 6eg,. From now on we write ¢ = ¢, and
H=H,. Let

Y= {aa(p | O-ng}v
Yl = Yle = {ar(p | 61 6ad= <Q:7(<0w)1 ar(p> =0 for all Gng}’
Y,= Y X; (orthogonality with respect to (, )).

Thus é,¢e Y, ifand only if 0.¢pe X, ifand only if 0,8, d=0forallceg,,.
Hence

2(d”)=dim Y,. (3.6)

We denote the restriction of any operator A4 to a subspace M by 4 | M. By
(3.5) and the definition of Y,, we have

p(d")=n(H|Y)=N(H|Y,)
and
0=z(H| Y,).

Let ue X, +Y=X,®Y,. Write u=u,+ y, where u;€X, and yeY,.
Then {Hy, u,>=0 by (3.3) and the definitions of X, and Y. So we have
the decomposition

(Hu,u) = (Huy,u )+ {Hy, y)

on the direct sum X, @ Y,. It follows that the non-positive dimensions of
H add up, in the sense that

nH| X+ Y)+z(H| X, +Y)=n(H)+z(H)+n(H| Y,)+z(H|Y;)
=n(H,)+z(H,)+ p(d"). 3.7)

Consider the kernel Z(H,) of H,. If ue Z(H,), then 0= (Hu, u) =
{Hu, IT,v) for all ve X, whence

Hu=Q.(¢)=H(d,9) forsome teg,.

Hence u— 8, ¢ € Z. Furthermore, Z < X, because if ve Z then

0=(Hv, 0,¢>=CH(,9),v)=<{Q:(p),v)
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for all o €g,,. Therefore the decomposition
u=u—0,0)+(0,¢) with J.pe X,
shows that
Z(H)=Z+Y,. (3.8)

Moreover, if veZnY,, then v=70,¢ for some 1, so that 0= Hv=
H(,.0)=Q.(¢)=J 'T,p and T, =0. This means that

zo=dim(Zn Y)). (3.9)
By (3.6), (3.8), and (3.9), we have proved
z2(H\)=z(H)+ z(d") — z,. (3.2)

Recall that (Hy, yy =0 for all ye Y|, by (3.5) and the definition of Y.
Let W be any subspace of X such that

{Hu,u)<0 forall ueW+Y,.

We show that Wc X, + Y.
In order to do so, let we W and ye Y,. Then

0=CHw+ y),w+y>
= (Hw, w) +2{Hy, w),

since {Hy, y)>=0. Since w may be multiplied by a small constant of either
sign, it follows that {Hy, w)=0. This means H(Y;)c W*. (In this
argument the L denotes orthogonality with respect to {, >.) By (3.3),
H(Y,)< X;{. By (3.5), H(Y,)= Y*. Thus

H Y, (X nYn W)

The kernel of this mapping is Zn Y, = Z n Y, which we showed above has
dimension z,. Hence

dim Y, <z +codim(X, n Y n W). (3.10)

On the other hand, H maps all of Y onto X7 with the same kernel Zn Y
by (3.5). (Remember that X{ = {Q,(¢)}.) Hence

dim Y =z, + codim X],. (3.11)
But, of course (for any subspaces),

dim Y —codim X, =dim(X, n ¥) —codim(X, + Y). (3.12)

580,94 2-7
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By (3.10), (3.11), and (3.12) we deduce that
codim(X, + Y)< codim(X, + Y+ W).

Therefore, We X, + Y.
This means that a maximal non-positive subspace of H | (X, + Y) cannot
be enlarged to a non-positive subspace of H. In other words,

n(HY+z(H)=n(H| (X, + Y))+z(H| (X, + Y)). (3.13)
By (3.13), (3.7), and (3.2) we conclude that
n(H)+z(HY=n(H )+ z(H,)+ p(d")
=n(H\)+z(H)+z(d")—zo+ p(d").

This proves (3.1).

4. STABILITY

We showed in Section 3 that p(d”)<n(H). If p(d")=n(H), then (3.1)
implies that z(d")=z,=0 and the Stability Theorem of Section 1 asserts
that ¢ is G -stable.

The following more general theorem permits the function 4 to be
degenerate. Let

'I(‘u= {TEQ(M I at(pwexl}

and let d - : A, — R be the function 7+ d(w + 7). In the case that d is non-
degenerate, we have z(d")=0 and ¥, = {0}.

THEOREM 4.1. The bound state T(e'’) o, is G,-stable if both of the
following conditions hold:
(a) n(H)=p(d")+z(d")—z,.
(b) d, is strictly convex in a neighborhood of ©=0.

If z2(d") =0, then z, =0, ¥, = {0}, and (b) is trivial, so that Theorem 4.1
generalizes the Stability Theorem.
Note that the Hessian of d , always vanishes at o because

6': aa d((})): - <Q;((Pw)» atq)m> =0

for 7, 0 € X,. Therefore (b) is simply an assumption about the higher order
behavior of d, at the point in question.
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LEMMA 4.2. Assume (a), (b), and z,=0. There is a smooth map

XoVsoum—(g 2,a)eG,x(w+X,)xg,,

where V' is a neighborhood of ¢, with the following property: Let

y=T(gu—o—17'Q(py). (4.1)
Then

(3 T,00)=(,0:0)=<Qs(pg), ¥>=0 (4.2)

forall ceg,, and X € X,

Proof. With y defined by (4.1), we use the Implicit Function Theorem
to solve (4.2) for the unknown parameters (g, 2, a). The Jacobian matrix
of the mapping defined by (4.2), evaluated at g=e, =0, 2=, and

U=@=09,,Is

(Tr(p’ Ta(p) —(a):(p5 Taq)) —-<Q;((p)s Taq)>=0
(Tz0,8,40) —(2x0,0,49) —<Q:9), 040>=0
(T.0,0,(¢)>=0 —<(050,0,(¢)>=0 —(I7'Qi(0), I"'Q,(9))

(written in blocks), where T and ¢ run through a basis of g, and X and 4
run through a basis of #,,. The Jacobian is nonsingular because the vectors
involved are linearly independent. To be more precise, we now provide the
details. The off-diagonal corners vanish because of (2.7). The other two
entries indicated vanish because 4 and X belong to J¢,,. The last diagonal
entry is nonsingular because otherwise I='Q.(¢)=0 for some 0 #teg,,.
In that case T,¢ =0, which would contradict the assumption that z,=0.
Thus the whole Jacobian is nonsingular if and only if {7,p,dz¢} is
linearly independent, where ¢ runs over a basis of g, and X over a basis
of . If this set were linearly dependent, then 7T,¢ + J5¢ =0 for some
(g, 2)# (0, 0). Then

O0=HT, o +Hosp=J 'Txo,
so that 2 =0 and ¢ =0 and we would have a contradiction.

LemMMA 4.3. Either (i) T(g)¢ = ¢ for some g € G,, g # e, or
(ii) T(g,)o — o, g,€G,, implies g, —e in G,,.

Proof. The set of critical points of L=FE—Q,, in a neighborhood of ¢
is isomorphic to the null space Z of H=L"(¢p). But T(g)e is a critical
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point of L for all ge G,,. Therefore there is a neighborhood N of ¢ in X
and a neighborhood M of e in G,, such that

{(ue N | L'(u)=0}={T(g)p | ge M}.

If (ii) is false, there is a sequence g, and a neighborhood M of ¢ with
g.¢N and T(g,)e € N. Fixing n, we have shown that there exist #,e M
with T(g,)e = T(h,)p. So T(g, 'h,)o = ¢, which means that (i) is valid.

LEMMA 4.4. For &> 0 define the “tube”

U£={ll€X| lnf Hu_T(g)(pw”<8}

2eG,
If ¢ is small enough, the map of Lemma 4.2 extends to a smooth map
U,su — (glu), 2(u), a(u)) (4.3)

such that (4.1)-(4.2) is valid and
g(T(hu)=g(u)-h~" (4.4)

for he G, and ue U,.

Proof. We first show that there exists a neighborhood V of ¢ such that
(4.4) is valid if ue V and T(h)ue V. Indeed, let W’ be the image of V’
under the map u+— g(u). By Lemma 4.3, ¥’ can be chosen so small that

T(h)pe V' and he G, imply he W'. (4.5)

By shrinking the neighborhood further we may assume that W'W'~'c W'
If V' contains the ball of radius n and center ¢, let V be the ball of radius
n/2 and let W= g(V).

Let ue V and T(h)ue V. Then T(g,)o,

1T(h) o — @l < IT(h) Lo —ulll + I T(h)u— ol <n,
so that T(h)peV'. By (4.5), he W' Also glu)e Wc W’ so that
g(u)h~'e W'. Since
T(g(u))u=T(g(u) h™") T(h)u,
the uniqueness of the local map in Lemma 4.2 implies that g(u)h~' must
be the image of T(h)u under the map g(-). That is, (4.4) holds if ue V' and
T(h)ue V. It also follows that Q(T(h)u)=Q(u) and a(T(h)u) = a(u).

Now let ue U,. We choose ¢ so small that, for all such u, T(h)ueV for
some he G, Define

gu)=g(T(hywh,  Quy=Q(T(h)u),  au)=a(T(h)u).
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This definition is independent of the choice of 4 for the following reason:
Let T(k)u also belong to V for some ke G,,. Applying the first part of this
proof to the group element hk ' and the point T(h)u, we have

g(T(kh™") T(hyu) = g(T(h)u) hk ",

which means that

Furthermore, (4.1)-(4.2) is valid in U, because it is valid in V.

LemMMA 4.5. Assume (a), (b), and z,=0. Then E(u) = E(¢,,) for all
uelU, with Q. (u)=0,(9,),Voegq,- (4.6)

If E(u)=E(p,) then u=T(g)o,, for some geG,,.

Proof. Let u satisfy (4.6). Denote g = g(u), Q =Q(u), and a = a(u) as in
Lemma 4.4. Then, for all 6 eg,,,

0, (9.,)=0,(u)=0,(T(g)u)
=0,(00) +<Q'(¢,,), T(g)u— 0> + O(IT(g)u— @oll*).

Denoting z=T(g)u— o=y +1 'Q,(py), where y is given by (4.1), we
have

Qa(q)w) = Qa’((pf)) + (I_IQ;((pQ)’ I_IQLIZ(CPQ)) + 0(”2”2)
for all o€ g,,. Choosing ¢ = a/|a| and noting that Q/(¢,)# 0 unless a=0,

lal <c1Q,(9,) — Qo (@)l +cliz?. (48)

Recall that Q,(¢,)— Q,(0o)= —0, d(w)+ d, d(£2). On the other hand, a
Taylor expansion around ¢, gives

E(u) — Qqu) = E(T(g)u) — Qo (T(g)u)
=d(Q)+3{Hqz, 2} +o(|z||?).

We substitute z=y +17'Q, (@) to obtain
d(Q)+3{Hg y, >+ O(la] |yl + lal*) + o(|1zI?).
But y satisfies (4.2) by Lemma 4.4, and

(Hoy, y>=26 Iyl
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To prove the last inequality, we note that, by Theorem 3.1, n(H,)=0 and,
by (3.8), Z(H,)=Z+ Y,. Therefore (H, y, y) >0 for all y orthogonal to
Z +Y,. Therefore (Hy, y>>0 for all y orthogonal to T,¢,,, ¢5¢,.,, and
I7'Q' (¢,) for all ceg, and all Tew+.%,. The assertion follows by
continuity.

Putting these estimates together, we have

E()~Qq(u) 2 d(Q)+14 | yI* + Olal | yll +1al®) + O(llz[1*)
> d(Q)+ 30 [|z]1* + O(lal l|z)l + |al*) + o([|z]|*)
>d(Q)+ 30 |zl1>—clal
>d(Q)+30 ||z)1> ~ ¢ 10, d(Q) — 8, d(w)|*

by (4.8). We combine this estimate with the identity

E(¢,)— Qale,)=dw)+ 0, olo,)=d®)+do_,, dw)

to obtain

E(u) — E(¢.,) = 50 [z11* + d(Q) — d(0) = 0 _, d()
—C |aa' d(Q)—aa d((}))lz,
where Q = Q(u)e w + X, and ¢ = a/|a|.
Let x=Q —w and f(x)=d(w+ x)—d(w) — x -d’(w). Then f is a strictly
convex function of xe J,, near x =0, and f(0)=f'(0)=f"(0)=0.

LEMMA 4.6. Let f: R" = R be strictly convex and C* in a neighborhood
of the origin. Let f(0)= f'(0)=f"(0)=0, where f' =V{ is the gradient and
f"=H is the Hessian. Then >0 in a neighborhood of the origin and
| f'1>=0(f) as x—>0.

Proof. The positivity follows directly from
1
f(x)=j F7(tx)x - x(1 = 1) di 2 0.
)]

If f(x) =0 for some x in a neighborhood, then f"(¢x)x-x=0for re [0, 1],
hence f(tx)=0 for [0, 1], contradicting the strict convexity. So f(x)}>0
for x #0 (in a neighborhood). Hence,

1
f’(x)-sz ftx)x-xdt>0  for x#0.
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Let ¢>0 and choose a neighborhood N = {x| f(x)<d} of the origin in
which | f"(x})| <&/2. Let xo,€ N and define the curve

b )

i —-——-—If,(x)lz, x(0)=x,.

Along the curve, df/dt= —1. Hence x(t)e N for t>0 and f(x(T))=
f(xo)— T=0, where T= f(x,). Hence x(T)=0. Now let K=1|f'|*—¢f.
Then

K_ o &y L
E_Kdt_(f S)f |f,l2

PPN M M
=(e f)lf'l |f’|?2>0'

Hence

K(xo) = K(xo) — K(0) = K(x(0)) — K(x(T)) <0;

whence | f'(xo)]% < 2&f(x,).
The proof of Lemma 4.5 is completed as follows: We have

E(u)— E(¢,) =56 l|z]* + f(x) —c | f'(x)].

By Lemma 4.6, E(u)>= E(¢p,). If E(u)=E(¢,), then z=0 and f(x)=0.
Hence x=0 and Q2=w. Recalling the definition of z, this means
I(g)u=¢,, where g=g(u).

Proof of Theorem 4.1 if z,=0. If ¢ is unstable, then there exists a
sequence of initial data u,(0) and n>0 such that |u,(0)— ¢ — 0, but
sup, inf, [|u,(t)— T(g)el =n, where u, (1) is a solution with initial data u,.
By the continuity in ¢t we can pick the first time ¢, such that

inf |lu,(t,)—T(g)o| =1,
geC

the solution existing at least in the time interval [0, ¢,]. Then E(u,(t,)) =
E(u,(0)) - E(¢) and

Qo (4, (1)) = Q,(4,(0)) > Q,(9)  forall oeg,.

Choose a sequence {v,} so that

lon—u,(£,)I >0 and Q. (v,)=Q,(¢), Voeg,.
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By the continuity of E, E(v,)— E(¢). Choosing n sufficiently ¢
may apply Lemma 4.5 to obtain

E(v,)— E(9) 2'2 [EA +%f(x,.),

where n= T(g")v"_(pgn’ xn:gn_w’ g=g(U,,), and Qn=Q(U
fz,l =0 and f(x,)—0. Thus x,—0, which means Q,—-w.
17(g.)v,— @l = 0 so that

igf llu,, (1,) = T(g) el —O.

This contradicts the assumption.
Proof in Case zy #0. In this case

KX ={ceg,|T,p=0}={oeg,|d,peZ}

is a nontrivial subspace of . Choose a basis {o,,..,09,} of g
{0,,..0,}is a basis of X, and {0,, .., 6,, .., 0,} is a basis of J
0< p<g<m We claim that Lemma 4.2 is valid except that (Q
linear combination of g, , ,, ..., 6,; a is a linear combination of g,
and g is the exponential of a linear combination of o, ,, ..,
orthogonality conditions (4.2) are unchanged. For 0< /< p, the ¢
(4.2) are redundant because T, ¢ =0, Q, (¢)=J"'T, =0, and
Therefore the conditions (4.2) comprise g + 2m — 3p independent cc
It follows that the (¢ + 2m — 3p) x (g + 2m — 3p) Jacobian deter
non-zero, for the same reasons as before. In this Jacobian the p:
o and t run over the span of {g,,,,..,0,} and the parameters
run over the span of {6, , .., 0,}. This proves the analog of L¢
There is no change in the rest of the proof of Theorem 4.1.

Remark. 1If, in Theorem 4.1, 4, is convex but not strictly con
the bound state is stable in the weaker sense that

inf inf inf |lu()— T(g)pol <&

t>0 Q geG,
for |u(0) — || < 0, where Q runs over the set

{Q_we'%/;u | Q.wa((P.Q)':Qwa((Pm)}'

To prove this, we note that in Lemma 4.5 we have the equalit
E(p,) only if Qo ,(0e)=0q_.(0,). At the end of the
Theorem 4.1, we have ||z, — 0, so that v, — T(g, ") g |l =0 a1

infinf u,(1,) — T(g) ol = 0.
2 g
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S. THE GENERATOR JH
The instability is based on the spectrum of the linearized operator JH.

THEOREM 5.1.  Let d"(w) be non-singular, n(H) — p(d") be odd, and X be
be separable. Then JH has at least one pair of real non-zero eigenvalues + A.

From Section 3 we recall that X, denotes the vectors orthogonal to
Q. () for all 6 €gq,,, that 1, is the orthogonal projection of X onto X,
that H, =[T¥HII,, that Z= {T,¢} is the kernel of H, and that Y= {{,¢}.
We also define

Xy={ueX|<Q.(¢)uy=0=(T,p,u),Voeg,}. (5.1)
LeMMA 5.2. We have the (non-orthogonal) direct sums
X=X+Y=X,+Z+Y.

Proof. Although this lemma essentially follows from the proof of
Theorem 3.1, we repeat the argument. By assumption, —@, ¢, d(w)=
{Q.,(9), 8.0 is non-singular. Given u€ X, we choose 7 e g, uniquely so
that <Q.(¢), 0.0> =<0, (p), u), Yoeg,. Then u—0,.p e X,. So we have
a unique representation of u=(u—¢&,¢)+ (d,¢) as the sum of elements of
X, and Y.

Second, since {Q.(¢), T.¢> =0 for all 6, t€g,, we have Z< X,. So we
simply decompose X, into Z and its orthogonal complement X, in X,.

We define

2: XX, (5.2)

to be the (non-orthogonal) projection of X onto X, defined by Lemma 5.2.

LEMMA 5.3. (a) H restricted to X, + Y is one—one.
(b) The image of the restriction contains J~'(X,).

(¢} PH 'J ' maps X, into X, in a one—one manner.

Proof. (a) The restriction is one-one because X, + Y does not meet the
kernel Z of H.

(b) If we W,, then

I, T,o)=—<w, J7 T, 0p>=—<w, QL(¢)> =0
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so that J 'w is orthogonal to Z. Hence the equation Hy=J 'w has a
solution ye X. By Lemma 5.2 we may decompose

yv=v+8.0+T,0 with relX,.

Then H(v+ 8,¢)= Hy=J 'w. This proves (b).
(c) Tt follows from (a) and (b) that H~'J~' maps X, into X, + Y. If

the projection # is applied, we get a map from X, into X,. If z € X, belongs
to the kernel of ZH 'J !, then

H'J ':=0,0+T,0

for some 7 and ¢ by definition of . Then z=JH é.¢ = T, by (3.3). Since
z€ X,, z=0. So the map is one—one.

LEMMA 5.4. Restricted to X, x X, the symmetric bilinear form (Hu, v)
has no kernel and its negative index is odd.

Proof. First, let u belong to the kernel, by which we mean that ue X,
and {Hu,v)>=0for allve X,. Let w=v+7,¢ + T,¢ be any element of X
decomposed according to Lemma 5.2. Then

{Hu,wy=(Hu,v>+ {u, Q.(@)>+<u, HT ,¢ > =0

because of (3.3) and ue X,. Thus Hu=0. Since ue X,, u=0.

Second, by the assumption of Theorem 5.1 and by (3.1), H, has an odd-
dimensional negative space N(H ). That is, N(H,) < X, the quadratic form
{Hu, u) is negative on N(H,), and N(H,) is maximal with this property.
For ye N(H,), we decompose y=(y—T.¢)+ T.¢p, where y— T @¢e X, as
in Lemma 5.2. Replacing y by y— T,¢, we get a negative subspace in X,
of the same dimension as that of N(H,).

In preparation for the next lemma we make the following definitions. By
assumption J~' is continuous from X into D(J) = X'*.

DEFINITION.
floy=2H"'J v —av, (5.3)
where ve X, and a=a(v)=(PH'J 'v,v). Thus f: X, X,.
DEFINITION.
$={veX,|(v,v)=1and {(Hv,v)>=0}. (5.4)

Thus % is the intersection of a cone with a sphere and therefore looks
topologically like S ! x S, the product of two spheres.
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LEMMA 5.5. f is a tangent vector field on €.

Proof. The surface € has codimension two with normal vectors /v and
Hv. So we must check that (f(v), v)= (f(v), Iv> =0 and {f(v),v> =0 for
all ve¥. Now

(f(v), v)=(PH'J 'v,v)—a(v,v)=0
by the choice of a. Next, we decompose
H 'V 'v=2H '"J 'v+3,¢
as in Lemma 5.3. Then
(Hv, f(v)>=<Hv, H'J 'v)> — (Hv, 0,0 ) —al{Hv, v)
=<0, J ') — <0, QL)) =0,
since J is skew, ve X,, and (Hv,v)=0.

Proof of Theorem 5.1. Let N denote a maximal negative subspace of the
bilinear form {(Hu,u) in X,. By Lemma 54 its dimension k is odd. Since
X is separable, we can find positive subspaces P of finite dimension
which, together with N, fill out X,. That is, there is an increasing sequence
of subspaces P of X, of odd dimension n on which {Hu, u) is positive
such that

(J X™ is dense in X,,

where X" = N+ P. We may choose P orthogonal to ¥, and P and
N invariant under the operator H. Let /7 denote the orthogonal projec-
tion of X, onto X" Consider the mapping f,=IT"fIT"™ restricted to
EM=%n X",

For each n, {ve X" | (Hv,v)»=0} is the cone given by a quadratic
form of k negative and n positive eigenvalues, and € is the intersection
of this cone with the unit sphere (v, v)= 1. The mapping

v vt
%"”av=v‘+u++—>[ —, —
o=l o™l

]eS"“xS"“

is a homeomorphism of ¥ with the product of two even-dimensional
spheres, where v~ belongs to a negative subspace of H and v* to a positive
subspace. Thus €' has non-vanishing Euler characteristic and the tangent
vector field f, must vanish at some y,e%". Thus (f(y,), w)=0 for all
we X", That is, there is a real scalar a,=a(y,) such that

(PH U 'y, w)=a,(y,, w) (5.5)
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for all we X, Since || y,|l =1 and a, = (PH 'J~'y,, y,) are bounded, we
may pick a subsequence such that

a,—aand y,— y weakly in X,.

The limit satisfies Eq. (5.5) with the subscripts #» removed, valid for ail
we X, By density it is true for all we X,. Hence

PH T 'y=ay, yeX,. (5.6)

We claim that y#0. Indeed we split y,=y, + y}, where y, eN and
y T eP™, Since N is finite-dimensional, y, — y~ strongly. Let y* =
y—y~, so that y/ — y* weakly and y* belongs to a positive subspace
P of Hin X,. Since H is strictly positive on P by Assumption 3, we have

(Hy, y>=<Hy , y >+<Hy*",Hy" > +2(Hy~, y")
<liminf{<Hy,, y, >+ <{Hy,, Hyy >+2{Hy,, y, >}
=lim inf(Hy,, y,> =0,

since y,e€™. If (Hy, y)#0 then y#0, which we wanted to prove. On
the other hand, if {Hy, y> =0, the above inequality is an equality, so that

y.— y strongly. In that case, || y| = 1. So in either case, y #0.
Now we rewrite (5.6) as

H 'J 'y=ay+0d.¢
for some tegq,. Thus by (3.3),
J 'y =aHy+ H(3,0)=aHy+J 'T,o.
Hence aHye D(J) and y=aJHy + T,¢. Since y #0 and y is orthogonal in
X to T, o, it follows that aJHy =y — T, ¢ #0. Therefore, a# 0 and
JH(y—T.¢)=JHy=a"'(y—T.9). (5.7)

Thus y— T,¢ is an eigenvector of JH with the eigenvalue A=a~"'. The
proof of Theorem 5.1 is now completed with the following lemma.

LeMMA 5.6. The spectrum of JH is symmetric with respect to both the
real and imaginary axes.

Proof. Complexify X and X* and extend H and J so that Hu = Hii and
Ju=Ji. Then H*=H and J*= —J for the extended operators. Now
JHu = JHi implies that the spectrum of JH is invariant under complex
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conjugation. Also JH=JHJJ~'= —J(JH*)J "' is similar to the negative
of its adjoint. So the spectrum of JH is also invariant under the map
A —1

Remark 5.7. In the proof of Theorem 5.1, the convergence y, = y in X is
strong. Indeed,

Cy, HyY =<y, P*Hy> = (APH 'J "'y, P*Hy)
=2{J 7y, y>=0

by (5.6). Under this condition we proved above that y, — v strongly in X.

According to Lemma 5.6, the eigenvalues of JH appear in quadruplets
(or pairs on the axes). The next theorem asserts that there can be at most
n(H) such quadruplets (or pairs) off the imaginary axis. When dealing with
the spectrum of JH, we have complexified the space X and extended the
operators J and H to complex-linear operators on the complexification. By
{, > we denote the extended form which is bilinear with respect to the
reals.

THEOREM 5.8. The number of eigenvalues of JH in the half-closed quarter
plane Q={Re A<0, Im2>0} is at most n(H), the number of negative
eigenvalues of H. The essential spectrum of JH lies on the imaginary axis.

Proof. We shall only use the basic properties of J and H, including
Assumption 3, on the complexified space X. Let

JHyj:ilyj (jzl,, II(H)+1),

where y; # 0 and 4, € Q. We show that y, .., y, x4 ,, are linearly
dependent. We have

<Jf[y/’ Hyk> = </1jyj’ ka>

and, because JHy, = 4, j,,

(IHp, Hy; ) = Ll yies Hy ).
Since J is skew-hermitian,
0=(4,+ A1) Hy;, 71>
Since Re(4;+ 4;) <0, we have

0= (Hy;, yi> (/k=1,..,n(H)+1). (5.8)
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By Assumption 3 we have the spectral decomposition X =N+ Z+ P for
the operator H, which we may assume is orthogonal. Let n, .., n, be
orthogonal eigenvectors of H in N, where m =n(H). We decompose

yi=a,nm+ - +a,n,+z;+p;

with z,e Z and p;e P. We choose scalars ¢y, .., ¢,,.; to be a nontrivial
solution of the scalar equations

m+ 1
Y cap=0 (k=1,.,m).

j=1

Then

Yo yi=2 Gapnc+y, 6z + p) =3 ¢;(z;+ p)).

By (5.8) we have

0= <H<Z ijj)’ > 51)7/> = <H(Z CJPJ‘)’ > Ejp—j>'

Since H is strictly positive on P, we have 3 ¢;p;=0. Hence > ¢, y,=
Y ¢;z;e Z so that

Z cj/ljyj=JHZ ¢;y;=0.

Since the coefficients are not trivial, the eigenvectors y,, .., ¥, are
linearly dependent. (The case of generalized eigenvectors y; is left for the
reader.) This proves the first assertion of Theorem 5.8.

On the subspace P we define the new inner product [u, v] = (Hu, v} by
Assumption 3. This inner product is equivalent to the inner product (u, v)
of X. The operator JH satisfies

(JHu, v] = {HJHu,v>» = — (Hu, JHu) = — [u, JHv]

for u,ve P with Hu, Hve D(J). Hence PJHP has purely imaginary spec-
trum, where P is the projection onto the subspace P. Therefore the essential
spectrum of JH, which differs from PJHP by an operator of finite rank, is
also purely imaginary.

Remark. On the finite-dimensional level, the idea of Theorem 5.1 is
contained in the following elementary fact. If J and H are nonsingular
n x n real matrices, J is skew, H is symmetric, and H has an odd number
of negative eigenvalues, then JH has a real eigenvalue. (Indeed, the eigen-
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values come in complex-conjugate pairs. Since J has purely imaginary
eigenvalues, det J>0. By assumption, det H <0. Thus det JH <0. So JH
must have a real negative eigenvalue.)

6. INSTABILITY

Our purpose is to deduce instability from the “linearized instability” of
Theorem 5.1. The only non-standard feature is the presence of the group of
symmetries in the definition of instability.

THEOREM 6.1. Consider an equation

%;zAx+f(x), x(AHe X, (6.1)

where X is a Hilbert space. Let - X — X be a locally Lipschitz mapping such
that || f(x)|l <k|lx||? for | x|l </, for some constants k >0 and [>0. Let A
be a linear operator which generates a strongly continuous semigroup
exp(tA) on X. Assume that A has an eigenvalue A with Re 1> 0 and that

le || < be*  for some u<2Re . (6.2)

Then the zero solution is (nonlinearly) unstable for (6.1).

A more general conclusion is the following. Let Ay =4y, 0+# ye X,
Re 4> 0. Let M be any closed subspace not containing y. Then there exist
constants &g, 8y, and ¢, such that for any 0 <e<¢g, and any 0 < <,
there exists >0 such that the solution of (6.1) with the initial condition
x(0) = dy satisfies

[(x(e), p5)>e  and  [x(£)l <cye (6.3)

where y* is the projection of y onto M*.

Proof. The last statement implies the instability of the zero solution
because we may fix ¢>0 and choose J arbitrarily small. Thus every
neighborhood of the origin contains initial data which launch solutions
which exit from a fixed neighborhood of the origin. To prove the theorem,
let |yl=1, ¢,=6]y*|"% n=ce, a=Rel, 6=20¢—u>0, and T=
o~ 'log(n/28). Let x(0)=4y and x(¢) be the solution of (6.1). We claim
that if 6 and » are sufficiently small, then the solution exists and satisfies

Ix(e)| <20e*<l  for 0<t<T (6.4)
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To prove this, we note that 28 e*” =y </, the last inequality by choice
of n. If (6.4) were false, let ¢ be the first time <7 when | x(z)| =26 ¢*. By
(6.1) and (6.2) we have

X <8 ety + [ e 41 (o))l ds

<de™ + bk j eH =9 [26 ]2 ds
0

=8 e + bk4d%c  [e®* — ]
<8 e"[1+bkda ' 5e™]<be™[1+2bko 'n]
<20e"<n=c¢

for sufficiently small #. This contradiction proves (6.4) and |[x(¢)|| <np </l

We now choose t=oa 'log(n/36) so that ée* =y/3. Then the same
estimation gives

)
lIx(2) — 8 e*y|| < bkdd?*c~" ** = & e™[4bkn/30] Sze“’ Iyl

for sufficiently small n. Therefore
L Lo ey oiy2 My 12
[(x(2), y 7 >55e ly=iF=g Iy l*=e.

THEOREM 6.2. Let d"(w) be nonsingular, n(H)— p(d") be odd, and X be
separable. Then T(exp tw)¢ is G -unstable.

Proof. Let M=Z={T,p|oeg,} Let A=JH. By Theorem 5.1, 4 has
a positive real eigenvalue 4, with an eigenvector y. Let A <p <24. For any
solution u(¢) of (2.10), let

x(t)y=T(e ") u(t)— o.
Then
dx —Iw '
i T(e " )[JE'(u(t)) — T, u(t)]
=T(e ") JT*(e™")[E'(¢ + x(t)) — Qo (¢ + x(1)) ]

=J{E'(@)+ E"(@) x(1) + O(|x(1)I1*) — Q0. (@) — Q4 (@) x(1)}
= Ax(t) + O(|Ix()1I*).
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By Theorem 6.1, for all sufficiently small ¢ and é, we may find >0, such
that if x(0) =y then

Ix() <c e and (x(t), y*)>e.

In some neighborhood of ¢, the orbit {T(g)¢e| geG,} is a smooth
manifold by Lemma 4.3. We choose e G, so that

6 = inf llu(t)-T(g)<Pll=gient Ix(£) + @ — T(g) ol = Ix(t) + @ — T(h) o]

geGy

Then |x(¢) + ¢ — T(h)oll < lIx(2) + ¢ — T(e)ol = Ix{2)l <c,¢ so that
le — T(h) @) < 2c,e. Hence there exists o € g,,, such that

T(h)e =9+ T,0+0(),
where |o| = O(¢). Therefore,
02 (x(t)+o—T(h)g, y*)
=(x(1), y*)— (T, 0, y*) = O(e?) > e — O(¢*) > ¢/2

for small ¢ because y* is orthogonal to M = Z. Fix ¢ and consider J to be
arbitrarily small, We have

igf llu(r) — T(g) ol > ¢&/2

with fju(0)— ¢| =J, where u(-) and ¢ depend on 4. This means G -insta-
bility.

It is natural to ask whether the instability is simply due to the solitary
wave staying close to the orbit of the full group G but away from the
centralizer G,,. The next theorem shows that this is not the case for certain
groups, for instance, abelian or nilpotent ones.

THEOREM 6.3. In addition to the conditions of Theorem 6.2, assume that

(i) [t,w]l#AtforallO#1teg, 0£ 4R, and
(ii) the alternative of Lemma 4.3 is valid for the full group G.
Then T{exp tw)¢ is G-unstable.

Proof. The proof of Theorem 6.2 works perfectly for the whole group
G provided the eigenvector y of JH does not belong to M, where
M= {T,p|oeg}. Assume, on the contrary, that y € M. Then

JHy = Ay, A#0, y#0, y=T,0,

580:94,2-8
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for some g eg. By Lemma 2.2,
T[a.w](p = JQ,[o“ru](p = JHTrr(p = A'Ta(p = T).a(ps

so that T, ,1_.,¢=0. Now define the linear map A:g—g by A(1)=
[t, ] —Ar. By assumption (i), A4 is one-one. Hence A is onto. Let
b={xeg| T,p=0}. What we showed above was that A(s)eb. For all
Teh, we have (by the same calculation as above),

T[t.u)](p = JHTr(p = 0

So A:h - 1. Therefore 6 eh and y =T, ¢ =0, which is a contradiction.

7. CouPLED WAVE EQUATIONS

Consider the system of 3-wave equations

u[l_uxx+f(u)=0’ (71)

xeR, u(x,t)eR? where f has the form f(u)= g(lu|*)u. Consider a
“solitary wave” of the form

u=eSp(x+ wey!), (7.2)

where wye R and S is a non-zero 3 x 3 skew matrix. We write Sy =w A y,
where w e R*. Let v be any unit vector orthogonal to w.

THEOREM 7.1. Suppose that f(u)=u— |u|’u and |w|* + 0} < 1.
(a) Then there exists a solution of (7.1) of the form (71.2) with

axS. v,

p(x)=n(x)e

where o= wo (1 ~wj) ™' and n(x) is a positive function decreasing exponen-
tially as |x| - oc.

(b) If |o| is sufficiently small, this solution is G-unstable. If |w| is
sufficiently close to (1 — w2)"?, it is G,-stable.

Thus the rotational motion stabilizes the solitary wave. To prove the
theorem, we write (7.1) in Hamiltonian form (1.1) on the space
X=H'(R;R*)x L3R; R*) with J=[ 91,

Ew)={" [310ul®+31o) + Fu)] dx,
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F(0)=0, F'=f, u=the pair [u, v], and { =d/dx. The equation is well-
posed in the space X, locally in time. The group is G = SO(3) x R, which
acts as rotations in « and translations in x, namely,

u(x)— Ru(x+a) for ReSO(3),acR.

Let S,=0 and let {S,, S,, S;} be a basis of the skew 3 x 3 matrices chosen
so that w A y=w,;S; ¥y +w,S, v+ ;S5 ). The corresponding “charges”
(from (2.5) and (2.6)) are

Q,»(u)=fS,-u-udx, Qo(u)=[6u-vdx,

where u=[u,v] and i=1, 2, 3.
A solitary wave has the form [e”S@(x + wqt), e W(x + wqyt)], where
¢ = the pair [, ¥ ]. Then

3
E'(g)— ) w:Qi(0)=0

takes the form
%0+ f(p)+ (e 0+ S)’0 =0 (7.3)

with Y = (w, 8 + S) . We can eliminate the first derivative terms in (7.3) as
follows. Assuming w, # 1, let o= w,/(1 — wi) and {(x)=exp(—xaS) p(x).
Then Eq. (7.3) is converted to

O =e (0% —2aS 0 + 2> S*p)
=e (1 - ) '(fle) + $%0 +a’S%p)
= (1 -~ 3) " f(O)+ (1 —w5) 28,

Thus ¢ satisfies

—(1—0)3)52@'4—(1—w(z))‘lSZC+f(C)=O. (7.4)

As stated above, we look for {(x)=n(x)v, where n(x) is a scalar
function. Then S*( = —|w|?, so that (7.4) reduces to the scalar equation
~(1-w}) 8’1 — |wl*(1 —0)) "'y + f(n)=0. (7.5)

Assuming that f'(0) > 0, that F(s) is somewhere negative, that f(s,)# 0 for
the smallest positive root of F(s,)=0, and that

lol*(1—wg) ="' < f(0), (7.6)
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we know from Lemma 6.1 of [1] that there is a unique positive even
solution #(x) of (7.5) which decays exponentially such that 7(0) =s,. This
proves part (a) of the theorem.
Now we analyze the spectrum of
3 P+ f'(@) wed+S
=E"(9)— 0!(9)= .
H=E"(0)- T w@ite)=( 1T @)

i=0

(1.7)

We show that n(H)=1. Writing w = the pair [w, y], we have
CHw,w)y = [ =8>+ f"(9)Iw, w) —2{{@o 3+ S) w, y > + <{w, y>
={Lw,wd+{w—(wyd+S) y, w—(we 0+ S)y>, (7.8)
where L= —08?+ f'(¢) + (w, 6 + S)* and ( ) is the L? inner product. We
also write the L? norm as {w) = {w, w>"2 Because of (7.8), it suffices to

show that n(L)=1.
Differentiating f(s) = g(|s|?)s for s=(s,, 5, 53) € R?, we have

a.fi/asj= g(lslz)5U+ 2g’(|s|2) §:8;5.
Therefore,
f(@)=gn) I+ 2¢'(n*)n*1,

where IT is the orthogonal projection of R*® onto the line generated
by ¢**5v. Thus, for any function we H'(R, R?),

CLw, wy = [{|ow]> + g(n®) Iwl* + 2¢"(n*) n* |TIw|* + (wo 0 + S)*w - w} dx.

Again we can eliminate the first-order derivative by the transformation
z(x) =exp(—xaS) w(x). Then a simple calculation, using the orthogonality
of exp(—xaS), yields

CLw, wy = [ {(1 =) |0z = (1 - 03) " |2

+ g(n*) 121> + 2¢"(n*) n* |11, 2|*} dx,

where I, is the projection onto v itself. We split this expression into three
components. Let m be a unit vector orthogonal to both & = w/|w| and v.
Then

[Sz]2= —8%-z= +|w|*{(v-2)* + (m-2)*}
and |I7,z]? = (v -z)%, so that the whole expression becomes
{Iw,w)={A(v-z),v-z)+{(Bm-z),m-z>
+<{[B+(1 - )) |w|*](®-2), ®-z), (7.9)
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where 4 and B act on scalar functions as
A= —(1-wd) d*— (1 —w}) |lo*+ g(n*) + 28" (n*)n’,
B=—(1-w})d*— (1 - w}) o>+ g(n?).

From (7.5) it follows that 4 d9 =0 and By =0. Since n has no nodes, it is
the ground state for B, and B has no negative eigenvalues. Since dn has one
node, it is the second eigenfunction for 4; hence 4 has exactly one negative
cigenvalue. Thus 1 =n(A)=n(L)=n(H).

Next we compute d(wg, w,, W5, @3),

3
d=E(@)— Y w,Q.(9)
i=0

1

'—’_I‘ {3100)* + F(@) — 3l(wo 0+ S)e|*} dx.

Using the same transformation as before and the orthogonality of
exp(xaS), this reduces to

d=[ {(1~w3) HaU* ~ (1 - 03)~* 4ISC12 + F()} dx

d=f {(1—w?) 19— o> (1 —w2) "sn’ + F(n)Ydx.  (7.10)

We must compute the Hessian of d(w,, ..., w;) restricted to g,,. The latter
consists of those elements of the Lie algebra which commute with
WeSy+ - +w3S3=wyd+S. This means we only consider matrices
which commute with the given S. Therefore, what we must compute is the
Hessian of the function a, b+ d(a, bd,, ba,, bad;) near a=w,, b=|w0|.
This Hessian is denoted d”. We have already proven that

l=n(H)=n(H)+ p(d")+ (z2(d") — z,), (7.11)

so that p(d”)=0 or 1. To determine which case occurs, we specialize to the
pure power case.

Let f(s)=m’s—|s|?~'s, where m>0 and p>1. Rescale by n(x)=
0&(Ax), where 6 and A are constants. Then (7.5) becomes

(1 —d) 04% 3% + [m?> — (1 —wd) ™! |w|?] 8¢ — 67 €7~ 1 =0.
Then &(x) satisfies

Fe+E-Er=0
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and is independent of w, and |w|, provided 1 and é are chosen so that
(1—wy) P=(1-w)) ta=6""", (7.12)

where o = m? — m*w}, — |w|* > 0. Furthermore, in terms of &(x), (7.10) takes
the form

d=82"" [ {(1—w}) 224181 = 67 1 /(p+1)
+a(l —wj) ~'3E%) dx
=57t [ (h10212 - p+ )+ 487 dx

Thus,
d(@,, |0]) = c(1 —wd) #(m* —m*wi—|w*)**'?, (7.13)

where u=2/(p—1) and ¢ is a constant.
Finally, we specialize to the case f(u)=u— |u|’u with p=3, u=1, and
m = 1. We calculate three limiting cases. If wy, — 0, then

L — (1=l (142 |w|? 0

@"(@n, o) > (1 =@+ of?y 2T TINIEEER B )
Thus for w, small, 4" has two negative eigenvalues and n(H)— p(d")=1
and, by Theorem 6.3, the solitary wave is G-unstable. The same conclusion
is true for |w| small and w, fixed. On the other hand, if || - (1 —w})'?
with w, # 0 fixed, then (1 — @] — |w|?)'? 8* d/d |w]* — 3(1 — w3) > 0. So for
fw| near (1—wj)", p(d”)=1, so that by the Stability Theorem the
solitary wave is G -stable.

8. HARMONIC MAP INTO A SPHERE

Consider a harmonic map ¢: S' x R— N between S' x R equipped with
the metric d92—dr?> and. a complete Riemannian manifold (N, g). It
satisfies the equation

2 —050°—I5.(6,0"0,0°—0,0° 030°)=0,

where "¢ are the Christoffel symbols. Taking the case N=S? we can
embed S?c R> and use the coordinates u = (u,, u,, u;) on R* to write

Olu—03u+(|0,u)?—|0,ul?)u=0, (8.1)
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where |u(3, r)| =1 and u(0, ) = u(2n, t). The symmetry group is that of the
target space together with the translations in S'; that is, G = SO(3)x S'.
Consider the solitary wave

u(9, 1) =ekSrondy, (8.2)

where A is a skew 3 x 3 matrix, v is a unit vector such that 4= —v, @
is a real number, and % is an integer.

THeoREM 8.1. If w? <k? the solitary wave is G-unstable. If w® > k? it is
G ,-stable.

This problem does not fit our setting because the function u lies on a
curved manifold, not a linear space. The definition of stability is, however,
the same as before (2.13), using the norm in X = H!(S!; R®) x LY(S'; R3).
One way around our difficulty would be to modify our setting to allow
manifolds. But it is easier to avoid that task as follows. We consider the
perturbed equation

02u—0ku+ A(lu)*—1)u=0, (8.3)

u(2m, t)=u(0, t) with u($, t)e R, where A is a large parameter. If the
initial datum (3, 0) has unit magnitude, the solution of (8.3) converges
strongly in X as 4 — oo to the solution of (8.1). Both equations have the
same symmetry group. We see easily that (8.2) is a solution of (8.3) if

A= —-v  and o]2=1+ (0> —k?)/A. (8.4)

As A - oo, this solitary wave converges to the solitary wave solution of
(8.1) for the same k and w. The stability or instability of (8.3) does not
imply the stability of (8.1). However, the linearized operator H will retain
the same spectral properties in the limit of 4 — oo and therefore we will be
able to deduce Theorem 8.1 from the corresponding theorem for (8.3) for
large A.

The analysis of Eq. (8.3) is almost identical with that of Section 7. The
variable § pays the role of x, exp(k94)v the role of ¢(x), wA4 the role of
S, and wy=0. Furthermore, f(¢)= A(|¢|>—1)g, so that

F@)=A(lo—1)+24{0, Yo=w’—k>+24{p, do.
Therefore, (7.7) takes the form

H_(—62+w2—k2+2A<go, Yo wA
B —wA 1)
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Writing w=[w, y] as in (7.8), we have
CHW, WY = (=07 + 0 — k) w, w)d + 24", wd + 2w Aw, y> + ( pd?
={Lw, w) + {wAw+ y)>?,
where
Lw,wd)= =2+ ? k) w, w) — 02 (Aw D2 + 24 "*v, w2

We define p,(3)=e**v and p,(9)=A4p,(3) and let p, be a constant
vector of length |v| orthogonal to both v and Av. For each 9 and k, these
form an orthogonal basis of R* such that Ap,=p,, 4p,= —p,, and
Ap;=0. Indeed, Ap,=e***4%v = —e**y= —p,, while for some unit
vector a we have Av=a A v and p;=1v|a so that Ap,=a A |v|ja=0. Also

|pil=1pal = psl =10l
Expanding w(8) = o,(3) p,($) + a5(3) p,(3) + o5(3) p5, we therefore
have Aw=u, p,—a, p, and [Aw|* = («? + a2) {v]%. Furthermore,

A= —=k)w, w)y = (aw D2 —k*{w)?
= |v|2{ (dot, —koty Y2 + (oty + kat; H2
+ By ) — k2o 7+ oy )0 + e d?)
= |v|2{{da; D>+ {doy p2 + {Bay )2
+4k{ay, By > — ka2
Hence,
CLw, wy = 10|*{ (0o, Y2+ (Bay )2 + {da; )2
+4k{ay, doy ) + (02 —k?) oy p2 + 24, Y2}
= v|*{<0a; )? + 0oy + 2kat; Y* + {Ba3 )?
+(0? — k) a3 2 + (24— dk?) (o, D2 ).

Supposing that w?>k? and 4 > 2k? we therefore have (Hw, w)>0. We
have (Hw,w>=0 only if o, =a;=00,=0 and y= —wAw, which means

that
P2 Ap, :|
W=0, =q =T7,0,-
~["wpl] Z[A(sz) @ :

Thus the kernel of H is exactly the set Z defined in Section 2, since the
commutator subgroup is the one-parameter group generated by 4. Except
for this kernel, the spectrum of H is bounded away from zero, inde-
pendently of A for A large. So the same is true for (8.1) and the stability
follows as in Section 4.



STABILITY THEORY OF SOLITARY WAVES, II 341

In case w? <k? we let /= (k*— w?)"? and notice that

sl P =_ 0 1:":—6.2+a)2—k2+2A<p[, >py wA:I[ p3]
—Ip, | —1 0 —wA 1 —Ip,

T —wA 1 Ps3 ]
-0’ +k2=24<{p,, dp, —CUA][—/Ps

_[ —Ip; ]=_[[ P3]
_(—w2+k2)173 —Ip; ’

because Ap;=0°p;={p,, p;>=0. Thus JH has a negative eigenvalue
with an eigenvector independent of 4. So we have instability for large A as
well as in the limiting case 4 — oc.

9. CoUPLED SCHRODINGER EQUATIONS

Consider the system of m equations

ou
KE=—Au+f(u), 9.1)

where u(x, t)e R™, xe R", K is an invertible, skew real m x m matrix and
f:R™— R™ Consider a solitary wave of the form
u=e"Sp(x+ct), (9.2)
where ce R" and S is a skew m x m matrix. We assume that
S commutes with K (9.3)
and that
M =%|c|’K*— KS is positive definite. (9.4)

We assume that f(Ru)=Rf(u) for Re SO(m), f(0)=f"(0)=0, f'(s)=
o(|s|¥"~ 2} as |s| > oo, and the primitive F is somewhere negative (where
F'=f F(0)=0). Let G=R"xS0(m) acting as translations in x and
rotations in wu.

THEOREM 9.1.  Under these conditions there exists a family of solitary
waves (9.2) which are solutions of (9.1) and which depend on the smallest
eigenvalue pi of the matrix M. Such a solitary wave (9.2) is G ,-stable if

Ii)
" jw lp(x)|? dx >0, (9.5)

and G ,-unstable if this quantity is negative.
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ExampLE. The nonlinear Schrédinger equation

Cu
IE = —Adu+ f(u), u(x, t)eC, (9.6)

is a special case of (9.1). Indeed, splitting (9.6) into its real and imaginary
parts, we find m=2 and

0 —1 0 1
K= =K'= i
[1 0]’ I=K [—1 0]

If we choose S = wy K, then M = — |¢|?/4)I. The condition (9.4) requires
u=wy— |c|?/4>0. The sohtary wave (9.2) takes the form

u=n(x+ect)expif —ic-x+(wy—3c|*)}, (9.7)
where # is the positive radial solution of
—An+(wo—|cl*/4)n + f(n) =0. (9.8)

This immediately yields the following result.
COROLLARY 9.2. The solution (9.7) is G-stable if

ér o,
-;;J n(xydx>0

and unstable if it is <O0.

In fact, the general system (9.1) is just a coupled system of Schrodinger
equations. Indeed, the change of variables ¥ — Au for a nonsingular matrix
A leads to the same equation with K replaced by a similar matrix. So we
may assume that K is composed of m/2 2 x2 blocks of the form [0 o]
(j=1,..,m/2). Thus (9.1) is just a coupled system of my/2 Schrodmger
equations.

Proof of Theorem 9.1. Substituting (9.2) into (9.1), we find that ¢ must
satisfy the elliptic equation

—Ap+ flo)—K(S+c¢-V)p=0. (9.9)
We eliminate the first-order term by the substitution
px)=e Y (x). (9.10)
Then (9.9) takes the form
— Ay + (c-V) KY — 51cI’K2Y + () — KSY — K(c- V) + 3lc|’K?y =0,
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which simplifies to

—AY+fY)+ My =0 (9.11)

with M defined by (9.4). Let x> 0 be the smallest eigenvalue of the matrix
M and let ve R™ be a corresponding unit eigenvector (Mv = uv). Since M
commutes with K, v is also an eigenvector of K. Now we let (x)=n(x)v,
where 5: R"— R is the ground state of the equation

—An+ f(n)+un=0. (9.12)

Then ¥ depends on ¢ and S only through the quantity .
To set up the problem abstractly, we let X=H'(R*; R™), J=K ! and

A

E(u)=jw {LVul? + Fu(x))} dx,

where we write f(u) = g(|ul*)u, 9 =g, 9(0)=0, and F(u)= 19(|u|?). The
symmetry group is G=R"x SO(m) which acts as u(x)— Au(x + a), for
aeR" and 4 € SO(m). We choose any basis S, ..., S, of the skew matrices
where p=m(m—1)/2 and coordinates x, ..., x, of R". Then the “charges”
are

Qw=1%[u-KSudx  (j=1,..p)
and

Qk(u)=§fu-1<akudx (k=1,.,n),

where ¢, =0/0x,.
The matrix S of (9.2) is expanded as S =>*f_, w;S;, and then the
parameters of our problem are w,,..,w®,, ¢;,..,c, The linearized

Hamiltonian is
V4 n
H=E"(¢)- ) 0,0/(¢)— 3 Qo)
J=1 k=1 (9.13)
H=—A4+f"(¢)—K(S+c-V),
because K and S commute. For any ye X,

CHy, y>={Vp3* + {f"(@)y, y>—<K(S+¢c-V)y, yD,
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where
@)y > = Lelol) 3P +28 (gl Np- 3P} dx  (9.14)

Substituting y(x)=exp{—3c-xK}z(x), we get
CHy, ) ={Vz)>=(Vz, Kez) + 41cl’ Kz ) + {f'(Y)z, 2> — <KSz, =
—(Kc-Vz, 2>+ 3| Kz, 2
=V + Mz, 25 + {f'(Y)z 2,

repeatedly using the fact that K is skew and exp{ —c-xK/2} is orthogonal.
We split

H(x)=z,(x)v+z(x), v -2(x)=0,

where z,(x) is a scalar function. Using Mv = uv and the form of the non-
linear term in (9.14), we may write

CHy, y)>={Azy,2, )+ {(Bz;,z;) + {(M —p)z5, 2, ), (9.15)
where
A=—A+pu+gn)+2¢'(n*)n>s, B=—A+u+g(n?).

The third term in (9.15) is non-negative, since y is the smallest eigenvalue
of M. Since By =0 and 5 has no nodes, the second term in (9.15) is also
non-negative. Since 4(0n/dx;)=0 and dn/0x; has one node, it follows that
n(H)=n(A)=1.

Next we calculate

P n

dw, c)=E(@)= Y, 0,0;(¢0)~ Y cQi(9)

J= k=1
= [ {41V01 + Flo) Yo - K(S+c-V)g} dx.
Substituting (9.10) again, this simplifies to
d(w, )= [ (31VY1> = 4V - Key + F el [K1* + F(g) — 4y - KSY
+ 4l - K — 4y -(c-V) Ku} dx

= [ {4IVy 12 + 1y - My + Fp)} dx

=3[ {19012+ p? + S (7%} v
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Therefore, d(w, ¢) only depends on the single parameter u. It follows from
(9.12) that

We denote the last quantity by ¢ and let g,=0dq/0u. The centralizer
depends on the (n+ 1) parameters c,, ..., ¢, and b = |w|. Writing S = 5bS, we
have

O<u=v-Mv=—1|c|> |Kv|*+bSv- Kv.

What we call d” is the (n+ 1) x (n+ 1) matrix with the entries

0%d - ) 0%d 1 -
—=(Sv-Kv = ——c, |Kv]*(Sv- K
abz (S‘ K‘) ’ 5b6ck zckl Vl( Vv v)qu
and
0%d 1 1
—=- Kv|?g, —=|Kv|? .
ack acl 4Ckcll " qu 2|K‘| 5k1q
Hence

det(d")=(Sv-Kv)’q,(—i|Kv|%q)",

whose sign is (—1)" times the sign of g,,.
Since n(H)=1 we have p(d")=0 or 1, so that " has at least n negative
eigenvalues A, ..., 4,. If the other eigenvalue is called 4,, then

(—1)"sign Ay =sign(4,--- 1,) =sign(det d") = (—1)" sign(q,,).

If g, >0 then 2,>0 and p(d”)=1=n(H). This is the stable case. If ¢, <0,
then 1, <0 and n(H)— p(d")=1-0=1. This is the unstable case.

10. OprTICAL WAVE GUIDE

We consider the higher modes of the same model as in [6, 1]. The equa-
tion is

iul+u.\’.\’+g('Y’ Iulz)u=0, (101)

where g(x, |u|?)=n, +a |u|* for |x| >d and g(x, |u|?)=n,> 1, for |x| <d.
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We consider standing waves u = ¢(x) exp(iwt) with n, <w <n, and @(x)
real. Then ¢ satisfies the equation

—0.—gx, 9)o+wp=0. (10.2)

As outlined in [6, 1], the solution curve bifurcates at a critical value
o =w,, for the higher mode as well as the fundamental mode.

Here we concentrate on the case when w,<w <n,. For each integer
n=0 there are one symmetric solution and two antisymmetric solutions
with exactly n zeros (nodes). Each of them uses the center (the linear
medium) to rotate » times and the homoclinic orbit (the nonlinear
medium) to die off at +oc. The linearized Hamiltonian is H=[§ %],
where S=0?—g(x, ¢*) +w and

— 0"+ w—n,— 3ap’ for |x|>d
-+ w—n, for |x|<d

st_&q’_')q,:{
0o

The number of negative eigenvalues of these operators is

n+2 for ¢ symmetric
n+1 for ¢ asymmetric.

n(S)=n, n(R)={ (10.3)

To prove this, note that S¢ =0, so that the number n of zeros of ¢
equals the number of negative eigenvalues n(S) of S, by a well-known
argument based on the Sturm comparison theorem. As for n(R), note that
Y = @ satisfies the equation

RY = (1, — 1o +3¢0*) Y [5(x —d) = d(x +d)],

where () denotes the delta function, because of the discontinuities at
x = +d. For the symmetric solution, h=n, —#,+3¢*>>0 at x= +d. For
the asymmetric solution, A(d) h(—d)<0. A comparison argument proves
(10.3).

Thus for the symmetric solution, n(H)=n(R)+n(S)=(n+2)+n=
2n+2. These solutions correspond to the curve BE in the bifurcation
diagram (Fig. 2 of [1]) so that

” _ d 1 2
d (w)_dwjzkpwl dx > 0.

Hence n(H) — p(d")= (2n+ 2) — 1 is odd. Therefore the symmetric solutions
are unstable.
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For an asymmetric solution (a pair of them for each n), we have n(H)=
(n+1)+n=2n+ 1. They correspond to the branch BC in the bifurcation
diagram in [1], along which d"(w) <0. Hence n(H)— p(d")=(2n+1)—0
is again odd. So the asymmetric solutions are also unstable.

On the branches AB and CD, we have d"(w)>0, n(R)=n+1, and
n(S)=n, so that n(H)— p(d")=(n+1)+n—1=2n is even. For n=0
these branches are stable, as we pointed out in [1], but for n>0 our
analysis is inconclusive.

11. ERRATA FOR [1]

Page 167. In case d”"=0 in a one-sided neighborhood .# of w, the
correct definition of stability is

sup inf inf |u(t)— T(s) @gl <e.

O<r<x seER Re.7

Page 181. As stated, Theorem 5.4 requires the assumption that d” not
be identically zero in a one-sided neighborhood of w. The proof is faulty
because |u—@,ll #O(| ¥ll). For a correct proof, see Section4 of this
paper.

Page 186. In (6.8), L, should be replaced by —22+ f"(¢,,)-

Page 187. The proof of Lemma 6.2 is wrong and should be replaced by
the following one. We verify Assumption 3B on page 183. A simple calcula-
tion gives (H,u,u) =< Lou,u, >+ {uy;—wd.u,>* where u="[u,,u,].
Let 2, be a negative eigenvector of L ,, and #;=w ¢, 2, and ¥ =[%,, %> ].
Then {HZ, ¥) = (L, %, %) <0. Also H, has the null vector
[0.0, w 32¢]. For any vector ue X, such that {u;, ;> =<u;,0,¢)=0,
we then have (H_u, u) > 6 |u|? for some § > 0.

Page 194. Figure 3 is incorrectly drawn. The dotted curve should cross
the dashed curve only once in each quadrant. The solid curve should start
on the dashed curve, switch to the dotted curve and switch back to the
dashed curve.
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