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Abstract

This paper is concerned with the existence and uniqueness analysis of global classical
solutions of a diffusive quantum evolution equation with nonlinear coupling to the Poisson
equation. The main technical difficulty in the existence proof is to show that the quantum
Fokker—Planck term is a semigroup-generator in a Weighl?edpace. The potential term
is then a Lipschitz perturbation of it.
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1. Introduction

The object of this paper is the analysis of the coupled Wigner—Poisson—
Fokker—Planck (WPFP) system in one dimension with periodic boundary condi-
tions in the spatial direction. We focus on the existence and uniqueness of global-
in-time solutions to this system.
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Wigner functions provide a kinetic description of quantum mechanics (cf. [14])
and have recently become a valuable modeling and simulation tool in fields
like semiconductor device modeling (cf. [9] and references therein), quantum
Brownian motion, and quantum optics [4,6]. The real-valued Wigner function
w(x, v,t) is a probabilistic quasi-distribution function in the position—velocity
(x, v) phase space for the considered quantum system at time

Its temporal evolution is governed by the Wigner—Fokker—Planck (WFP)
equation

w; +vwy + O[V]w = Bvw)y + 0 wyy + 2y wyy + @wyy, t>0, (1.1)
on the phase space slake (0, 2), v € R with periodic boundary conditions in
w0, v, 1) =w(2m, v, 1),
and the initial condition
wx,v,t =0 =w(x,v).

With a vanishing right-hand side Eq. (1.1) would be the (diffusion-free) Wigner
equation. It describes the reversible evolution of a quantum system under the
action of a (possibly time-dependent) electrostatic potertiak V (x,¢). Its

effect enters in the equation via the pseudo-differential opetatot:

(@[V]w)(x, v, t) :i[V(x + %Vv, t) — V(x — %Vv, t>i|w(x, v, t)
i i

1

V2

T
R

SV (x,n, ) Fyw(x,n, e’V dn

l

:2—//8V(x,n,t)w(x,v/,t)ei(va/)"dv’dn, 1.2)
T
R R

wheredV (x,n,t)=V(x+n/2,t) — V(x —n/2,t) andF,w denotes the Fourier
transform ofw with respect ta:

Fow(x,n,t) = w(x,v’,t)e*""/"dv’.

=/
NZZ
R
For simplicity of the notation we have here set the Planck constant, particle mass
and charge equal to unity.

The right-hand side of (1.1) is a Fokker—Planck type model for the nonre-
versible interaction of this quantum system with an environment, e.g., the inter-
action of electrons with a phonon bath (cf. [7,13]). In (LA)z O is the friction
parameter and the parametersy > 0, o > 0 constitute the phase-space dif-
fusion matrix of the system. In the kinetic Fokker—Planck equation of classical
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mechanics (cf. [5,12]) one would hawe= y = 0. For the WFP equation (1.1) we
have to assume

a  y+4B
(% )
V—zﬂ o

which guarantees that the system gsiantum mechanically correctMore
precisely, it guarantees that the corresponding von Neumann equation is in
Lindblad form and that the density matrix of the quantum system stays a positive
operator under temporal evolution (see [2] for details).
In the sequel we shall hence assume
2, B
ao 2y + 16 (1.3)

However, the subsequent mathematical analysis will even hold for

oo > yz.
The WFP equation (1.1) is self-consistently coupled with the Poisson equation
for the (real-valued) potentidf [w](x, t):

Vix=n[w]—D, xe€(,2r),t>0,

V(O,t)=V(2r,1),

with the particle density

n[w](x,t):/w(x,v,t)dv. (1.4)

R

D = D(x) denotes the density of some fixed charges (“doping profile” in the
context of semiconductor modeling), which is assumed to be given.

Mathematical properties of the Wigner—Poisson equation and dissipative
Wigner systems have been intensively studied in the last decade (see [1,9] and
references therein). The (friction-free) WPFP equation in 3 dimensions was first
analyzed in [2], where unique local-in-time solutions were constructed. The
main analytical challenge of Wigner—Poisson systems lies in controlling the
particle density (1.4) in appropriale’-spaces. Usually this is achieved by either
reformulating the Wigner equation as a Schrédinger system or a von Neumann
equation [1,9] or by exploiting the dissipative structure of the system [2]. The
1-dimensional Wigner—Poisson equation, however, allows for a “direct” analysis
(cf. [3, 85]). Hence our interest in this analytical framework.
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2. Existence and uniqueness of global-in-time solution

In this section we shall establish existence and uniqueness of global mild
and classical solutions to the WPFP system (1.1)—(1.4). This system will be
considered as an evolution problem in the weighted (real-valugdpace

X = L%((0,27) x R; (1+ v?) dx dv),

endowed with the scalar product

2
(u,w)x=//uw(l+v2)dvdx.
0 R

This choice of the spack allows to define the particle densityw] of a Wigner
functionw € X: a simple estimate (using Cauchy—Schwartz) yields

[n1w1] 2,2 < Cllwllx. (2.1)

Here and in the sequél denotes generic, but not necessarily equal constants.

We shall use semigroup techniques to prove existence and uniqueness of a
solution to the semilinear WPFP system (1.1)—(1.4). To this end the quadratically
nonlinear potential tern®[V]w will be considered as a bounded perturbation
in the kinetic Fokker—Planck equatian + vw, = B(vw)y, + 0 wyy + 2y Wyy +
AWy -

We first consider the unbounded linear operatoiD(A) — X,

Au = —vdu + B3, (vie) + 082u + 2y 3y dcu + adu, (2.2)
defined on

D(A) = {Lt € X | vy, tyy, Vity, Uy, Uxy € X
u(0,v) =u(2mr,v), uy(0,v) =u,(2m,v) Vv € R}.
Clearly, the restriction (€0, 27) x R) of C*°(R?)-functions that are 2-periodic
in x and have a compact supportirare included inD(A). Hence,D(A) is dense
in X. A simple calculation shows that fare D(A), u, is also inX.
A straightforward calculation using the periodicity inand integrations by
part yields
(Au, w)x = (u, ATw)x + (u, ASw)x, Yu,w € D(A),
with
Ajw =vdw — Brdyw + aafw + 2y 03,0, w + a8§w,
A} —L[z (w + 208, w) — 2Bv%w + dyvuw,]
2w_l+v2 o (w Vo, W Bvw Y VWy |-

Hence, A*| pa)—the restriction of the adjoint of the operatdrto D(A)—is
given by A*w = AJw + AZw, w € D(A). A* is densely defined o (A*) 2
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D(A), and hencdl is a closable operator (cf. [11, Theorem VIII.1.b]). Its closure
A satisfies(A)* = A* (cf. [11, Theorem VIII.1.c]).

Next we study the dissipation property of the operatowhich is defined on
the Hilbert spac&X (overR) by

(Au,u)x <0, Vue D(A).

Lemma 2.1. Let the coefficients of the operatot satisfy wo > y2. Then
A — (o + B/2)I and its closure are dissipative.

Proof. Using integrations by part we have for D(A)

iy == [ [oearp [ [wouro [ [uur2r [ [
+a//uxxu—// vguxu—i—ﬂ// v (vu)put
+o// V2uypu + 2y // Uzlfixvll-‘r()l// v
=5 [ [wwws—o [ [t 2r [ [usi—a [ [ usu
8 [ [0 —o [ [0t +2 [ [ @
2y [ [ [ [ P

where [ f denotes the integr%z”fRf(x, v)dvdx.
For the two integrals of the right side that involve mixeev derivatives we
shall now use the interpolation inequality

€ 1
//uxvm Sl + o llugld € >0, (2.3)

which is immediately obtained by an integration by parts )nand Young's
inequality. Withe = y /o we then obtain

B 1
(Au,u)x < Enun% —allupll3+ ey lluxls+ ;ynuvn%

—ot||ux||§—2/3||vu||§—,3//v3uvu—20//vuuv

1 2
2 2 2
—o |vuyll5 + €y v |15 + ;y||<vu>v||2—a||vux||2

B, .2, V? 2 2 2,3 2
= Zlulls + —lluxll5 — alluxlls — 28llvull5 + = Bllvulls
2 o 2

2 V2 2 2
+G||M||2+—U lvus |5 — allvux (15
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<o+ 5z

Thus

<|:A—(a+é)li|u,u> S—o”vﬂl%—éllvunggo (2.4)
2 i 2

and the operatoA — (o + 8/2)1 is dissipative. By Theorem 1.4.5b of [10] its
closure,

BY, - B
A—<O’+§>I—A—<G+§>I,

is also dissipative. O

It is easy to see that the operatar— (8/2)1 defined onﬁ?X) ={ue
L2((0,27) x R) | vity, Uyy, Vity, tiyy € L2((0,27) x R); u(0,v) = u(27,v),
ux(0,v) = u, (27, v), Yv € R} is dissipative inL2((0, 27) x R) and theL?-
adjoint of A is A* = A7 on 5(7».

Let us now study the dissipativity of the operatéf restricted toD(A).
Analogously to Lemma 2.1 we have

B

(A*u,u)x < (o + 5) lull3, Yue D(A).

Hence the restriction of the operatat — (o + 8/2)I = [A — (o + 8/2)I]* tO
D(A) is dissipative.

Next we consider the dissipativity of this operator on its proper dorbgi*),
which, however, is not known explicitly. To this end we shall use the following
technical lemma whose proof is deferred to Appendix A. Here we shall denote
by i the (inx) 27 -periodic extension of a functiane X to R2.

Lemma 2.2. Let P := p(v, dy, d,) be a linear operator inX, where p is a
guadratic polynomial and

D(P) :={u € X | ii € C*°(R?) with compact supportin} C X.
ThenP is the maximum extension Bfin the sense that
D(P) := {u € X | the distributionPu € X}.

We now apply Lemma 2.2 t& = A* — (o + B8/2)1, which is dissipative on
D(P) C D(A). SinceA* is closed, we hav®(A*) = D(P) ={u € X | A*u € X}
andA* — (o + 8/2)1 is dissipative on all oD (A*).

Applying Corollary 1.4.4 of [10] toA — (o + B/2)I (with (A)* = A*) then
implies thatA — (o + 8/2)I generates &9 semigroup of contractions a¥i, and
the Co semigroup generated by satisfies

e ul <2 ulx, ueX, 10
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By the same arguments— (8/2)1 generates &9 semigroup of contractions on
the spacd.2((0, 27) x R).

Next we shall analyze the properties of the quadratically nonlinear term
®[V]w, which will later be considered as a perturbation of the generator

For V e L*°(R) the pseudo-differential operatér[V] from (1.2) is defined

by
(FoOIVIu)(x, ) = i8V (x, ) Fou(x,n), ueL?((0,21) x Ry).

SincesV (x, n) € R, the operato®[V] is skew-symmetric o.2((0, 27) x R,)
and it satisfies (cf. [3,8])

letvi ”B(Lz((O,er)va)) < 2[[Vloo-

For Vv € L*®(R) we define the pseudo-differential operat@[V] on
L2((0, 27) x R,) by

(2[Vu)(x,v)

1 v 1v y 1v
_EI: <X+2_l v)“r‘ <X—Z v):|u(x,u)

—i n on .
_2«/2nﬂ§/|:v(x+2>+v<x 2)i|.7:vu(x,7’l)e Tdn. (2.5)

As for the operato®[V] we obtain
HQ[V] HB(Lz((O,Zﬂ)XRU)) < ”V”OO (26)

Proposition 2.3. Let V € W1 (R). Then,
O[V](vw) =vO[V]w + 2[V]w 2.7

holds forw € X.

Proof. By partial integration we obtain

@[V](vw)zéR/R[(v(Hg)—V<x—g>>

x v'w(x, v)e! O gy dy

0]

X [v/efi”/"] dndv

& [J(eler3)n(-3)
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x w(x, v)e! = gy gy’
i n n
— | Vix+Z)-V( x—<
+2n//< (+2) < 2))
R R
x w(x, v)e! = gy gy’

=2[Vi]Jw +vO[V]w. a

Now, let us consider the nonlinear operaibdefined onX by
u+> Bu:= —@[V[u]]u,
whereV [u] is the 2Zr-periodically extended solution of the Poisson equation
Vix =n[u]l— D, xe€(0,2r),
V(0) =V (2n), (2.8)
with n[u](x) = fpu(x, v)dv.

Lemma2.4. Let D € L1(0, 27). Then
(a) B mapsX into itself.

(b) Moreover, the operatoB is of classC* in X, and satisfies

|Bus — Buz|x < C(llusllx + lluzllx + 1Dl 10,27y lu1 — w2l x.
foruq, us € X.

For the simple proof we refer the reader to [3].

Remark 2.5. In the proof of Lemma 2.4 it is essential tHat||x controlsr[u] in
L1(0, 2r) (see (2.1)). Hence the solution of the Poisson equation (2.8) satisfies
Viu] € W(0, 27) and | OV [ullllBcx) < CIV [l oo gy-

We rewrite the WPFP system as

w; = Aw + Bw, t>0,

w(t=0)=w! eX. (2.9)
The main result of this paper is

Theorem 2.6. Let D € L1(0, 27).

(a) For everyw! € X, the WPFP problen(2.9) has a unique mild solution
w € C([0, 00), X).

(b) If w! € D(A), wis a classical solution, i.ew € C1([0, 00), X) andw(r) €
D(A) fort > 0.
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Proof. We considerB as a bounded perturbation of the generatorSince B
is locally Lipschitz continuous, Theorem 6.1.4 of [10] shows that (2.9) has a
unique mild solution for every’! € X on some time intervdD, rmax). Moreover,
if fmax = fmax(w’) < oo then lim .. |lwllx = oo. Since B is of classC*®
in X, Theorem 6.1.5 in [10] proves that is a classical solution ofD, tmax) for
w! € D(A).
To provermax = co we shall now derive an a priori estimate fap(7) | x .
Step 1 Here we shall derive this a priori estimate under the assumptioa
D(A). To this end we consider the evolution equation |fm1|§(. By computing
its time derivative and taking into account (2.9), we deduce

1d
2dt

Using the dissipativity oA — (o + 8/2)1 (cf. (2.4)) we conclude that

1d B
> —Jwl% < <G+ §>Ilwll§( + (Bw, w)x.

The skew—symmetry of the operate{ V] implies finally that

27 ||w||X < <G+ ﬂ) |w||X // vw.Q Vx(t)] (2.10)

On the other hand, sinc& — (8/2)1 is dissipative on the spade?((0, 2) x
R), the estimates

—llwl§ = (Aw, w)x + (Bw, w)x.

d
TlwlE<plwl3 and w3 < w13 (2.11)
follow. From the proof of Lemma 2.4 in [3] we have for the solution of (2.8)

[VIwl o020y < CUIwllx + 1Dl 11 0.20))-
Using (2.6), (2.10) and (2.11) we hence obtain

1d B
gt = (o 5 )i

<f/ w2V, (0]w < | Ve )] L lvwllz2lwll2
< C(llwlix + D) llvwl2lw! [2#/2
< Clw! 2% (Jwli% + llwlix 1 Dl11)
< Clw! 12?2 (Jwli% + 1D113).
Thus
d
anni@(nnwn%b(r),

where
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a(t) =Cllw! ||2¢#/?" + B + 20,
b(t) = Cllw’|]2¢"#/2" D||2.

Finally, applying Gronwall’'s inequality yields

t
Jw() ||§( < ||w’||§eféa<s>ds+/b(s)ef.fa(f>dfds, t>0. (2.12)
0

Hencermax = oo holds.

Step 2.Since (2.12) only involvegw! || x this result carries over ta! only
in X by the following density argument.

Forw! € X let (w!) be a sequence iP(A) such thatw! — w’ in X. Using
(2.12) we have for every! an a priori estimate for the corresponding classical
solution:

Jwa |y <h(), Vi=0,neN,

with & € C[0, oo) independent of.

Let w € C([0, fmax(w’)), X) be the unique mild solution far!, which exists
according to the first part of this theorem.

Next we assumemax(w!) < co. Thus imy oty lw(O)1lx = oo. For the
continuous, monotonously increasing functign) := max{|w(z)|lx, 0< t <1t}
we also have lim, 1) g(t) = oo.

ChooseN e N with N > 2maxh(t), ¢ € [0, fmax(w’)]}. Then there exists a
tn < tmax(w’) such that

gltn) =N,
g <N, t<tyn,

gt) =N, ty <t <tmaxw’). (2.13)
We denote by y the Lipschitz constant of the operatBron
By :={ueX, lulx <N}

Let B be a (globally) Lipschitz extension & outside of By. Thus, applying
Theorem 6.1.2in [10] ofD, 7] we obtain a Lipschitz dependence of the solutions
on their initial values,

lw — wallco,m,x) < C(LN) ||wl —w, ||x

Thus,w, — w in C([0,tx], X), and lw@®)|lx < h(@) < N/2 for 0<t <ty
follows. This contradicts the assumption (2.13}1
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Appendix A. Proof of Lemma 2.2

To prove the assertion we shall construct for egich D(P) c L2((0, 2) x
R) a sequencd f,} ¢ D(P) such thatf, — f in the graph norm||f|p =

A2 +lvfli2 +11Pfli2+IvPfllL2.
To shorten the proof we shall consider here only the case

P=pu+vvd, + Booy —}—083 + 2y 0,0x —i—aE)f

(cf. the definition of the operatot in (2.2)), but exactly the same strategy extends
to the general case.
First we define the mollifying delta sequence

on(x,v) = nzfp(nx, nv), neN, x,vek,

with the properties

9eCOM®D,  ¢(x.v) >0, //go(x, ydrdo =1,

suppyp C {Ix|?+ [v]? < 1}.

The velocity-cutoff function

Yn(v) := 1/f<2), neN, veR,
n
is assumed to have the properties

Y eCPM®, 0<yw<l |V w|[<C; YweR, j=12
suppy C [—1,1], V121721 =1.
We now define the approximating sequence

Fux,v)i= (F @) (x,0) - Y (v), neN,

wherex denotes the convolution inandv. Remember thaf denotes the (i)
27 -periodic extension of the functiofi € X to R2. By construction we have
fu € C®(R?) and f, is 2r-periodic inx with compact support im. Now, let R
denote the restriction operator of (k) 2x-periodic functions ta(0, 27) x R.
Then, f, :== R f, € D(P). According to the 4 terms of the graph norm we split
the proofinto 4 steps:

Step 1Sinceg, — § in D' (R?) andy,(v) — 1 pointwise, we have, — f
in L2 .(R,) x L%(R,) and

fa— f inL?((0,27) x R).
Step 2For the second term of the graph norm we write

V= f % @) ¥n + (f % v@n)¥n.
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The restriction of the first summand converges foin L2((0, 27) x R) and the
second term converges to 0 singg, — 0 in D’ (R?). Hence we have

fu— f inX.
Step 3To prove thatPf,, — P in L2((0, 27) x R) we write
P fo = 1(f % @)Y + v fi % @) in + B fo % 9u)¥n
+0 (fou* @) ¥n + 27 (fro % @)V + @(frx % @)
+ r,}(x, V)
= (Pf 5 @)Y +ryy(x, v).
As we shall show, the restriction of all six terms of the remainder

rE = v(f % v3r @) Un + B * @n) W Yn)

~ ~ 1
+ ,B(f * av(”‘ﬂn))’ﬁn + 20 (f * (;&z@n))(”avwn)

- ~ (1
+o(f* <Pn)33% +2y (f * (;&c‘ﬂn)) (ndyYrn)
converge to 0irL2((0, 27) x R).
In the first termvd, ¢, — 0 in D’'(R?). Hence we have

R(f* viy@,) —> 0 in Lz((O, 2m) X ]R),

and the same argument holds for the third term.
For the second term we have

v (v
VoY ==Y <_)s
n n
which is in L*(R), uniformly for n € N and with support in[—n, —n/2] U

[n/2, n]. Hence, the second term converges to Q.#4(0, 2r) x R).
In the fourth term(1/n)d,¢, — 0 in D’'(R?), and hence

~ 1
R(f * <—8v(pn>> — 0 inL?((0,27) x R).
n
Furthermorend, v, = ¥'(v/n) with |’| < C1. By the same argument also the

sixth term converges to 0 ib2((0, 27) x R).
Finally, the fifth term convergesto O since

1 .
O = ;W(%) with || < Ca.

Step 4To prove thaw Pf, — vPf in L?((0, 27) x R) we write
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VP fu = f % @) + v fi % @)V + B fy % @) Y
+ 0 (U foo * @) Vn + 21 (U fro % @)V + (U frx % 9)Pn
—i—r,%(x, V)
= (WP f) % @n)Yn + rZ(x, v),
with the remainder

r}% = M(f* Vo) ¥n + ZV(Uf* VOx @) Yn + V(f* Uzax(pn)wn
+BOS g+ [ xv0n) 030y + 2B (v f 5 3y (ve) ) ¥
+ ,B(f* Uzavwn)l/fn + U(f* avv(v(pn))l/fn

+20(vf* 4 fx ”8”%)1// (E)

+G(f*‘pn)va I/fn‘i‘ZJ/(f*8xv(”‘ﬂn))’a”n
x  VOx@p v x
+2)/(Uf* +f )1// <;) +O‘(f*v8xx§0n)Wn-

For proving that the restriction of all termsqﬁconverge to 0irL2((0, 27) x R)
we recall that botly, vf € L?((0, 27) x R). Since the strategy of the proof is the
same as in step 3 we shall only give the key points:

The distributionsvg,, v, ¢,, V20:@,, 8, (VER), V20u@n, due(VPn), dv@n/n,
V@ /1, Oxu(V@R), Dx@n /N, V@, /n, andvd, ., all converge to 0 irD’ (R?).
Further,vafm//,, — 0 in L*°(R) and the termwd, v, was already discussed in
step3. O
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