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Abstract

This paper is devoted to inequalities of Lieb—Thirring type. Let V be a nonnegative potential such that
the corresponding Schrodinger operator has an unbounded sequence of eigenvalues (1; (V));en*. We prove
that there exists a positive constant C(y ), such that, if y > d/2, then

Z (L] gc(y)/v%—y dx (%)
ieN* Rd

and determine the optimal value of C(y). Such an inequality is interesting for studying the stability of mixed
states with occupation numbers.
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We show how the infimum of A1 (V)Y ‘fRd \%4 % 7 dx on all possible potentials V, which is a lower bound
for [C(y)]71, corresponds to the optimal constant of a subfamily of Gagliardo—Nirenberg inequalities.
This explains how (x) is related to the usual Lieb-Thirring inequality and why all Lieb-Thirring type
inequalities can be seen as generalizations of the Gagliardo—Nirenberg inequalities for systems of functions
with occupation numbers taken into account.

We also state a more general inequality of Lieb—Thirring type

Y F(r() =T F(-A+ V)] < f G(V(x))dx, (%)
ieN* R4

where F and G are appropriately related. As a special case corresponding to F(s) = e ™%, (*x) is equivalent
to an optimal Euclidean logarithmic Sobolev inequality

/plogpdx+—10g(4n)/pdx > vilogvi+ Y v,/|vw,|2dx,

R4 ieN* ieN* R4

where p =Y ; o+ Vi |V |2, (vi)ien+ is any nonnegative sequence of occupation numbers and (v ); cn+ 1S
any sequence of orthonormal L2(R?) functions.
© 2005 Published by Elsevier Inc.
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1. Introduction

Lieb—Thirring type inequalities are well known in the context of the stability of matter in
quantum mechanics. Let i = h/2m > 0 and m > 0 be respectively Planck’s constant and the
mass constant. Given a smooth bounded nonpositive potential V on R?, if we denote by

AMV) < (V) <a3(V)<---<an(V) <0

the finite sequence of all negative eigenvalues of the Schrodinger operator

2

h
Hy=——A+4YV,
2m

then it is possible to bound the sum Z —1 1A (M)|” in terms of ||V y+a/2gay Whatever N is.
The inequality

ZIA WJ” < Cmy)/ VI7*E dx (1)

i=1

is known as the Lieb—Thirring inequality. Here we denote by Crr(y) the smallest possible pos-
itive constant which is independent of V. For y = 1, the sum ZIN=1 [A; (V)] is the complete
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ionization energy, which is the physically relevant quantity for studying the stability of matter.
Considerable efforts have been made to understand further the Lieb—Thirring inequality and in
particular to find the optimal value of Crr(y). Up to now a few facts about the sharp constant in
the Lieb—Thirring inequality are known. It was proved in [1] for d = 1 and later generalized to
arbitrary d in [22] that for y > 3/2 the sharp constant is given by the semiclassical constant, i.e.,
the constant corresponding to the limit problem when letting # — 0, after an appropriate scaling.
Among many other open problems, the Lieb—Thirring conjecture asserts that in d = 1

AL(M)Y
Cir(y) =Gl (y) = y i%fR %
G AT

This has been worked out for the case ¥ = 1/2 in [21]. Also see [2,17,18,20,26,27] for further
results on (1).

What we study in this note is a somewhat different problem, where V is a nonnegative,
unbounded potential on R¥, such that the eigenvalues of Hy form a positive unbounded non-
decreasing sequence (A; (V));en+. Our main result is the

Theorem 1. Forany y > d /2, d € N*, and for any nonnegative V. C®(R?) such that V4/2>~7 ¢
L'RY,

ieN*

> ] <C(y)/V%’V dx. )
R4

The value of the sharp constant C(y) is given by the Weyl asymptotics, i.e., by its value in the
semiclassical limit:

m )‘z’r(y—%)

€= <2nh2 T'()

Although the result is quite simple and arises as an immediate consequence of the Golden and
Thompson inequality, it is to our knowledge new. Some partial estimates have been obtained in
[8] in case of quadratic potentials. We refer to [3,13,23,30] for earlier results in this direction.
The semiclassical formula stems from prescribing 4% phase space volume to each bound state of
the Schrodinger operator. Using this heuristics, we can estimate the series by

—y 1 p2 -y
> k)] N g / (%Jrvoc)) dpdx,

which is easily seen to yield the right-hand side of (2). If one considers & as a parameter, then
as h gets small the two sides in the above relation are asymptotically the same. A rigorous proof
of this fact relies on the Weyl asymptotics, that we will establish later in this paper for a specific
potential V.

We may notice that all physical constants can be adimensionalized. A simple scaling indeed

shows that for any i € N*,
h.om 1,l h
1 ] /2m
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so that in (2),

ry—-%

d
2
CW)lnm= (2—1421) CW)lr=1,m=1,2, Cn=1tm=1)2 = ——5—.
h 4m)2T(y)

From now on, we assume for simplicity that # = 1,m = 1/2.

Theorem 1 is motivated by the study of the dynamical stability of mixed states with respect
to minimizers of variational problems with temperature in quantum mechanics. Inequality (1)
appears in the context of atomic and molecular physics, where it is natural to consider isolated
systems for which the potential V is asymptotically zero at infinity. Computing the full ionization
energy is then a completely relevant question. Requiring that V' grows at infinity makes sense in a
different context, e.g., in solid state physics, where the potential is not necessarily created by the
system under consideration itself, but can be imposed by external devices (for instance a doping
profile) or by a given electrostatic field (applied voltage). In that case, collective effects are
fundamental and it is interesting to investigate how mixed states converge in a semi-classical limit
to a classical system. At the kinetic level, the behavior of the classical system is now reasonably
well understood. For instance one knows in which sense special stationary solutions are stable,
see [4,5]. At the quantum level, many particle systems are not so well understood. A first attempt
in this direction has been made in [28], in a nonlinear case, but the result relies on a rather
weak notion of stability and the exchange term is neglected. For a linear system, we will see in
Section 3 that an appropriate functional for studying the stability of a mixed state, i.e., a sequence
W, ¥) = (v, ¥i)ien* € RT X (LZ(R"))N* made of nonnegative ordered occupation numbers v;
and wave functions ¥;, is the free energy functional

Flv, ¥l:=Y [ﬂ(w) + i /(Wmm2 + V|w,~|2)dx},
ieN* Rd
where B is a given convex function on R . Under the constraints
(Wi’ wj)Lz(Rd)z(Sij VivjEN*’

the functional F has a minimizer made of the sequence 1[} = (Yi)ien+ Of the eigenfunctions
counted with multiplicity, and the sequence v = (V;);en+ Of occupation numbers given in terms
of the eigenvalues by

i = (B)" (= (V).

However, such considerations are purely formal as long as we do not prove that F[v, ¥] is finite
at least for the formal minimizer (v, ¥) = (v, ¥). Such a property is a condition on both 8 and V.
In case

—(1 - m)m_lm_’"v’” ifv>0,

dme .1 3
400 ity <0, 0dme@.D, )

Bv) :{

and with y = ﬁ, for any i € N*, we obtain
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1
= (i (V)"

B + i 2 (V)= (Bo (B ) (=2 (V) + (B)Y (=) (V) = [ (V)] 7.

The free energy is well defined at least for the optimal mixed state if the series D ; .n«[B(V;) +
Vi A; (V)] converges, which amounts to require that ZieN* [A; (V)]77 is finite. A sufficient con-
dition is therefore given by Theorem 1.

Section 2 is devoted to a proof of Theorem 1 based on the inequality of Golden and Thompson
(Theorem 2). We also state a more general result in Theorem 3. The notion of dynamic stability
will be explained in Section 3 and illustrated by several examples. In Section 4, we will come
back to the constant CST) (y) which appears in the Lieb—Thirring conjecture and prove that it is
related to the best constant in some special Gagliardo—Nirenberg inequalities in the standard case
corresponding to V < 0. Such a result is not new, but we also prove that a similar result holds in
the case V > 0 (case of Theorem 1), which is apparently new. We also relate a limiting case to the
Euclidean logarithmic Sobolev inequality. In Section 5 we show in which sense Lieb—Thirring
type inequalities can be seen as generalizations of the Gagliardo—Nirenberg inequalities to sys-
tems. This extends to systems of orthonormal functions what has been observed in Sections 4.1
and 4.2. We formulate optimal inequalities in an abstract framework and apply the result to the
standard case (Corollary 16), to the framework of Theorem 1 (Corollary 17) and to a limiting
case which provides an optimal inequality of logarithmic Sobolev type for systems. Optimal
constants are expressed in terms of the optimal constants for Lieb—Thirring type inequalities.

2. Proof of Theorem 1

The proof of Theorem 1 is straightforward. It relies on a change of variables in the definition
of the I" function and the following inequality due to Golden and Thompson [16,37]. See [31,34]
for an introduction to such methods and a proof based on the Feynman—Kac formula. Here we
adopt the presentation of [35] as stated in [34, Theorem 9.2, p. 94].

Theorem 2. [34,35] Let V be in Llloc (Rd) and bounded from below. Assume moreover that ™' v
is in LY(R?) for any t > 0. Then

d
Tr(e AV < @mn) 2 / eV dx. )
R4
Proof. For completeness, we give an elementary proof of this result. We do not claim originality
here and we give this result only for the convenience of the reader.

Consider the Green function G of the heat equation:

_d _?
G(x,t):=@mt) 2e 4 .

‘We will then write

uC )= f:=G@,t)* f
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if u is a solution of u, = Au with initial data u(-, r = 0) = f. By Trotter’s formula, ¢~/(-4+V)

is obtained as the strong limit of
L L
(enfe™n )"
as n goes to infinity. Then we compute the trace of this last quantity as

t t
/ dxdxidx;... dan<—,x — x1>e%V(XI)G<—,x1 — x2>eﬁv(x2)
n n

Ry

t
..G<—,xn —x)e_:tv(x).
n

With the notation x = x¢ = x,+1, we rewrite this as

n
t n—1
/ dxodxldxz...dxnl_[G<;,xj—xj+l> -1 oV

(Rd)n Jj=0

Using the convexity of x > ¢, we estimate the exponential term by

eiiven < 1 Ze*'VW).

3

This amounts to

n—1 n
t 1
Tr(ex s 7£V [ dxodxidxy ... dx, G(—,x/—x/+1>elv(x")

Rd)" Jj=0

— (d1)~* / eV dx

(Rd)?

using

n

t
/ dxodx1dxy...dxg—1 dxg41...dx, 1_[ G<—,xj —xj+1>
n
(Rd)u—l j:O

G, —x) =@~ 5. O

Proof of Theorem 1. The definition of the I" function gives, for any y > 0 and A > 0,

+00
A= / e dr,

0
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The operator —A + V is essentially self-adjoint on L?(R?), and positive, since V is nonnegative.
This implies, by the functional calculus,

+00
_ 1 i _
Tr((—A+ V) V)ZTV) / Tr(e AT~ dt.
0
Using (4), since vy e L'(RY), we get
+
Tr((—A+V)77) //(4nt)_%e_’v(x)ty_ldxdt
0 R4
Ty —9%)

<——F—— [V(x)]%_ydx.
@m)2T )y,

We define

ry-4%

Cly)=——7F—"—
@4m)2I(y)

and obtain the announced inequality.

The optimality of the constant is established by the following example. Consider the potential
Ve=1in (0,e 'n)? =2, cR?, V, = 400 in §2¢. Such a potential can be approximated by
smooth potentials V' such that V' =1 in §2, and lim,_, o V/'(x) = 400 for any x € £2¢. The
eigenvalues of —A + V; on R4 are the same as the ones of —A + V, on £2, with zero Dirichlet
boundary conditions on 9£2;:

d
1+822n§, ni,no,...,ng € N*,
j=1

so that

d -V
Tr(—A+ V) V)= > (1 +szzn§) :
, j=l1

which behaves asymptotically as ¢ tends to zero as

2 // /(1 e2|x|2)Y (28)"/(1+IXI2)”

ni,ny,....ng eN* nj—1<x]<n]
j=1.2,.

B |Sd ll/ J
2ol ) A+ Y
0
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This is precisely the right-hand side of inequality (2) as can be checked using

d d_
(z) :/ng Vdx and
e

R4

d
2

2 Ty -9r

® pd—1
|Sd_1| = and / 7 dr =
r4%) ) a +r2) 2I'(y)

From the above proof, it easy to see that the result of Theorem 1 can be generalized as follows.
Let f be a nonnegative function on R such that

ff(z)(1+z—%)? <00 (5)
0
and define
F(s) :=/e_”f(t)? and  G(s) :=fe—”(4m)—%f(z)?. (6)
0 0

Notice that if d is even, (—47)@/? d@/2 G /ds@/? (s) = F(s). In the case of Theorem 1,

.y
Iy 2) S%,y.

F(s)=s"7 and G(s)= y
(4m)2T(y)

Theorem 3. Let V be in Llloc (R?) and bounded from below. Assume moreover that G(V) is in

LY(RY). With F and G defined by (6), if f satisfies assumption (5), then

Y F(n(W)=Ti[F(-A+ V)] < / G(V(x))dx.
ieN* Rd
Proof. The above inequality follows from the definition of F':

+00
Ti[F(-A+V)]= / Tr(e_t(_A'H/))f(t)?,
0

inequality (4) and the definition of G. O

As an example, if we apply Theorem 3 with F(s) = e™*, f(s) =38(s — 1) and G(s) =
4m)~2e=5  we get

1
Z eV < —/e_v(x) dx. @)

d
ieN* (47T) 2 Rd
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In the special case V (x) = A%|x|?> 4+ B, eigenvalues are explicitly given as

d
B+) @nj+ DA, ninm.....ng€N,
j=I

and we can compute

—Bt

d
Tr(eft(fAJrV)) — Z eft)»,-(V) — Bt 1_[( Z e(2nj+l)At> — m. (8)
Sin.

ieN* Jj=1 "n;eN*

On the other hand,

1 V) gy = e B
. % e X = (2A)d'
(4m)2 o,

Putting these estimates together in the case r = 1 shows that the upper bound in (7), namely

1 ( A )"_ZieN*ekf(V>< 1

(mi\sinhA ) fae VO dx T 4t

is achieved in the limit A — 0.
Identity (8) is also useful in the case F'(s) = s~ 7 considered in Theorem 1. Using

+00
Tr((-A+V)77) = %y) / Tr(e ATy,

0

we obtain in the special case V (x) = A%|x|> + B the identity

“+o00 +oo

Tr((—A+V)77) = 1 e " ldr = B e v tar
I‘((— +V) ) = T(y) / [ZSinh(At)]d - r'(y) [2sinh(st)]d
0

0
with s := B/A. Under the additional restriction y > d, we get

¢ Py —d)

/V%’V dx = BV A~dx =
'y — %)

R4
With

ry-4%

Cy)= v ,
(4m)2T(y)
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this shows that

Tr(—A+V)7V) 54 T (y—lo—t
Cy) fpa ViV dx T =d) ] Gsinh(s)?

dt =:q(s).

It is easy to check that the function s — ¢ (s) bounded by 1 and achieves 1 in the limit s — 0.
3. Stability for the linear Schrodinger equation

In this section we come back to the physical motivation of Theorems 1 and 3 with more details
than in the introduction and state a list of examples corresponding to various functions F.

3.1. Notations and assumptions

Let E[¢] := fRd(|V1/f|2 + V|¥|?)dx and assume that V is a potential such that the operator

Hy := —A + V has an infinite nondecreasing sequence of eigenvalues (A; (V));en+:
Ai(V):= inf  sup E[¥].
FCL?>(RY) yeF
dim(F)=i

Here the eigenvalues are counted with multiplicity, and to each A;(V), i € N*, we can associate
an eigenfunction v; such that ¥ := (¥;);en= is an orthonormal sequence:

i V) 2@ay =0ij Vi, jeN"

As in Section 1, we also define v; := (ﬂ’)_l(—ki(V)) for any i € N*, v := (;);en+. The free
energy of the mixed state (v, ¥) = ((Vi)ien*, (Vi)ien*) € RT X (Lz(Rd))N* is

Flv,¥1:= Y B+ Y viElyi]

ieN* ieN*

for some given function S. If the potential V is such that —A 4 V has an unbounded sequence
of eigenvalues, it is easy to see that F[v, ¥] is defined only if lim;_, o, v; = 0. This allows us
to re-order the sequence (v, ¥) in such a way that (v;);en+ iS a nonincreasing sequence con-
verging to 0, and we may restrict the domain of the free energy F to S x (L*(R? NN, where
S denotes the set of nonincreasing sequences in R converging to 0, such that ), = B(v;) is
absolutely convergent. Notice that whenever it is finite, ) ; .y« B(v;) is absolutely convergent by
the assumption lim;_, o, v; = 0.

We shall say that assumption (H) holds if 8 is a strictly convex function with 8(0) = 0, which
is C! on the interior of its support and if the potential V is such that —A + V has an unbounded
sequence of eigenvalues (A;(V));en* for which

> B

ieN*

<oo and ZDI-A,»(V)

ieN*

< 00,
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where v; := (,8’)_1 (—2;(V)) for any i € N*. As seen in Section 1, assumption (H) is a conse-
quence of the Lieb—Thirring type inequalities of Theorem 1 if B(v) = —(1 — m)" 'm™"v",
m € (0, 1) (see below Example 2 for more details). In the framework of Theorem 3, F(}) =
—BW) — av with v = (8) "1 (—=1).

3.2. Minimizers of the free energy

Proposition 4. Assume that B and V are such that (H) holds. Then there exists a minimizer
»,¥)eS x (L2(R)HN' of F under the constraint

(I/_/ia 1;Z‘j)LZ(]Rd) = 8,']' Vi,j (S N*
Moreover,
i =(B) " (M(V))

and if V; is positive for any i € N*, the sequence ¥ = (V;)ien+ is unique up to any unitary
transformation which leaves all eigenspaces of —A + V invariant. In particular, any V; can be
multiplied by an arbitrary constant phase factor, so that we may assume that \; is real.

To prove this result we first prove some results about finite mixed states: given any n € N*, we
can define the projection P, of a mixed state (v, ¥) € S x (L?(R¢ )N onto the n-finite mixed
states by P,[v, ¥]:= (v, ¥) with b; = v; forany i =1,2,...,n and ¥; =0 for any i > n + 1.
Let 7, :=F o Py:

n

Falv, ¥1:=)_ (B + v E[¥;]).

i=1

Notice indeed that 8(0) = 0, so that 8(v;) =0 for any i > n + 1. We may decompose F;, into an
entropy and an energy term as follows.

Lemma 5. Under assumption (H), for any (v, ¥) € S x (L2RY)N such that ¥ = (Y)ien* is
an orthonormal sequence,

Falv, ¥1— Fulv. ¥]= Z(ﬂ(w) — B — B )i — 1) + Zvi(E[I//i] — E[V]).

i=1 i=1

Proof. An elementary computation gives
B (W) (i — ) + vi E[Yi] = =i (V) (0 — 0) + v ki (V) = Didi (V) = D E[;]. O

We are now going to study independently the two terms of F;,[v, ¥ ] — F,[v, 1}] and start with
the entropy term.
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Lemma 6. Assume that inf;~ ﬂ”(s)sz_p =:«a > 0 for some p € [1,2]. For any sequence
V)ient € RE*, if Y ien+BWi) and Y n+viB' (Vi) are absolutely convergent, then
(vi —Vi)iens € £P and

> (B — B@) — B/ @) (v — B) =27 Pallv — 113, - min{ v )17, 2, 15117, 7
ieN*

See [5] for a continuous version of this inequality. We may also refer to [19] in the case of
B(v) =vlogv — v and von Neumann algebras, and to [38] for a review of the so-called Csiszar—
Kullback inequalities. For the completeness of the paper, we give a short proof of this result.

Proof. For any i € N*, let £; € [min(v;, V;), max(v;, ;)] be an intermediate nonnegative point
such that
_ _ _ 1 _ o _ _
D (B =B — B G =) =5 3 B =0 > 5 3 i =)’

. 2 4
ieN* ieN* ieN*

Let Z C N*. Using
2/p @-p)/p
(Brmmraretgtrn) <y a-wr-(Ta)
i€l i
we get
_2 ., B 2/p 1-2/p
S iz (Sm-ar) (D)
i€l ieZ i€l
OnZ = {i e N*: v; > 1;} (respectively Z = {i € N*: v; < v;}), we estimate ZieI (ip from above
by 3 ;7 v7 (respectively by >, 7 v7). Using the inequality (a + b)" < 2"~ !(a” + b") for any
a,b>0and2/p =r > 1, we completes the proof. O

Next, we turn our attention to the energy term and recall a result given, for instance, in [26].

Proposition 7. Let V be a potential such that the sequence of eigenvalues (L;(V));en+ of Hy is
unbounded, and choose any n functions V1, . .., ¥, that are orthonormal in L*(R?). Then

n n
D EWi1= ) h(v).
i=1 i=1
We extend this property to orthogonal families.

Lemma 8. Assume that V is a potential as above. For any orthogonal family (¢;)1<i<n in
L2(RY), with ||¢i|I> = vi and vy > -+ > vy, we get

D EGi1= ) vidi(V).
i=1 i=1
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Proof. We prove this result by induction on n. The case n = 1 is trivial. Suppose that the re-
sult holds for any orthogonal system of n functions, and take (¢;)1<i<n+1 With nonincreasing
squared norms (or occupation numbers) vy = --- = v = 0. If v,41 = 0, then the induction
assumption directly gives the result. Assume next that v,41 > 0. By Proposition 7, we have

n+1 n+1
Z [Ild)lll} Z)\(V)

i=1
Multiplying by v,41, we obtain
n+1 n+1
> " By Zvnm V),
i=1
hence
n+1 n n+1

> Eli] Z["l FLE[¢i] — (0 — vnp D (V)} + Y ik (V). ©)

i=1 i=1

Since v; > v,41, we can define the family (u;¢;)1<i<n With u; := (%)1/2, which is orthog-
onal. By the induction hypothesis we get

> g = 3 Bt > D i (V) = 30 v (V)
i=1 ! i=l =l =

In inequality (9), the first sum of the right-hand side is then nonnegative. For the system of the
n + 1 orthogonal functions, we obtain

n+1

n+1
D Elgi]= ) vini(V),
i=1 i=1

which completes the proof of Lemma 8. O

Proof of Proposition 4. By Lemma 8 we get

n

Falv, ¥12 D (Bi) +viki(V)),

i=1

hence a minimization of F, under the constraint (i, ¥j) 2rdy = 8i; directly gives, for any
v, ¥1e S x LR,

Fulv, ¥1= Fulv, ¥1.
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Assumption (H) gives the absolute convergence of the series in the definition of F (v, ¥). Sup-
pose now that there exists (¥, ¥) € S x (L2(R?))N" such that F(¥, ¥) < F(», ¥). This implies
the existence of a N € N* such that

N N
Y (B +HEW1) < Y (B + B E[il),
i=1 i=1

which contradicts the result on finite mixed states. O
3.3. Stability

As a consequence of the conservation of the energy E[-] under the evolution according to the
Schrodinger operator id; — Hy, we obtain the conservation of the free energy. Notice here that
all above computations have been done with functions taking real values and need to be adapted
to the case of complex-valued functions as soon as we consider solutions to the time-dependent
Schrddinger equation.

Proposition 9. Assume (H) and consider an initial mixed state (v, WO) € Rlﬁ* x (L2(RI)N",
If (v, ¥(t)) is the mixed state where each of the components evolves according to the linear
Schrodinger equation

iy =—Ay;+Vy;, xeRY >0,

with initial data 1//;) for any j € N*, then

Flv.v®)]=F[v.¥°] ve>o0.

To state a dynamical stability result, we have to impose a decay property of the sequence of
occupation numbers as in Lemma 8. From Lemmas 6 and 8, and Proposition 9, we deduce the

Corollary 10. Consider an initial mixed state (v, 1/[0) €S x (LXRY)N with a nonincreasing
sequence of occupation numbers v. Under the assumption of Lemma 6, if (H) is satisfied, then
foranyt > 0,

— - . -2 ,=yp—2
27 Py — v[|g, -min{[wlly, " 1815, )+ Y vi(E[wi ()] — 4(V)) < Flv. 9],
ieN*
where both terms of the left-hand side are nonnegative.

3.4. Examples

We conclude these comments on stability results by a list of examples of various functions
B and by the corresponding Lieb—Thirring type inequalities given by Theorem 3 with —F (s) =
(Bo(B) H(—=s)+s(B) " (—s). We refer to [10,11] for a similar discussion in a non-quantum
mechanical context.
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Example 1. Let m > 1 and consider B(v) := (m — D)™ 'm™™v". With B'(v) =

(m — 1ym=ml=mym=1 = _3 and m = % we get —(B(v) + Av) = F(A) = (—A)Y, which
corresponds to the setting of the standard Lieb—Thirring inequality (1). The case y € (0, 1) is
formally covered by B(v) := —(1 — m)" ' |m|™™v™ with m € (—00,0), m = % again and

F(s) = (—s)Y, but in this case, 8 is not convex and the free energy F cannot be defined as
above.

Example 2. As seen above, for m < 1 and g(v) := —(1 — m)" L m—mym | with B'(v) =
—(1 =m)ymtpl=mym=1l — _) and m = #, we get: F(L) = A~7, which corresponds to the

setting of Theorem 1.

Example 3. If 8(v) :=vlogv — v, then 8/(v) = logv = —A. According to Theorem 3, the cor-
responding inequality is

1
I e _fe—V(x) dx.
(47‘[)d/2

ieN* R4

This case can formally be seen as the limit case m — 1 in Examples 1 and 2. Here F(s) = e,
G(s) = (4m)~4/2e=s.

Example 4. If (v) :=vlogv + (1 — v)log(l — v), then '(v) =log(;%;) = —A and F(s) =
log(1 + e™*). According to Theorem 3, the corresponding inequality is

> log(14+eHW) < / G(V(x))dx,

ieN* Rd
where G is given in terms of F by (6).
In all the above examples we have to assume that lim;_, o, A; (V) = 400, except in Example 1
where 1; (V) <0, lim;, o 2; (V) = 0 and we adopt the convention that A; (V) =0 for any i > N
if there are only N negative eigenvalues.

4. Lieb-Thirring and Gagliardo-Nirenberg inequalities

In this section, we will focus on consequences of Theorems 1 and 3, when one takes only
partial sums, and especially when only the first eigenvalue is considered.

4.1. Optimal constant in the Lieb—Thirring conjecture

We begin with a remark on the connection of the best constant in the Lieb—Thirring conjecture
and its extension for d > 1:

Y
= ot O
VE‘}QEWRHW 2dx
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with the best constant in some special Gagliardo—Nirenberg inequalities. Such a result has al-
ready been established in [2,39] (also see [15,32,36] for earlier references). We give it here for
completeness and in order to insist on some interesting scaling properties.

Define the function set for the potential V by

X, :={VeL’*5(RY): V<0, V#£0ae)

and note that by density of D(RY) in L?*% (RY), it holds that

AW

VeXy ,,|V|7’+2 dx
St S

Cir () =

By definition of A1 (V), we have

Jpa |Vul?dx + [ga VIul*dx

M(V)y= inf
ueH'(RY) Jga lul?dx
u#£0 a.e.
Let
2y +d
2y +d-2

and consider the optimal constant Cgn(y) of the Gagliardo—Nirenberg inequality corresponding
to the embedding of H L(R?) into L2 (R%):

d 2y
iy e in IVl s 11 s 10

ueH!'(R?) ||M||L2q(Rd)

uz#0 a.e.
Notice that for y > max(0, 1 —d/2),

1 d 2 2d

> an < —

q q d—2

Theorem 11. Let d € N*, For any y > max(0, 1 — %),

R () =1 [Can)] ",

where

2y ( d \'"w d
K1(V)=7 2 +d and Kz()/)=2+;.

Moreover, the constant C (y) is optimal and achieved by a unique pair of functions (u, V), up
to multiplications by a constant scalings and translations.
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The scaling invariance can be made clear by redefining

1 1
[CXW]7= sup  sup R, V),
VeX, ueH'(RY)
V#0ae. uz0 ae.

where

Jga VIul?dx + [pa |Vu|*dx
144 ’
LVJr%(Rd)

R(u,V)=
Jra lul?dx || V|

Note indeed that A1 (V) <0, and R(u, V) is invariant under the transformation
W, V) (up =uh-), Vi =22V (),
ie., R(uy, Vi) = R(u, V) for any A > 0.

Proof of Theorem 11. By Holder’s inequality,

/|V||u|2dx<A||u||iz,,(Rd) with A= || V|

R4

d .
LYt2 (Rd)

Let 7 := [lull 2 ray/ 4]l 2 (ray- The Gagliardo—Nirenberg inequality (10), namely

0 1-6
CGN(Y)”“ ||L2‘1(Rd) < “VMHLZ(Rd) ”u”LZ(Rd)

. _d .
with 6 = 3y7a can be rewritten as

Vil 2 (ga 1
—EED > [Canty)T]?.
[|u ||L2(Rd)

Putting these estimates together, we obtain

A2 —[C frd
° —[Con(py)]oT
Aty

R(u,V) <

An optimization on t shows the bound of Theorem 11, which is independent of A, and gives the
expressions of k1 (y) and «2(y).
The estimate is achieved since all above inequalities can be saturated by considering

d 4
VI 2 2v=u)®? & V=V,=—|u|Z 2 =u4D, (11)
where u is a solution of

Au+uP9 Dy—u=0 inR%.
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Up to a scaling, these two equations are the Euler—Lagrange equations corresponding to the
maximization in V and u, respectively. Because of the second equation, the relation with the
Gagliardo—Nirenberg inequality is straightforward. In other words,

Jpa 1?7 dx — [pa|Vul?dx  fpa |up 9 dx — [pa |Vuy | dx
1 = 1
S 1 dx ([ 4 dx)? (Ja 129 dx)?

R, V)< R, V,) =

)

where

1

1 d
uy =rda-Ty(x-) and 22 4*1)=||u||L2(Rd),

so that [lu; |l 2ray = 1,

2 2
2 — [Con(p)]TT7

29
TV

R(u,V)<

3

and the result holds by optimizing in T = [[ux || 12 (gey- O

Remark. The optimal function in the Gagliardo—Nirenberg inequality (10) is given as the non-
negative solution of (11) in H I(R?). The existence of a minimizer of (10) was established for
the first time in [40] by Weinstein in order to prove a sharp condition for global existence of
a solution to the nonlinear Schrédinger equation. This minimizer is radial, positive, decreasing,
and unique up to translations, multiplication by constants and scalings. See for instance [33] for
uniqueness results of radial solutions, and references therein for earlier related results. Optimal
function are not explicitly known in general but are easy to compute numerically as well as the
optimal constants, see for instance [29,39].

4.2. Theorem I and Gagliardo—Nirenberg inequalities

In this section, we adapt the remarks of Section 4.1 to the case V > 0 of Theorem 1. The
interpolation of [[u|| ;2 ra), With 1 <g <d/(d —2),d = 3, between [|Vu||;2gay and [[u]| 12 ga)
of the previous section is a standard case of Gagliardo—Nirenberg inequalities, but there is also
another interesting case in Gagliardo—Nirenberg inequalities, which is somewhat less standard.
It corresponds to the interpolation of [|lu||;2(ga) between ||Vul| 2 ey and fRd |u|?4 dx for some
q € (0, 1). See [9] for a similar setting, where both cases have been taken into account. What
we establish in this section is that these less standard inequalities are related to the estimate of
(A (V)17 in terms of [ VvaIz=y gx.

Consider now a nonnegative smooth potential V € C*(R?) such that

lim V(x)=4oc0

|x]— 400

and denote by A1(V), L2(V), ... the positive eigenvalues of —A + V. By density we may extend
this set of potentials to the set

Y, :={VI7 eL'(RY): V>0, V#+o0ae.).
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Let

2y —d
=% co1
=557 n—a b

and define an optimal constant of a second type Gagliardo—Nirenberg inequality by

d
IVull g
Coin) = inf LR
ueH' (RY),us0 ace. el 2 (ray
/]Rd |u|?4 dx<oo

1q_d
(frga 1| dx)2a 737

12)

Theorem 12. Let d € N*. For any y > d /2, there exists a positive constant CV (y) such that, for
anyVey,,

(] < c<”(y)fv%—ydx.
R4
As in Theorem 11, the optimal value of C™V (y) is such that
P =am[Canm] .

where

o= (29) "2 (d(1 - q))*
T A =g 297

and Kkx(y)=2y.

Moreover, the constant CV(y) is achieved by a unique pair of functions (u, V), up to multipli-
cations by a constant, scalings and translations.

Notice that ¢ < 1, and 2¢ > 1 if and only if y > 1 + d/2. The best constant in the above
inequality is
A WDIY

d °
veY, [eaV27Vdx
V#£0 a.e.

cVy):=

The scaling invariance can be made clear by writing

1
[cCVY)]7 = sup sup  Ru,V),
VeXy, ueH'(RY)
V#0 ae. u#£0ae.

where

2 d_ 1
vy s GV )
Jra IVul?dx + [ga V u|?dx
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is invariant under the transformation
W, V) (0 =u), Vi =22V (),
i.e., R(uy, Vi) = R(u, V) for any A > 0.

Proof of Theorem 12. By Hoélder’s inequality,

q I—¢
/uzqu=/u2qVq -V 4dx < (fV|u|2dx) (/V_% dx) .
d d

R4 R4 R R

With A := (fpa V717D dx)=1=0/0 = (fp, V277 dx)* @7 =D this means that

1
/V|u|2dx>A</|u|24dx>q.
d

R4 R:
We may therefore estimate R(u, V) as follows:

2 1-£L
||u”L2(Rd)A 2y

R(u,V) < -
”Vu”iz(Rd) + A(fRd |u|2 dx)a

An optimization under the scaling A — A~4/2(- /1), which leaves the L2(R?)-norm invariant,
shows that

2
2d(1-9) TT—T2q 2 1
2 2 - 2 . — 1
VUl 2 gy + Allull} 2 gy = ||w||22‘q<;§§:§q( / Jul qu) AT (¢ (y)) 7
R4
using
2q d

S S
d(1—gq)+2q 2y

Using the Gagliardo—Nirenberg inequality (12), we get

XI=

2 1-£ -
IVulFagay + Al gay = [CENO| Ul 2 gayA ™ (1))

which proves that C™V (y) <k (y)[CEN(y)]”‘Z(V). It is moreover easy to check that the equality

holds in Holder’s inequality if Vvl is proportional to |u|%. By taking a minimizer of (12),
this completes the proof of Theorem 12. O

Remark. Notice that optimal functions are not explicitly known, unless d = 1. Solutions to the
Euler-Lagrange equations have compact support and minimal ones are radially symmetric and
unique up to translations, see [7]. Also see [9] for more details.
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4.3. General case

We may try to generalize the approach used for power laws to general nonlinearities like the
ones of Theorem 3. However, this is not as simple as when evident scaling properties are present.
We may indeed write

¢ — sup F1(V))
F Jea GV () dx

’

where the above supremum is taken on an appropriate space. Assuming that F is nonincreasing,
. 1
we may characterize C;) as

F([pa(IV$* + V|¢[>) dx)
V.é Jra G(V (x)) dx ’

so that the optimal value is at least formally given by

F(Jpa(VI* +161*(G) " (k]¢])) dx)
pe ! (B Jga (G o (G~ D(k|p|?) dx '
Jra 1¢1? dx=1

ey =

where « is given in terms of ¢ by
K=@$U1F(/hvm?H¢m651@wR»m)
Rd

This indeed results of the optimization with respect to V', which amounts to
k|¢]> — G'(V) =0.
This strategy is, however, easy to implement in one more case: F(s) = e~ *. In this case,

o0 o~ Jra IV +V 91 dx
F = sup

V.$ (47‘[)7[1/2 fRd e*de'
Jpa 1617 dx=1

The optimization with respect to V gives

V = —log(I61%)

up to an additive constant such that

/e_vdx=/|¢|2dx=1,
Rd

R4
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which plays no role because its contribution to the numerator and to the denominator cancel.
Summing up the inequality is therefore simply equivalent to the usual logarithmic Sobolev in-
equality: for any ¢ € H!(R?) such that fRd |p|>dx =1,

47 )4/2
/|¢|2log(|¢|2)dx+10g<( ”()1) )</|V¢|2dx.
R4 CF R4

From standard results on logarithmic Sobolev inequalities, see for instance [6], it is known that
optimal functions ¢ are Gaussian, which allows to determine the value of Cg):

()
F e '

We will see later an alternative approach which allows to state the following interpolation in-
equality.

Proposition 13. Under the assumptions of Theorem 3, if F and G are related by (6), if F' and
G’ are invertible and if we define

s 0
B(s) :=—/(F’)—1(—t)dt and H(s) :=f(G’)_l(—t)dt,
0 s

then for any ¢ € H'(R?), the following interpolation inequality holds:

/|V¢|2dx+/3</|¢|2dX) >/H(|¢I2)dX-

R4 R4

This result will appear as a simple consequence of Theorem 15, where we take v =
fRd |p|>dx and v; = 0 for any i > 2. We will see that the result holds not only in the frame-
work of Theorem 3 but also in the case where lim; o A; (V) < 00 as it is the case for standard
Lieb-Thirring inequalities.

4.4. Further results

The analogue of the Lieb—Thirring conjecture does not hold in the context of Theorem 1, i.e.,
for potentials such that lim; _, 5o A; (V) = 400.

Proposition 14. With the notations of Sections 1 and 4.2, for any d e N* and y > d /2,
Dy <cm).
Moreover, if F and G satisfy the assumptions of Theorem 3, then

Zlgign Fi (V)
n+— sup

=.c"
W T GV dx ”)

forms a strictly increasing sequence.
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Proof. The infimum CV(y) is achieved by a function u, with support in a ball B(0, R) for some

R > 0, and a potential V, = cui/(d_z(yﬂ)) in B(0, R) for some constant ¢ > 0, and V, = 400

outside. The sequence of eigenvalues of —A + Vi, is therefore given by the one of —A + V,
in B(0, R) with zero Dirichlet boundary conditions on d B(0, R). It is then straightforward to
realize that

D] > [mva] T =cV ).

ieN*
The general case follows from similar reasons. 0O

5. Interpolation inequalities

Assume that V is a potential on R such that the operator —A + V has an infinite sequence
(X (V))ien+ of eigenvalues. Let F' and G be two functions such that the inequality

Y F(n(W)=T[F(-A+ V)] < / G(V(x))dx (13)

ieN* R4

holds (see for instance Theorem 3 for sufficient conditions). Let A := lim;_, o0 A; (V) and assume
that

Spectrum(—A + V) N (=00, 1) = {Ai(V): S N*}.

Note that this includes the standard case of Lieb—Thirring inequalities, which corresponds to
% =0 when V is such that —A + V has infinitely many eigenvalues, and the case considered in
Theorems 1 and 3: A = +o0.

Define o (s) := —F'(s) and B(s) := —fg o~ Y@)dt. We may notice that

X X

F(s):/o(t)dt=/(,3’)_1(—t)dt.

N

We assume that F' is convex on (—oo, A) and Cc! on (—o0, X)) whenever it takes finite values.
This implies that 8 is C I convex and we get

F(s)=-— mig[ﬁ(v) + vs].
Note indeed that, at a formal level,
d _ N—1 _
(B0 +vs]|, g1 ) = B (=) =0 (s).

Inequality (13) can therefore be rewritten as

Do f(IWfiI2 + VI dx+ ) Bi) + / G(V(x))dx >0

et oy ieN* Rd
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for any sequence of nonnegative occupation numbers (v;);en+ and any sequence (v;);en+ of
orthonormal L?(R?) functions.

Let us proceed as in Section 4 and optimize on V for fixed v = (v;)ien*, ¥ = (¥i)ien*-
Assume further that G’ is invertible. Let

Klv,¢1:= ) vilVyil* and p:=) " vilyil’,

ieN* ieN*
and define
H(s):=—[G o (G) (=) + (G (~9)].

It is straightforward to check as above that
dH _
—-©) == (=9,
s
and write
0
H(s) = /(G’)—l(—t) dt
N
provided (G')~! is integrable on a neighborhood of s = 0.
The optimal potential V has to satisfy

G'(V)+p=0,

so that

Zvi/Vllﬂilzdx+/G(V(x))dx=—/H(,o(x))dx.
ieN* RY Rd R

Summarizing our computations, we have proved that (13) can be rephrased as

Theorem 15. Under the above notations and assumptions, the following inequality holds:

Kivow1+ Y pon > [ Hepdx (14)
R4

ieN*

with p =", .y Vil Wi 12, where (v;);en+ is any nonnegative sequence of occupation numbers and
(Yi)ien+ is any sequence of orthonormal L*(R?) functions.

Written with such a generality, the result is maybe not as striking as when it applies to the
various examples of Section 3, for which all the assumptions made above can be verified. To keep
the generality of our result, we will not try to give sufficient conditions on B and V for which
all these assumptions can be established and prefer to state three applications corresponding to
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the function B for B(v) = const - v with m € (—o00,0) U (1, +00), B(v) = —const - V™ with
me (0,1)and B(v) =vlogv —v.

Example 1. Let m > 1, which corresponds to the setting of the standard Lieb—Thirring in-
equality (1), and consider (V) := c,V™, ¢ = (m — D" 'm™ m = %’ F(s) = (—s)" and
G(s) = Crr(y)(—s)’T4/2 Define

2y +d . d\141
=0 d K = C = .
1=y a2 ™ q[ LT(J/)<J/+2>}

Corollary 16. With the above notations, for any m € (1, 400), the following optimal inequality
holds:

K, ¥]1+cn Zv;"}IC/pqu.

ieN* Rd

Using the scaling invariance, we can reformulate this result as follows. If we replace ¥; (x) by
A4 24;(x /1) and v; by A40=1/Dy; | the right-hand side of the above inequality is invariant. An
optimization of the left-hand side shows that

(1-0)
(Klv, m)"( > v{") > L:/p‘f dx,
R4

ieN*

where 6 = W and L can be explicitly computed in terms of IC, d and y.

The case m = % € (—00, 0), which corresponds to y € (0, 1) and B(v) := ¢, V", ¢ 1=
—(1—m)"™ Ym|™™ is formally covered with the same constants, but does not enter in our frame-
work for infinite systems (see Example 1, Section 3.4). Notice that g varies in the range (1, 1+ %)
form > 1 and (1 + %, ﬁ) ifm<0.Thecasey =1,g=1+ % is not covered.

Example 2. If m € (0, 1), which corresponds to the setting of Theorem 1, and 8(v) := —c,, V™,
emi=0=m)" =" m= ﬁ, F(X) =177 and G(s) = C(y)s?/?>77 . Define
2y —d 4 d\7¢!
=—¢€(0,1 d K ' :=¢q|C - = .
q 2(y+1)—d6( ) an q[ (V)(V 2)}

Notice that due to the restriction y > d/2, the range of m is reduced to the interval (diﬂ, 1).

Corollary 17. With the above notations, for any m € (diu’ 1), the following optimal inequality
holds:

KU b1+ K [ x> an 307
R4 ieN*
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Using the scaling invariance, we can also reformulate this result as follows. If we replace
Vi (x) by 27424 (x /1) but do not change v;, the right-hand side of the above inequality is of
course invariant. An optimization of the left-hand side shows that

(1)
(K, 1/,])9< / 4 dx> =Ly v,

RA ieN*

d

where 60 = 354D

and L can be explicitly computed in terms of I, d and y.

Example 3. If 8(v) := vlogv — v, then B'(v) = logv = —A, F(s) = e¢* and G(s) =
(47)~/2¢75  Inequality (14) is a logarithmic Sobolev inequality for systems:

Corollary 18. With the above notations, the following optimal inequality holds:

d
Kv,¥]+ Zvilogvi2/plogpdx+zlog(47r)/pdx.

ieN* R4 R4

As above, an optimization under a scaling preserving the L2 norm of ¥ and leaving v; invari-
ant allows to write

d e Kv,¥]
/plog,odx< Zvilogvi+alog<ﬁm>/pdx.

R4 ieN* R

Note that we immediately recover the Gagliardo—Nirenberg inequalities of Section 3 by taking
v = 1,v; =0foranyi > 2, in case of Examples 1 and 2, but with a priori non-optimal constants,
at least in the case of Example 2. The proof of Proposition 13 follows for the same reason.

Remark. We notice that the limit case y = 0 for d > 3 is not covered. For v; = 1, for
i=1,2,...,N, and v; = 0 otherwise, a Sobolev type inequality for orthonormal functions
has been given in [24,25] in the case which corresponds to the critical Sobolev embedding
H'(RY) — L*/d=2(R4). By taking the occupation numbers v; into account, we always
achieve optimal inequalities which are related in a natural way to some corresponding optimal
Lieb-Thirring inequalities as long as y is positive. To a large extend, this improves the known
results for orthonormal and sub-orthonormal systems [12,14,25].
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