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Abstract

A group structure of the discrete transformations (parity, time reversal and charge conjugation) for spinor field in de Sitter

space are studied in terms of extraspecial finite groups. C®® groups are introduced, the first group from an analysis

of the de Sitter—Dirac wave equation for spinor field, and the second group from a purely algebraic approach based on the

automorphism set of Clifford algebras. It is shown that both groups are isomorphic to each other.

0 2005 Elsevier B.V.Open access under CC BY license.

PACS: 11.30.Er; 04.62.+v; 02.10.Hh

1. Introduction

Quantum field theory in de Sitter spacetime has

been extensively studied during the past two decades

with the purpose of understanding the generation of
cosmic structure from inflation and the problems sur-
rounding the cosmological constant. It is well known
that discrete symmetries play an important role in the
standard quantum field theory in Minkowski space-
time. In recent papefl] discrete symmetries for

spinor field in de Sitter space with the signature
(+,—, —,—, —) have been derived from the analy-

sis of the de Sitter-Dirac wave equation. Discrete
symmetries in de Sitter space with the signature
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(+, +, +, +, —) have been considered in the wqgg}
within an algebraic approach based on the automor-
phism set of Clifford algebras.

In the present Letter we study a group structure of
the discrete transformations in the framework of ex-
traspecial finite groups. In Sectidhwe introduce a
CPT group for discrete symmetries in the represen-
tation of the work[1] (for more details abou€CPT
groups se3-6)). It is shown that the discrete transfor-
mations form a non-Abelian finite group of order 16.
Group isomorphisms and order structure are eluci-
dated for this group. Other realization of ti@&PT
group is given in SectioA. In this section we consider
an automorphism set of the Clifford algebra associated
with the de Sitter space. Itis proven thaEBT group,
formed within the automorphism set, is isomorphic the
analogous group considered in Sectin
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2. Preiminaries

Usually, the de Sitter space is understood as a hy-
perboloid embedded in a five-dimensional Minkowski
spaceRb4

Xp=|xe R4 x2 = naﬁxo‘xﬁ = —Hfz},

a? ﬂ == 07 1’ 2’ 37 4’ (1)

wheren,pg =diagd, —1,-1, -1, -1).

The spinor wave equation in the de Sitter space-
time! (1) has been given in the work$,8], and can
be derived via the eigenvalue equation for the second
order Casimir operator,

(—ify -0+ 2i +v)¥(x)=0, (2)

wherey = n*fy,xg andd, = 8, + H?xyx - 3. In this
case the 4 4 matricesy, are spinor representations
of the units of the Clifford algebr&?; 4 and satisfy
the relations

YaVp + VgYa = 21apl.
An explicit representatichfor y,, chosen if1] is

(1 0 (0 o
w=\o -1,)0 "“\isy 0)

_ 0 —ioo (0 o3
yz_(—ioz 0 ) J/3_<i03 0 )’

(0 1

wherel, is a 2x 2 unit ando; are Pauli matrices.
Discrete symmetries (parity transformatigntime

reversalT and charge conjugatiofi), obtained from

analysis of Eq(2), in spinor notation have the forft]

P =n,vova, T =nyyo, C=ncy2, (4)

1 Originally, relativistic wave equations in a five-dimensional
pseudo-Euclidean space (de Sitter space) were introduced by Dirac
in 1935[7]. They have the forni y,, 8, +m)v¥ = 0, where five 4« 4
Dirac matrices form the Clifford algeb@4 1.

2n general, the Clifford algebr@ 4, associated with the de Sit-
ter spaceR1+4, has a double quaternionic rifg=H & H [9], the
type p — ¢ = (mod §. For this reason, the algeb@, 4 admits the
following decomposition into a direct suri?y 4 ~ Cl1 3@ Cl3 3,
whereCt1 3 is aspacetime algebra. There is a homomorphic map-
pinge:Cly 4 — €Cly 3, Where€Cly 3 ~ Clg 3/ Kere is a quotient
algebra, Kee is a kernel ofe. The basig3) is one from the set of
isomorphic spin bases obtained via the homomorpkism
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where n,, n;, 7. are arbitrary unobservable phase
guantities.

3. TheCPT group

In this section we will show that the transforma-
tions (4) form a finite group of order 16, a so-called
CPT group. Moreover, this group is a subgroup of
the more large finite group associated with the alge-
braC€1,4.

As is known[10-13] a structure of the Clifford al-
gebras admits a very elegant description in terms of
finite groups. In accordance with a multiplication rule

vi=o(p—iD1  vivi=—vivi (5)
-1 ifn<O,
O(”)={+1 it n > 0, ©

basis elements of the Clifford algebta, , (the alge-
bra over the field of real numbei® = R) form a finite
group of order 2+1,

Gp,q) ={xL, 2y, vivi. Xvivives - -»

tyiye-c vt (<j<k<--). (7)

The finite groupG (1, 4), associated with the algebra
Ct1.4, is a particular case @),

G1,4)={£1,£y0, £y1, ..., Tyoy1y2ysval,

wherey; have the form(3). Itis a finite group of order
64 with an order structur€3,40). Moreover,G(1,4)
is anextraspecial two-group [12,13]. In Salingaros no-
tation the following isomorphism holds:

G(1,4) =824~ Nyo (Z2®Z>)
>~ Q40 Dgo (Zo® L),

where Q4 is a quaternion grouppD4 is a dihedral
group,Z, ® Zz is a Gauss—Klein viergroup,is acen-
tral product (Q4 and D4 are finite groups of order 8).
As is known, the orthogonal grou@(p, ¢) of the
real spaceR?1 is represented by a semidirect prod-
uct Oo(p,q) © {1, P, T, PT}, where Oo(p, q) is a
connected componertl, P, T, PT} is a discrete sub-
group (reflection group). If we take into account the
charge conjugatior, then we come to the product
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Table 1

1 Y04 Y0 va V2 Y024 Y02 Y24
1 1 Y04 Y0 va V2 Y024 Y02 Y24
Y04 Y04 1 —V4 -%0 —Y024 —¥2 Y24 Y02
Yo Y0 Ya 1 Y04 Y02 Y24 Y2 Y024
va va Y0 —Y04 -1 —V24 —Y02 Y024 2
Y2 Y2 —Y024 —Y02 Y24 -1 Y04 Y0 —Y4
Y024 Y024 —¥2 V24 —Y02 Y04 -1 va -%0
Y02 Y02 —Y24 —¥2 Y024 —Y0 Ya 1 —Yo4
Y24 Y24 —Y02 Y024 —y2 2} -0 Y04 -1

Oo(p,q)®{1, P, T, PT, C, CP, CT, CPT}. Univer-
sal coverings of the group®(p,q) are Clifford—
Lipschitz groupsin(p, g) which are completely con-
structed within the Clifford algebrast, , [9]. It has
been recently showjd,5] that there exist 64 universal
coverings of the orthogonal group(p, q):

Spin, (p, ) @ Cebed-ef8
Zz ’

Pina,b,c,d,e,f,g(p’ 61) ~

where
Ca,b,c,d,e,f,g
={+1, £P, £T, £PT, £C, +CP, £CT, +CPT}

is a full CPT-group. C*b-¢:4-¢./:¢ is a finite group of
order 16 (a complete classification of these groups is
given in[5]). At this point, the group

a,b,c,de, f,g
L

is calleda generating group.
Let us define &CPT group for the spinor field in

EXt(Clp ) =

de Sitter space. The invariance of the dS—Dirac equa-

tion (2) with respect taP-, T-, andC- transformations
leads to the representati¢f). For simplicity, we sup-
pose that all the phase quantities are equal to the unit,
np =n: =n. = 1. Thus, we can form a finite group of
order 8

{1, P, T, PT, C, CP, CT, CPT}

~ {1, vova, Y0, Y4, ¥2, YOY2V4, YoY2, vova}. (8)

It is easy to verify that a multiplication table of this
group has the form ofable 1

Here yoa = yova4, Y024 = yoy2y4 and so on. Hence
it follows that the group(8) is a non-Abelian fi-
nite group of the order structur@, 4). In more de-

tails, it is the groupZ ® Z» with the signature

(+,+,—, — +, —). Therefore, theCPT group in
de Sitter spacetime is

CHH T T 2 1 ® 7 ® Zs.

It is easy to see thaf -+~~~ is a subgroup of

G(1,4). In this case, the universal covering of the de
Sitter group is defined as

Pintt——=%7(1,4)
_Spin, (1.4) 0 Zs ® L2 ® Z
~ % :

4. Discrete symmetries and automor phisms of
the Clifford algebras

Within the Clifford algebreC,, (the algebra over the
field of complex numbersF = C) there exist eight
automorphismg4,14] (including an identical auto-
morphism Id). We list these transformations and their
spinor representations:

A—> A Ar=waw !

A— A, A=EATE!

A— A, A =cA’cl, c=Ew,
A— A, A:HA*H—l,

A— A*, A =KA*K™!, K=TIIw,
A= A, =s(A")" s—l S =TIE,
Ao A A =Fa9TFL F=IIC,

where the symboIl means a transposition, ane

is a complex conjugation. In general, the real alge-
brasCt, , also admit all the eight automorphisms,
excluding the casep — ¢ = 0,1,2(mod8 when a
pseudoautomorphistd — A is reduced to the iden-

tical automorphism Id. It is easy to verify that an
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Table 2

1 Y01234 Y24 Y013 V13 Y024 Y1234 Y0
1 1 Y01234 Y24 7013 Y13 Y024 Y1234 70
701234 701234 1 Y013 724 Y024 713 70 71234
V24 Y24 —Y013 -1 —Y01234 —Y1234 -0 713 Y024
7013 7013 V24 —701234 -1 =70 —71234 Y024 713
713 713 Y024 —Y1234 -Y0 -1 —Y01234 V24 Y013
Y024 Y024 713 -0 —¥1234 —Y01234 -1 —Y013 Y24
Y1234 Y1234 Y0 713 Y024 v24 7013 1 701234
Y0 Y0 V1234 Y024 713 Y013 Y24 701234 1

automorphism set E&E,) = {Id, », ~, %, ~, %, , %}

of C, forms a finite group of order 8. Moreover,
there is an isomorphism between EX}) and aCPT-
group of the discrete transformations, EX{j ~

{1, P, T, PT, C, CP, CT, CPT}. In this case, space
inversionP, time reversal’, full reflectionPT, charge
conjugationC, transformationsCP, CT and the full
CPT-transformation correspond to the automorphism
A — A*, antiautomorphismsd — A, A — A*
pseudoautomorphismd — A, A — A*, pseudoan-

tiautomorphisms4 — A and A — A*, respectively
(for more detalils, sep]).

Let us study an automorphism group of the algebra
Ct1.4. Firstof all,C¢1 4 has the type —g =5(mod 8,
therefore, all the eight automorphisms exist. Using the
y-matrices of the basi8), we will define elements of
the group ExtCl1 4). At first, the matrix of the auto-
morphismA — A* has the formwW = yoy1y2y3ys =
y01234 Further, since

T

i=n.  vi=-r2

Vi = —Va,

Yo = Y0,
Vs = ¥3,

then in accordance with = EATE~1 we have

Yo =EyE 1, y1=EpEL,
y2=—EyE L, ys=EysE 1,
ya=—EysE "

Hence it follows thaE commutes withyg, y1, 3 and
anticommutes with, andy;, that is,E = y2y4. From
the definitionC = EW we find that a matrix of the anti-
automorphism4 — A* has the fornC = yy1y3. The
basis(3) contains both complex and real matrices:

*

Y1 ="V,
Y4 = Va.

Yo = Yo, Yo = V2,

*

Y3 = V3

Therefore, fromA = [A*I1~1 we have

o=yl 2, =Ty,
=Tyt yg=-Tysll 2,
ya= Tyt

From the latter relations we obtail = y1y3. Fur-
ther, in accordance witk = TTW for the matrix of the
pseudoautomorphismd — A* we haveK = yoy2ys.
Finally, for the pseudoantiautomorphisré — A,
A — A* from the definitionss = ITE, F = I1C it fol-
lows thatS = y1y2y3y4, F = y0. Thus, we come to the
following automorphism group:

Ext(Cl14) ~{l, W, E, C, I1, K, S, F}

>~ {1, yoy1y2y3Ya, V2Va, YOV1V3, Y1V3,
9

The multiplication table of this group has the form of
Table 2.

As follows from this table, the group EX@1 4) is
non-Abelian. More precisely, the grogp) is a finite
groupi4 ® Zp with the signaturé+, —, —, —, —, +,
+). In this case we have the following universal cov-
ering:

Yoy2Ya, Y1Y2V3Ya, Yo}

Pint =t (1,4)
_Spin, (L, Ho Tt
—_— Zz 9

where

Ct=m 2 74 @ 7o ® Zo

is a full CPT group of the spinor field in de Sitter

spaceR™. In turn,ct——— ++ is a subgroup of
G, 4.
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Moreover, we see that the generating gr¢8jpand
(9) are isomorphic,

{1, P, T, PT, C, CP, CT, CPT}
~{I,W,E, C, I, K, S, F} ~ 74 ® Zo.

Thus, we come to the following result: the finite group
(8), derived from the analysis of invariance properties

of the dS—Dirac equation with respect to discrete trans-

formationsC, P andT, is isomorphic to the automor-
phism group of the algebr@, 4. This result allows

us to study discrete symmetries and their group struc-

ture for physical fields without handling to analysis of
relativistic wave equations.
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