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Let L be a simple Lie algebra over an algebraically closed field of characteristic
p>7 and T an optimal torus in some p-envelope L,. We determine the action of
T on the two-sections of L, which have been described in [St4]. We also give some
new and noncomputational proofs to determine the conjugacy classes of the tori in
W(n; 1) and of the Cartan subalgebras of W(1;n). © 1992 Academic Press, Inc.

1. PRELIMINARIES

This article is devoted to the investigation of the detailed structure of
some Lie algebras occurring in the context of the classification of simple
Lie algebras over algebraically closed fields of characteristic p>7. In
particular, we deal with some Cartan-type Lie algebras of “small size.” For
the following notations and facts we refer to [SF, Section 4]. The graded
Cartan-type Lie algebras can be described in terms of derivations of
divided power algebras A(m;n):n is an m-tuple of natural numbers,
(n):=(p"—1,.,p"—1)eN™ For m-tuples a, b we write a<b if
a;<b; for all i. A(m;n) is the commutative and associative F-algebra of
dimension p>~" having a basis (x| ae N™, 0<a<t(n)) and multiplica-
tion x@x® ;= (9+2) x(@*+®) Let ¢, be the m-tuple with all 0’s except in the
ith slot which contains 1. Then W(m;n):= {DeDer A(m;n) | D(x*)=
Yicicm X D(x“)Va<t(n)} is the algebra of “special derivations”
(Witt algebra). D, denotes the “partial derivative” defined by the property
D, (x*)=x“"% for all (a). A(m;n) carries a filtration by putting
A(m;n), :=span{x'” | ¥ a;>k}. This inherits a filtration on W(m;n)
given by W(m;n)g, :=span{x‘“D,| ¥ a,=k+1}. W(m;n) is restricted if
and only if n=(1, .., 1). For n=(1, .., 1)=:1 one often prefers a different
notation, since then A(m; 1) F[X,, .., X,,1/(X?%, .., X} is isomorphic to
the truncated polynomial ring in m generators x,:=X,;+ (X7, .., X%), the
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isomorphism is given by x'“) i (a,!---a,!) ' x% ... x%. In this case | prefer
to write the monomials as x{' - -- x4 and the ordinary partial derivatives by
d;. Obviously, W(m;1) is the full derivation algebra Der A(m;1). For a
description of the relevant subalgebras S(m;n; @) (special algebras),
H(2r;n; @) (hamiltonian algebras), K(2r + 1;n; @) (contact algebras) we
generally refer to [SF] or [BW2], and in particular to the parts of this
article, where we deal with some of them in detail.

One of the very basic concepts in the theory of modular Lie algebras
is the concept of a p-envelope. We recall the definition from [St2] or
[SF, Section 2.5]:

DEFINITION. A triple (G, [ p], i) consisting of a restricted Lie algebra
(G, [p]), and a Lie algebra homomorphism i: L — G is called a p-envelope
of L if

(a) i is injective
(b) i(L),=0G,
where i(L), denotes the restricted subalgebra generated by i(L) and [ p].

Using the concept of a p-envelope we introduced an invariant for any
modular Lie algebra. Put C(G) := {xe G| [x, G] =0} the center of G, and
more generally the centralizer of a set S in G is denoted by
Cy(S):={xeG|[x,S]=0}.

DerFINITION [St3]. Let L be a Lie algebra and (H, [ p], i) a p-envelope
of L. Suppose that G is a subalgebra of L and G, is the restricted
subalgebra of (H, [ p]) generated by i(G).

(1) TR(G, L):=max{dim T| T is a torus of (G, + C(H))/C(H)} is
called the absolute toral rank of G in L.
(2) TR(L):=TR(L, L) is called the absolute toral rank of L.

Let L, be a p-envelope of L containing L and T< L, a torus. Then L is
an ideal of L, and hence T acts on L. Decompose L into eigenspaces

L=Y LT
zed
In the classification theory of restricted algebras some distinguished tori
(“optimal tori”) play an important role. The corresponding definition in
the general context is

DEFINITION (Std, p. 669]. Let L be a Lie algebra and T a torus in some
p-envelope. A root o # 0 (with respect to T') is called proper, if there is i #0
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such that «([L,, L_;])=0. A torus is called optimal, if it has maximal
absolute toral rank in L, and if among all these tori the number of proper
roots with respect to T is maximal.

If L is simple and p > 7, then every root with respect to an optimal torus
is proper [St4, (5.3)]. To explain this concept we consider tori in the
restricted algebras W(m; 1). Demuskin ([D1]) showed that every maximal
torus R is conjugate under an automorphism of W(m; 1) to one of the
types Ti = X1k F1+x)0, ® D sr1<;<m Fx;0; (k =0, .., m). Here
and in the following we want to treat several cases in common. We will
use the expression f; for either x; or 1+ x,. Observe that with this
notation =0 in the first case and ¢ =1 in the second case. The root
spaces W(m;1), for the torus Y Ft;0, are m-dimensional and given by
Y i <icm Ft°7 % 0,, where the exponent is meant to be an m-tuple of natural
numbers between 0 and p — 1 taken mod(p). The corresponding root « is
given by a(f;0;)=a;. It is easy to check (in fact we shall do this for
particular cases in subsequent sections) that T, is the only optimal torus
among all these T,. Thus W(m;1) has exactly one conjugacy class of
optimal tori.

For any subset & < @ = @(T) of the set of roots with respect to some
torus T let span & denote the GF(p)-vector space generated by &. If

k :=dimgg,, span &
then

L(&):= ) LJT)

2 € span.¥

is called a k-section with respect to T.

It is known that a k-section with respect to a torus of maximal absolute
toral rank has absolute toral rank <k [St3, (2.6)]. As a consequence of
this remark one can use results of R. L. Wilson ([W3]) to determine the
structure of the one-sections (cf. [St3, (4.2)], [BOSt, (1.9)]).

THEOREM L.1. Let L be a simple Lie algebra over an algebraically closed
field of characteristic p>"1. Let T be a torus of some p-envelope L, of L of
maximal absolute toral rank. Let L(a) be a one-section with respect to T.
Then one of the following cases occurs:

(1) L(«) is solvable,

(2) L(a)/rad L(a)=sl(2),

(3) L(a)/rad L(x)= W(1;1),

(4) H(2;1)? < L(a)/rad L(a) = H(2; 1).
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According to [BW2, (5.3.2)] we say that a root « is solvable, if L(a) is
solvable, classical if L(a)/rad L(a)xsl(2), Wit if L(a)/rad L(x)= W(1;1),
and hamiltonian if H(2;1)® c L(a)/rad L(«). A Lie algebra A is said to be
compositionally classical ([BW2, (5.3.5)]), if every composition factor is
abelian or classical.

THEOREM L2 [St4, (1.10)]. Let L be simple, T a torus of maximal
absolute toral rank in some p-envelope L,. Then every one-section of L and
of L, with respect to T contains a unique (not necessarily proper) subalgebra
M of maximal dimension with codimension <2, such that M/rad M is O or
isomorphic to sl(2).

In coincidence with the notation of [BW2] and [BOSt] we write
O(u) =Q(u, T), for this distinguished subalgebra of the one-section L(u).

The aim of this note is threefold. At some point in the classification
theory of the restricted simple Lie algebras knowledge on the behaviour of
the one-sections within the two-sections is needed. It has turned out, that
in the general classification theory the same is true in a much more serious
meaning. It is essential to have very detailed information, how one-sections
can occur in two-sections. Only then can one lift this information to results
on the problem, how one-sections can sit in the whole algebra. The already
known results are not satisfactory for our purposes. First, we therefore
determine the action of a torus R on the semisimple quotient K(a, )+ R
of a two-section L(a, )+ T of a simple algebra L with respect to an
optimal torus T by a case-by-case analysis. In some cases we shall also give
a more detailed description of the two-sections themselves (Sections IV, V,
VII). In the course of pursuing this aim we secondly shall often step aside
the prove some results in more generality than they are needed in the
classification. We will, for instance, for arbitrary m give a new proof for
the determination of the conjugacy classes of tori in the restricted
Jacobson-Witt algebras W(m;1) which needs no computations at all
(Section IX) and we shall determine all Cartan subalgebras of W(1;n) by
noncomputational methods (Section V). This partially improves results of
Demuskin [D1] and Brown [Br]. In doing all this, we thirdly hope that
we will make the reader more acquainted with the concepts of an optimal
torus and a section and thereby hopefully shall promote the understanding
of the previous and forthcoming papers on the classification of simple
modular Lie algebras.

I appreciate very much the very careful reading of this manuscript by the
referee and her/his valuable comments.
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II. REMARKS ON A PRECEDING PAPER

Unfortunately it happened that some proofs in [St4] are incorrect. The
results, however, are not seriously affected by this, as we shall see in this
article.

Lemma 4.2 and in consequence Proposition 4.3 in [St4] are not valid. It
is therefore not true (as claimed in Theorem 4.4) that we can exclude the
algebras of type (d) from [BW2, (9.1.1)] in Theorem 4.4. In case (7) below
R(C 4(n(T)), A) denotes the maximal ideal of C,(n(7T)) which acts
nilpotently on A. The revised proof of [St4, p. 667] yields immediately

THEOREM [St4, (4.4) revisited]. Let L be a simple Lie algebra over an
algebraically closed field of characteristic p>"1. Let T be a torus of some
p-envelope L, of L of maximal absolute toral rank. Consider the root space
decomposition of L with respect to T,

L=} L(T)=} L.,

aed aed

and the two-section

Lop):=C(T)+ Y Luyjp

i,je GF(p)
Let 7 be the canonical homomorphism

n=m,g: Lo, B)— L,(a, B)/rad L,(a, B)=: A(a, B)=: A.

Then one of the following cases can occur:

TR(A)=0:
(1) 4=0;
TR(A)=1:

(2) ScAc(DerS)Y,

Iye GF(p)a+ GF(p)B with A=n(L,(y)),
Se {sl(2), W(1;1), H(2;1)P};
TR(A)=2:
(3) S,®S,cAc(DerS,)"® (Der S,)™,
Sy, Sy e {sl(2), W(1;1), H2; 1)@};
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(4) H(2;1)?c A< Der H(2; 1),

(5) S®A(m1)cAcDer(S®A(n; 1)), n#0,
m(T) ¢ (Der S)® A(n; 1),
Se {sl(2), W(1;1), H(2; 1)},

(6) ScAcDerS, n(T)c S,

Se {W(1;2), H2; (2,1)®, H(2; 1; &(x))"), H(2; 15 4)};
(1) A=S+R(C,(n(T)), 4),

Se{Ad,, Cy, Gy, W(2;1), SG3; 1), H(4; 1), K(3;1)};
(8) (added to the original version)

S®A(n;1)c A< Der(S® A(n; 1)),
o(T)c(S® A(n; 1)), n>0
S H(2;1; &(0)",

Csg am: 1y(7(T)) acts nilpotently on A.

This change of (4.4) has no impact on the proofs and the results of
Section 5 in [St4], since there we only refer to [BW2, (9.1.1)]. In
particular, Theorem 5.3 is valid and so all roots with respect to an optimal
torus are proper. To salvage Theorem 6.3 we need the following:

LemMA IL1. Let L be simple, p>7, and T an optimal torus in some
p-envelope L,. Put H :=C,(T) and ® the set of roots. If o.€ ® is a solvable
root, then every xe [L,, H] acts nilpotently on L.

Proof. (1) If a(H)=0 then L(a) is nilpotent and hence triangulable.

(2) Suppose that 2(H)#0 and that xe [L,, H] acts nonnilpotently.
Then there is pe @ with u(x)#0. Q :={ue ®|u(x)#0} is a nonvoid set.
The simplicity of L enforces H=3%,., [L,, L _,]. Therefore there is fe Q
with a([Ls, L _4])#0. We consider A(a, f) the semisimple quotient of
L,(a, B). [BW2,(10.2.1)] applies and yields that A(a, f) is one of the
algebras listed in [BW2, (9.1.1)(e}-(h)]. Then [BW2, (11.2.1)] applies to
prove that f(x)=0, a contradiction. |

We are now in the position to prove a revised version of [St4, (6.3)]. We
have to consider optimal tori instead of tori just of maximal absolute toral
rank.
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THeOREM I1.2 [St4, (6.3) revisited]. Let L be a simple Lie algebra over
an algebraically closed field of characteristic p> 1. Let T be an optimal torus
in some p-envelope L, of L. Consider the root space decomposition of L with
respect to T:

L=Y L(M)=7Y L,

aecd xed

Put

L, B):i= Y Ly,

i,je GF(p)

Let I:= Ko, B) be the maximal solvable ideal of L(a, B)+ T and consider

6=0,5: Lo, B)+ T = (L(2, B) + T)/I(2, B).

Put K :=K(a, B) :=0(L(a, B)), H:=0(C.(T)), and R :=0o(T). Then only
one of the following cases can occur:

(1) K=0;
(2) ScK+Rc(DerS)™,

Iye GF(p)a+ GF(p)B with K=a(L(y)),
Se {sl(2), W(1;1), H(2; 1)?};

(3) S,®S,cK+ Rc(Der S,)V@ (Der S,)",
S., S, {sl(2), w(1;1), H(2;1)?};

4) H2;D?P<cK+RcDer(H(2;1)?), R ¢ H(2;1);
(5) S®AM1)cK+RcDer(S®A(n; 1)), n=1,2,

WCT)#0  VyeGF(p)a+ GF(p)B— {0},
Se {sl(2), w(1;1), H2; 1)?};
(6) S®A(1;1)c K+ RcDer(S® A(1;1)),
(S®A(1;1))n(rad K)=S® xA(1; 1),
Se {sI(2), W(1;1), H2; 1)?};
(7) ScK+ RcDerS,
Se{W(1;2), H(2; (2,1))®, H(2;1; ®(x))V, H(2;1; 4)};

481/151/2-12
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(8) K=S8+Ck(R),
Se{d,, Cy, Gy, W(2;1), S3; 1)V, H(4; 1), K(3;1)}.

In all cases except (6), K is semisimple, i.e., rad L(a, )= I(a, ) " L(a, B).

Proof. (a) The first part of the proof remains unchanged (cf. [St4,
p. 6727]): Consider the canonical mapping

m: L,(a, B) = A :=L,(a, B)/rad L,(, B).

There exists a homomorphism y from 4" into K with solvable kernel. Let
C denote the socle of A,

CcAYen(L, (2, p)cAcDer C.

(b) We only have, in addition to the proof given in [St4], to
consider the case that A4 is of type (8) of the revised version of [St4, (4.4)]

C=S®A(n1)cAcDer(S® A(n; 1)), a(T) = (S® A(n; 1)),
n>0, S=H2;1;®(1))", Csg . 1,m(T) acts nilpotently on A.

Put H' :=C,(T). As a consequence of the assumptions “S® A(n; 1) <
AV < r(L(e, B))” and “n(T) = (S@ A(n; 1),)” we have

m(L(x, B))=S®@ A(n; 1) + n(H'),

and since Cgg 4,.1)m(T) acts nilpotently, every one-section of S® A(n; 1)
with respect to n(T) is solvable. Then every one-section of n(L(a, B)) is
solvable as well, proving that the same is true for L(a, ). According to
(IL1) [L,, H'] acts nilpotently on L for all ue GF(p)a+ GF(p)B.

Let J:=rad{S®A(n;1)} denote the maximal ideal of S® A(n;1).
Observe that this'is invariant under =(7T). J' :=J+ [J, H'] is also an ideal
of S® A(n;1). The maximality of J enforces J'=S®@ A(n;1) or J'=J. In
the first case we obtain

SRAm N+ Y n([L,, H']).

ueGF(p)a+GF(p)B

The Engel-Jacobson Theorem now implies that S® A(n; 1) is nilpotent, a
contradiction. Therefore the second case is true, showing that J is invariant
under n(H'), and hence is a solvable ideal of n(L(«, §)). Thus there is a
homomorphism with solvable kernel, which maps =n(L(x, f)) into
Der(H(2; 1; @())"). We are now in case (7) of Theorem 6.3. |

It has been claimed in [St4, (7.2)] that in case (5) of that theorem the
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ideal S® X" x;A(n; 1) is invariant under R and that the arguments given by
Block and Wilson in [BW21] to settle the corresponding case for restricted
algebras remains valid in general. This last statement on the proof seems to
be incorrect. We shall salvage the result by offering further arguments,
which need more information on simple Cartan-type Lie algebras of toral
rank two and their root space decompositions. We therefore shall postpone
the treatment of this case to the end of this article.

This revision does not at all affect [St5], since all tori used there are
supposed to be optimal.

ITI. CasEes (2)-(4) oF THEOREM I1.2

The algebras K mentioned in cases (2)-(4) of (IL.2) are treated in this
section. We determine the conjugacy classes of tori in general and optimal
tori in particular, and the root space decompositions with respect to such
tori. This is done for the sake of completeness and elucidation, although
the results are essentially known (but partially not published yet).

(A) Case 2

We consider algebras

Sc K+ Rc (Der S)P for Se {sl(2), W(1; 1), H(2; 1)},
R any torus.
S'=sl(2). In this case Der S=S and therefore X+ R= S is true. There

is a standard basis (e, 4, f) of sl(2) with R = Fh. Since every nonzero root a
has a multiple iz which is not a root, every torus R of sl(2) is optimal.

S=W(1;1). We have Der S= S and therefore K+ R=S. In the case
under consideration R is conjugate (cf. the remark in Section I) to a torus
T, or T, which we write without index Frd. The root spaces with respect
to the torus Ft0 are one-dimensional and of the form Fr°0, the corre-
sponding eigenvalue being a(10) =a — 1. As it was pointed out in Section I,
R is not an optimal torus if 1= 1+ x, while for = x it is optimal.

S=H2;N?. Putt:=t1)=(p—1,p—1)eNxN and

aj . axy .__ ar—1.,.a alyar—1
Dy (x{'x3) i=a,x7'" 'x3 0y —a, x7'x3 " 0y,

as well as
H(2;1):={f10,+ 20,1 /1, /€ A(2;1), 8,(f,) + 05(f,) =0}
H(2; 1)V =span{D,(x{x%)|(0, 0) < (a;, a;) <1}
H(2;1)® =span{D,(x9x5)|(0,0) < (a;, a;) <t}



434 HELMUT STRADE

These graded Cartan-type Lie algebras are described in [SF, Section 4]
(where we have used a slightly different notation). The following can easily
be derived from the results presented there. Some of the material is also
treated in [BW1] and [BW2].

HZ)P= @  Fa 190,-a9'd))

(0,0) < (aj,a2) <1
HO )W = H )P @ F(t~ 28~ 0, — 107112724,
HZND=HZ NV @Ft?- 1 0,@Ft2 19,
Der(H(2; 1)) = H(2;1)® F(t,0, + 1, 8,) = W(2; 1) (if p> 3).

We shall always consider Der(H(2; 1)®) as a subalgebra of W(2;1).

ProrosiTiION III.1.

(1) dim Der(H(2;1)®)/H(2;1)® =4, dim Der(H(2;1)¥)=p?+2.
(2) Every one of the four algebras listed above is a restricted sub-
algebra of W(2;1).
(3) (a) Der(H(2;1)®)/H(2;1) is a one-dimensional torus.
(b) H(2;1)/H(2;1)® is p-nilpotent with H(2;1)? < H(2;1)?.
(c) Every maximal torus of Der(H(2;1)®) has dimension 2. Its
intersection with H(2; 1) is one-dimensional.
(4) TR(Der(H(2;1)®))=2, TR(H(2;1))=1, TR(H(2;1 )@ =1.

(5) Every maximal torus of Der(H(2;1)®) is conjugate under
an automorphism of W(2;1), which stabilizes H(2;1), H(2;1)®, and
Der(H(2; 1)?), to one of

T0=Fxl al(-Dsz (32,
T1=F(1+xl)al@Fx262,
T,=F(1+4x,)0,®F(1+x,)0,.

Proof. (1) is an obvious consequence of the above mentioned facts on
the algebras under consideration.

(2) Let L denote one of the algebras H(2; 1), H(2; 1), H(2;1),
Der(H(2; 1)®). A direct computation shows that L is invariant under the
torus Ty :=Fx,0,+ Fx,0, of W(2;1). Thus L decomposes into root
spaces with respect to T,

L=@ Lo W(2;1),(To).
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[SF, (4.2.7) and the succeeding remark ] yields
(LnWw(2;1),)?=0 if as0,

while L~ W(2; 1)o(T,) =L n T, (which is either F(x, ¢, — x, d,) or Ty) is
in any case closed under pth powers. Thus [SF, (2.2.3)] implies that L is
a restricted subalgebra of W(2;1).

(3) (a) H(2;1) is a restricted ideal of Der(H(2; 1)) and
Der(H(2;1)®) = H(2; 1)@ F(x, 8, + x, 8,).
x,0,+ x, 8, is a toral element.

(b) G:=Fx{ '0,®Fx57'0, ® F(x! x5 '0,—xf"'x£720))
is a three-dimensional restricted subalgebra (isomorphic to the Heisenberg
algebra) with G” = 0. The equation H(2; 1) = H(2; 1)® ® G yields
H(2:1)? < H(2;1)®.

(c) Let T be a maximal torus of Der(H(2;1)®) and consider the
restricted homomorphism

@: Der(H(2; 1)) - Der(H(2; 1)®)/H(2; 1)® =: L.

¢(T) is a maximal torus of L [SF, (2.4.5)]. Since L= @(F(x, 8, + x,7,))
@ o(G) and @(G) is a p-nilpotent ideal of L, we obtain dim ¢(7')=1.
Assume that Trkergp=0. Then dimT=1, TnH(2;1)?=0, and
H(2;1)® decomposes with respect to T into eigenspaces

H21)?= & HZHZ(T).

ie GF(p)

Take ue H(2;1)?(T). Then some p-power t=u” is semisimple and
(as H(2;1)® is restricted) is contained in H(2;1)@NT), ie, in
Tn H(2;1)®=0. Applying the Engel-Jacobson Theorem we obtain that
H(2;1)® is nilpotent, a contradiction. Hence Tnkerp#0. As
Der(H(2;1)®)c W(2;1), and TR(W(2;1))=2 we obtain dim T=2 and
dm TnH(2;1)?P=1.

(4) We conclude from (3) that TR(Der(H(2; 1)'))=2. Let T denote
a maximal torus of H(2;1)®. If dim T> 2, then T is a maximal torus of
Der(H(2;1)®) and hence T= T n H(2; 1)® is one-dimensional according
to (3). This contradiction shows that dim T=1 and TR(H(2;1)®)=1.
[St3, Chap. 2] then yields

1=TR(H(2;1)?)< TR(H(2; 1))
< TR(H(2;1)®) + TR(H(2; 1)/H(2; 1)) = 1.
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(5) Every automorphism of H(2;1) defines in a natural way an
automorphism of H(2;1)® and of Der(H(2;1)"®). Therefore (5) results
from [BW1, (1.184)]. 1|

We now return to case (2) of IL2. Since every torus R of
(Der(H2; 1Y)V < H(2;1) is contained in a maximal torus of
Der(H(2;1)»), the preceding theorem applies to the case under
consideration. R is conjugate to a subtorus of Ty, T, or T,. The definition
of H(2;1) shows, that R is conjugate to either F(x,0,—x,d,) or
F((14+x,)0,—x,0,) or F({(1+x,)d,—(1+x,)0,). In the last case we
substitute x, by x, + x,, and show by this that R is even conjugate to one
of

F(t,0,—x,0,), t, being (14 x,) or x,.

THEOREM IT1.2. Assume that S < K< (Der S)'V with S=H(2;1)® and
let R be a maximal torus. Then
(1) H2;1)P<cK+RcH(2;1).
(2) If R is optimal, then there is Y€ Aut W(2;1), which stabilizes
H(2;1)® and H(2;1), such that R=y(F(x, 0, — x, ,)).
(3) If a#0 then

Kevl T R to-an o)

a—b=u(t) 01 — x3 63)

If =0 then

K,=Kny { Y F(xS 0, — 107 'X80,) + Fip 0y + FxP ! al}.

O0a<p-—-1

Proof. (1) (Der(H(2; 1))V c H(2;1)V+[H(2;1),x,0,+x,0,]=
H(2;1). (2), (3) The above decliberations show that there is Y e
Aut W(2;1), which stabilizes H(2;1)® and H(2;1), such that R=
V(F(t; 0, —x,8,)) with t;,=1+4+x, or =x,. The following spaces are
contained in the root spaces H(2; 1), with respect to F(¢, 8, — x, d,):

Y F(btsx5 10, —at? x5 9,) a#0

a—b=wult; &1 —x393)
Y O FixsTl'o,—1{T x50+ Ftf 7 0+ Fxf7la, a=0.
1<a<p-1

These spaces span H(2; 1), so they constitute the full root spaces. Since for
o #0 we have H(2; 1), < K,, this gives (3). Take ¢, = (1 + x,). Choose a #0
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and aeN with a—1=a(t,d,—x,0,), 0<a—1<p. Then [K,,K_,]=
[H(2;1),, H(2;1)_,] contains
[£90,—at] 'x30,,t77°%20,—(2—a)t? **'x,0,]

=2(1—a)(t?* ' 0, —tPx,8,)=2(1 —a)(t; 8, — x, 8,) #0.

This means, that no root is proper and this is not an optimal torus. ||

(B) Case 3
We consider algebras K+ R with

§S=8,®S8,,  S;e{sl2), W(1;1), H2; 1)},
ScK+ Rc (Der §)V + (Der S,)",  Rany torus.

Observe that

2> TR(K+ R) > TR(S) = TR(S,) + TR(S,) = 2.

We identify K+ R with adg(K+ R)cDer S. Let K,+ R, S, denote the
p-envelopes in Der S of K+ R and S, respectively. Note that S is restricted.
Therefore S, =S is a restricted subalgebra of Der S under this identifica-
tion. The above equation in combination with [St4, (1.3.(5))] proves that
RcS+C(K,+R)cDerS. The above identification, however, implies
C(K,+ R)=Cg,, p(S)=0 and therefore RcS. Put H,:=Cs(R) and
H :=Cg(R). We obtain that Re HnS=H , ® H, and K+ R=S+ H. The
root space decomposition with respect to R is given by the action of H; on
S;. We have now reduced this case to the former one.

(C) Cased
Suppose that K+ R satisfies

H(2;1)®c K+ RcDer(H(2;1)®), R ¢ H(2;1),
R any two-dimensional torus.

According to Proposition IIL.1, R is conjugate to one of T, T,, T,. We are
interested in the one-sections with respect to R.

PropOSITION II1.3. Let T denote one of the tori T,, T,, T, and write
t;;=14x; 0r t;:=x,. Let a be a root with respect to T. Choose a, b such
that 0<a,b<p—1, a=a(t,0,)+1, b=wa(t,0,)+1 mod(p). Then
(Der(H(2; 1)), coincides with
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F(at‘;_ltgGZ'—bt‘lztg_lal) lf (a’ b);é(O, 0)’(1’ 1)
T if a=b=1
FtP='o,@Ft2=1 0, if a=b=0.
Proof. The displayed vector spaces are in the appropriate root spaces.

Since they span a (p®+2)-dimensional vector space (which is the
dimension of Der(H(2; 1)?)), equality holds. [

THEOREM II1.4. With the notation as in (I11.3) the following is true:

(1) If a(t, 8,) #a(ty 0;) choose a;, b, (1<i< p—1), such that 0< a,,
b;<p—1, a;=in{t,0,)+ 1, b;=1in(t53,) + 1 mod(p). Then

(Der(H(2; 1)®))(@)=T® ¥ Flats~ "5 3,— bttt =13,

i#0
2) Ifa(t,0,)=a(t, 0,)#0 then
(Der(H(2; 1)) a)=T® Ft?~' d,® Fti~' 0,
® Y Fui't5o,—1ft5710))

2<asp—1

Proof. (1) U aft,0,)#a(t,0,) then a;#b, Vi#0. The root space
(Der H(2;1)?)),, (i#0) is given by the first case of Proposition IIL3.

(2) If a(t,0,)=a(t,0,) then a;,=b, Vi#0. Since a#0 we have
a(t, 0,)#0 and hence {a;|i#0}={aeGF(p)la#1}. PropositionIIL3
yields the result. ||

THEOREM IILS. Assume that H(2;1)® < K< Der(H(2;1)®). Let R be
an optimal torus in K+ R with R ¢ H(2;1) and « be a nonzero root.

(1) There exists Y eAut W(2;1), which stabilizes H(2;1)? and
H(2; 1), such that R=y(T,).
(2) If «(y(x,0,)) =0, then

K(a)=~/z{ Y F(Xgaz—ixlxé_’al)}+RnK.
o0gigp—1

{K(x) + R}/R ~ (ker a) is isomorphic to W(1;1), the isomorphism is induced
by

W(xt 0, —ix; x5 8,) > x5 0,.
2 2
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(3) If al(x, 0, +x,0,))=0, then K(a) = W(2; 1), and

n) /(e ) § 4|\ : D

{K(a)+ R}/{K(2) n W(2; 1))+ R |

(4) If a(Y(x,01))#0, a(Yf(x,0,))#0, a(¥(x,0,+x,0,))#0, then
K(a) <= R+ W(2; 1)y, and K(a) is solvable.

o /f\\
b

"4'

IR S |
keraj}:

Proof. The optimality of R in conjunction with the assumption
“R ¢ H(2;1)” ensures that dim R=2. (IIL1.(5)) yields that there is
Y eAut W(2;1), which stabilizes H(2;1)® and H(2;1), such that
¥~ YR)=:T is one of the tori described in (II1.1). Consider the root space
decomposition with respect to T.

(1) Take any nonzero root o with a(f;0,)=0. Then (as a#0
and hence «(t,0,)#0) we are in case (1) of the preceding theorem.
Adjust «, such that a(¢, d,) = 1. Observe that a,=1 Vi and {b;|i#0}=
{beGF(p)|b#1}. Note that according to (IIL3) [K;_ ., Ki;_ 1)s]
contains

(150, —ityts ' 0y, t—je, 1571 0,]
==y o~ (i+j—1) ntyt "2 a))

for 0<i, j<p—1. Since R and T=y ~!(R) are optimal and hence every
+ 2 an 1.
L

1

a H mandias tha . Civaila nA
PGy Lla s i.c. .y l2 — .}Lz ouuuau_y, Ll - ‘A’l ana

o 0
T=T,. This proves (1).
(2) Case (1) of (II1.4) yields that

-
(7
o
-
B
-t
M
o
c
=
=
7]
-
=

K(cx)=up{ Y F(x{@z—jxlxélal)}+RnK.

0<j<p—1,j#1

As Rn K< y(F(x,d;,—x, 0,))+ C(K(«)) a short computation proves (2).
(3) We are in case (1) of the preceding theorem with

a;,+b,=i(a(x, 0,)+ a(x, 3,)) +2=2mod(p).

In particular, a;+ 5,22 and therefore the one-section is contained in
the zero part of the filtration: ¥~ '(K(a))= W(2;1)p) As ¥ is an
automorphism of W(2; 1) it stabilizes W(2;1),. Hence K(a) = W(2; 1),
Since a(x; 8,)#0, a(x,d,)#0 there are i, j such that q,=2, b,=0
and a;=0, b;=2. The corresponding monomials lie in K(x). Put
J:=K(a) n W(2;1),,- Then J is a solvable ideal of K(x)+ R and

K(@)+R=J+R+y{Fx,0,+ Fx, 0,}.
Then {K(a)+ R}/{J+ R~ (ker a)} =sl(2).
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(4) 1If a;+ b; >3 then the corresponding root space is contained in
W(2;1) . If a;=1 for some j#0 then a(x, 8,) =0, which is not this case.
Hence a;, b;#1 for i#0. If there is some j# 0 such that a;=0=b5,, then
the corresponding root space is contained in W(2; 1), (IIL3). If there is
some j#0 such that a;=0, b;=2 then ju(x, d,)= —1, ju(x,d,)=1 and
hence a(x, &, + x, &,) =0, which cannot happen in this case. |

The theorem yields that there is only one conjugacy class of optimal tori.
For such a torus we have determined all one-sections modulo the radical:
two of them are Witt algebras, one of them is isomorphic to sl(2), all other
are 0.

Let —a«,, —a, denote the nonclassical roots, which stick out of
KnW(2;1),. Then

'"5ij= [x;0, 61‘] = “aj(xi 0;)
and
(o; —a3)(x; 0y + x5 0,)=0.
Thus K(x, —a,) is the classical nonsolvable one-section. The root spaces

of KnW(2;1),, sticking out of Kn W(2;1),, are represented by
x, 05, X, 8;, R K. The corresponding roots are a; —a,, &, —&;, 0.

IV. CAsE (6) oF THEOREM I1.2
We start with some general observations.

LeEMMA IV.1. Let G be a Lie algebra and put K := G ® A(1;1). Consider
a torus TcDerK, put To:=Tn(Der G)® A(1;1). Assume that every
T-invariant ideal I of K decomposes I=1,® A(1;1), I, < G.

(1) There is weDer K, such that
(a) T=Tn((Der G)® A(1;1))® F(id ® ¢ + w)
(b) w(G®A(1;1),)cGRA(1;1), for all j.

(2) T, acts on G and G®F via the isomorphism G=GQFx
G®A(1;1)/G® A(1;1),). Decompose GR F=3, (G® F), with respect to
T,

(GRF), :={ue G® F|t(u) — u(t)uc GR A(1; 1)y, Ve Ty }.
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For any ec (GQ® F), and each je GF(p) there exists ue G® A(1; 1) with the
properties
(1) u=e mod G A(1;1),
(2) tu)=p(t)u VieT,
(3) (d®ad+ w)(u)=ju
Proof. (1) According to a well known result of R. E. Block,

Der(G® A(1;1))= (Der G)® A(1; 1)+ Fid® W(1; 1),
and thus there is a restricted homomorphism
V:Der(G® A(1;1)) » Der(G® A(1; 1))/(Der G)® A(1, 1) = W(1;1).

Put U :=y ~'(W(1; 1),). Note that for all j, G® A(1;1),;, is a U-invariant
subspace. If T< U, then G® A(1;1),, is a T-invariant ideal, which has
trivial intersection with G ® F. This contradiction shows that T ¢ U. (7))
is a torus of W(1;1) and thus conjugate to F(1+x)0. Then
T=Tn {(Der G)® A(1;1)} ® FD, where D is mapped onto (1+x)0.
Hence D=id ® d mod U.

(2) We will first construct inductively elements ug, ..., u,_, with the
properties

(a) uy=e mod G®A(1;1),,
(b) D(uk)_jukEG®A(1;1]).(k)-

For k=0 we put u,=e and observe, that (b) is true since A(1;1),, =
A(1; 1). Assume that we have constructed u, for some k< p— 1. Write

D(uy) — ju, =w®x* mod GRA(L; 1) 441y

If k<p—1 put

Upor = — (k+ 1) 'w@xF+1
Then

U =u=e mod GRA(1; 1),
and

D(uy 1) =D(u)—D((k+1)"'w®x** ') = juy = jup 44
mod G® A(1; 1), -

Consider the case k=p—1. Since D is toral and je GF(p), we have
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(D—jid)’=D*—j”id=D—jid. Hence computing mod G® A(1; 1),
we obtain

w®xP" = (D—jid)(u,_)=(D—jid)"(u,_,)
=(D—jid)" {(w®x?1)
=id®6” '(w®x?P H=(p—1)w®1.

Thus w=0. We end up with an element u, , satisfying (1) and (3).
Consider V:={veG® A(1;1)|D(v)=jv}. V is invariant under T, and
decomposes into a direct sum of eigenspaces with respect to T,. Then
V+G® A(1; 1), is also invariant. As », ,€V, we have according to
(a)ee V+G® A(1;1);,. Moreover, e is mapped onto an eigenvector in
{(V+G®A4(1;1),)}/{G®A(1;1),} =V with respect to T,. Therefore
there is some eigenvector u€ V, such that u=emod G® A(1;1),,. This is
the desired element. |}

CoROLLARY IV.2. Let G be a Lie algebra and put K :=G® A(m; 1).
Consider a torus T < Der K. Assume that every T-invariant ideal I of K
decomposes I=1,& A(m;1), I, = G. Decompose T=T,® T, into a direct
sum of subtori with Ty :=Tn {(Der G)® A(m;1)}. T, acts on G via the
isomorphism G =G ® A(m;1)/G® A(m; 1),,. Then:

(1) m=dim T,.
(2) For any root we Ty on G and any e T¥ there is a root a® f§ of

T on K. The homomorphism n:K— K/G® A(1;1),,=G maps K, g,
bijectively onto G,.

Proof. Put G':=G®A(m—1;1). Then K=G'® A(1;1) and the
assumption if (IV.1) is fulfilled. We now proceed by induction on m.
(1) and the first part of (2) are direct consequences of (IV.1). In order to
prove bijectivity we first observe that according to (IV.1) n(K,g4)=G,.
Put /:=(ker 1) K, g 4. I is T-invariant since every te T acts as (a()+
B(1))id on K, g 4. Then 3, o (ad K)"(I) = ker n is a T-invariant ideal of K.
By assumption this has to vanish. Hence n| K, 44 is injective. |

The following are applications of (IV.2).
THEOREM IV.3. Let G be a Lie algebra and put K:=G® A(m;1).

Consider a torus T < Der K. Assume that every T-invariant ideal I of K
decomposes

I=1,@& A(m; 1), IycG.
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(1) There are roots B,, .., B,, such that G=K(B,, .., B,).

(2) K=K(By, . B)®A(m; 1)

(3) T is conjugate under an automorphism Y of K to some torus
{(T'TOF}®{®P <i<mid®F(1 +x,)0,}, where T’ is a torus of Der G and
T'®F=y (T {(Der Q)@ A(1;1)}) oy ".

Proof. (1) Put according (IV2) T=T,®T,, To=Tn {(Der G)®
A(m; 1)}, and ¢ :=dim T,. Choose a,, ..., a,€ T roots of T, on G which
span the root lattice of T, on G and let f; denote the extensions of a; by
putting B,(7,)=0. (IV.2) shows that the homomorphism

nK->GQAm1)/GR A(m; 1),,=G

maps K(B,, .., B,) bijectively onto G. Thus 7| kg,
Lie algebras.

5, 18 an isomorphism of

(2) Use multiindex notation for monomials x* of 4(m;1). Apply the
Lie algebra homomorphism ¢: K® A(m; 1) = K, p(u@ x*®@ x*) =u®@ x“+*
to the subalgebra K(f,, ..., ,)® A(m; 1). For g € G there are (cf. (1)) g,€ G,
fi€Am;1),, such that g':=g®1+Y g.®f,€K(B,..B,) Then
(g RxN)=g@x“+ 3 2:® f;x° where f,x? is of higher order than x“.
Inductively we see, that ¢(K(B,,..,B,)® A(m;1))=K  Checking
dimensions (with use of (1)) we obtain that this restriction of ¢ is
an isomorphism of Lie algebras, which maps K{(B,, .. 8,)®F onto

K(Bl’ ey ﬂz)

(3) ¢ induces an isomorphism

¥": Der(K(B,, ..., B,)® A(m; 1)) 3 Der K.

Put T,:=(y')"Y(T) (i=0,1). The property B,(T,)=0 implies that
T, cid® W(m;1). Demuskin’s result then shows that T, is conjugate
to some torus <, Md®F(1+x)0,+3,, cicmid®Fx,;0;. Our
assumption on the ideal structure of K enforces s =m.

Since [7T,,7,]=0 the preceding result yields that T,c
(Der K(B,, ... B))®F, ie, To=T'®F, T' a torus in Der K(B,, .., B,).
Next the isomorphism obtained in (1) =': K(B,, .., B,) = G extends to
' ®@id: K(B,, .., B,)®A(m; 1) > G® A(m; 1) = K. Putting isomorphisms
together we obtain that T is conjugate to some {T'®F}®
{Di1<icmid®F(1+x;)0,}. 1

THEOREM IV.4.  With the assumptions and notations of (IL.2) let K+ R
be as in case (6).
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(1) There is a root B #0 with B(H)=0. K(B) is nilpotent.
(2) There is a root o with a(H) #0.
(3) For every root o with a(H) #0, and any je GF(p), a + jB is a root.

(4) For every root o with a(H)#0, N, 50 K()™=S.
(5) K(B) is the only solvable one-section.

Proof. We identify K with adsg 4.1y K. As in the case under considera-
tion S is restricted, S® A(1,1) is considered as a restricted subalgebra
of Der(S®A(1;1)). Then RN (S® A(1;1)) is one-dimensional. Put
Ry:=Rn(S® A(1;1))=: Fr, with some toral element r,.

S® A(1;1),, is the unique maximal ideal of S® 4(1;1). It is invariant
under K, but not under K+ R. Then S® A(1;1) is R-simple and therefore
meets the assumptions of (IV.3).

Since S® A(1;1),, is not (K+ R)-invariant but K-invariant, we
conclude that R ¢ K, and therefore Rn K, = R, as well.

(1) Let 8 be a root with f(r,)=0. If B(H)#0, then TR(H, K)=2. As
a consequence of [St4, (1.3.(5))], R<K,+ C(K,+ R)=K,. This would
contradict the above observations. Thus f(H)=0 and K(f) is a nilpotent
one-section.

(2) Since r, € H there is a root a with a(H)#0.

(3) As a(H)#0 we have a(Fr;)=a(RNnH)#0 and K(a)c<
[ri, K(x)]+ H=S® A(1;1)+ H. (IV.2) proves that a+ j§ is a root for
each j.

(4) Let ae(Fr,)* be a nonzero root of Fr, on S and extend « to a
root o’ of R on K. (IV.2) yields that ) K(a')™=K(a')nS® A(1; 1) S.

(5) Consider any root u=ix+ jB, i#0. Then u(H)#0. Apply (4).

i

THEOREM IV.5. With the assumptions and notations of case (6) of (11.2)
the following -are true:

(1) R is conjugate under an automorphism of S® A(1;1) to
{R,®F}® {id® F(1 + x)d}, R, an optimal torus of S.

(2) Kc(Der S)YP®A(1;1).

(3) For every je GF(p), K;s contains an element x; such that a(x) #0.

Proof. (1) As before S® A(1;1) is R-simple and (IV.3) applies.
Then R is conjugate under an automorphism of S® A(1;1) to
{Ry®F}®F(1+x)d, R, a torus of Der S. R, is one-dimensional. The
optimality of R ensures that R, is a maximal torus in S+ R,. Hence R, is
an optimal torus in S. We suppress the notion of this automorphism.
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(2) Consider the restricted homomorphism
Y:Der(S® A(1;1))
=(Der S) @ A(1; 1)+ Fid® W(1;1)
- Der(S® A(1;1))/(Der S)® A(1; 1) = W(1;1).

According to (1) there is r,eR, such that Y(r,)=(1+x)d. As
S® A(1; 1), 1s an ideal of K, we have y(K) = W(1;1),,. Moreover, y/(K)
is invariant under (1 + x)d, which is now only possible if \(K)=0. Hence
Kcker = (Der S)® A(1;1).

Consider the isomorphism p: (Der S)® A(1; 1)/(Der S)® A(1; 1), =
Der S. As TR(p(K))<STR(K)=TR(S)=1, we have p(K)=Se {sl(2),
W(1;1)} or S=H(2;1)®cp(K)c H(2;1)=(Der S)". This shows that
K< (Der S)'® A(1;1) + (Der S)® A(1;1),,,. Since the k-fold application
of rieR defines a surjective mapping (Der S)® A(1; 1),/ (Der S)®
A(1;1) 441, onto (Der S)® A(1;1)/(Der S)® A(1;1),, we obtain that
K< (Der SV ® A(1;1).

(3) Choose re Ry S. Then r® (1 + x)'e K acts nonnilpotently. |}

V. THE ZASSENHAUS ALGEBRA W(1;n)

We will consider W(1; n) in more detail. Since we only have one
“indeterminate,” we omit indices. W(1;n) has dimension p”. The derivation
algebra is given by Der W(l;n)=Y,_,c,_ FD"® W(l;n). Since
Der W(1;n) contains a p-envelope of W(1;n) and every p-envelope in
Der W(1;n) has to contain Y,.;.,_; FD?, Der W(l;n) is also a
p-envelope of W(1;n).

Some general remark might be helpful. There is a canonical injection of
A(m;n) into A(n;+ --- +n,;1) induced by x?% - x®  where
k=n+---+n_;+i+1 (I1<j<m, 0<i<n;—1). This mapping gives
rise to an injection W(m;n) > W(n,+ --- +n,,;1). In the present case we
have an injection W(1;n) into W(n;1). As a consequence, TR(W(1;n)) <
TR(W(n;1))=n.

LemMa V.I. (1) W(1;n), is closed under pth powers.

(2) Let t:=D"+Yocic,_17: D" +u, ueW(l;n),, r=0, be a
semisimple element, T the torus generated by t, and W(1;n), a root space
with respect to T. Then

(a) dim T/Tn W(l;n) g =n—r.
(b) W(;m),nW(; n),_1,=0, dim W(l;n), < p"



446 HELMUT STRADE

(¢) If dim W(1;n),=p', then
W(l;n),® W(l;n),_,,= W(1;n).

Proof. (1) Let g be an element of W(1;n),. Then g” is a derivation
of W(1;n) which does not lower the degree of a monomial. As
Der W(1;n)=0cicn 1 FD? + W(1; n), this shows g e W(1;n) .

(2) (a) We consider pth powers of t”'=D”i+'+2j<i+,ﬂjD”’+ u;,
u;e W(l;n),. For i=0,.,n—~r—1 these are linearly independent
mod W(1; n)q,.
(b) Letw=3,.,7;xD, y,#0, be an eigenvector with respect to
t. If k> p"—1 then, as we W(l;n), _

yw=[t,w]=D"(y,x*)D=y,x*"7)D £ 0mod W(1;n)y_

a contradiction. Hence w¢ W(l;n),, ,, and the mapping W(l;n)—
W(1;n)/W(1l;n),, _,, is injective on every root space. Therefore every root
space has dimension at most p".

(c) If the dimension of a root space is exactly p’, then this
mapping is bijective. |

THEOREM V.2. Let T be a maximal torus of W(1;n), and assume that T
contains an element of the form D +u, ue W(l;n),. Then

(1) dim T=n; T is generated as a restricted subalgebra by D + u.

(2) Every root space of W(1;n) with respect to T is one-dimensional.

(3) W(1;n) has a basis (Ug)g e r Of root vectors with multiplication
[ug, up] =(p— 9)“s+p~

(4) Every one-section is isomorphic to W(1;1).

Proof. Put t:=D+ueT. Thus we may apply the lemma with r=0.
The torus generated by ¢ has dimension at least n. As W(1;n) may
considered a subalgebra of W(n;1) every torus has dimension at most ».
This proves (1). The lemma also implies, that every root space is one-
dimensional. Write t=D+ax"D+u', u’'€ W(1;n),. According to the
lemma, every root space has zero intersection with W(1;m)q,. Let
v:i=D+9xVD+v', v'e W(1;n),, be a root vector with respect to ¢. The
corresponding eigenvalue r is given by

HD+3xVD+v)y=rv=[t,v]=[D+ax"D+u, D+ 9xVD+v"]
=(3—a)D mod W(l;n)q,.
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Thus r=8—a and W(1;n) has an eigenvector basis (u,) of the form
u,=D+(p+a)xVD+u,, u, e W(l;m),, (e, u,1=pu,.

Next we determine the product of two of these vectors. Considering the
eigenvalues we see that [ug, u,]€ Fuy, ,.

[ug, u,1=[D+(3+a) xD+uy, D+ (p+a) x"'D+u,]
=(p-9)D=(p—9)uy,, mod W(l;n)g,.

Then [“.9, up] = (p - ’9) u.9+p'
Every one-section W(l;n)(3) is of the form ¥, gr,) Fut;g, 3#0. The
mapping u,3+— 37 '(1 + x)’ @ establishes an isomorphism onto W(1;1). |

G. M. Benkart and J. M. Osborn call a basis of this type a “group basis”
and they say that the roots are “dependent.” No root is proper.

THEOREM V.3. Let T denote a maximal torus of W(l;n), with
dim T <n. Then

(1) 0#TnW(l;n)c W(l;n)y);
(2) Cuua(TnW(l;n))=: Hisa CSA of W(1;n) and is contained in
W(l;n)e);

() Cwaimy(T)=:H is a CSA of W(l;n),. HY does not act
nilpotently on W(1;n).

Proof. (1) TnW(1l;n)c W(l;n),, is true since dim I'<n (apply
(V.2(1))). Choose r>1 maximal such that TN (Xoc;c,_; FD? +
W(l;n)e)< W(l;n),. Then T contains an element ¢, :=
D7 +¥ocic,y:D” +u, ue W(l;n)q,. t, generates a torus 7T’. Then
dim 7" >n—r (V.1.(2a)). Assume that T~ W(1;n)=0. Then T"'=T, T’
has dimension n—r, and therefore there are at most p”~" different roots.
Adding dimensions, (V.1.(2b)) in combination with dim W(1; n) = p” yields
dim W(1;n),= p’ for all roots. Applying the lemma for « =0 we obtain

HAW(;n)+ W(1;n),_ = W(l;n).

In particular, Hn W(1; n)o, ¢ W(l;n)y,. Since W(1;n),, and A are
closed under pth powers, the intersection of these contains a nonzero semi-
simple element. This element lies in T~ W(1;n)), a contradiction.

(2) Since Tn W(l;n),,=0, there is an element ¢ of the form

481/151/2-13
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t=xYD+u, ueW(l;n),, and TnW(l;n)=Fr. Then ¢ acts on the
quotients W(1;n).,/W(1;n), , ,, with eigenvalue k. Hence

H=Cypu.a(ToW(;n))=Cyy o(Ft)=H W(l;n),,+ Ft

and H is a CSA.

(3) H is a CSA since T is a maximal torus. Since W(1;n){"c
W(1;n), W(1;n) contains every root space for any nonzero root. Hence we
have W(~1;n)p=W(1;n)+I~I and so there is ue W(l;n) such that
D +ueH.

T acts on H and An W(1;n)c H. In (2) we have described H to some
extent

H= @ F(x"*+YD +u,), with some u;€ W(1;0) )

osispr1-1

Recall the definition of T from (1) and note that T=T"'+ Ft. Let o’ be any
root with respect to T’. According to the lemma we have

W(l;n), n W(l;n), 1,=0,

(p—

hence dim W(l;n),nH<p~' for all roots o on T Then
dim W(1;n),n H< p" ! for all roots « on T with a(t)=0. There are at
most p"~" roots of T vanishing on Tn W(l;n),, (since dim T/Tn
W(1;n)o,=n—r). Since dim H=p"~', and H=73,(,,_o H W(1;n), this
dimension argument yields dim W(1;n),nH=p" "' for all roots with
a(¢)=0. In particular, dim HAAH=p~' Observe that n>dim T=
(n—r)+1, ie., r=2. Therefore there are i>0 and ve W(1;n),,,, such
that xX?*+ VD + ve H. Then

ad’(D? + w)(x?* YD +0v)=xDD mod W(1;n),,

and lies in V. Hence AV contains an element of the form A= x""D +w,
we W(1;n),. h does not act nilpotently on W(1;n). |

The torus Fx'D is an example for this type of torus. In the particular
case of n=2, dim T=1 we obtain the result 7= W(1;2),. A torus of type
(V.2) is not optimal, since no root is proper. A torus of type (V.3) is not
optimal, since its dimension is less than n= TR(W(1;n)). Thus there is a
remaining class of (optimal) tori.

THEOREM V.4. Let T denote a maximal torus of W(1;n),. Assume that
T is none of the types described in (V.2) and (V.3). Then

(1) dim T=n, dim T W(l;n)=1, Tn W(1;n)=Tn W(l;n)q,.
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(2) Every root space is one-dimensional. For every root a there is i,
0<i<p-—1, and w,, € W(1;n), such that W(1;n),=F(x"D+w,,).

(3) If a is a root such that o(T~ W(1;n))#0 then W(1;n)(a)=
W(1;1). The isomorphism is given by x"D+w, ,— (i!)~'x' 0.

4) If « is a root such that o(T W(1;n))=0 then W(l;n)a) is
abelian and every nonzero root vector of W(l;n)(a) acts nonnilpotently on
W(1;n).

(5) T is an optimal torus.

Proof. (1) We are not in case (V.3) and therefore dim T=n. As
dim W(1;n),/W(1;n)=n— 1, this yields T~ W(1; n)#0. Since we are not
in case (V.2), TnW(1;n)=Tn W(1;n)q,. As Tn W(1;n),,=0, we have
dim Tn W(l;n)=1.

(2) There is a nonzero teTn W(1;n), and we may choose
t=x"UD +u, ue W(1;n),. In addition, since dim T/Tn W(l;n)=n—1=
dim W(1;n),/W(1;n) T contains an element D” +ve T, ve W(1;n). Let w
be an eigenvector with respect to T for a root a € T*. Write

w=>Y rxD, rieF, r.#0.

j=k

According to (V.1.(2b)) we have k < p.
wt)yw=[xID+u wl=(k—1)r,x®D mod W(1;n),.
Choose i such that
0<ig<p—1, i=1l+4+a(?) mod(p).
The above shows that if the eigenvalue with respect to ¢ is a(¢) then w is
of the form
w=rxD+w,  weW(;n),, reF,r#0.

This implies that every root space of W(1;n) is one-dimensional and by

this proves (2).

(3) Consider a root o with a(r) #0. W(1; n)(«) is p-dimensional and
it has a basis of the form

(x(i)D+Wi,a)9 W« € W(l;n)(i)’ OSlSP_l

The mapping W(1;n)(a) > W(1;1) given by x’D +w, . (i) "'x' 3 is an
isomorphism from W(1;n)(a) onto W(1;1).
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(4) Consider a, such that a(z) =0. W(1; n)(«) is p-dimensional and it
has a basis of root vectors of the form

(x"D+w),  weW(ln),, 0<i<p—L

The product of any two of these vectors is an element of W(1;n),. Since
every nonzero element has to have a nonvanishing summand rx‘"'D, all
these products vanish. Every element of type x'"'D + w; acts nonnilpotently
on W(1;n).

(5) According to the preceding results, every root is proper and
dim T=TR(W(1;n)). |}

Remark. Let H denote any CSA of W(1;n) and R the maximal torus
of the p-envelope of H in a p-envelope of W(1;n). Let T be a maximal
torus of W(1;n), containing R. According to the preceding theorems there
are essentially two different situations: If T is a torus described in theorem
V.2, then Rc T=F(D+u),. His a section with respect to 7, since R is a
subtorus of T. Since H is nilpotent, and according to (V.2.(3)) no one-
section is nilpotent, H must be a zero-section, ie, H=Cy . (T)=
F(D + u). The multiplication of the root vectors with respect to H is given
by (V.2.(3)). If T is a torus described by theorems V.3 and V.4 then
Ho T W(l;n)=F(x"D+u,) and H= Cy..(x"D+u,), as the latter
is a Cartan subalgebra. In this case the root spaces with respect to H are
p"~'-dimensional. We obtain some of the main results of Brown [Br] with
only very few computations just by using the concept of a p-envelope.

We are going to apply these results to the situation of case (7) in (IL2).

COROLLARY V.5. With the assumptions and notations of (11.2) let K+ R
be as in case (7) with S= W(1;2). Then K= W(1;2) and R is a torus of type
(V4).

Proof. 1t is clear from the above, that R is a torus as described in (V.4).
There is a root a with a(Rn W(1;2))=0. « is a solvable root. If Rc K,
then Rc H and H would be a Cartan subalgebra on which no root
vanishes. In particular, a(C,(T))#0. Lemma IL.1 shows that L, acts
nilpotently on L, yielding a contradiction to (V.4.(4)). Thus R ¢ K and
hence

W(1;2)c K+#Der W(1;2)=W(1;2)+ FD?*.

This gives the result. ||
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V1. THE HAMILTONIAN ALGEBRA H(2; (2, 1))*®

The algebra H(2; (2, 1)) is defined analogously to H(2;1) in Section IIL
Put t:=1(2,1):=(p?’—1,p—1) and

DH(x(a)) :=x""“)D2 _x(afez)Dl
as well as

H(Z:(2,1) = {f, D, + f2 D21 f. € A(2; (2, 1)), Dy(f) + Dy f2) =0}
=span{D4(x)|0<a<1} U {Dy(x7), Dy(x?2)},
H(2; (2, 1))" =span{Dy(x*)|0<a< 1},
H(2;(2,1))®=span{D,(x*)|0<a<1}.

Recall that A(2;1) is a subalgebra of A(2;(2, 1)), isomorphic to the
truncated polynomial ring F[x,, x,]. It is mentioned in [BW2, (10.1.1)]
that TR(H(2; (2, 1))*)=2. Put as an abbreviation G := H(2;(2,1)) and
consider any optimal torus T<G,=H(2;(2,1))®FD{. The following
proposition is a consequence of [BW2, (10.1.1)].

ProposiTION VL1. Let T be an optimal torus in G,. Then dim T=2,
TcH(2;(2,1)? and TnG=TnGy, is one-dimensional. Thus
T=Ft,® Ft, with toral elements t, and t,=D?+u, ue H(2;(2,1))?,

ty=r+v, r=Ya,x*D, a,eF, ve H2;(2,1))3).

Proof. As H(2;(2,1))® is an ideal of G, and G,/H(2;(2,1)) is
p-nilpotent, we have TR(G,)=TR(H(2;(2,1))?)=2. Since C(G,)=0
[St4, (13.(5))] implies that T H(2; (2,1))@. Put in [BW2, (10.1.1)]
A:=G,. We obtain by (d) of this theorem that Trn H(2; (2, 1))} #0. If
T<G then T would be contained in G H(2;(2, 1)) =H(2; (2, 1))?.
Part () of that theorem shows that this is impossible. ||

We are now going to discuss the root space decomposition of G with
respec to 7. Put

U:=span{D,(x)|(a,=p+1) v (a,=p, a, #0)}.

Note that G=H(2;(2,1))=U® H(2;1) and U has codimension p?+1
in G.

THEOREM VI.2. Put G :=H(2;(2,1)) and let T = G, be an optimal torus.
Let G=@® G, be the root space decomposition with respect to T.
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(1) G,nU=(0) for all roots a.
(2) dimG,=p+9,, for all a
(3) Any root vector u, e G, can be written as

Uy =Uypt+ Wy, Uk € Gy — Gy 1y Wok €Guyny+ UN Gy
U, € H(2;1) is a root vector with respect to r corresponding to the eigen-

value a(t,) and homogeneous of degree k.

(4) Given any homogeneous root vector u,, of H(2;1) with respect
to r corresponding to the eigenvalue a(t,) and of degree k, there is
Wor€Gu 1)+ UNGy, such that u,  +w,,€G,.

Proof. Take any we G, and write
w= Y k(a)Dy(x'¥), k(a)eF.
ayzs
fweGu,+UnG,), but w¢ G, ,, then there occur monomials in w
with a, > p and

aDP+u)yw=[D{+u,w]l=Y k(@) Dy(x'* 7))+ k'(b) D,y (x*),

where in the right hand side sum there occur monomials D (x'“)) with
D,(x9)¢ Gy, _ . This contradiction shows that

G.NUNG+ G 1) =GN Gy
This proves (1). We now consider the graded space

g G, =D G,NnG4/G,N G,y
k

=@ G, NG/G N (UnNGuy+Gyyyy)
k

which embeds canonically into H(2;1). ¢, acts on gr G, via the action of
r on H(2;1). As a consequence, dim G, < p+9,,. In addition, the above
reasoning proves (3). We now count dimensions: there are at most p? roots
on G, each of dimension at most p+6,,. As dim G=p*+ 1, we obtain
dim G, = p+9,, and gr G, is the full corresponding root space in H(2;1).
This proves (4). |

CorOLLARY VL3. Suppose that a(t,) #0. G(a) is filtered by G(a)u,=
G(a) N Gy. There is an isomorphism of graded algebras y: grG(a) 3 H(2; 1)
with u(t,)e F(x, 0, — x, 05).
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Proof. Every G(a), is invariant under ¢,, and as T= Ft, + (ker a), it is
invariant under T. Therefore the results of (VI.2.(1), (3)) yield

grG(a) =P G(O‘)(k)/G(“)(k+l)

® DG,n G(k)/Gian Gty

ieGF(p) k&

Since a(z,) # 0 the isomorphic image of the right hand side in H(2; 1) runs
through all root spaces with respect to r. Hence we have a surjective
mapping gr G(a) —» H(2;1). Note that in every homogeneous space
G(®)x)/G(®) + 1, the root spaces are at most one-dimensional. Therefore
this mapping yields an isomorphism of algebras.

Clearly this isomorphism maps ¢, onto some toral element contained in
H(2;1) ). Demuskin’s result now gives rise to an automorphism of
H(2; 1), which maps this element into F(x, d, —x,d,). |

The preceding result says, that there is a choice of a root vector basis
{Uyr+Woitar such that u(u,,+w,,)=Dy(xix}) with i+j=k+2,
i—j=a(r,y)

We now apply the results to the situation which occurs in the context of
the classification theory.

THEOREM V14. With the assumptions and notations of (11.2) let K+ R
be as in case (7) with S = H(2; (2, 1))®. Then

(1) ReHQ; (2, 1))
(2) K< H(2; (2, 1)).

(3) There is a root B with B(H)=0; GF(p)f is the set of all solvable
roots; for every i #0 there is a root vector e,z € K,z which acts nonnilpotently
on K.

Proof. The assumption ensures that TR(K)=2. It is known
that Der H(2;(2,1))®=H(2; (2, 1))+ FD? + F(x“YD, + x*?D,). From
TR(H(2;(2,1))®)=2 we conclude that K,/H(2;(2,1)){” is p-nilpotent.
As a result, K cannot meet F(x(*’"D +x®)D,), showing that
K< H(2;(2, 1))+ FD?. Similarly, R< H(2; (2, 1))?.

We now apply the preceding results. After the application of a suitable
automorphism the root spaces are of the form given in (V1.2). Let $£0 be
a root with B(z,)=0. As if#0 for i#0, K,z H(2; (2, 1))?. (V1.2.(4))
shows that K;; contains some element ez :=r+w,, w,e H(2; (2, 1)),,,. This
element acts nonnilpotently.

Suppose K ¢ H(2;(2,1)). Then RcH(2 (2, 1)P<H(2;(2,1))+ FDY
=K+ H(2; (2,1))= K +span{D,(x7"), D (x"’”’) Dy (x™)}. In this
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case no root vanishes on H= Cg(R). According to Lemma II.1 all root
vectors e, pe GF(p)a+ GF(p)B, n+#0 act nilpotently. This contradiction
proves the assertion. |

VII. THE HAMILTONIAN ALGEBRA H(2; 1; &(1)))

We will introduce a description of some of the hamiltonian type
algebras, which is more appropriate than the description as derivations
of a truncated polynomial ring or a divided power ring. We follow
R. D. Schafer [Sch]:

Let F[x,, .., X5 1, x? =0, denote the truncated polynomial ring in 2r
generators and let ¢;€ F[x,, .., X, ], 1<i j<2r, be arbitrary elements
satisfying

(1) Cji= —Cj
(i) %, <r<2r (atcij) Cu+ (alcjk) ci+(0,0k) Cy= 0
(ii) one of the c; has nonzero constant term.

Define a “Poisson bracket” on F[x, .., x,,] by use of (c;)

{(figh= 2 (8:/N0;8)cy
1<4,j<2r
Then (F[xla ey x2r]7 { ’ }) = (F[xl’ ooy x2r]’ { H }’ (Cij ) iS a Lie algebra and
FIxy, o X, )Y/ F1 A F[xy, ..., x5, 1" is a simple Lie algebra of Cartan
type. Its dimension is p* — 1 or p* —2. [Sch, St1]. We call thesc algebras
Poisson Lie algebras (PLA). All Lie algebras of type L(G,d, f) of R.E.
Block [B] are PLAs [Sch], every PLA is of hamiltonian type [W1].

THeOREM VII.1. There is exactly one isomorphism class of PLAs of
dimension p®>—1. Every such algebra can be realized as a PLA on a
truncated polynomial ring F{x,, x,] with generators x,, x, and a Poisson
bracket {, } such that

(1) {xp,xp=1—x{""x5" "

It also can be realized as a PLA on a truncated polynomial ring F( y,, y,]
with generators y,, y, such that

@) {yu =0+ y)(1+ ).

Proof. Let L be a PLA with dimension p? — 1. Then it has generators
X,, x5 of the form [Sch]

{x1, %} =1+ax?"'x2~',  aeF, a#0.
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Due to [O] this algebra is isomorphic to a PLA F[x}, x5] with generators
x1, x5 such that {x}, x5} =1—x{”"'x3”~'. Hence every such algebra can
be described by a Poisson bracket of type (1) and therefore there is exactly
one isomorphism class.

Define as in [Sch] on the truncated polynomial ring F[ y,, y,], y? =0,
a Poisson bracket by

{y“ }’2}=(1+.V1)(1+.V2)-

Then conditions (i)}-(iii) above are satisfied and therefore this also defines
a PLA of dimension p?—1. Since there is only one isomorphism class
of these algebras, it is isomorphic to L. This means that L can be realized
this way. ||

THEOREM VIL2. H(2;1; @(1))" is a PLA of dimension p* — 1.

Proof. H(2;1;®(z))"’ has been described in detail in [BW2,
Section 2.1], where they use the notation of divided power algebras:

In that paper, y(1)=(p—1l)e,+(p— 1D ey=t(1)=:1, a:=J(P(1))=
1+x"", a,:=a 'D,(a) and (cf. [BW2, Definition 2.1.2, (2.1.3)])

D, :A(2;1) > H(2; 1; &(1))
is given by
D,(f)=(D2+a))(f) Dy — (D, +a;)(f) D,
=a " 'D,y(af) D,—a"'D,(af) D,.

[BW2, (2.1.5)] yields

[D.f), Du(g)]
=D, {(D+a;)(g)Dy+a)(f)— (D, +a,)(f)D,+ a)(8)}
=D,{a"'D(ag)a”'Dy(af)—a 'D,(af)a~'D,(ag)}.
We will transpose that notation into one using the truncated polynomial
ring F[x,, x,] which is canonically isomorphic to the divided power
algebra A(2;1) wunder the isomorphism given by ¥(x{'x%):=
a,!a,! x\me+ae) Then

a=14xrDar DD S (e, o = (1 —xf g,

Since ¥ 'oD,o¥(x;)=%¥"'oD,(x9)=6,, we obtain ¥ 'oD,c¥=32,.

ij
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Define the Poisson bracket on F[x,, x,] by {x,, x,} :=1—x?"'x2""' and
put

@: (FIxy, x50, {, }) > H2; 1, 0(1)),  o(f) :=D(—a™'P(f))

Then the above equation yields

Lo(f): o(g)]
=D, {a" (D, Y(g)D,P(f))—a (D, P()D,¥(g))}
= =¥ H{a (D, (D ¥(f))—a™ (D, P(/ D, ¥(g))}
=o((1=x{~'x71)(8,(f) 0:(8) - 0:(8) /)= 0({ £, 8}).

Hence ¢ is an isomorphism from (F[x,, x,], {}) onto H(2;1; &(z)). This
proves the result. ||

It is well known, that, if the dimension of a PLA is p?—1, then
Fl A F[x,,x,]" =0. This implies that

H(2; 1 o)V = (Fxy, x2), (D= (FIxy, x,1, {})/FL

It is also known (cf. [Sch]), that the mapping {f,?}: F[x, x,]—
F([x,,x,] is a derivation of the truncated polynomial ring. As such it can
be described in the realization (1) of theorem (VII.1) as

{f ?} =¢1301(f) 02— 05(f) 0, =(1 —Xfule_l)(al(f) 0,—05(f) 0y)-

Let @ denote any automorphism of the truncated polynomial ring
F[x,,x,] and put y,:=&(x,), i=1,2. y,, y, are generators for the
truncated polynomial ring and are polynomials in x,, x,

Yi= 05Xy F oo, + i, deg fi>1, a;€eF, det(a;) #0.

One can express the Poisson brackets in terms of y,, y, according to the
chain rule,

{f 8} =d1»(0f10y,)(0g/0y,) — d1»(9g/0y, )(f1dy,),
with dj,={y,, y,} =det(a,)1 + g deg g> 1.

It is known (cf. [Sch]), that dim Der H(2; 1; &(t))") = p?> + 1. Thus it is
easy to check that

Der H(2; 1; &(1))™

={(1—=x{""x£"")0,(f) 0, ~ 8:(f) 8,)| f € F[x,, x,1}
@Fx?~ ' o, ®Fxf10,.
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THEOREM VIL3. Let T be a torus of Der H(2;1; ®(1))") of maximal
toral rank. Then

(1) dim T=2, Der H(2; 1; ®(1))'" is a p-envelope of H(2;1; ®(t))".
(2) There is YyeAutF[x,,x,], such that for the generators
yi:=¥(x;), i=1, 2, the Poisson bracket has the form

{yi, ya} =1+ y)1+,)
and

T=F(1+y,)0/0y,® F(1+ y,)0/0y,.

(3) Every root space of H(2;1; ®(t))") for a nonzero root with respect
to T is one-dimensional, while Cy.4.0(:0(T)=0. Every root vector acts
nonnilpotently on H(2;1; &(z))").

(4) Every one-section is abelian.

(5) H(2;1; ®(1))'" has an eigenvector basis (u,) and a biadditive form
S, such that Tuz, u,l=f(2, n)u, . ,.

Proof. (1) We realize H(2;1; &(t))"") as a PLA with generators y,, y,
and {y,, y2} =(1+ y,)(1 + y,). Then the p-fold Lie multiplication with y,
is an element of W(2;1) and hence is of the form f;d/dy,+ f,0/0y,.
Application of this derivation to y; yields

f1=110/3y,(y,)=(ad y,)?(y,)=0,
f2=1>0/0y:(y;)=(ad y)?(y;) = { 1> - { ¥15 Y2t}
=1+ y)?(1 + y2)=(1+ y,).

Therefore the p-envelope of H(2; 1: &(1))" contains the torus F(1 + y,) /0y,
@ F(1 + y,)8/0y, of dimension 2. This proves TR(H(2;1; &(7))V)=2. It
is straightforward to prove that this torus has trivial intersection with
H(2;1; ®(1))Y. A dimension argument yields that H(2;1; ®(1))V @
F(1+ y,)0/0y,® F(1 + y,) 8/dy, coincides with Der H(2;1; &(t))"). Thus
the latter is a p-envelope of H(2;1; ®(t))"").

(2) Choose e Aut F[x,, x,] such that T':=y ' Toy is one of
the tori T,, T,, or T,. There are é,e {0, 1} for which ¢;,:=4,+ x, are
eigenvectors with respect to 7. Put y, :==y/(x;). Then

We(6,+3) 9,00 (7)) = 6,96, + ) =68+ )
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This means that T=F(5,+ y,) 0/0y, + F(6,+ v,) 6/dy,. We have to
compute the Poisson bracket {y,, y,} =:d.

(0, + 1) 6/0y:(d)
=01+ ¥1) 8/0y1({ 1, ¥2})
={(6,+ y1) 0/0y:(»1), y2} + {¥1, (61 + y1) 0/0y.(y.)} =d.
Thus writing d=3Y (5, + »,)'(6,+ y,)’ we obtain

d=(0,+ y,) 0/0y(d) =3 iB;(0, + y1)'(8;+ ¥, ).

This shows ;=0 for i#1. By symmetry we have f,=0 for j#1 and
d=(6,+ y,)(0,+ y,). The constant term of this polynomial is J, ,. It has
been mentioned earlier that this constant term is nonzero. As a result,
6, =0,=1. This proves (2).

(3) Every monomial (1+ y,)*(1+y,)® is an eigenvector with
respect to T with root «, the root is given by a((l1+ y,)d/0y,)=a,
a((1 + y,) 8/dy,)= b mod(p). Different exponents yield different roots.
Hence every root space in H(2;1; @(z)) is one-dimensional. Since F1 is
the zero root space and is not contained in H(2;1; ®(7))'", this yields
the assertion about the root spaces. Recall that

{Q+ )0+ )% (L4 p (L + p2)°} = (as—br)(1+ p;)* " (1 + 3,)°*

This vanishes only if det(¢ 7)=0. Therefore (1 + y,)*(1 + y,)® does not act
nilpotently on H(2; 1; &(z))V if (a, b) # (0, 0).

(4) Every one-section of H(2;1;®(t))) is of the form
Yicicp—1 F(1+ y,)(1 + p,)” for fixed a, b. Hence it is abelian.

(5) The eigenvector (1+ y,)*(1+ y,)> corresponds to the root
(a, b). Then

{14+ )+ 2)% (L4 p) (A + p)’p=(as—br)(1+ y)* (14 p,)° %,

and we put f((a, b), (r, 5)) :=(as—br). |

THEOREM VIL4. With the assumptions and notations of (11.2) let K+ R
be as in case (7) with S=H(2;1; ®(t))V. Then K= H(2;1; &(1))).

Proof. Let a be any nonzero root. There is, due the preceding theorem,
xe K,, which acts nonnilpotently on K. (I.1) shows that a(H)=0. Hence
(RNnK)c (N, kera)=0 and therefore K has codimension at least 2 in
Der H(2;1; &(1))"). As H(2;1; @(1))"), which is contained in K also has
codimension 2, we have equality. |
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VIII. THE HAMILTONIAN ALGEBRA H(2;1; 4)

The aigebra H(2; 1; 4) is described in {BW2, (2.1.8)] as follows: Put
D,(f):=D,(f)D,—(D(f)+x»=1f) D,
H(2;1;4) = {D,(f)| fe A(2;1)}.
H(2;1;4) is a simple algebra of dimension p* and Der H(2;1;4)=

LI 9. AV EF( (0D (&2 =
H2; L) XD +x )n) h’\;,ﬂu,u) is the {p -rx;-uimefinGﬂal

p-envelope. H(2; 1; 4) carries the filtration inherited by the canonical filtra-
tion of W(2;1).

THeOREM VIIL1. Assume that H(2;1;4)< K+ RcDer H(2;1; 4). Let
R be a two-dimensional torus such that all roots with respect to R are proper.
Then

(1) K+R=H(2;1;4)® F(x“’D, + x*D,)
(2) Rc(K+R)nW(2 1)
(3) Every root space of H(2;1; A) is one-dimensional.
Proof. Putin [BW2, (11.1.3)1 4 := H(2; 1; 4) + F(x*"D, + x*2D,) and

T := R. Then it is mentioned in the proof there, that R ¢ H(2;1; 4) (but
Rc W(2 1)(0))- Thus by a dimension argument we have that K+ R=4. 4

has p® — 1 nonzero roots of mumpnuty one [BW2, (11.1.3)]. All these root

spaces lie in A< K. As dim 4 = p?+ 1, the O-root space has dimension
two in 4 and hence has dimension 1 in H(2;1; 4). |

CorOLLARY VIIL.2. With the assumptions and notations of (11.2) let
K+ R be as in case (7) with S=H(2;1; A).

(1) There are exactly two roots o, B such that K_,,K & H(2;1;4),.
For these holds (u=a, B)

{K(p)+ R}/Rn(ker p)= W(1;1).
The isomorphism is filtration preserving.
(2) K(a—PB)c H(2;1;4) )+ R; rad K(a — )= H(2;1; 4) 4, + R;
K(oo — B)/rad K(o — B) = sl(2).

(3) Every root y¢ GF(p)a v GF(p)B v GF(p)(a—B) is solvable with
K(y)c R+ H(2;1; 4),).

Proof. The graded algebra associated with the filtration of H(2;1; 4)
determined by the maximal subalgebra

H(2;1; A)(0)=H(2§1]; 4)n W(2;1])(0)
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is isomorphic to H(2;1)" + Fx?~'0,. Since R acts on every subspace
H(2;1; 4) ), it acts as a two-dimensional torus on H(2; 1)V + Fx{~' 0, as
well and the root spaces correspond. We now apply Theorem II1.5 and the
remark following it. |

IX. RESTRICTED CARTAN-TYPE ALGEBRAS

The following is a result of Demuskin [D1]. We shall give a noncom-
putational proof for it.

THEOREM IX.1. For every maximal torus T of W(m;1) there is
Yy eAut F[x,, .., x,,] such that for some r, 0<r<m,

Yy leToy=T,:= Y Fl+x)0,+ 3 Fx,d.

I1<isr r+l<ism
r is uniquely determined by T.

Proof. As T is a torus, it acts on the truncated polynomial ring
F[x,, .., X,,] by semisimple endomorphisms. Consequently, the latter is the
direct sum of eigenspaces with respect to 7. Let V denote the space of
polynomials without linear term and consider the canonical linear mapping

T F[xyy o Xm] = Flxq, w0 X, )/ V@ Fx,.

Thus there are eigenvectors u,,..,u, such that @, Fx;=
@ 1<, <m Frn(u;). Adjusting these eigenvectors by a scalar and permuting
the indices if necessary we find polynomials y,, .., y,, in the generators
X1, -y X, SUch that

(a) i, .. V., have constant term 0,

(b) for some re{0,..,m} (1+yp)), .. (1+¥.), Vri1swm Vm are
eigenvectors,

(€} w(yi) oo TW(Ym) sPAD D | <icm Fx:.
Note that condition (¢) means, that y,, ..., y,, generate F[x,, .., x,,] as an
algebra.

Let ¢ denote the automorphism of the truncated polynomial ring
F[x,, .., x,,] defined by ¢(x;) :=y;, 1 <i<m, and ¥e Aut W(m; 1) given
by (D) :=¢ 'oDoy. Put §,:=1for 1<i<rand §,:=0forr+1<i<m
and define a,e T* by D(6;+ y;)=a,;(D)(6;+ y;) VD e T. Then

Y(D)S,+x)=y (DWW, +x)) =y (D(S;+ y.))

= !pAl(ai(D)(ai + y))=a,(D)(J; + x,).
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Hence ¥(D)=3 «,(D)(6;+ x;) 0;, proving ¥(T)<=T,. The maximality of
T implies T=¥Y~Y(T,).
Note that r=dim T/Tn W(m; 1)4). |

Let S denote one of the algebras W(2;1), S(3; 1)V, H(4;1)®, K(3;1).
It is checked in [BW2], that the only optimal torus in S is conjugate
to a torus Sn(X; Fx;0;) under an automorphism of S. Every such
automorphism of S can naturally considered an automorphism of Der S
and (Der $)* for all k.

LEMMA IX.2. Let J be a restricted ideal of Der S, such that (Der S)/J is
a torus, and S < J. Suppose that K is a subalgebra satisfying S < K< Der S
and TR(K)=2. Then K< J.

Proof. Let K, denote the p-envelope of K in Der S'. [St4, (1.3.5)]
yields that every torus of K, is contained in Jn K,+ C'(K,)=J. Then
J+K,/J is [ p]-nilpotent and a torus. |

We now shall describe the one-sections in detail.

THEOREM IX.3. With the assumptions and notations of (11.2) let K+ R as
in case (8) with S= W(2;1). Let a be a nonzero root.

(1) K= W(2;1); there exists Y € Aut W(2; 1) such that
R=y{Fx,0,® Fx, 0,}.
(2) If a(¥(x, 0,))=0, then
K(a)=l//{ Y Fx;xyd,+ Y Fx} 62},

0<igp—1 O0<ig<p—1

radK(oz):t//{ Y Fxlxgﬁl}cW(2;11)(1)+F¢(x181),

O<isp-1

K)rad K(a)= Y  Fx,a,=W(1;1).

O0gigp—1
(3) I a(Y(x,0,+x,0,))=0, then
K(a)= W(2;1) o), rad K(a) = W(2; 1)1y + FY(x; 0, + x, 0,),
K(a)/rad K(ot) = sl(2).

4) If a(Y(x,0,))#0, a(y(x,0,))#0, a(Y(x,0,+ x,0,))#0, then
K(a) = R+ W(2; 1), is solvable.
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Proof. (1) follows from (IX.1),
(2)-(4) It is easy to check that for any root «
¥ U(K,)=Fx4x50, + Fx{x4%0,,
with
a~l=c=a(x,0,), b=d—1=ua(x, d,).
In particular, choosing « as claimed, we obtain the assertions. ||

Let —a;, —o, denote the nonclassical roots, which stick out of
Kn W(2;1),. Then

—0,;=[x;0;,0;]1= —a;(x,0,;)
and

(2, — oy )(x; 0y +x,8,)=0.

The root spaces of Kn W(2; 1), sticking out of W(2; 1), are represented
by x, d,, x,d,, R. The corresponding roots are + (a; —a,). K(a, —a,) is
the classical nonsolvable one-section.

The special algebra S(n; 1)'" (n>3) is given in the following way. Put

Dy(x*):=Q;x*"%0,—a;x"~*%0,
S(m;1) = {zﬁaf}z 6,»(f,-)=0}.

Then S(n; 1)V =span{D;(x“)|1<i<j<n, O<a<t(1)} is a simple
algebra of dimension (n—1)(p" —1) [SF, (4.3.5), (4.3.7)]. In addition,

S N)=Sm 1"+ > []xr~'é,

1<jsn i#j

Der S(n; 1)V = S(n; 1)@ Fx, 0,
[SF, (4.8.6), proof of (4.3.7)].

THEOREM 1X.4. With the assumptions and notations of (11.2) let K+ R
be as in case (8) with S=S(3;1)". Let a be a nonzero root. Put V :=
Fx? 'x0 19, @ FxP~'x0 ' 0,®Fx5~'x5710,.

(1) SB3; 1)< Ke S(3;1); there exists y € Aut S(3; 1) such that
R=y{F(x, 8, - Fx;,0;)+ F(x, 0, — Fx; 0,)}.
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(2) If a(¥(x,0,—x,0,))=0, then

K(a)=Knspan Y({D;(x°)|a;—0,,—d,;—a,+ 05+ 6,,=0})
+Kny(V),
rad K(a) = K(a) nspan Y ({D;(x°)|a; +a,22})+ Kny(V)
=83 1)1+ R,

K(oc)=radK(oc)(-Dl,b{ Y F(ixzxg“lﬁz—x§63)},

o<i<p-1

K(a)/rad K(o) = W(1;1).
(3) If u(y(2x, 0, — x50, —x30,))=0, then
K() = 8(3; 1)0), rad K(a) = S(3; 1)1, + R,
K(a)/rad K(a) =sl(2).

4) If a(y(x; ai“xj 6/‘)) #0 for i, j, and a(Y(2x; ai_xj aj—xk 0,))#0
Jor all i, j, k, then K(a) = R+ S(3; 1)y, is solvable.

Proof. (1) [SF, (4.8.6)] shows that Der S(3;1)"")=S8(3;1)+ Fx, 0,.
(IX.2) yields K< S(3;1). (1) is then true according to earlier remarks.
(2) Note that D;(x*) is a root vector with respect to ¥ ~'(R). Let u

denote the corresponding root. u(x,d,—x,0,)=0 if and only if
al—éli—alj—az+52,-+52j=0 [SF, 4.3.4)]. ThUS

K(a)=y(span{D;(x*)|a, ‘"511‘_61]'_‘12+52i+521=0})+Kﬁ y(V).

Put U:=K(a)nspan Y ({D;(x%)|a,+a,22})+ Kny(V). Note that
Uc R+ S(3;1),. Moreover, a detailed but direct computation shows,
that

K)=U®y { Y Flix,x{™'0,—x} 63)} .

0gigp—1

We observe that ¥/(8;) € K(a) = Y(F 35)+ S(3; 1), and [§(03), Ulc U
S(3; 1)(0). It is then clear, that the ideal of K(a) generated by U is contained
in S(3; 1)), which then has to be U itself.

(3) The only roots sticking out of S(3; 1), are of the type discussed
in (2). Therefore K(a)c<S(3;1),, in the present case. More exactly,
K(a) = Y(Fx; 03+ Fx30,) + R+ 8(3;1),,. Then rad K(«)<= S(3;1),,+ R
and K(a)/rad K(a)=sl(2).

481/151/2-14
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(4) The only nonzero roots sticking out of S(3;1), are of types
discussed in (2), (3). Thus K(a)= S(3;1),,+R. |

Define roots «, § according to a(x, &, —x,0,)=1, a{x, 0, — x5 05)=0,
B(x;0,—x,0,)=0, B(x,0,—x30;)=1. Then the roots sticking out of
S(3; 1)0) are represented by 0,, 0,, @5, and hence are —a — fi, «, . These
roots are of Witt type. Similarly, the roots of S(3;1), sticking out of
S(3;1)yy are 0, +(2a+p), +(2f+a), *(x—p). The corresponding
one-sections are classical.

THeOReM IX.5. With the assumptions and notations of (I1.2) let K+ R
be as in case (8) with S=H(4;1)?.

(1) H(@4;1)YPcKc H(4;1); there is € Aut H(4;1) such that
R=|//{F(x101——x3 03)®F(x262—x404)};

H=Knspan Y({Dy(xIx5x5x5)|0<a, b< p—1}).
(2) If a(Y(x,0,—x303))=0, a#0, then

K(a)=span Y ({Dn(x{x5x3x)|0<a, i, j< p—1,i# j})+ H,
rad K(a) o span Y ({Dy(x{x5x5x})|i#j,0<a})+ H
cH#4 1), + R,
K(a)/rad K(a)} is of hamiltonian type.

(3) Let o, be the roots given by a(f(x,0,—x;0;))=1,
a(Y(x202 — x4 04))=0, B(Y(x,0, —x303)=0, B(Y(x;0,—x40,))=1. Then
K(o+ B), K(ox—pB) are contained in H(4; 1), rad K(a+ )< H(4;1),,+ R,
and K(a + B)/rad K(a + B) = sl(2).

(4) All one-sections different from K(a), K(B), K(a & B) are contained
in H(4;1),,+ R and hence are solvable.

Proof. (1) [SF,(48.7)] shows that Der H(4;1)?=H(4;1)+
F(X x,0,). (IX.2) yields K< H(4;1). (1) is then true according to earlier
remarks and simple computations.

(2) It is clear, that the right hand side vector space is exactly the
eigenspace of (x, 0, — x, d;) for the eigenvalue 0. This proves the first part.
Then J:=span y({D(x{x5x5x5)|0<a}) is invariant under K(a), and
contained in H(4; 1), + R. Thus J is solvable and K(a)/JnK(«) is a
nonsolvable homomorphic image of span Y ({D, (x5x})|i#j})+ H. Then
K(«)/J is of Hamiltonian type.

(3) We observe, that G:=FDg(x,x,)@®FDy(x,x;+x,%x4)P
FD(x;x,) is a subalgebra, isomorphic to sl(2). It is a simple computation,
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that Y(G)c K(x+p), rad K(a+f)c H(4;1),,+ R Hence K(a+p)/
rad(a + ) =sl(2). The assertion on a — § follows by symmetry.

(4) The only roots sticking out of H(4;1),, are represented by
Dy(x,),..,Dy(x,) and hence are +oa, +f. Let y be a root with
K,cH(4; 1), K, & H4;1),,. Then [K, K,] ¢ H(4;1), and therefore
there are roots u, de{+a, +f} with [K;, K,J<=K,. Therefore
y€{0, £2a, £28, +(x+$)}. 1

Let +a, +p denote the nonclassical roots, which stick out of H(4;1),,,.

Then we obtain after a suitable adjustment
d,eK,, 0,€K_,, 0,eKy, 0,€K 4,
x,0;€K_s,, X30,€Ksyy X3 0,€ K_y, X40,€ Ky
x,0,eKy ,, x,0,€K, 5, x,0,€K_, 4, x,0,€K, 4.

Thus the roots sticking out of H(4;1),, are {0, +a, +ph, +20, +28,
t(at B}

The contact algebra K(2r+1;1)™" is given in the following way. Define
on A(2r+1;1) a Lie bracket by means of

<x(a)’ x(b)> = Z {(a+b_;r—5i+r)__(a+b_£l_51+r)} xla+b—ci—cisr)
M a

1<i<r

+ {1l (e 25 ) — laf (2o gy} x@rm ),

where |lall = Yocic @ + 2a5, ., — 2. If 2r + 4 £ Omod(p) then
K(2r+1;1) is simple of dimension p* *!, while otherwise K(2r +1; 1) is
simple of dimension p**'—1.

We have for 2r + 1 =3 [SF, p. 173(iii), (iv)]

<x(61+ez), x(a)> = (a2 _ al) x@

(&, %) = la] x.

THEOREM 1X.6. With the assumptions and notations of (11.2) let K+ R
be as in case (8) with S= K(3;1).

(1) K=K(3;1); there is YyeAutK(3;1) such that R=
Y(Fx©+2) @ Fx®). Define a, B by

a(x(ewez)): 1, ot(x“”):O,

Bty =0, B(x)=1.
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(2) K(B)=y {Z Fx“la,=a,} « Fy(x)+ R+ K(3; 1)),
K(—oa—p)=y {Z Fx“90a,+ay=1 mod(p)}
< Fp(x™) + R+ K(3; 1) ).

Koa—B)=y {2 Fx90a,+as;=1 mod(p)}
< FY(x) + R+ K(3;1)q).

The solvable radical of each of these one-sections is contained in
R+ K(3;1),. These one-sections are if Witt type.

(3) K@=y {X Fx“|lall =0} < K(3; 1)),
rad K(a) c K(3; 1), + R,
K(a)/rad K(a) =sl(2).

(4) All one-sections different from K(B), K(—o—f), K(a—p), K(a)
are contained in K(3;1),+ R and hence are solvable.

Proof. (1) Der K(3;1)~K(3;1) [SF,(4.88)]. Earlier remarks
prove (1).

(2)~(4) x'9 is a root vector for Fx'“'*2' @ Fx®, the root being ix + j
with
(a,— a,) x@ = <x(8| +62), x(a)> = l'x(a),

Ha” x\) = (x(“’), x(a)> =jx‘"’.

Hence x“ e K(B) if and only if a, = a,, and x' € K(—a— f) if and only if
a,—a, = ||la| mod(p). The latter means a, —a; = a, + a, + 2a; — 2 mod(p),
ie., a, +a, = 1. The other one-section are treated similarly. [

With the adjustments of the theorem we have
xOeK .5  xWeK_, 45 xPekK, 4

XD e Ky,  xPeK .

Thus the roots sticking out of K(3; 1), are {0, +2a, —28, +a— B}.

X. CasE (5) oF THEOREM 11.2

As we have pointed out in SectionII, we need some additional
arguments to settle case (5) of (II.2). They go along the lines of
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[BW2, (9.1.1.b] and [BOSt, (2.3)]. We use the notion of extended roots
(cf. [St4]): if T is a maximal torus and a, § are roots, let x, € T denote the
semisimple part of a root vector xe L,. Put B(x) := B(x,).

LemMa X.1. With the assumptions and notations of (IL.2) let y, & be
roots such that K(y, 8)+ R is of types (7) or (8). Suppose that 6(C,(T)) #0.

(1) If weLsnrad L(6) then y(w)=0.
(2) Let Q(d) denote the distinguished maximal compositionally classi-

cal subalgebra of L(d) and suppose that we [L_; Q(5), Lsnrad L(5)].
Then y(w)=0.

Proof. Consider the homomorphism o: L(y,8) - K(y,8)=: K men-
tioned in (I1.2). As o(rad L(6))=rad K(J), we may argue in K. Since
0(H)#0, we have rad K(6)=0 if K is of type (7) with S=W(1;2)
(Theorem V.4.(3)) or S=H(2;(2,1))® (VL3). Type(7) with S
H(2;1; @(z))" does not occur, since in that case u(H)=0 for all p.
For type (7) with S~ H(2;1; 4) and type (8) we might consider K as a
subalgebra of some suitable W(m;1). We observe (Theorems (VIIL2),
(IX.3)~(1X.6)), that rad K(6) = W(m;1);,+ R and a(Q(8)) = W(m; 1), in
all these cases. Thus a(w)e W(m; 1),y,.

As a conclusion, a(w) acts nilpotently on K in all cases. Moreover, there
is a root u=iy+jd, (i#0) with K,#0. So u(a(w))=0 and therefore
0=u(w)=iy(x), ie. y(w)=0. |

LemMMa X.2. With the assumptions and notations of (I1.2) let K+ R be as
in case (5). Let M denote the restricted subalgebra of Der(S® A(n; 1))
generated by K+ R and H' := C,,(R). Then
(1) Rn{S® A(n;1)} is one-dimensional.
(2) There is a root B such that
(@) B(RN{S®A(n;1)})=0,
(b) KcS®A(n; 1)+ K(B),
(c) M(B)n {S® A(n; 1)} crad K(B).
(3)(a) B is nonclassical.
(b) [QB)+H, S®A(n1);,]=S®A(n; 1)).

Proof. Put G:=S®A4A(n;1), J:=S®A(n;1);,. We identify G with
adg; G Der G. The associative p th power mapping turns Der G into a
restricted algebra. The [ p]-mapping on R < Der G then coincides with the
p-structure on Der G. In the present situation S is a restricted algebra, so
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G is restricted and again the [ p]-structure coincides with the p-structure
on Der G. Thus we may consider G and R as restricted subalgebras of M.

(1) Note that dim RNnG<TR(G)=TR(S)=1. Since every pth
power of a root vector of G is contained in C;(R), and RN Cg(R) is a
maximal torus of C;(R) we obtain R G 0. Let ¢ be a toral element with
Ft=RnG.

(2) If u is any root with u(¢)#0, then K, = G. Choose a root f+#0
with B(¢)=0. Then K= G + K(f#). Consider the homomorphism

G>S®An1)/S® A(n; 1), = S.

Fr(t) is a torus of S, so it is a maximal torus. As ©(M(f)n G) < Cg(n(t))
we have that n(M(B)n G) is a triangulable algebra. ker z is a nilpotent
ideal, and therefore M(B)nG is a solvable ideal of K(f) Thus
M(B)n G crad K(B).

(3) Take any root vector y € M, for some root ue GF(p)a+ GF(p)B
(including 0). Consider I, :=J+ [y, J]. This is an ideal of G containing J.
If I,=J for all ye Y, M,, then J would be a nilpotent ideal of M, which
is impossible. Thus there is y and ye M, such that I, #J. Since J is a
maximal ideal of G we obtain I, = G. It follows that

G=J+[y,J]=J+[y, Gl

Recall that te RN G is toral and that $(z) =0. The above equation is only
possible if y ¢ G and hence pe GF(p)B, u(t)=0, [, y]=0. Write

t=u+y [yv,], wuel, v,€G,.
A
Then

SyA)vI1=Y [y [Lv]]= —[Lulel

Hence we may assume that A(¢) =0 for every A occurring in the above sum,
ie, teJ+[y,GNK(B)]=J+Gn K(p).

Suppose that all [ y, v;] occurring in the presentation of ¢ act nilpotently
on K. Then we recall from (2) that n(K(B) » G)" acts nilpotently on S,
and so n(¢) would act nilpotently on S. This contradiction shows that there
is v, € G K(f) such that [ y, v,] acts nonnilpotently.

We lift this information to L: Let M’ be the restricted subalgebra
of L, generated by L(a, f)+T. Then I« B)=rad{L(e, p)+T}=
{rad M'} ~n {L(a, B)+ T} and therefore K+ R embeds canonically into
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M'/frad M’ =: M. In fact, M is a semisimple p-envelope of K+ R. As M is
also a semisimple p-envelope, they are both minimal p-envelopes and hence
canonically isomorphic (even as restricted algebras, since they are
centerless). Then there are root vectors y'e M,, v;eL,, such that
w:=[)y,vj]erad L(B) acts nonnilpotently on L. Since C,(T) acts
triangulably, we obtain as a first consequence that u#0 or A #0. As a
further observation, Q := {pe ® | p(w)#0} is nonvoid, and the simplicity
of Limplies L=% ,.oL,+%, ,c0[L,, L,]. In the present case we have
B(C(T))#0. Then there exists yeQ with f([L,,L ,])#0. The two-
section L(f,y) is necessarily of type (IL.2.(7)) or (I1.2.(8)) (cf. [BW2,
(10.2.1)]. In case A+ pu#0 we would have that we L, , , nrad L(A+ p),
(A+u)C(T))#0, y(w)s£0. This contradicts (X.1). So A+ =0, u#0,
GF(p)u=GF(p)p and y'e M, c L. The assumption y’ € Q(8) would imply
we[L,nQ(u), L ,nrad L(u)]. This again contradicts (X.1).

Consequently, y'e L and y'¢ Q(f). Therefore § cannot be classical.
Moreover, as u #0, we have y ¢ a(Q(f)) + H' and the choice of y in K(a, )
yields [o(Q(B))+ H',J]1<=J. |

LEMMA X.3. With the assumptions and notations of (X.2) the following
are true:

(1) R stabilizes S® A(n; 1)4,.

(2) K(B)n {(Der S)® A(n; 1)} c rad K(B).

(3) Ifn=1 then B is Witt, if n=2 then B is hamiltonian.
Proof. (1) As Rc H', this is a direct consequence of (X.2.3.b).

(2) Since (Der S)® A(n; 1)/S® A(n; 1) is solvable, (X.2.(2.¢c)) yields
the result.

(3) Consider the homomorphism
n:Der{S® A(n; 1)} - Der{S® A(n; 1)}/(Der S)® A(n; 1)
=~ Wi(n;1).
n(K(p)) is a nonclassical algebra. A dimension argument ensures that for
n=1 f is Witt.

Suppose that n=2 and B is Witt. Then there is xeL ; with
L(B)=Q(B)+ Fx. Recall that S®A(2;1) has ideals S® A(2;1)y,=
Yiti>« S®Fxixj. This is the kth power of S®A(2;1),, Since
o(Q(B)) + H' stabilizes S@® A(2; 1)), and o(x)[?1e H', we have that

Z (adU(X))i(S®A(2;1])(2p—1))CS®A(2;ﬂ)(p)

o<i<p—1

is a nonzero solvable ideal of K+ R, a contradiction. |
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We are now able to normalize the torus R.

THEOREM X4. With the assumptions and notations of (IL2)
let K+ R be as in case (5). If S=sl(2) take a canonical basis (e, h, f),
if Sx=W(;1) write S=Yo<i<,—1 F¥'D, if S=H2;1)® write
S=3%0,0<@b<(p-1.p-1 Flay] YiD,—by{yy'D,). Then there s
Y € Aut Der(S® A(n; 1)), which stabilizes S® A(n; 1), such that Y ~'(R) is
one of the following:

n=1 S§=sl(2) Fh@l+Fid®xo
S~W(1;1) FyDR1+Fid®x?
S~H(2;1)? F(y,D,—y,D,)®1
+ F{m(y,D,+ y,D,)®1+id®x 0}, me GF(p)
S=sl(2) Fh®1+Fid® (x,0,—x,08,)
S=W(1;1) FDR®1I+Fid®(x,0,—x,¢,)
S=H2; 1) Fy,Di—y,D,)®1
+F{m(y, D+ y,D,)@1+id® (x, 8, —x,0,)},
me GF(p).

=
Il
&}

Proof. (1) According to (X2) RN (S®A(n;1)) contains some
toral element r,. Decompose r, into its homogeneous components
r=di®1+Y,, 0 0r=2_x d(i)®x(i)9 [>0.

ri=rifl=diPl@1+ Y {add,}” '(d,)®@x"

lil=1

mod S® A(n; 1) ;41

Then d, is toral and {add,}” '(d,)=d for all d, with |i|=1 We
therefore may assume that every d,;), (|il =1) is an eigenvector for 4, with
nonzero eigenvalue.

Note that as {x?}# =0 for every monomial with |i| #0, the mapping

exp{ad (Ad,®x")}= Y () 'V{add,} ® {x"}/
0<j<p~1

is an automorphism of S® A4(n;1). A successive application of suitable

automorphisms of this type reduces the number of monomials of degree /

occurring in r;, and so eventually raises the degree itself. Hence there is an

automorphism ¥, € Aut{S® 4(n; 1)} with y,(r,)=d,. Next we suppress

the notion of ¥, and assume that r, =d; ®1, d, toral in S. Choose f§ as
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in (X.2), B(r;)=0. There is a toral element r,e R with B(r,)#0. Recall,
that

Der(S® A(n; 1)) = (Der S)®@ A(n; 1)+ Fid ® W(n; 1).
Write accordingly

r2=al®1+ Z d(1)®x(1)+1d®d2

lil =1

and observe that d,e W(n;1)q,, since r, stabilizes S® 4(n;1),,. Put
D :=3l ®1+id®d,. As above

r2=r£”]EZE"]®1+id®d£"]+D”_1( Y d(,-,®x“’>

lif=1

mod(Der S)® A(n; 1), ).

We conclude that d,, d, are toral. As d,e W(n;1 )y there is
Y€ Aut A(n; 1), such that ¥,(x,), .., ¥,(x,) are eigenvectors with respect
to d, (see also the proof of (IX.1)). ¥, induces an automorphism id® v,
of S® A(n; 1). Note that (id® y,)(r,)=r,.

Thus we may assume that every d,®x"” (|il=/) is an eigenvector
for D with nonzero eigenvalue. Applying as above successively auto-
morphisms of type exp{ad(id;,®x")} we find y;eAut{S® 4(n; 1)}
with r,=y;0(d,®1+id®d,) ;. Moreover, we have 0=[r,, r,]=
[d,d,1®1+Y [d,, d;,1® x"”, and hence [d,,d,]=0=[d,, d;,], which
yields Y;or, 05! =r,. d,, d, are toral elements in Der S. In case that R acts
on S as a one-dimensional torus then d,, d, are linearly dependent. So we
may assume d, =0 and a multiple of d, is conjugate under an automorphism
Y4 of Sto h (S=sl(2)), yD (S=W(1;1)), y,D,— y,D, (S=H(2,1)?).
In the last case S'= H(2; 1) the assertion is true for m =0.

Otherwise S H(2;1)®, R acts on S as a two-dimensional torus and so
S+ R is of type (I11.2.(4)). Then we find y,eAut S and r, seF, so that
Ya(rd)) =y, D, — y, D, Yulrd, +sd,) =y, D, + y,D;.

Since d, stabilizes A(n;1),, we find Yys;eAut A(n;1) such that
t:=ysodoy;'eFxd if n=1, and teFx, 0,+ Fx, 0, if n=2. Consider
the case that n=2. We want show that id®t is mapped under the
homomorphism

n: Der(S® A4(2;1)) - Der(S® A(2; 1))/(Der S)® A(2; 1)

=W(2;1)
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into F(x, ¢, —x,0,). (X.3) yields that y(K(f)) is of Hamiltonian type.
As n(K(B))n W(2;1),, is a compositionally classical subalgebra of
codimension <2, it has to be the distinguished maximal compositionally
classical subalgebra in n(K(B)). Choose he H ~a(Q(B))"), B(h)#0. Then
some r, :=ah? +bd,®1 is toral with f(r,)#0. Using this element we
construct d,, ¢ as above. Every automorphism of S® A4(2; 1) induces via
the extension to Der S® A(n; 1) and composition with # an automorphism
of W(2;1), and as such it stabilizes W(2;1),. Thus # is mapped into
W(2;1){). As the latter is closed under the [ p]-mapping, we obtain

n(id®t)e {Fx, 0, + Fx, 8,} n W(2; 1)) = F(x, 8, — x5 0,).

Thus we may adjust r,, so that y,(r'd, +s'd,)=m(y,D,+ y,D,) and
Wsodyoyi'=x0 (if n=1) and =x,0,—x,0, (if n=2). To have r, toral
means me GF(p). Y5 extends to an automorphism of Der S® A(n; 1)
which leaves d,, d, unchanged. Putting these automorphisms together we
obtain y € Aut Der(S® A(n; 1)), so that  ~!(R) is of the claimed form. All
automorphisms occurring in this context are induced by automorphisms of
S® A(n; 1). Hence S® (n; 1) is invariant under . ||

We apply these results to determine root spaces (see also [ BOSt, (2.7)]).

THEOREM X.5. With the assumptions and notations of (11.2) let K+ R be
as in case (5). Let  denote the automorphism constructed in (X.4). Put

Swoy =0 if S=sl(2),
=) Fx'd if SxWw(1;1),
i>0
=H210)P A W(2;1)0 if S=H(2;1)?,
Koy =Norg(Soy®A(n;1)+S®A(n; 1))
Kiyy={ueK,llu, Kl1=K,}, i=0.
Then

(1) Soy®A(n; 1)+ S® A(n; 1)y, is invariant under .
(2) K, is invariant under R for all i > 0.
(3) The only roots sticking out of K o, are (after a suitable adjustment)
n=1 n=2
S25sl(2) —p +B
S=w(i; 1) —a, —fB —a, +8
S=H(2; 1)@ —a, a—2mp, —p —oa, 0—2mp, +B
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(4) Koyn K(p) is the distinguished maximal compositionally classical
subalgebra of K(u), for all ne FG(p)a+ GF(p)p.

(5) The only roots of Ky, sticking out of K, are (after the adjustment

of (3))
n=1 n=2
S>sl(2) 0, ta 0, +a, +28
S=W(1;1) 0, —a+p 0, —a+p, +28
S=H2;1H)® 0, —a+Ba—2mp+p, 0, —atp a—2mp+p,
1 2(a —mp) +2(x—mb), +28

(6) Ky, is solvable.

Proof. (1) 4 stabilizes S® A(n; 1). Since S® A(n; 1)y, is the unique
maximal ideal of S® A(n; 1), Y stabilizes this ideal. Hence it induces an
automorphism on S® 4(n;1)/S® A(n; 1),,= S. As S, is invariant under
all automorphisms we obtain the result.

(2) In all cases of (X.4)  '(R) maps Soy®A4(n;1)+S®A(n; 1),
into itself. According to (1) this subalgebra is therefore invariant under R.
We now conclude by induction that K, is invariant under R.

(3) Applying (X.4) we see that the only root vectors with respect to
~!(R) sticking out of K, are represented by the following:
(0)

n=1 n=2
S=sl(2) id®d id®d,,id®d,
S=W(1;1) D®1,id®3d D®1,id®3d,,id®d,
S~H2;1)® D,®1,D,®1,idd®d D,®1,D,®1,id®3,,
id®a,.

If S=~sl(2) or = W(1;1) the roots are obviously as claimed. We only have
to have a closer look if S= H(2;1)".
n=1:Let D,®1, D,® 1, id ® ¢ be root vectors for the roots —a,, —a,,
—B. Put t,:=(y,D,—y,D,)®1, t,:=m(y, D+ y,D,)®1+id @ x0.
Then
—B(t))id®o=[t,,id®3] =0,
—B(t,)id®I=[t,,id®I] = —id® 2,
—o;(t;) D;®1=[t,D;®1]=(-1)D;®]1,
—a;(;) D;®1=[t,, D;®1]= —mD,;® 1.
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Thus B(t;)=0, B(t,)=1, aft,)=(—1), «,(t,)=m and hence a,+a,=
2mf. Put a :=a, to obtain the result.
For n=2 a similar computation proves the claim.

(4) K is invariant under R and hence decomposes into root spaces.
(3) shows that all classical or solvable one-sections are contained in K,.
Moreover, if p is a nonclassical root K, N K|, is a subalgebra of codimen-
sion 1 (if u is Witt) or 2 (u hamiltonian), which contains rad K(u).

(5) A computation similar to that in (3) yields the result. We do that
explicitly only for the case S=H(2;1)*, n=2. A basis of Ky,/K,, is
represented by

R D:®x;, y,D,®@1(i#)),id®x;0,(i#j) for ij=12

The corresponding roots are 0, —a+ f, a —2mp + f, +2(a—mf), +2p.

(6) We proved in the course of (3) and (5) that K,,c
(Der S),,® A(n; 1) + (Der )0, ® A(n; 1)1, + (Der S)® A(n; 1) 2+
Fid® W(n; 1),,. The latter is solvable. |
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