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1. Introduction

In this paper we present further calculations using Langlands’ beyond endoscopy idea. We roughly
describe this concept here. Take a cuspidal holomorphic or Maass form ¢ and an associated L-function
L(s) =Y 2, b”,f?), where b,(¢) are associated complex parameters defined by the dual group. The
focus is on

. 1
o g T

n<X

The limit is the residue of the pole of the associated L-function at s = 1. As it is difficult to study just
one form in this way, we rather study this limit as we sum over all modular forms. This allows us
to use the trace formula. Summing then over the spectrum ¢ along with the averaging of b,(¢) will
“detect” the associated L-functions that have poles.

We provide motivation for our work with a summary of Langlands original idea in [Lan04].
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2. Langlands’ beyond endoscopy

Let Ag be the ring of adeles of Q, and 7 be an automorphic cuspidal representation of GL;(Ag).
We define m(rr, p) to be the order of the pole at s=1 of L(s, m, p), where p is a representation of
the dual group GL(C).

Langlands proposes the study of

1
)ggmw; LT Y log(pla(p, 7. p). (21)

p<X

Here f is a nice test function on GLy(Ag), and tr(w)(f) is the trace of the operator defined by f
on i. a(p, w, p) is the p-th Dirichlet coefficient of L(s, r, p). The quantity

. 1
Xh~>moo } Z lOg(p)a(p’ T, 10)7
p<X

is equal to m(r, p).

Therefore, summing over the range of representations 7t will “detect” the ones which have non-
trivial multiplicity. The tool used to study this sum over the spectrum of forms 7 is the trace formula.
Ultimately, one gets from use of the trace formula a sum over primes and conjugacy classes, and
hopes by analytic number theory techniques to take the limit. One hopes that after getting the limit,
one can decipher and construct the L-functions having non-trivial multiplicity of the pole at s =1.
Sarnak addresses (2.1) in [Sar] for p the standard representation. He points out that such a computa-
tion can be done, but the tools used for the study of sums of primes is limited, and this problem is
perhaps more tractable if rather studied over the sum of integers.

For the standard L-function the idea then is to evaluate

Jlim ; %tr(n)(f) > a7, p). (2.2)

n<X

This should “detect”, rather than the multiplicities of the poles, the residue of the poles of the asso-
ciated L-functions. We do this because the trace formula with the easiest analytic application for GL;
is the Kuznetsov trace formula, and the sum over integers compliments such a limit.

Rather than use the adelic language, we use the classic Petersson-Kuznetsov trace formula. Then
for the standard L-function, Sarnak [Sar] showed, up to some weight factors needed in the trace
formula,

> gm/X)) an(f)=0(x"*)

n<X f

for any A > 0. This is equivalent to L(s, f) =Y o4 “"Tfsf) being entire. Here g € C3°(R™") and a,(f) are
normalized Fourier coefficients of the cusp form f, and the spectral sum ranges over an orthonormal
basis of holomorphic and Maass forms of a certain level and nebentypus. Further work was done by
Venkatesh [Venk1,Venk2] for the symmetric square L-function. There the focus was taking the limit

for

Jim =3 8@/ Y aa(f).

n<X f
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He showed the symmetric square L-function of a cusp form has a pole if it is induced from a Hecke
character over a quadratic field. We go further and compute

Jim =3 S a(Dane).

n<X & f

This would be inspecting the poles of the Rankin-Selberg L-function. From the Rankin-Selberg theory
we expect some L-functions to have a pole at s = 1. Namely, we expect the L-functions L(s, ¢ x ¢),
where ¢ is the modular form with conjugate Fourier coefficients to ¢ to have a pole.

3. Beyond endoscopy for the Rankin-Selberg L-function

Using a beyond endoscopic approach, we want to show only those L(s, ¢ x ¢) associated to forms
¢ remain.

At the heart of our study is the limit of a product of Kuznetsov trace formulas. Given a smooth
function V on RT of compact support, and positive integers n,l, we consider the Kuznetsov trace
formula

Kn (V) := Sn (V) + Coa(V), (3.1)

where

Sni(V):= Y h(V, Ap)an(®)ar(),
[

Cri(V) ::%/h(V,t)n(n,l/2+it)n(l,1/2+it)dt.

Here h(V, 1) is a certain transform of V, and a,(¢) are normalized Fourier coefficients of a form ¢,
which is either a holomorphic or Maass form. The term 7(l,1/2 + it) is a normalized divisor func-
tion as in [Iw]. These are normalized Fourier coefficients of the Eisenstein series. We will define the
technical details of this sum in more detail in Section 4.

Suppose that W is a second function of the same type as V, and let g € CgO(R*') be a function
satisfying [y~ g dt =1.

We shall study the following limit:

> 8@/ X)Kn i (V) Ky (W). (L)

. 1
lim }
X—00 nez

Define

X 0 . 2.
V xW(2) :=/ /exp(zl(intX))exp((l)Sﬂ 1>V<4_n)w<4_n>@d_y (3.2)
2\y «x z) xy X y/)xy

then we prove that V = W is the convolution operation for Bessel transforms. That is, A4 is the
archimedean parameter associated to a form ¢, and

* [PV o1 x Tdx ifae2Z;

3.3
Joo V@B x1dx  ifreR—2Z. (33)

h(V, ) ::{
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Here, Byit(x) = (2sin(mwit)) =1 (J_2it(X) — J2it (X)), where Ju() is the standard J-Bessel function of
index u (see [IK] and [Wat]). We call it the B-Bessel function.

Theorem 3.1. For all V, W as above, h(V * W ,t) = Cth(V, t)h(W, t), where C; = 27 for t an even integer,
and C; = 7t for t purely imaginary.

Such results are valuable for inverting test functions in the trace formula, and are highly sought
after for higher rank trace formulae. This beyond endoscopic approach could possibly help.
The main theorem proved in the paper is

Theorem 3.2. Let [, I’ be positive integers, then
lim ! n/X)Kp (V)Kpy(W) = 121( (VW)
- 4 = — 4 * .
X X En g nl nl 1l

We find it extremely interesting that if one looks at Theorem 3.2 strictly from the geometric sides
of the trace formula, one has

Corollary 3.3.

ﬁ|,_k

Jim Zg(n/X)< > Clsa,n,covvmﬁ/m))( >
1 —

nez c1=1

S(I',n, c2) (47r\/n_l’/cz)>

ST, d)(V + W) (4r VI’ /d),

Q=

3]
=2
d=1

where

rX + SX
S(r,s,d) = Z e( : )

Xe(Z/dZ)x
is the Kloosterman sum.

The average of a product of sums of Kloosterman sums is another sum of Kloosterman sums. There
is perhaps further application in this statement.

We also prove the cuspidal (resp. continuous) parts of the limit (L) match with themselves, and
the cuspidal and continuous parts are orthogonal.

Theorem 3.4. limx oo % > €(1/X)Sp (V) Sny (W) = 225, (V + W).
Theorem 3.5. limx o0 % Y 8(1/X)Cr ) (V)Crp (W) = 22C; (V5 W),
Theorem 3.6. limy_, oo % > a8/ X)Sn(V)Cp (W) =0.
In a forthcoming paper we plan to add Hecke operators into our trace formula to obtain the
analytic continuation of the Rankin-Selberg L-function.
Very generally these theorems say if we apply the trace formula to the spectral sums ¢, ¢ in (L)

to get the geometric sides of the formula, and take the limit as X — oo, (L) is equal to just a single
spectral sum.
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4. Preliminaries

We start by defining the Kuznetsov trace formula used in this Chapter and its normalization. We
refer to [Iw] book on it’s derivation. Let S(Ip(N)) be the space of holomorphic cusp forms of weight k
for the group I'y(N). For each form ¢ € Sy (I'H(N)), let c;(¢p) be the n-th Fourier coefficient, then define

an@) = | T )
n T (4n)k—l n :

Likewise, for Maass cusp forms we define

arn) \"?
an(¢):=(7) p(n),

cosh(rrs)

where ¢ has L? norm one and eigenvalue 1/4 + s> with Fourier expansion

¢ =Y pMWsnz).
n#0

Here Ws(nz) =2,/yKs_1/2(ny)e(x). The continuous spectrum coefficients are defined as

Tjt (n)

1,1/2 +it) := 27 i cosh(rt) ~1/2
N 172410 =2 cosh Gty e e + 2in)”

where i (n) = Y, _n(a/b)™.
The Kuznetsov formula states

¢}

1 -
Zh(v,}\¢)an(¢)az(¢)+a/h(V,t)n(n,l/Z—i—it)n(l,1/2+it)dt
¢

—00
1
=Y =S(.n,c)V@rvin/o) (41)
c=1 ¢
where the sum ¢ is over an orthonormal basis for Sy (1), k € 2Z and Maass forms w.r.t. the Petersson
inner product, and V € C°(R — {0}).
5. Expectation of poles of Rankin-Selberg L-function

We focus on the holomorphic forms, the Maass forms are analogous. Classically, the Rankin-
Selberg L-function is defined as

L(s, ¢ x ¥) =¢(25) Y _ ca(@)dn(y)n>,
n=1

for cuspidal Hecke eigenforms ¢, ¢ € Si(Ip), with Fourier (unnormalized) coefficients c,(¢), dn(¥),
respectively. The work of Rankin and Selberg show this L-function has much of the same good analytic
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properties of Hecke and automorphic L-functions: analytic continuation, a functional equation, and an

Euler product. They show further if ¢ = ¢, then

i (47.’:)](
m I'(k)

Ress—t ) cn(@)dn(¥)n~* =

n=1

(.9,

and the L-function is entire else. Now taking into consideration the normalization from the previous
section, this same statement about the poles of the Rankin-Selberg L-function is

- 12
(¢.¢) 'Ress—y gan@)bn(ww ==

We ask now what do we expect from a beyond endoscopy calculation for a product of two
Kuznetsov formulas. Now assuming the basis of automorphic forms is orthonormal, one studies

1 -
Jim Zg(n/X)< %:h(V, Ag)an(P)ai(9) + {C~S-C-}n,l>

nez

X <Zh(W,k¢)bn(¢)b1/(¢)+{C.S.C.}n_1/>, (5.1)
4

where {C.S5.C.}; j stands for the continuous spectrum contribution with Fourier coefficient parameters
i, j as in (4.1). If we are free to interchange sums and limits, the heart of the calculation boils down
to investigating the smooth sum over n,

1
% 2 80/ X)an(@)ba (). (52)
nez
Via Mellin inversion, (5.2) equals
1 o +ico L
— f G(S)st ds, (5‘3)
2mi ‘ £(2s)

where G(s) = fooo g(x)x*~1dx is the Mellin transform, and o > 2 to ensure the convergence of the in-
tegral. Assuming Rankin-Selberg theory, we make a contour shift to o1 =1 — ¢, with € > 0 sufficiently
small. Then (5.3) equals

1264,y e
— +0(x™),

where

s ._{1 if =1,
Y o ifg £y
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Therefore, we expect this sum over n to be non-trivial when ¢ = ¢ with residue 171—2 or analogously
(5.1) equals

12
— D (V. Aph(W, Ag)ar(@)by (@) +{C.5.Colir.
¢
This is precisely the statement of Theorem 3.2. The problem is we cannot freely interchange the

spectral sum and the limit in (5.1). However, after using the Kuznetsov trace formula for both spectral
sums and some analysis we can take this limit.

Remark. Theorem 3.2 can be proved using Voronoi summation, very similar to Chapter 3 in [Venk1].
The author focuses on using two Kuznetsov formulas instead, because the Voronoi summation argu-
ment does not work in the Asai L-function case which was the focus of the author’s thesis. The author
has notes proving the result using Voronoi summation as well, but chose not to incorporate them into
the paper.
6. Number-theoretic lemmas

We prove some number-theoretic lemmas that are crucial to our calculation. Using standard ter-
minology, let x be a representative class modulo ¢ such that (x,c) = 1. We then denote X mod c as

the element such that xx = 1(c).

Definition 6.1. Let X(cq, c2,n) denote the equivalence classes of pairs (x, y) with x, y € Z such that
x,c1)=1, (y,c2) =1, and

X+ C1y =n.

Here we say that (x, y) is equivalent to (¥, y’) if x=x' (mod ¢1) and y =y’ (mod c3). Let X(c1, C2, 1)
be a set of representatives for the classes in X(c1, c2,n).

Proposition 6.2. Let (x, y) € X(c1,C2,0), thenx=—y,c1 =c3.
Proof. It is sufficient to study

cx=0(cq).
Since (x,c1) =1, we have ¢z =Xycy, y € Z. Likewise,

c1y =0(c2),
implies ¢; = yy’c,. This implies ¢; = c. Certainly then

a(x+y)=0,
orx=-y. O

It is assumed, unless stated otherwise, n # 0.

Proposition 6.3. Let (x, y) € X(c1, c2,n) and X € Z be an inverse of x modulo c1 and y € Z be an inverse of y
modulo cy. Then there exists a pair (r1, r2) such that rir, =1 (mod n) and

- C+0n _ (1t
X=—") y=—"—.

(6.1)
n n



1698 PE. Herman / Journal of Number Theory 131 (2011) 1691-1722

The pair (rq, ) is uniquely determined modulo n by the equivalence class of the pair (x, y), and the map from
X(cq, c2, n) to the set of pairs (r1, r2) modulo n is injective.

Proof. Set

nx —cy ny —cq
n=——m, n—=—:

(o8] C2
Note that r; is an integer because
nXx—cy=(2x+c1y)x—ca2=ca(xx —1)+c1yx=0 (modcq).
Similarly, r, is an integer.

It is clear that (r1,r2) is determined by the pair (%, y). If we replace X by ¥’ =X + ucy, rp is
replaced by

/
r=r1+un.

Therefore r; =r; (mod n) as claimed. Similarly, (x, y) determines r; modulo n.

If two pairs (x, y) and (x', ¥') in X(c1, c2,n) are both associated to (r1,r2), then Xx=x' and y = y'.
Therefore x=x' (mod cq) and y =y’ (mod c3).

Finally,

_ _ 2-— _ _ __ _

nXx—c2\ /ny —c n%Xy — nxci —nycs nxy — Xc1 — yca

rry = =1+ =1+n :
€1 C2 c1C2 c1€2

But
nXy = (C2X + C1Y)XY = C2XXy + C1Xyy

so we have

C2XXY + C1Xyy — XC1 — yC cxx—1y+ci(yy —Dx
Firy =140 y +cixyy 1 J’z:H_n[ 2( )y +c1(yy )].

Cc1C2 C1C2
The expression in brackets is an integer, so rir; =1 (mod n). O

Definition 6.4. Let c1, ¢y be positive integers. Set d = (c1, ¢2). Assume that d|n. Let Y(cq, c2, 1) be the
set of classes r € (Z/n)* such that

(@) (c1/d)r + (c2/d) =0 (mod §),
(b") (c1/d)r + (c2/d) #0 (mod ) if d’ |d and d’ <d.

Proposition 6.5. The map i : (x, y) — r1 defines a bijection between X(c1, c2,n) and Y (c1, c2, n).
Proof. Let (x, y) € X(c1, c2,n). We show that the associated r; belongs to Y (c1, ¢z, n). Then

. cari+c (c/dr +(c2/d)
oon (n/d)
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Therefore, % + %2 =0 (mod %) and (') is satisfied. Suppose that m is a proper divisor of d and let
d’ =d/m. We claim that %r + % =0 (mod %). If this were not the case, we would have
o/t @/dri _ - (co/d) + /)y

(n/d) (n/d")

This would imply that m divides %, which contradicts the fact that x is a unit modulo c;. Therefore (b’)
is satisfied and r € Y(cq, c2, n). Furthermore, the map i is injective on X(cq, c2,n) by Proposition 6.3.
Next, assume that Y(cq,cy,n) is non-empty. Let r € Z be prime to n and assume that r (mod n)
belongs to Y(c1, c2,n). Set

_ (c1/d)r + (cz2/d) _Gtar

d n/d n

Then & is relatively prime to d because (cq/d)r + (c2/d) # 0 (mod n/d") for all proper divisors d’ of d.
On the other hand, if g is a common factor of both & and c¢y/d, then q|cy/d. But (c1/d,c2/d) =1 so
q = 1. This proves that & is prime to both d and cq/d, and hence is a unit modulo c;. Now choose
x € Z such that x¢ =1 (mod c1) and set x =&. Then

Xk =14 ucy
for some p € Z. We claim that there exists y € Z such that
X+ c1y=n.
In fact,
n—cyx
=
To show that y € Z, observe that c; = xn — cir and so

. n— (xn — c11r)x) _ n(1 —xx) +c1r1X)
- C1 - Cq

=r1Xx—nQ.

Thus we have produced a pair (x, y) € X(c1, ¢, n) that maps to r (mod n). This proves the surjectiv-
ity. O

7. Rewriting the geometric side

By the Kuznetsov trace formula, the limit (L) is equal to

1 21
(L= Jlim — ’gg(n/X)( > aS(I,n, cl)V(4n\/ﬁ/c1)>

c1=1

= 1
x ( > S(l/,n,cz)W(4rr«/nl’/cz)). (7.1)

=1 2

We first reorganize the terms,
1 1 47 /nl 4z /nl’

lim — X ——S({,n,c)S(U',n, o)V w . 7.2
XLngOXXH:g(n/ )c12c:261c2 @ n,enS(l'sn, c2) ( = > ( 5 ) (7.2)

We can do this because the cq, ¢z, sums are finite.
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We now break up the Kloosterman sums and gather all the n-terms.

1 1 Xyl
mrraa X Teien)

e 12 wien yiyr N
« { Ze(n(i—l—l))g(n/X)V<4n\/n_l>W<4nW>], (73)
e C1 C2 C1 C2

where X is the multiplicative inverse of x (c1) (resp. y for y(c)). This is allowed because the support
of g is compact, and therefore the sum over n is finite.

As the term in brackets in 7.3 is a smooth function, we can apply Poisson summation to the n-sum
to get,

LS DIE-OIDIL R

X(C )* y(c)*

{Zf ( (xcHyCl) —tm>g(t/X)V(4”C:/H>w<4”C‘z/ﬁ> dt}. (7.4)

Change of variables t — Xt, gives

. 1 Xyl
lim Z? Z Ze<—+a>

X_)OOCLCz 1 ZX(C1)*Y(C2)* “
o0
Xt(cax +Cc1y —mceqc 4~/ Xtl 4/ Xt
X{Z/E( (Cx+ay ”))g(t)v< )W( )dt}. (7.5)
c1C2 1 C2
MeZ_ng

As we have fixed [ and I, we write

1, 1,62, X) ::/e(%)gmv(“”@)W(‘mm)dt
1€2 1

2

Then (L) is equal to the limit as X — oo of

Y3 Y (X D) St ay-aameo .

C1, C2 x(cl)* y(c)* meZ

Note that for fixed X, the sums over c; and c; sums are finite. Let X'(cq, c2,n) be the set of solutions
(x, y, m) of the equation

C2X+C1y —mcqiCy =n,

where x and y range over a fixed set of representatives of (Z/c1)* and (Z/c2)*, respectively, and
m € Z. Then (L) is equal to the limit as X — oo of

ZZ— Z e<i—l+z—§)1(n,c1,cz,X).

C1C2 > C1
neZ c1,¢2 (x,y,m)eX’(c1,c2,n)



PE. Herman / Journal of Number Theory 131 (2011) 1691-1722 1701
Note that
C2X+C1y —mcicy = Ca(x —mcey) +¢1Yy.

Therefore, there is a bijection between the set of triples (x, y,m) € X'(c1, c2,n) and the set of equiv-
alent classes of pairs (x', y’) in X(cy,cz,n) from Definition 6.1. Thus we may replace the sum over
X'(c1, c2,n) with a sum over X(cq, ¢z, n):

1 Xyl
L= li — —+ = |I(n,c1,c2, X).
( ) Xlal’nooZ Z C1C2 Z e(Cl + C2> (Tl e )

neZ c1,62 (x,y)€X(c1,62,n)
Finally, let
1 Xyl
Anxi=) — Y e(—+y—>1(n,cl,Cz,X). (7.6)
c1C2 C1 2
€1,02 (x,y)eX(c1,c2,n)
Then
D=1l An x. 7.7
(@) X;mmg nX (7.7)

Now define the standard Ramanajuan sum as
sm
m):= E — ).
fn(m) e < n )
s(n)*

For n =0 using Lemma 6.2 we have x = —y and

-
Aox=3" 1D 10.c1,00, %0 (78)
(5] 1

Now for n # 0, we can use the bijection of Proposition 6.5 to rewrite A x as a sum over r €
Y(c1,c2,m):

1+l 1 [(ley 1
Anx= Y e(”:) > —e<2+i)1(n,cl,c‘z,x).

re(Z/ny* ‘o, Q12 \an o n
reY(cy,cp,n)

Definition 7.1. Let X (r) be the set of pairs (c1, c2) such that r € Y(cq, c2,n).

Definition 7.2. Let

1 [1/ly Ix
o =55 (3+5))
« { /e(;—;)g(t)v<4”ﬁ>w<4”;/ﬁ>dr}. (7.9)
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Now assuming
Ly=1 Apx = lim A 71
(L= Jim > Apx =) lim Anx. (7.10)
neZ neZ

the main result of the calculations can be broken down into the cases: n =0, and n # 0.
In Section 8 we show

6811
Jim AOX‘;,— V(y )W(y)— (7.11)
0

where 6 is the Kronecker delta function.
While for n # 0, and for all r € (Z/n)*,

[eelNee)

1 Ic I'c 6 1

lim > —e<—2+ 1)1(n 1,02, X) = 2—//Fn(x, yydxdy.  (712)

X—00 cica; \cin  cn w2n
(c1,62)eX(r) 00

Summing this result for r € (Z/n)*, we get

6 S,I',n
Aux= % ( )//Fn(x y)dxdy.

The results from Section 8 then show

S,
)= (511//V()’)W(Y)7+Z ¢ ")//Fno« y)dxdy)

0
In Section 9.3, (L) is shown to be the geometric side of a Kuznetsov trace formula. Taking the
spectral side of this trace formula completes Theorem 3.2[i.]. Reducing this to Rankin-Selberg orthog-
onality for individual cusp forms then occupies Sections 9, 10, and 11.

8. Calculation for A, x

81 Case1:n#0

Now fix r, then by Proposition 6.5, X(r) is the set of (c1,cy) such that, setting d = (c1, c3), we
have

(1) 9., % are both prime to &
(2) 92 =0 (mod ).
(3) 92 0 (mod %) if d’ is a proper divisor of d.

Now for each divisor d of n, let X(r,d) be the set of pairs (c1,c2) in X(r) such that (c1,cy) =d.
We would like to prove that there is a constant R(n, d) such that

1 I r
im Y —e<2 Cl)l(n c1.c2. X) = R@n, d)——//Fn(x ydxdy (81)
X—00 C1C2 cn con

(c1,c2)€X(r,d)
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and

ZR(n,d):l.

din

Let us describe X (r,d) explicitly. If (c1, c2) € X(r,d), then

C2 C1 n
—=——T4+A-. 2
1 dr+ 1 (8.2)

Lemma 8.1. Fix cq such that c1/d is prime to n/d. Let A be a whole number and define c, by (8.2). Then
(c1,¢2) € X(r,d) ifand only if (A, c1) = 1.

Proof. We show first that (1, c1/d) =1 if and only if % is relatively prime to § and <. Assume that
(%, c1/d) = 1. If p divides both c;/d and c;/d, then (8.2) gives p | n/d, which is a contradiction. And if
p divides cy/d and n/d, then (8.2) gives p|r(c1/d). But (r,n) =1, so this implies that p divides c1/d -
again a contradiction.

On the other hand, if ¢ = (A,c1/d) > 1, then q divides cy/d. In this case, %2 is not relatively
prime .

If d =1, the only requirement is (A, c1/d) =1, i.e,, (c1,¢2) € X(r,d) if and only if (A,cq) =1.

If d > 1, we must also require that

cir+c2 n
0 dp- 8.3
;. # <mo pd> (83)

for all p | d. But

C1r+¢2 n
—=-.
d d
Therefore (8.3) holds if and only if A %0 (mod p) for all p|d. In other words, A must be rel-
atively prime to d as well. But the two conditions (A,c1/d) =1 and (A,d) =1 are equivalent to
A cp)=1. O
Perhaps it is more convenient to replace the pair (cq,cy) with a pair (dcq,dcy) where cq,cy are

relatively prime to each other and to n/d. Then X(r,d) is describe by pairs (c1,A) and the left-hand
side of (8.1) is equal to

1 Ic I'c
lim > 3 e 2+ )i, der.des, X) (8.4)
X—00 d2C1C2 cn con
c1: (c1,n/d)=1 (A,dcy)=1
where

= cr+An
2=-—0 d

Definition 8.2. Let H,(x, y) := %e(;‘—’}: + ,f—,l()l(n,x, y, 1.
Then (8.4) equals
1 dC] dCz
im L Y Y Hn<—, _).
X—>00 X cr: (crn/dy=1 (., dey)=1 VX VX

We prove:
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Proposition 8.3. There exists a 1/2 < og < 1, such that

%oz 2 )

c1: (c1,n/d)=1 (A,dc1)=1

6 1 rr 1
00
where
n
CZZ—C]r+)\.a,
and

> R, d)=1.

din
The implied constant is independent of n and X.
Proof. The LHS of 8.5 equals
1 dC] d( C1r+ )>
'y ¥ Hn< . (86)
X c1: (c1,n/d)=1 (A,dcy)=1 f f

Now fix c1, and define

G(m):=H (dc] m)
= Hn( Zgom)-

Then the condition (A, dcy) =1, is equivalent to A =s +dcqq, for 1 <s <dcq, (s,dc1) =1, q € Z. We
now fix an s, and perform Poisson summation for the sum over q,

Zc(—dqr—i—ns—i—ndc]q)
VX '

qez

We get

—d dcqt
Z/ ( c1r+n)s(+n il )e(—mt)dt.

mez._’

With a change of variables we are left with

VX Ze<(”s_dc”)m>6<mﬁ), (8.7)

ndcq ndcq ndcq
meZ

where G is the Fourier transform of G. Here



PE. Herman / Journal of Number Theory 131 (2011) 1691-1722 1705

(55 [ -%)

T oo (T (o),

dciy dcq ndcq y

the sum over s gives

Z‘?(E)_ < dcq ) ¢(dcq)
dcq =H# (m,dcy) ) (41’

(m,dcq)

We denote

B L d()
fitn) -—“((l,n)>¢(ﬁ).

See [IK]. Note if m =0, we have ¢ (dcq).

Therefore, we have
1 fde, (M) <—rm) ( dcq )
e P — ], 8.8
nﬁ Z dcq Z n o «/Y (88

cy: (c1,n/d)=1 mez

1 r 1/ly UIx
Prpn(x) = — / e(‘(_+_>>
X n\x y

e o (o

where

We define the Mellin transform of a function F as

o0

F(s) = / F(x)xsd—x.
X
0

Since Pp,, is smooth of compact support, integration by parts M times implies

~ n M
Pon@®)=0m({ ————) ). 8.9
() M(((m(l+|t|)>) ) (8:9)

where s = o + it. We now interchange the c; and m sum. This is ok because the c; sum is finite. We
now fix m and study

1 —rm fae, (m) 1 ~ vX\°
) T [ Pee(E) e o

c1: (c1,n/d)=1 Re(s)=0

where o7 is taken large enough to ensure convergence.
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As the ¢y sum is finite, we can interchange it and the integral to get

1 —rm ~ s
mt?(T) / Prmn($)L(s)(v/X)* ds, (8.11)

Re(s)=01

where

fdc, (M)
L= D e
cy: (c1,n/d)=1 (dC1) "

We have 2 parts: m =0, and m # 0.

8.1.1. Part1
For m=0,

¢(d'd) $(c1)
L) = ( Z (d/d)1+s>< . Z C1+s ) (8.12)
d'=[1, p ci: (cp,m=1 "1
pld,pt§
For simplicity, define
_ $(d'd)
zd,s) = ( Z (d/d)H—s)

d'=[T, p!
pld, P*d

Then

L(s, xo0)

L&) =29 7T %0

where g is the trivial Dirichlet character modulo n. It has a pole at s =1.
Now we shift the contour in (8.11) from Re(s) = o1 — 3/4. The pole at s =1 has residue
1 My (HL%)Z(d, 1), and rewrite (8.11) in the case of m =0 as

1 ~
mz]‘[ 2 DPoa() +5—— [ Poaorowxras

pin ¢ Re(s)=3/4

Now remember

1 [1/ly Ix
=3 (5 +5))
x [ /e(t—")g(t)v<4”‘/ﬁ>w(4”ﬁ) dt}. (8.13)
Xy X y

Integration by parts k-times in (8.13) gives

1
Fn(x, J’)=Ox,y<ﬁ>- (8.14)
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Using trivial bounds on the integral and the bound (8.14), we have

1
mz ]_[ Z(d 1)Po.n(1) 4 Oy (an—w) (8.15)
Pl" P

8.12. Part2
For m # 0, the arguments are similar, but the L-function equals

¢(d'd) fey (m)
w-( ¥ fom) X ) (816
d’:]'[ppl ci: (c1,m=1 "1
pld.pt

As everything is multiplicative, we can rewrite it as Z(d, s)M(s), where

U2 () — p(d)
{(S—i— ]) Z ¢1+s Z di+s’

en djm

Now Z(d,s) is entire, and M(s) is analytic for 9(s) > 0. There exists op9 < 1 such that
(1409 +it) #0 for all t € R. We shift the contour of the integral to M(s) = oy and get

! Prn(5)L(s)(VX)* ds. (817)

To bound (8.17), we use the bounds (8.9) and (8.14). Specifically, we can choose M =2 for (8.9)
and k = M + 2 =4 for (8.14). This gives the bound

1 ~ s 1
m / Pm,n(S)L(S)(\/}) ds=0 (m). (8.18)

NR(s)=09p

Now for both cases m =0 and m # 0, we have estimates (8.15) and (8.18), respectively, to get (8.8)
equaling

1
7T2 H Z(d 1)P0n(1)+0(m>, (8.19)
pln

after executing the m-sum.
Finally, notice Pg, is Fy, and we have

1
er 1_|[ (1+ )Z(d 1)//Fn(x y)dxdy+0<72)<(1 00)/2) (8.20)
pin

Now let

R(n,d):=Zd, 1)]‘[

pin

a+3)

Lemma84.> ,, R(n,d)=1.
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Proof. It suffices to do this for n = p!, p a prime, | € N. We note in this case d = p, 0 <i <. Here

1
=
p

and

1 2j
a+H\p

for 1 < j <. Lastly,

1 o0 ¢(pl+k)
R I’ h )
(. p) a+ %) <IZ<=0 p2l2k

Thus we only have to prove

= ; o
¢ (p)) o (p'h) 1
”(Z pzj>+(zm>=l+; (8.21)

j=1 k=0

For the middle sum of (8.21), we get

-1 i -1
o (p)) ( 1) 1 pt-1
~ ) =(1-— —=

p =

For the last sum of (8.21). we have

Xt -HS 1 A= 1
Z p21+2k = Z_k: l(-l_l) =

k=0

Summing the 3 terms then gives

pl—1 1 1
p p p

This completes Proposition 8.3. O
82. Case2:n=0

From (7.8) we have,

Z—fcl(l_l)I(O,Cl,Cz,X):Z—fqa;l){ fg(t)v<4”;/ﬁ)w<4”'xm)dt}. (8.22)
C 1 1

2
c1 1 C1 1 ¢
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Proposition 8.5.

C1

fq (l { / SOV (4n;{ﬁ > W <471'«C/1Xl/t> dt}

_ 631y 1
=2 /fV(y)W(y) +O(x3/4> (8.23)

0 0
The implied constant is independent of X.

Proof. We define

F(x) ::%/g(t)V(‘m;/E)W(M;/V_t)dt. (8.24)

Denoting again the Mellin transform of F(x) as f(s), and using the estimate (8.9), we use Mellin
inversion to write (8.23) as

o+ioco
L fal=bpfa)y_ 111 [ ;
W;TF<W>_\/Y{2m / F($)L($)(vVX) ds}, (8.25)
where
> fed =1
Ls)=)Y % (8.26)
c=1

and o is sufficiently large to ensure convergence of the integral.
Now using the fact that

n
fam)y= Y M(;)r,
rl(m,n)
we rewrite (8.26) as

1 1

_S.
td+s) )T

L(s)=

(8.27)
This is certainly analytic for %i(s) > 0.
If =1, then

¢(s)
LG+

L(s) =
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Shifting contour of the integral to o = 3/4, L(s) has a simple pole at only s =1, only if [ =1' with
residue 5. After the shift, (8.25) equals

5511 4ol -
2 M+ X3/4 (8.28)
With a change of variables y — 4% ;/H
6 [ [ d
LY y
72 //g(t)v(y)W(y)dt—. (8.29)
i y
00

Using the fact fooo gt)dt =1, we are left with

oo
68, I 1

V(y)W(y)—+O X374 O (8.30)
0
We now show the n-sum and limit can be interchanged.

Lemma 8.6. limx_ o0 ) ez Anx = D pez liMx—oo An x.

Proof. We show Ap x is uniformly convergent in X. Fix any € > 0, by Proposition 8.3, we have

C

n
1
x(1—00)/2 Z nzl
m

)

|An,X - Am,X| =

ﬂhmﬂ/m+n2
m

where C is a fixed constant independent of n and X and 1/2 < gy < 1. Suppose n > m # 0 then,

C 2
XA=002 m 41|

h ‘

X(1—00)/2 x4+ 1)2
m

Since we only take X in the range [1, oo) and (1 —o09p)/2 > 0, we have uniform convergence in X by
taking n,m > M(e), such that M(¢) := == — 1. Thus the sum and limit can be interchanged. O

9. Analysis of [ [ Fn(x, y) dxdy

We extend the integrals from (—oo, 00) so we can write this as

/ / (A% y))[_Z (e (T YT a o

After a change in variables x — xv/tl, y — y/tl', we get
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J [ [ JT G2
A Ew()e] [aval. ez
X y Xy

Let

o0 o0 . 24
o= [ [ooln(Ge2)) (05 ) (TE)ET o

and G(z) := F(z) + F(—2z). So (9.2) equals F(4”T‘/’T). We include F(—z) for in (7.4) the sum is over
the integers. The analysis in the previous sections is identical for n or —n, but this integral must be
accounted for in the final calculation.

9.1. Computation for J-Bessel function

Remembering that the J-Bessel transform is

o
, dx
h(Vv, k) =i / V) S (0 (9.4)
0
Proposition 9.1. Let k be an even integer, then
h(G,k) =2mh(V,k)-h(W, k) (9.5)

Proof. It is sufficient to study this for F(z). We note first

( k) = ik/ (W)_] — (W)— = / / V (—)W(—)
h(F, I k—1
w X y

0 —00 —00
00 : 2;
X (i"/exp(wl<i+ X))exp(<l>&>]k—1(w)d—w>d—xd—y~ (9.6)
2\y «x w/ xy wlxy
0

Now make a change of variables x - 4y — 47”, to get

h(F,k):/ /V(x)W(y)

—00 —00

X (i"/ew(w%(f + X))exp(m—y>1k—1(w)d—w>d—x‘j—y- (9.7)
y X 2w w Xy
0
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Notice the test functions V and W are chosen to be supported on the positive real numbers. We

study the integral in the w variable in (9.7). First we make a change of variables w — % yielding

—ioco 5 5 i
e ()
2w 2 w w
0

The J-Bessel function transforms by Ji_1(ix) = i* " 'I;_; (x) and Ji_1(—X) = — Jy_1 (x), since k — 1

is odd. Thus
1 0 24 y? d
w X X w
- / exp(——( Y ))kal(_y)_~ (9.9)
i 2 2w w/) w

—ioco

Now doing the same analysis for F(—z), we obtain

ico
1 2 4 y2 d
—,fexp<ﬂ _ (" +y >>1k_1<ﬂ>—w. (9.10)
i 2 2w w/ w

0

Adding (9.9) and (9.10) we get

1 ico 5 5 d
- / exp( Y - () ) () (9.11)
i 2 2w w/) w
—ioo
We now state a formula from [Wat],
1 i 72 4+ y? Z\d
_ +y y t
B = [ exp(t/z < : ))1( t )t. (912)
—ioco

Using (9.12), (9.11) equals

27 J—1(X) Jx—1(¥)- (9.13)

Incorporating (9.11) into h(G, k) we get

/ / VW W)@ Jia k1 ()
" - dx T dy
Py /V<x>1k_1(x)7z /W<y>1k_1(y)7=2nh(v,k>~h(w,k>. o (914)

We now must show F(z) is also the convolution for the B-Bessel function.
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9.2. Computation for B-Bessel function

Again, Byi¢(x) := (2sin(it)) "1 (J_2i¢(x) — Ja2it (), and h(V ) := [;° V(x)Boir()x ' dx, teR, V €
CE(R).

Proposition 9.2. Let G(z) := F(z) + F(—z), and t purely imaginary, then h(G, t) = th(V,t)h(W,t).

Proof. The goal is study F(z), similar calculations can be done for F(—z). We note first

T dw rr 4 4
h(F,t)Z/F(W)Bzir(W)—Z/ /V<—>W(—>
w X y
0 —00 —0O0
X </exp<wi(§+z>>exp<<—> B 1)an( )_)d_xd_y (9.15)
2\y «x w/) xy Xy
0

Now make a change of variables x — T’ y— = to get

h(F,t)=/ / V)W (y)

—00 —0Q

T if(x y y dxdy
0

Using that the B-Bessel function is a difference of imaginary order J-Bessel functions it is sufficient
to focus on

1 T r ifx y dx dy
2—/ /V(x)W(y)</exp(w—(—+—))exp( )J Jie(w )—)——. (9.17)
sin(rrit) 2\y «x Xy
—00 —0O0 0

The integral in Jy;; will be a similar calculation. We study the integral in the w variable in (9.17).
First a change of variables w — J(N is made, yielding

—ioco ) ) B d
Ty (x.y) = / exp(—(x Ly ))exp( )J zlt( ;VYX)WW (918)
0

The J-Bessel function of imaginary order transforms by J_yi¢(ix) = eT"[_5;;(x) and [y (Lix) =
e™ I, (x) by inspection of the power series. Thus Tr (x,y) equals

—ioco 5 5 d

_ w X°+ w

e it / eXp(i —( ZWy ))172"<W>W (919)
0

From [Wat, Chap. 13.7], we now borrow two formulas
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c+ioco

(1) _1 - Zz+y2>) (E)E

W @nm = [ exp(r/z ( N (X4) T (9.20)
0

HP(2) Ju( )—_—1 c/ooex (t/2—<zz+y2>>l (E)@ (9.21)

v v = P 2t "\t )t :
0

Here H® is the i-th order Hankel function. Therefore, Ty (x,y) equals me"”H( ) i ) ] —2ie (V).
Likewise, the term from (9.17) with Bessel transform J,;;, which we will call T;*(x, y) is wie™t x

HE (%) J2ie ().
This gives

(T7 + T y) =mi(—e ™ HE. 0 ] _2ie(y) + €™ HE (%) J2ie (). (9.22)

Remember the aim of the proposition is for the function G(z) := F(z) 4+ F(—z). Similar calculations
are now done for F(—z). The calculations up to (9.18) are the same except we make the change of
Xy

variables w — &= here giving

ico 5 2
oy = [ exp( (Y Joae( XY (9.23)
(=2) 2w w w
0

By a similar use of Egs. (9.20), (9.21), one obtains for (9.23) nle”me”(x)] 2it(¥). For the ]y

transform, which we label T;( 2
Thus,

(x, y) one gets analogously —nle*”‘Hélt)(x)jz,t(y).

W, y)i=Tr (6 9) + TE % )+ Trp (0 3) + TH_, (. y)

1 -
= Ssincrin "¢ T (HE 00 )20 + Hyil 00 Jaue ()
+e™ (HD, (0] 2ie(¥) + Hygp (0 J2ie (1)) (9.24)

Hg) (x) can be expanded into J-Bessel functions as:

Ja(x) — e 9D ] (%)

HY (0 = — : (9.25)
isin(ar)
and
_ plami)
Hé,z)(x):]_“(x) e ]a(X). (9.26)

—isin(am)
Then expanding the LHS of (9.24) using these identities we have,

—me Tt
2sin(srit) sin(2mit)

+ (J=2it ®) J2it () — €*™ J2ie (%) J2ie (1)) ]- (9.27)

[(J2it @) J—2it () — €7 ] it () ] —2i ()
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The RHS of (9.24) is

_geTt
2ssin(rrit) sin(2mit)

+ (J2ie®) J—2it () — €2 03t () ] —2ie (1)) ]

[(J=2it () J2ie (¥) — €2 Jie (%) J2ie (1))

Regathering terms, W (x, y) equals
-7
2sin(mwit) sin(2mit)

+ J2ie®) J i [—e " — ™+ T2 () J2ie (1) [e T 4 €7F]).

Using sin(2mrit) = 2 cos(rrit) sin(rit) and cos(mwit) = fjr[zim and regathering terms again,

T [e—m
2sin(rrit) sin(2mit)
= 7T B2t (X) B2it ().

T[T =2i®) = J2ie ][ J =2t (¥) — J2ie (0]

Incorporating (9.30) into h(G, t) we get

dx dy
/ fV(X)W(y) JTan(X)an(y))—7

—00 —00
=7 / V(X)BZIt(X)_ / W(J/)Bzu()’)— =mh(V,0h(W,t). O
—00
This proves Theorem 3.1, and for now we define V x W (z) := G(z).
9.3. Sears-Titchmarsh inversion

Definition 9.3. Let f € L2(RT, &), then

oo

f®) =4/h(f,t) tanh(0)Baie(tdt +2 Y (k—1) Ji1 h(S. k),

0 k>0, k even

where h(f,t):= [5° f(0)B2ie (0% and h(f, k) :=i* [5° f(x) Je_1 () 2. Further if

) :=4/h(f,t) tanh (7 t) By (X)t dt

0

and

=2 % k=1 1®h(f, b,

k>0, k even

then f(x) = fO(x) + 2 (x).

This is the Sears-Titchmarsh inversion formula. See [Iw] for reference.

(J2ie @) J2ie ™™ + €™ ]+ J2ie () Jaie(y)[—e 7 — €]

1715

(9.28)

(9.29)

(9.30)

(9.31)

(9.32)
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Proposition 9.4. Let M(t) = h(V,t)h(W,t) then,

r dx r dx r 0, . dx
/V(X)W(X)7= /V(X)WOO(X)7 + /V(X)W )~
0 0 0

=z([ /M(t)tanh(m)rdt}u[ > k=1)Mk)

k>0, k even

(9.33)

) o

Proof. Expressing B»;:(x) as a difference of J-Bessel functions, it is easy to see it is an even function

in the variable t. Exploiting this, we see by a change of variables,

2 / M(t) tanh(nt)tdt:4/M(t) tanh(rrt)tdt.
0

—00
Expanding M(t) we have

oo, o0

4/(/V(x)Bz,-f(x)%>h(W,t)tanh(rrt)tdt.

0 0

Now since V has compact support we can and do interchange the integrals,

o0 o0

dx
4| V(x) Bt (x)h(W , t) tanh(srt)t dt <
0 0
By Sears-Titchmarsh inversion, this equals

r 0o, dx
/V(X)W 0~

0
We now focus on 2 5, g ren(k — 1M (k). Expanding M (k) again, we get

o

d
2 Y (k—1)([V(x)Jk_1(x)7")h(v,l<).

k>0, k even 0
Interchanging the sum and the integral gets
X x
f V(x><2 Y k- 1)h(w,k>1k_1(x>>— = f VW x)—.
0 k>0, k even X 0 X

Summing the parts from the B-Bessel and J-Bessel functions, we get our proposition

= [2 / M(t)tanh(nt)tdt:| + [2 > (I<—1)M(I<)] :fV(x)W(x)d%. O

k>0, k even 0

(9.35)

(9.36)

(9.37)

(9.38)

(9.39)

(9.40)
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From Section 8 we have shown

6 o0 d [e%s) S l,l/, 4 ll/
L=F((SU’/‘V(J/)W(.V)%+Z¥(V*W)< 77,'\/_)) (9.41)
n=1

n
0

We now use the Sears-Titchmarsh inversion formula for V % W (z) getting,
[o¢]
Vs W(2) =4n( / M(t) tanh(Tt)Byir(2)tdt + Y (k—1) ]k_1(z)M(k)>, (9.42)
0 k>0, k even
where as before
M(t) =h(V,t)h(W,t).

Remember the 7t factor comes from Theorem 3.1.
While also using Proposition 9.4 and Eq. (9.42), we can write (9.41) as

|:;—22/M(t)tanh(nt)tdt:|+[;—22 > (k—l)M(k)]

k>0, k even

+ ﬁ(ZM(/M(t)tanh(nt)BZit<4ﬂﬁ)tdt
T C C
0

c=1
4n /Il
+’ 02}: (k—l)J,H( n;/_>M(k))>. (9.43)

Theorem 9.5 (Kuznetsov trace formula). Denote the Maass form of eigenvalue 1/4 + t% by ¢, and let (1,
1/2 4 it) := 2 it cosh(rrt) ~1/? F(l/szti%ﬂm where Tie(n) =Ygy, (@/b). Then

o0

S | -
S Gloa@aén + 5 [ Gond 12+ ion(l. 12+ i) de
&t

—o0

SAL,o)
=5,,,/Go+zfc (4m VI /c), (9.44)
c=1

where Go := 1 [ G(t) tanh(r )t dt, and G* (x) :=4 [~ G(¢t) tanh(77 t) By (X)t dt.

Theorem 9.6 (Petersson trace formula). Let the holomorphic forms of weight k be denoted as ¢y, then

-1 2 SU I, c)~
Yo Y Gkpadoa g =— Y. (k=1Ds,Gl)+) (—C)G(4n«/ll_//c), (9.45)
k>0, k even ¢y T k>0, k even c=1 ¢
where
GCo=4 Y  (k=1GCK Jio1(0). (9.46)

k>0, k even
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See [Iw] for more details of these two trace formulas.
Incorporating these trace formulas into (9.43), we get (9.41) equals

12 1 7 .
;(ZM(%)al(fﬁr)a;((ﬁt)-i-E / M(f)ﬂ(l,1/2+if)77(1/,1/2+it)dt
[0 —o0

+ ) ZM(kzp)al(f/)k)a{(qﬁk)).

k>0, k even ¢y
This proves Theorem 3.2.

10. Matching for the continuous spectrum

(9.47)

We prove Theorems 3.4, 3.5, and 3.6 in this section. For Rankin-Selberg orthogonality one needs to
match cuspidal terms with cuspidal terms, and continuous terms with continuous terms, i.e. showing

lim 12 n/X)Sn1(V)S (W)—lzs (VW)
m g(n/X)Sn, nl =S (VW)
nez
and
lim 12 1/ X)Cni(V)Cpy (W) 12 (V% W)
I i = — i ES .
am ) 8 /X)Cn,t n.l 7 Cl
nez
We must also show cuspidal terms must be orthogonal to the continuous terms, or
lim IZ 1/ X)Sn1(V)Cry (W) =0
X_’OOXHEZg n,l nl =0.

We prove these propositions here.

Proposition 10.1.

li ! X)Cn1(V)C W—12CVW
Xgm@;%g(n/ )t (V)Cr (W) = —Cru(V 5 W).

Proof. Our claim fully written out is

o0

.1 1 o
XILmOOYXn:g(n/X)[E/h(V,T)n(n,1/2+lT)r;(l,1/2+1T)dT:|

—00

4

—00

X |:L/h(W,T))n(n,l/2+it)n(l’,l/2+it)dtj|

3
n?

/ h(V,2h(W,2)n(,1/2 +iz)n(l', 1/2 + iz) dz.

(10.1)

(10.2)

(10.3)

(10.4)
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Assuming the interchanging of sums and using the functional equation for the gamma function:

ra/24iHra/2—it) =

coshmt’

this boils down to studying

hV. D) [ hW.DTed) 1
lc(1=2iT)12 ) (¢ = 2it))2 27i
t

/Q(s)[ﬂii;(s:lzi]":lzit)]{gs) dsdtdT. (10.5)

o=4

The last equation follows from mellin inversion and Ramanujan’s formula.
Now doing a contour shift from o — 1/2, we pick up poles at 1£iT +it,. The left over integral is
07.t(X'/?), and is negligible. The term to compute then is

/ (v, T)zir (1) / hW. )T (1)

—iT (x"g(l —iT —it)c(1 — 2iT — 2it)
;(1 +2iT) (1 +2i6)c (2 — 2iT — 2it)

(X”g(l —iT +it)c(1 —2iT +21t)>]

(1 —2it)¢(2 — 2iT + 2it)

X~Ug(1 +iT — i) (1 + 2iT — 2it)
c( —m) ¢(1+2i0)¢ (2 + 2iT — 2it)

XUCg(1 +iT +it)c (1 + 2iT + 2it) ]d dT
( ¢(1 —2it)¢ (2 4 2iT + 2it) ) '

(10.6)

The term X has been factored out of the residue calculation, so (10.6) should be O (1) after taking the
limit. It is sufficient to study the first of these four integrals. We make a change of variables T — T —t
to get

» ® A —iTg1 —i —2i
. L/h( ) 7ie (1) h(V, T —OTir-oOX g1 —iT)z(1 21T)dT. (10.7)

am S c(1 +2it) c(2—=2T)c(1+2i(T —t))
t —00

Here ¢(1 — 2iT) has a pole at T =0, and to understand this we use the following lemma.
Lemma 10.2. Let H be a differentiable function in L (R), then
r d d
i1y AX iy AX
PV/ Hxe™ = .= lim / Hx)e® = — £7iH0) as £k — oo.
X e—0t X
—00 |x| >€
Proof. See [Venkl, Lemma 10]. O

Applying this lemma for k = — log X, we obtain:

h(v, —tH)h(W, )i () t—ie ()
1 10.8
& )zc<2> / (108)

c(1+2it)c(1 — 2it)
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Now g(1) =1 by definition, and h(V, —t) = h(V,t), because By (x) is real-valued. Likewise, 7_; () =
Tie (D).
In recovering n(l, 1/2 + it) from 7 (I), (10.8) becomes

o0

/h(v HhW,0nd, 1/2 +itn(l', 1/2 + it) dt.

—00

3
477 472
Summing then over the four integrals in (10.6) completes our proposition and Theorem 3.5. O

Proposition 10.3.
. 1
Jim ij g(n/X)Sp1(V)Cpy (W) =0. (10.9)
ne

Proof. Using Mellin inversion (10.9) is written as

Jim ——Zh(v Ap) / h(V, t)[ /g(s)L(s)XSds} (10.10)

0:4

where

Ls.y=Y an@)nd, 1/2+it)

ns

n=1

Now up to some analytically harmless factors, which come from normalizations from the trace for-
mula,

L(¢,s+it)L(¢,s — it)
¢(2s)

L(s, t)~

This has no pole at s =1, and thus we can do a contour shift in the g integral from 4 — 3/4. The
integral in the s variable is certainly bounded and the limit is

lim 0¢4(X"1/4) =0.
X—00 t,¢( )
This completes Theorem 3.6. O
Incorporating these propositions into Theorem 3.2 gives Theorem 3.4.

11. Reduction to a single archimedean parameter

In the last section we showed

. 1
Jim %g(n/X>sn,l<V)sn,y(W> =Sir(V «W). (11.1)

We can reduce (11.1) from an infinite spectral sum equality to an equality of cusp forms of the
same weight or eigenvalue parameter. This is done in this section using the fact that (L) holds for
a large class of test functions V, W and their associated transforms h(V,t), h(W,t). This reduces
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the problem to a “finite dimensional” matching problem. The argument we use is summarized in 2
propositions in the appendix of [Venk1].

Remark. We mean “finite dimensional” in the sense that for a given even positive integer k, there
are finitely many cusp forms of weight k. Likewise, we expect the space of Maass forms of eigenvalue
1/4+t5 to be one dimensional.

Proposition 11.1. Let t; be a discrete subset of R with {j: t; < T} < T" for some r. Let, for each j, there be
given a function cx (t;) depending on X, so that cx (tj) < t;l for some r’- the implicit constant independent of

X; similarly, for each k odd, let there be given a function cx (k) depending on X so that cx (k) <« k. Suppose
that one has an equality

lim i i = .

XM( D_exUhV.t) + 3 ex(Wh(V, k)) 0 (11.2)
j k odd

forall (h(V,t;), h(V,k)) that correspond via Sears-Titchmarsh inversion to V. Then limx_, o Cx (t) exists for

each t; and equals 0, and similarly the same holds for limy _, o cx (k). This equality holds for all functions h for

which both sides converge.

Proposition 11.2. Given jo € N, e > 0 and an integer N > 0, there is a V of compact support so that
h(V,t;)=1, and forall j # jo, h(V,tj) < e(1+ |tj/|)‘N' and for all k odd, h(V , k) <« ekN.

Given ko, € > 0 and an integer N > 0, there is a V of compact support so that h(v, ko) =1, h(V,k) <€
ek=N for k odd k # ko, and h(V , t) < (1 + |t])~N for all R.

Using Propositions 11.1 and 11.2, we can choose our test functions V, W such that their associated
Bessel transforms are supported on weights k or eigenvalue parameters t;. Upon expanding the right-
hand side of (11.1),

12
p D OV, tp)h(W, ty)a(¢)ar (¢) (11.3)
¢

one sees that only choosing both the test functions to be supported on the same weight or eigen-
value will have an associated non-zero contribution. Certainly this agrees with Rankin-Selberg theory.
Choose now V, W to be supported on an eigenvalue parameter tj, say, as in Proposition 11.2. Then
(11.1) reduces to

1 E— — 12 -
Jim Zg(n/X>( > an (¢)a,<¢))( > an(x/f)ay(w) =— ) a@a@). (114)

nez o Ve b
t=t;j t=tj t=t;

Here as in Proposition 11.2, we choose the transforms such that h(V,t) =1 for t =t;.
We would like to interchange the limit and the spectral sum, but this requires knowing that the
limit

1
Jim Xﬂ: g/ X)an($)an(y)

exists. If we assume Rankin-Selberg orthogonality then we certainly get this. However the point of
the beyond endoscopy approach is to not make such assumptions.
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What one needs to interchange the limit and spectral sum is to build in Hecke operators into
our trace formula. This and the analytic continuation of the Rankin-Selberg L-function we show in a
following paper.
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