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The Laplacian-energy like invariant LEL(G) and the incidence energy
IE(G) of a graph are recently proposed quantities, equal, respec-
tively, to the sum of the square roots of the Laplacian eigenvalues,
and the sum of the singular values of the incidence matrix of the
graph G.However, IE(G) is closely related with the eigenvalues of the
Laplacian and signless Laplacian matrices of G. For bipartite graphs,
IE = LEL. We now point out some further relations for IE and LEL: IE
can be expressed in terms of eigenvalues of the line graph, whereas
LEL in terms of singular values of the incidence matrix of a directed
graph. Several lower and upper bounds for IE are obtained, including
those that pertain to the line graph of G. In addition, Nordhaus-
Gaddum-type results for IE are established.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Let G be asimple graph on n vertices. The eigenvalues of G are the eigenvalues of its adjacency matrix
A(G) [2]. These eigenvalues, arranged in a non-increasing order, will be denoted as A1 (G), A2(G), . . .,
An(G). Then the energy of the graph G is defined as

* Corresponding author. Fax: +381 34 335040.
E-mail addresses: gutman@kg.ac.rs (1.
zhoubo@scnu.edu.cn (B. Zhou).

Gutman), dkiani@aut.ac.ir (D. Kiani), mirzakhah@aut.ac.ir (M. Mirzakhah),

0024-3795/$ - see front matter © 2009 Elsevier Inc. All rights reserved.

doi:10.1016/j.1aa.2009.04.019


https://core.ac.uk/display/82620921?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.sciencedirect.com/science/journal/00243795

1224 I Gutman et al. / Linear Algebra and its Applications 431 (2009) 1223-1233

E@G) =) %G|
i=1

Various properties of graph energy may be found in [4,5,8].

The concept of graph energy was extended to any matrix by Nikiforov [16] in the following manner.
The singular values of a real (not necessarily square) matrix M are the square roots of the eigenvalues
of the (square) matrix M M!, where M’ denotes the transpose of M. The energy E(M) of the matrix M
is then defined [16] as the sum of its singular values. Obviously, E(G) = E(A(G)).

Let I(G) be the (vertex-edge) incidence matrix of the graph G. For a graph G with vertex set
{vi,v2,..., vy} and edge set {ej,ey,...,en}, the (i,j)-entry of I(G) is 1 if v; is incident with e; and
0 otherwise. (In what follows, the unit matrix of order p will be denoted by I;,, and it should not be
confused with the incidence matrix.)

Motivated by Nikiforov’s idea, Jooyandeh et al. [10] introduced the concept of incidence energy
IE(G) of a graph G, defining it as the sum of the singular values of the incidence matrix I(G). Some
basic properties of this quantity were established in [7,10].

If the singular values of I(G) are o1, 09, .. ., oy, then, by definition [10],

n
IE(G) := ) o;.
i=1

Let D(G) be the diagonal matrix of order n whose (i, i)-entry is the degree of the vertex v; of the
graph G. Then the matrix L(G) = D(G) — A(G) is the Laplacian matrix of the graph G, for details see
[13,14]. The matrix L*(G) = D(G) + A(G) is the signless Laplacian matrix, for details see [3].

Denote by 11, (2, . . ., in the eigenvalues of the Laplacian matrix L(G) and by MT M;— R Mn+ the
eigenvalues of the signless Laplacian matrix L1 (G). All eigenvalues of both L(G) and L1 (G) are real
and non-negative. In what follows it is assumed that both eigenvalues are arranged in a non-increasing
order.

If the graph G is connected, then p; > 0 fori=1,2,...,n—1and u, =0 [13,14]. f G is a
connected non-bipartite graph, then ,u,-+ > 0fori=1,2,...,n [3].

The following result is well known [3,13,14]:

Lemma 1.1. The spectra of L(G) and L (G) coincide if and only if the graph G is bipartite.

Another well known fact is the identity [13,14]:
1(G)1(G)! =A(G) +D(G) ie., I(G)IG) =LT(G). (1)

Its immediate consequence is that o; = / ,u,-+ and therefore,

IEG) =) \/E (2)
i=1

Short time ago, Liu and Liu [11] introduced the so-called Laplacian-energy like invariant, LEL(G) of
a graph G, as the sum of the square roots of the eigenvalues of the Laplacian matrix of G, i.e.,

LEL(G) := ) /1. 3)
i=1

In [11] and in the subsequent papers [12,19,20] a number of properties of LEL were established.
Comparing Egs. (2) and (3), we see that there is an intimate relation between incidence energy and
the Laplacian-energy like invariant. In particular, in view of Lemma 1.1, if the graph G is bipartite, then

IE(G) = LEL(G). (4)
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2. Some more relations for IE and LEL
In addition to the identity (1), for the incidence matrix of a graph G with n vertices and m > 1 edges
we have
1(0)'1(G) = 21y +A(L(G)),

where £(G) is the line graph of G, and where I,;; stands for the unit matrix of order m. From this identity
we immediately get

IE(G) =Y /2 + Ai(L(G)). ()
i=1

The following result holds for any graph G [13,14]. If any edge of G is given an orientation (in arbitrary

direction), then an oriented graph G is obtained. The (i,j)-entry of the incidence matrix I(_G)) of G
is +1 if the vertex v; is the head of the oriented edge e;, —1 if the vertex v; is the tail of the oriented

edge ej, and 0 otherwise. Then, no matter how the edges are oriented, I(_G)) satisfies the identity
(CHI(C) =DG) —AG) thatisI(C)I(T) =L(G).

As a consequence of the above identity, the energy of the the matrix I(_G)) is equal to the sum of
the square roots of the ordinary Laplacian eigenvalues of the (undirected) graph G, i.e.,

E(C) =Y /i,
i=1

ie.,
LEL(G) = IE(G). (6)

Eq. (6) provides a new interpretation of the Laplacian-energy like invariant of Liu and Liu [11], and
offers a new insight into its possible physical or chemical meaning.
As a final relation for the incidence energy we mention:

IE(G) = %E(S(G)), (7)

where S(G) be the subdivision graph of the graph G, obtained by inserting an additional vertex into
each edge of G. Eq. (7) was first reported in [10], and represents a direct extension of a result from [25].

3. Bounds for incidence energy
In [10] the following fundamental properties of the incidence energy were established:

Theorem 3.1. (i) IE(G) > 0, and equality holds if and only if m = 0.

(i) If the graph G has components Gy, . . ., Gp, then IE(G) = Z?:l IE(G;).

(iii) Let G be a graph of order n with m edges. Then +/2m < IE(G) < «/2mn. The left equality holds if
and only if m < 1, whereas the right equality holds if and only if m = 0.

A similar upper bound is known for LEL [11], namely LEL(G) < «/2m(n — p), where p is the number
of components of the graph G. In the general case, IE does not satisfy the analogous inequality. For
instance, the inequality IE(G) < 4/2m(n — p) is violated by the complete graph K, if n> 3. On the
other hand, in view of Eq. (4), it is satisfied by all bipartite graphs.

Theorem 3.2. Let G be a graph with m edges. Then
IE(G) <~/2m

with equality if and only if G consists of m copies of K, and possibly isolated vertices.
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Proof. The case m = 0 is trivial. Suppose that m > 1. By Eq. (5) and the Cauchy-Schwarz inequality,

E(G) = Z,/2+A(£(G J Z[2+A(£(G))]_Jm22=«/§m
i=1

with equality if and only if 2 + A;(£(G)) is a constant for all i, i.e., £(G) = Ky, i.e., G consists of m
copies of K, and possibly isolated vertices. [

Let P, be the path with n vertices and K, the complete graph with n vertices. Let K; s be the bipartite
graph with r and s vertices in its two partite sets. Let G be the complement of the graph G.
Note that

[E(Ky) = V20— 2+ (n— Dv/n— 2> 1EK,) = (n — 1)/n,

with equality if and only if n = 1, 2.

For a graph G with at least one edge, G — e denotes the graph obtained from G by deleting the edge
e of G. In [10] it was shown that I[E(G — e) < IE(G). This immediately implies that for a graph G with
n vertices,

0<IE(G)</2(n—1) 4+ (n— 1)a/n— 2,

with left (resp. right) equality if and only if G = K, (resp. G = K;). Moreover, if G is a bipartite graph
with r and s vertices in its two partite sets, then

0<IEG) <A1 +5s+ (T —1Ds+ (s—1D/T,
with left (resp. right) equality if and only if G = K, (resp. G = K,). In particular, if G is a bipartite

graph with n > 2 vertices, then as a function of r with 1 <r<|n/2|, r — D/n—r+ 0 —r — 1)/
is increasing for r, and thus

o< (3]0, + (3103}

with equality if and only if G = K|n/2),1n/2]-
In what follows we establish further bounds for the incidence energy. First we consider upper
bounds.

Theorem 3.3. Let G be a connected graph with n vertices and m edges. Then

IE(G) <IE(Py) 4+ /2(m — n + 1),
with equality if and only if G = P,,.

Proof. In [10], it was shown that IE(G) <IE(G — e) + V2 for any edge e of G. A repeated application
of this inequality yields

IE(G) <IE(T) + v/2(m —n+1)

for a spanning tree T of G. In [7] it was shown that IE(T) < IE(P,), with equality if and only if T = P,,.
This implies the result. []

Denote by d; the degree of the vertex v; of the graph G. We now introduce an auxiliary quantity o,
defined as

-1 n
a=2 |- Zd,z
L

Recall that the so-called first Zagreb index Zg(G) of a graph G is defined as the sum of squares of vertex
degrees of the graph G. This quantity found many applications in chemistry [6,21]. Thus, in the above
notation, Zg = na?/4.
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R

Fig. 1. Examples showing that inequalities (8) and (10) are incompatible.

In order to demonstrate the validity of the next Theorem 3.5 we need:

Lemma 3.4 [9]. Let G be a connected graph on n vertices, with vertex degrees d1,do, . . ., dy. Then u]" >,
with equality if and only if G is a connected regular graph.

Theorem 3.5. Let G be a connected graph of order n, n > 3, with m edges. Then

IE(G) <o +,/(n—1)(2m — ). (8)

Moreover, equality holds if and only if G = K,,.

Proof. We firstobservethat )1, ;LIT" =2m— MT. By using the Cauchy-Schwarz inequality we obtain
from Eq. (2)

EG) <\/ui + /(= D@m — ). (9)

Inequality (8) follows from the fact that the function f (x) = /x + +/(n — 1)(2m — x) decreasesonx >
2m/n, and that by Lemma 3.4 and by using the Cauchy-Schwarz inequality, 2m/n < 4m/n<o¢<uf.
It is easy to show that if G = K, then equality holds. Conversely, if the equality holds in (8), then
,uT =« and ,uj' =...= un+. Therefore Lemma 3.4 implies that G is an r-regular graph and that
LT (G) has two distinct eigenvalues. Because LT (G) = r I, + A(G), it follows that G is a regular graph
with two distinct eigenvalues (of the adjacency matrix), equal to A and r with multiplicitiesn — 1 and
1, respectively, where A = ,u; — r. Then by Smith’s theorem [18], G must be the complete graph. [

Denote by A the greatest vertex degree of the graph G. Let S, be the n-vertex star.

Theorem 3.6. Let G be a connected graph of order n, n > 3, with m edges. Then

EG) < VIF A+ /n—1@2m—1- 4). (10)

Proof. We use the recently obtained results [22] that if G has at least one edge, then ,LLT(G) >1+4 A,
and that if G is connected, MT(G) =1+ Aif and only if G = S,. Recall that for S, ,un+ =0+ ,u2+.
The rest of the proof is then fully analogous to the proof of Theorem 3.5, bearing in mind that 1 + A >
Az2m/n. O

Note that the inequalities (8) and (10) are incomparable. Let G; and G, be the two graphs shown in
Fig. 1. For Gy the upper bounds (8) is better than (10), whereas for G, the upper bounds (10) is better
than (8).

Theorem 3.5 can be slightly improved. For the graph G and its vertex u, let t, be the sum of the
degrees of the first neighbors of u in G. If G is graph that is not empty, then define

d2 + t,)?
T(G) — ZueV(G)( u +2 u) )
> uevc) 45
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Theorem 3.7. Let G be a graph with n vertices and m > 0 edges. Then

[E(G) </T(G) + /(n — D[2m — T(G)] (1)
with equality if and only if either G = Ky U Ky, or G = K,,.

Proof. By (9), IE(G) <f(u]), where f(x) = /X + +/(n — 1)(2m — x).

Recall that for an n x n nonnegative matrix M, its largest eigenvalue is greater than or equal to
x! Mx
XX
for x being any non-zero n-dimensional real column vector (see, e.g. [15]). Because (/LT)Z is equal to

the largest eigenvalue of the matrix LT (G)?, forx = (dq,dy, . . ., dy)" we get LT (G) x = (d? + t1,d5 +
ta,...,d2 + ty)t, and therefore

N 2\/xf L) x _ \/(L+(G) x)" (LT(G)x)

= T(G).
1 xIx xfx ©
Note that [6]
Notu= Y & =250).
ueV(G) ueV(G)

By the Cauchy-Schwarz inequality,

2 —1
ui >TG) = [Z (d5+tu)i| {n > dﬁ:| :2‘/@7156)50(24%.

ueV(G) ueVv(G)

Thus, IE(G) < f(T(G)), from which (11) follows.

Suppose that equality holds in (11). Then either ;LT = /L; =...= ,u;“ or /LT > ,u; =...=
y,f{ The former case is impossible, because then it would be ,u]+ =2m/n < 4m/n < o, which is a
contradiction. Consider the latter case. The number of distinct signless Laplacian eigenvalues of a
connected graph with diameter d is at least d 4 1 [3]. This implies that if G has exactly two distinct
signless Laplacian eigenvalues and u}' = 0,then G consistsof K, and n — 2 isolated vertices. lfuiIr > 0,
then by the Perron-Frobenius theorem, LT (G) is irreducible, i.e., G is a connected graph, and thus
G = K,.

Conversely, if G consists of one K, and n — 2 isolated vertices or G = K, then it is evident that (11)
is an equality. [

By Theorem 3.7, for any graph with n > 3 vertices, m edges, and the first Zagreb index Zg, we also
have (8) with equality if and only if G = K, or G = K,. If we would use finer lower bounds for u]",
then we would arrive at additionally improved (but still more complicated) upper bounds for IE(G).

Now we consider lower bounds for the incidence energy.

Theorem 3.8. Let G be a connected graph on n vertices. Then IE(G) > /n + n — 2. Equality holds if and
only if G = S,,.

Proof. The graph G has at least one spanning tree T as its subgraph. In [10] it was shown that if H is any
proper subgraph of the graph G, then IE(G) > IE(H). Therefore, IE(G) > IE(T), and equality holds if and
only if G = T.In [7] it was shown that among n-vertex trees, the star (and only the star) has minimal
incidence energy. Thus, IE(T) > IE(S,) = /n + n — 2, and equality holds if and only if G = S,,. [
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Let ay,ay,. .., as be positive integers. By Holder’s inequality, we have

2 4/3 2/3
i = '/ai/

a i

a

M-
M-

=1

—_

Fer] [ger] - () (5

N

ie,
3
> ( i=1 aiz)

Yz | e (12)

i=1 i=1G;
with equality if and only if a; = a, = - - - = a;. Note that (12) is a particular case of an inequality in
[26].
Theorem 3.9. Let G be a graph with n vertices and m edges. Then

E@G) > 2™ (13)

= ﬁ'

with equality if and only if G = K, or G = K.

Proof. If m = 0, thenIE(G) = 0.Suppose thatm > 1. Note that Zg(G) <(n — 1) } ey () du = 2m(n —
1), with equality if and only if d, =n — 1 for all u € V(G), i.e., G = K,,. (The other case, namely
that d, = 0 for all u € V(G) cannot happen since m> 1.) By (12) and using >_i, MIJ’ = 2m and

e (M;r)z = Zg(G) + 2m, we have

IEG) = i \/E)J (2m)3 >J (2m)3 Zﬂ_
i=1

Z5(G) +2m N 2m(n—1) +2m _ /n

with equalities if and only if all nonzero signless Laplacian eigenvalues are equal, and G = Kj, i.e.,
G = K;. Inequality (13) follows, with equality if and only if G = K, or G = Ky. [

Theorem 3.10. Let G be a K, 1-free graph with n vertices and m edges, where 2 <r <n. Then

2m
,/%n—i—l'

with equality if and only if G = K, orr = 2 and G = K;.

IE(G) >

Proof. If m = 0, then IE(G) = 0. Suppose that m > 1. Note that Zg(G) < 2rr—2 nm with equality if and

only if G is a complete bipartite graph for r = 2 and a regular complete r-partite graph for r > 3 [23].
As above,

(2m)3 (2m)3 2m
IE(G) > > | 5= = ,
Zg(G) 4+ 2m -5 nm + 2m /%n—i—l

with equalities if and only if all nonzero signless Laplacian eigenvalues are equal, G is a complete
bipartite graph for r = 2 and a regular complete r-partite graph forr > 3, i.e.,r = 2 and G = K>. This
is because the number of distinct signless Laplacian eigenvalues of a connected graph with diameter
dis at least d 4+ 1 [3]. It follows that
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2m
\/ % n+1

with equality ifand only if G = K, orr =2and G = K,. O

IE(G) >

By Theorem 3.10 (r = n), we have Theorem 3.9.If G is a bipartite graph with n vertices and m edges,
then by Theorem 3.10 (r = 2), we have

Zﬁm
Jn+2'

with equality if and only if G = K, or G = K;. An equivalent result for E(S(G)) was noted in [24].
Let G be agraph withnverticesand m > 1 edges. Note that Z?:_ll Wi = 2mand Z?:_f /,Ll-z =27g(G) +
2m. Then by (12),

_ n—1 . (2m)3
LEL(G) = ; V= 720 + 2m

with equality if and only if all nonzero Laplacian eigenvalues are equal. We note that by similar
arguments as above, the lower bounds in Theorems 3.9 and 3.10 are also lower bounds for LEL, the
former is attained if and only if G = K, or G = K, while the latter is attained if and only if G = Kj,, or
r=nand G = K,.

E(G) >

4. On incidence energy of line graphs

If G is a graph and £(G) = £'(G) is its line graph, then £X(G), k = 2,3, ..., defined recursively
via £k (OG) = £(c*1(G)), are the iterated line graphs of G. It is both consistent and convenient to set
G = L°(G).

If G is regular, then its line graph is also regular. In particular, the line graph of a regular graph
G of order ng and of degree ry is a regular graph of order ny = rypnp/2 and of degree r{ = 21y — 2.
Therefore, the order and degree of [:"(G) are ng = rx—1 Ng—1/2 and r, = 2ry—1 — 2, where n,_1 and
ry—1 are, respectively, the order and degree of £16).

If the eigenvalues of the adjacency matrix of the graph G are A;(G), i = 1,...,ng (arranged in
non-increasing order), then the respective eigenvalues of £(G) are —2 with multiplicity n;y — ng and
%i(G) +rg —2fori =1,...,n9[2]. Since L (£(G)) = A(£(G)) + 11 In, and ;7 (G) = 4i(G) + ro, it
follows that the eigenvalues of the matrix Lt (£(G)) are:

2p—4 puf G +2r0—4 - pHG) +2rp—4
np —nNo 1 cee 1 ’
Analogously, the eigenvalues of the matrix LT (2¥t1(G)) are:
2 —4  uf kG +2n—4 - w(KG) +2r — 4
N1 — Nk 1 S 1 ’

Theorem 4.1. Let G be a regular graph on n vertices and of degree r. Then

[E(£(G)) < Q V2 — A+ ar—4+ J@r— 4 —1)? +r(n—1)(n—2).

Equality holds if and only if G = K.
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Proof. Recalling that [1,2] A1(G) = r, we have

IE(L(G)) = @ J2r—a+ i J2i(G) +3r—4
i=1
n(r—2) n
=?\/2r — 4+ Jar —4+ g,//\i(c) +3r—4

<’1(r2_2)¢2r—4+¢4r—4+J(H—UZHZ[’\I'(G)+3r—4]'

i=2

Inequality (14) follows now by observing that -7 , A;(G) = —r.
Equality in (14) holdsifand only if .5 (G) = - - - = A,(G).Because a connected graph with n vertices
and diameter d has at least d + 1 distinct eigenvalues [1,2], G must be the complete graph. [J

Corollary 4.2. Let G be same as in Theorem 4.1. Then

mre = 2) V2 — 4+ Jan — 4+ \/(”k = DIBrk — (g — 1) — 1iel.

E(cM(6) <
Equality holds if and only if £X(G) = K,.

Theorem 4.3. Let G be a non-bipartite connected regular graph on n vertices and of degree r > 2. Then

@) > "2 e Va4 - )VE

Proof

E(£(G)) = Q«/zr — 44 Jar —4+ Zn:\/m
i=2

Since for connected non-bipartite graphs M,T (G) > 0 (see[3]), we have

Z‘/,uf(G) +2r—4>2«/0+2r— =m-12r—4. 0O
i=2 i=2

5. Nordhaus-Gaddum-type results for incidence energy

Nordhaus and Gaddum [17] gave bounds for the sum of the chromatic numbers of a graph and
its complement. Nordhaus-Gaddum-type results for many graph invariants are known. Here we give
Nordhaus-Gaddum-type results for the incidence energy.

Theorem 5.1. Let G be a graph with n > 2 vertices. Then

/i —1)<IEG) +IEG) < 2v/n—14+ (n—1)/2(n —2),
with left equality if and only if n = 2.

Proof. Let m and  be, respectively, the number of edges of G and G. By Theorem 3.9,

2m+2m
Ve Vn(n —1), (15)

with equality if and only if m,mm = 0,1, i.e.,n = 2 forn > 2.

IE(G) + IE(G) >
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Let E be the largest signless Laplacian eigenvalue of G. By the Cauchy-Schwarz inequality,

IE(G) + IE(G) <y ui + E+\/(n—1)(2m—;ﬁ)+\/(n—1)(2m—ﬁ)

<y2uf +ui) + \/z<n — ) [nn = 1) = i + )]

and if equalities are attained, then /JL;r = E and u;r == p,n+ Consider the function g(x) =
V2x + /2(n — 1)[n(n — 1) — x].Itis decreasing for x > n — 1. Note that (from the proof of Theorem
3.7)

—_ 4m 4m
HTF‘I‘ILT??'FT:z(n_l)Y

with equality if and only if G is regular. Now
EEG)+IEG) <gRn—1)=2/n—1+(n—1),/2(n—2)

and the equality can not be attained, otherwise, A;(G) = --- = A,(G) = —%, which is impossible,
because by the interlacing theorem, A,,(G) = 0 or A,(G) < —1. O

We now give two examples. For the complete graph K,

IE (Ky) + IE (Ky) = IE (Ky) = /20 — 2 + (n — 1)/n — 2.

For the complete bipartite graph K, >, />, with n even,

IE (Kn2,02) = ~/n + ?(n — D

and

IE (Knj2n2) = 2/n—2+ ?(n —2)v/n— 4.

Thus,

2 2
IE (I(n/z,/z) + IE (Kny2,2) = Jn+2dn =2+ %(n —D/n+ g(n —2)a/n— 4.

These examples and the Theorem 5.1 imply:

Theorem 5.2. Let min IEng(n) and max IEng(n) be respectively the minimum and maximum values of
IE(G) + IE(G) over all graphs with n vertices. Then
min IEng(n max IEng(n
NG (1) : NG(m) /3.

m =1 and Im ——— =
n—00 n3/2 n— 00 n3/2

By using structural parameters other than the number of vertices, the upper bound in Theorem 5.1
can be improved as follows. Let

. % [\/Zg(G) + (= )2 — 4m(n — 1) +Zg(G)] .

Theorem 5.3. Under the same conditions as in Theorem 5.1,

IEG) + E(C) < V2K + /2(n — Dn(n — 1) — «1. (16)
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Proof. Repeat the reasoning in the proof of Theorem 5.1 until (15). From the proof of Theorem 3.9) we
get

ui + 1t 26 +aG)

> di(6)? + | ) di(G)?
i—1 i=1

> (6?2 + | Y (n—1—di(G))>?
i=1 '

i=1

28(0) + n(n =12 = 4m(n = 1) + 22(6) .

S~ iy e

with equality if and only if G is regular. As explained in the proof of Theorem 5.1 we now have IE(G) +
IE(G) < g(k) which immediately implies (16). [J
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