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Abstract—This paper adds to the numerous investigations of second order conditional structure of
linear forms in independent random variables. A new characterization of the gamma law is obtained.

1. INTRODUCTION

We begin with the celebrated Lukacs [1] Theorem: If random variables X, Y are positive non-
degenerate and independent, then X/Y and X + Y are independent iff X and Y have gamma
distributions with the same scale parameter. Recall that the gamma law is defined by the density

a? ~-1,—az
- -ﬂﬂx" e for z > 0, 1
f(2) {0 for 2 <0, 1)

where a > 0, p > 0 (a is called a scale parameter).

Numerous regressional versions of this characterization are known. One of the most recent
results and references are given in [2]. In all such results, the essential assumptions are imposed
on forms of conditional moments of scale invariant statistics in X and Y given X +Y —see also [3].
In this note we try to free ourselves of this Lukacsian scheme of independence by considering the
second order conditional structure of an arbitrary linear transformation of (X,Y). More precisely,
we are interested in the form of E(U | V) and E(U? | V), where U = aX +bY, V = ¢X +dY
and a, b, ¢, d are real numbers.

It is well-known that these conditional moments characterize the normal distribution—see, for
example, [4, Theorem 5.7.1). However, in this case E(U | V) and E(U? | V) have very simple
forms: they are linear and quadratic functions of the condition, respectively.

In the gamma case, the conditional moments have a much more complicated form. They are
given in Section 2. Section 3 contains the main result which is a characterization of the gamma
law in terms of the properties of conditional moments of linear forms in i.i.d. random variables.
Let us emphasize that we assume slightly weaker assumptions than the exact form of conditional
moments obtained in Section 2.

2. CONDITIONAL MOMENTS OF LINEAR FORMS IN
GAMMA RANDOM VARIABLES

Let X, Y be independent r.v.’s with the common density (1). We compute the conditional
moments E(U | V) and E(U? | V). Observe that, without any loss of generality, it suffices to
consider U=Y —aX,V=Y~-8X,a# 8+#0.

After some elementary but laborious calculations we get: For 8 < 0,

EU|V)=V(Q+ F(V)),
E(U? | V)= Vi1 +24F(V) + A2F (V)),
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forve R, k=016= —L——i (Observe that for § = —1, the r.v.’s Fi(V), k = 0,1, are
degenerate.)

EU | V) =V{1+ AGo(V)I(V < 0) = Hy(V)I(V > 0))},
EU?|V)=VH1424(Go(V)I(V < 0) — Hy(V)I(V > 0)) 4+ A2(GL(V)I(V < 0) + H{ I(V > 0))

where o -
Gi(v) / 2P~ Yz — 1)Ptexp(bvz) dz = / 2P (z — 1)P~ ! exp(bvz) dz
vi i

Ji

for v < 0, and
(=] o0
Hk('V)/ 2P~ (z + 1)P~ ! exp(—bvz) dz = / 2Ptk(1 4+ 2)P~ ! exp(—bvz) dz
0 0
forv>0,k=0,1.

3. CHARACTERIZATION

t X, e positive non-degenerate i.i.d. r.v’s and EX2< o0, U=Y —aX,V =Y — X,
B ;é e are interested in characterizing the gamma distribution by the form of E(U | V)
E(U?

B R
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#
nd

THEOREM 1. Assume that 8 # £1 and

EU|V)=V(1+AZ), 2
T2 1Y = 172/1 LOAT 1 A2\ 0 LA21701 97 /9)
Lo v)= (LT 244 + AL jT VAV (1 —24), (o)

where Z is a o(V')-measurable r.v. and b is a non-zero real number. Then, X is a gamma random
variable.
The result for § = —1 is known—see for example {3] or [5, Lemma 2.3]. The method of the proof
is based on a translation of conditions (2) and (3) into a differential equation of the first order
for the characteristic functions. We make it by a modification of an idea originally applied in [6).
The problem in the case 8 = 1 remains open.

Observe that if X and Y are gamma with the density (1), then (2) and (3) hold with

7= F(V) for 8 <0,
Go(W(V < 0) = Ho(VMI(V > 0) for 8> 0
[§ L AN Vil 7’ VA 7\ Vi ~
and
Q..
b= PP
(1+ B)a

4)

where, for k = 0,1, T} is equal F; or Gy or Hy. Each version of the formula (4) follows from an
elementary caiculation involving integration by parts.
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ProoF. By (2) and (3) for any real t we have

EUe" = EVe®™Y + AEVZeY, (5)
EU%Y = EV2eY + A%EVe™Y + A(A+2) EV2Ze'Y — 24A2EV ZeV . (6)

We differentiate (5) and obtain
EUVE'Y = EV2e?Y + AEV?ZeY. (7
Now, application of (5) and (7) to (6) leads to the formula
EU?e™Y + (A+ 1)EV2'Y = (A4 2)EUVEY + A(A + 2)bEVe™ — 24bEUY .
From the definitions of U, V and A, we find
EY Y EXe-PX = p(g 1 EY Y Ei(-PDX | EeitY BX H(-PDX) (8)

Observe that b > 0—it suffices to put ¢t = 0 in (8). The above equation yields in a neighbour-
hood N of the origin

¢'(t) ¢'(—Bt)

where ¢ is a characteristic function of the r.v. X. Now, by Rao’s theorem (see [4, Theorem 1.5.7]),
we conclude that

2c,

iﬂ=c1t+c, teN. 9

¢'(t)

Taking derivatives of the both sides of (9) at 0, we get ¢, = —i/p for some p > 0. On the other
hand, from (9), it follows that

Ing = ciln(clt +¢) + ¢s.
1

it\ "’
“0=(1-5)
fort € N.

Now the result follows from the fact that the gamma distribution is uniquely determined by
all its moments. |

Consequently,

Laha and Lukacs [7] obtained a characterization of the gamma law by constancy of regression
of a polynomial of the second order on a sum of i.i.d. r.v.’s—see also [4, Theorem 6.2.8]. However,
the method applied there does not fit the situation, when in conditioning we have an arbitrary
linear form. Therefore, it is of some interest to observe that from the proof of Theorem 1 the
following result may be extracted easily (consider equation (8)):

THEOREM 2. Assume that X,Y are i.i.d. positive, non-degenerate r.v.’s, EX? < oo. If for some

B0F#B#£l,and b, b#0,
E(XY - 26X | Y - BX) = %(Y—ﬁX),

then X is a gamma r.v. |
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