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1. Introduction

Let F, be the free group of rank n > 2 with basis X. In particular, if n =2, we let ¥ = {a, b},
namely, F, is the free group with basis {a,b}. A word v in Fj is called cyclically reduced if all its
cyclic permutations are reduced. A cyclic word is defined to be the set of all cyclic permutations of a
cyclically reduced word. By [v] we denote the cyclic word associated with a word v. Then by ||v| we
denote the length of the cyclic word [v] associated with v, that is, the number of cyclic permutations
of a cyclically reduced word which is conjugate to v. The length | v|| is called the cyclic length of v.
For two automorphisms ¢ and v of F,, by writing ¢ = we mean the equality of ¢ and ¥ over all
cyclic words in Fy, that is, ¢ (w) =y (w) for every cyclic word w in F,.

Recall that a Whitehead automorphism o of F, is defined to be an automorphism of one of the
following two types (cf. [8]):

(W1) o permutes elements in X*!,

(W2) « is defined by a letter x € X*! and a set S ¢ X*'\ {x,x"!} in such a way that if c ¢ X*!
then (a) a(c) = cx provided c€ S and ¢! ¢ S; (b) a(c) = x'cx provided both ¢, c=! € S; (c)
a(c) = c provided both ¢, c™' ¢ S.

If a is of type (W2), we write o = (S, x). Note that in the expression of o = (S, x) it is conventional
to include the defining letter x in the defining set S, but for the sake of brevity of notation we will
omit a from S as defined above.

Throughout the present paper, we let

o=({a},b) and 7= ({b},a)
be Whitehead automorphisms of type (W2) of F,. Then ¢ and t are automorphisms of F, defined by

a—a,

S 1

.{an—>ab,
o:
b—b

Recently the author [8] proved that every automorphism of F; can represented in one of two partic-
ular types over all cyclic words of F, as follows:

Lemma 1.1. (Lemma 2.3 in [7].) For every automorphism ¢ of Fo, ¢ can be represented as ¢ = B¢’, where B
is a Whitehead automorphism of F of type (W1) and ¢’ is a chain of one of the forms

(C1) ¢’ =tMok...gmgh,

(€2) ¢'=t ™o h...x7Mgh
with k € N and both l;, m; > 0 foreveryi=1,...,k.

With the notation of Lemma 1.1, we define the length of an automorphism ¢ of F, as 24‘21(m,- +1p),
which is denoted by |¢|. Then obviously |¢| = |¢'].

In the present paper, with the help of Lemma 1.1, we resolve three algorithmic problems re-
lated to automorphisms of F,. Indeed, the description of automorphisms ¢ of F, in the statement
of Lemma 1.1 provides us with a very useful computational tool that facilitates inductive arguments
on |¢| in the proofs of various statements.

The first problem we deal with is about potential positivity of elements in a free group the notion
of which was first introduced by Khan [6].

Definition 1.2. Let F,, be generated by xq,...,x,. A word u =u(xq,...,Xx,) of F, is called positive if
no negative exponents of x; occur in u. A word u in Fy is called potentially positive if ¢ (u) is positive
for some automorphism ¢ of Fj.
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It was shown by Khan [6] and independently by Meakin and Weil [9] that the Hanna Neumann
conjecture is satisfied if one of the subgroups is generated by positive elements.

In Section 2, we shall describe an algorithm to decide whether or not a given word in F; is
potentially positive, which gives an affirmative solution to problem F34a in [1] for the case of F,.
This problem of detecting potential positive words of F, was previously settled by Goldstein [4] using
different methods.

The second problem we discuss here is related to the notion of bounded translation equivalence
which is one of generalizations of the notion of translation equivalence, due to Kapovich, Levitt,
Schupp and Shpilrain [5].

Definition 1.3. Two elements u and v in F; are called translation equivalent in Fj if ||¢ ()| = ¢ (v)]|
for every automorphism ¢ of Fj.

Several different sources of translation equivalence in free groups were provided by Kapovich,
Levitt, Schupp and Shpilrain [5] and the author [7]. In another paper of the author [8], it was proved
that there is an algorithm to decide whether or not two given elements u and v of F, are transla-
tion equivalent. Generalizing the notion of translation equivalence, bounded translation equivalence is
defined as follows:

Definition 1.4. Two elements u and v in F, are said to be boundedly translation equivalent in Fj if
there is C > 0 such that

1 _ ol _

AN N C
oWl

Ol

for every automorphism ¢ of F.

Clearly every pair of translation equivalent elements in F, are boundedly translation equivalent
in Fp, but not vice versa. As one of specific examples of bounded translation equivalence, we mention
that two elements a and a[a, b] are boundedly translation equivalent in F,. Indeed, if u =a and
v =ala, b], then we have, in view of Lemma 1.1, that

lew] =lew] +4

for every automorphism ¢ of F,, because [a, b] is invariant under the action of o*! or t*! and there
can be no cancellation between ¢’(a) and [a, b] nor between [a, b] and ¢’(a) for every chain ¢’ of the
form (C1) or (C2). Hence

1< o @l <1
5 el

for every automorphism ¢ of F».

In Section 3, developing further the technique used in [8], we shall demonstrate that there is an al-
gorithm to determine whether or not two given elements of F, are boundedly translation equivalent,
thus affirmatively answering question F38c in the online version of [1] for the case of F5.

Our last problem is concerned with the notion of fixed point groups of automorphisms of free
groups.

Definition 1.5. A subgroup H of F, is called the fixed point group of an automorphism ¢ of F, if H
is precisely the set of the elements of F,, which are fixed by ¢.

Due to Bestvina and Handel [2], a subgroup of rank bigger than n cannot possibly be the fixed
point group of an automorphism of F,. Recently Martino and Ventura [10] provided an explicit de-
scription for the fixed point groups of automorphisms of Fj, generalizing the maximal rank case
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studied by Collins and Turner [3]. However, this description is not a complete characterization of all
fixed point groups of automorphisms of F,. On the other hand, Maslakova [11] proved that, given an
automorphism ¢ of Fy, it is possible to effectively find a finite set of generators of the fixed point
group of ¢.

In Section 4, we shall present an algorithm to decide whether or not a given finitely generated
subgroup of F, is the fixed point group of some automorphism of F,, which settles problem F1b
in [1] in the affirmative for the case of F5.

2. Potential positivity in F;

Recall that F, denotes the free group with basis X' = {a, b}, and that o and 7 denote Whitehead
automorphisms

o = ({a},b), T = ({b}, q)

of Fy of type (W2). We also recall from [8] the definition of trivial or proper cancellation. For a cyclic
word w in F, and a Whitehead automorphism, say o, of F,, a subword of the form ab’a™! (r # 0),
if any, in w is invariant in passing from w to o (w), although there occurs cancellation in o (ab’a™1)
(note that o(ab'a=') =ab-b"-b~'a~! =ab’a~'). Such cancellation is called trivial cancellation. And
cancellation which is not trivial cancellation is called proper cancellation. For example, a subword
ab~"a (r > 1), if any, in w is transformed to ab—"t'ab by applying o, and thus the cancellation
occurring in o (ab~"a) is proper cancellation.
The following lemma from [8] will play a fundamental role throughout the present paper.

Lemma 2.1. (Lemma 2.4 in [8].) Let u be a cyclic word in F,, and let  be a chain of type (C1) (or (C2)). If ¢
contains at least ||u|| factors of o (or o 1), then there cannot occur proper cancellation in passing from  (u)
to o (u) (or ¥ (u) to o~y (u)). Also if ¥ contains at least ||u|| factors of T (or T=1), then there cannot occur
proper cancellation in passing from v (u) to TV (u) (or ¥ (u) to T~y (u)).

The main result of this section is

Theorem 2.2. Let u be an element in F;, and let §2 be the set of all chains of type (C1) or (C2) of length less
than or equal to 2||u|| + 3. Suppose that the cyclic word [¢ (u)] is positive for some automorphism ¢ of F;. Then
there exists € §2 and a Whitehead automorphism B of F, of type (W1) such that the cyclic word [By (u)] is
positive (which is obviously equivalent to saying that there exists ¢ € F such that 7.8y (u) is positive, where
7. is the inner automorphism of F, induced by c).

Once this theorem is proved, an algorithm to decide whether or not a given word in F; is poten-
tially positive is naturally derived as follows.

Algorithm 2.3. Let u be an element in F,, and let 2 be defined as in the statement of Theorem 2.2.
Clearly £2 is a finite set. Check if there is ¥ € £2 and a Whitehead automorphism 8 of F; of type (W1)
for which the cyclic word [Bv (u)] is positive. If so, conclude that u is potentially positive; otherwise
conclude that u is not potentially positive.

Proof of Theorem 2.2. By Lemma 1.1, ¢ can be expressed as
¢ =p¢,

where B is a Whitehead automorphism of Fo of type (W1) and ¢’ is a chain of type (C1) or (C2). By
the hypothesis of the theorem,

[¢uw)] =[Be'(w)] is positive. (1)
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If |¢'| < 2|lu|| + 3, then there is nothing to prove. So suppose that |¢’| > 2|ju|| + 3. We proceed
with the proof by induction on |¢’|. Assume that ¢’ is a chain of type (C1) which ends in 7 (the
other cases are analogous). Write

¢ =11,

where ¢1 is a chain of type (C1). Since |¢1]| > 2|lu|| + 3, ¢1 must contain at least ||u|| + 2 factors of o
or T. We consider two cases separately.

Case 1. o occurs at least ||u|| + 2 times in ¢1.

Write

b = Mgl .gMmgh ,
where all m;, ¢; > 0 but ¢; and m; may be zero.
Case1.1. m; > 1.

In this case, put

¢ =12,

where ¢, is a chain of type (C1). By Lemma 2.1, no proper cancellation can occur in passing from
[ot=1...tMm gt (u)] to [¢o(u)], and hence the cyclic word [¢;(u)] does not contain a subword of the
form a® or a—2. From this fact and the assumption m; > 1, we can observe that no proper cancella-
tion occurs in passing from [¢1(u)] to [T¢1(u)] = [¢'(u)]. This implies from (1) that the cyclic word
[Bo1(u)] is positive, and thus induction completes the case.

Case 1.2. m; =0.
In this case, we may put

¢1=0¢3,

where ¢3 is a chain of type (C1). Again by Lemma 2.1, no proper cancellation can occur in pass-
ing from [¢3(u)] to [0¢p3(u)] = [¢1(u)]. Additionally, the proof of Theorem 1.2 of [8] shows that
proper cancellation occurs in passing from [¢3(u)] to [T¢3(u)] exactly in the same place where proper
cancellation occurs in passing from [¢q(u)] to [T¢1(u)] = [¢'(u)]. Therefore, by (1), the cyclic word
[BTps(u)] is positive. Since |T¢3| = |¢'| — 1, we are done by induction.

Case 2. T occurs at least ||u|| + 2 times in ¢.

In this case, also by Lemma 2.1, no proper cancellation can occur in passing from [¢1(u)] to
[tp1(u)] = [¢'(w)]. It then follows from (1) that the cyclic word [B¢1(u)] is positive; hence the re-
quired result follows by induction. O

3. Bounded translation equivalence in F»

We begin this section by fixing notation. Following [5], if w is a cyclic word in F, and x,y €
{a, b}*1, we use n(w: x, y) to denote the total number of occurrences of the subwords xy and y~'x~!
in w. Then clearly n(w; x, y) =n(w; y~!,x~1). Similarly we denote by n(w;x) the total number of
occurrences of x and x~! in w. Again clearly n(w; x) = n(w; x~1).
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In this section, we shall prove that there is an algorithm to determine bounded translation equiva-
lence in F,. Let u € F,. We first establish four preliminary lemmas which demonstrate the difference
between |oy(u)| or ||ty (u)| and |[¢¥(u)|, and which describe the situation when this difference
becomes zero, in the case where v is a chain of type (C1) that contains a number of factors of 0. We
remark that similar statements to the lemmas also hold if o and t are interchanged with each other,
or (C1) is replaced by (C2) and ¢ and t are replaced by o~ and 7!, respectively.

Lemma 3.1. Let u € F,. Suppose that v is a chain of type (C1) which contains at least ||u| + 2 factors of o.
We may write ¥ = t™o 1, where m > 0 and v is a chain of type (C1). Then

O Jovw|-|vw|=|ot"y@] -~ "y | +m([oyi @] ~ [vi@
i Jrvw| - v =t - [T |+ ovi ] - [viw].

)

Proof. By the proof of Case 1 of Theorem 1.2 in [8], we see that
n([tloyra]b,a™") =n([t'y1@];b,a™") (2)
for every i > 0, because ¥y contains at least ||u|| + 1 factors of o. In particular,

n([y@];b.a” ) =n([z"y1w]:b.a” "), (3)

for ¢ = t™o . Since only a or a~! can possibly cancel or newly occur in the process of applying T,

the number of b and b~! remains unchanged if T is applied. Thus
n(['oy1w)]; b) =n([oy1w)]; b);
n([z'y1]; b) =n([y1w)]; b) (4)

for every i > 0. Also since only b or b~! can possibly cancel or newly occur in the process of applying
o, we get

n([ovi]:b) =n([v1w)]: b) + [ovr )| — [v1@)].
By (4), this equality can be rewritten as
n([t'oyi];b) =n([t'v1@];b) + oy )| - [v1 )| (5)

for every i > 0. In particular,

n([y@];b) =n([t"y1@)]; b) + |o 1 @)| — |va ], (6)
for = 1tMo Y.
Equality (5) together with (2) yields that
n([t'oyi];b) —n([t'oyr1@)]:b.a™?)
=n([t'y1];b) —n([r'y1]:b,a”") + Joyr @ | — |v1w] (7)

for every i > 0. Here, since



D. Lee / Journal of Algebra 321 (2009) 167-193 173
[z oy @ | - ||tlovi@ | =n([t'ov1w];b) — 2n([t'oy1w)]; b.a™1);
[ @] = [rv@] =n([z'viw]:b) = 2n([zy1@]: b.a™),
equality (7) can be rephrased as
[ o] = [oyiw] = [ Tynw] - [tviw]+ foviw] - [viw]
for every i > 0. By summing up both sides of these equalities changing i from 0 to m — 1, we have
[z v = loviw] = [z"nw] = [vi@]+m(lovw] = [viw]).
so that
[e"ovi] = 7" @] =m+ D(fovi] - [yrw]). (8)
Since ¥ = t™o 1, equality (8) can be rephrased as
[yl = le"vnmwl] = m+ (o] - [viw])- (9)
Clearly
n([y@lsa) = v @] —n([vw]:b):
n([t"nw]ia) = [t - ([ @] b).
These equalities together with (6) and (9) yield that
n([y@l:a) =n([t"viw]:a) + m([ovrw] = [yrw])- (10)
It then follows from
lovw] = [ya|=n(vw]a) - 2n(yw]eb);
lor™ @] =[] =n([z"v1@]:a) - 2n([r"y1@]:a.b7")
together with (3) and (10) that
lovw] =y =lor™nw]-[z"vnw]+m(loviw] - |vwl).

thus proving the first assertion of the lemma.
On the other hand, we deduce from

lrv @] = v @] =n((v@]:b) - 2n([yw]:b.a™");
[re™ @] = [y =" w]:b) = 2n(["vr@]ib.a)
together with (3) and (6) that
[rvw] = pw] =lez"nw] - [ w] + o] - [vw].

which proves the second assertion of the lemma. O
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Lemma 3.2. Let u € F;. Suppose that v is a chain of type (C1) which contains at least ||u|| factors of o. Then

0 Jovw]|—|vaw]|=o;
(i) [ryw|—|vw]|=o.

Proof. Clearly

lov| — v =n(yw]a) -2n(vw]ab")
=n([yvw];a,a) +n([y W];a,b) —n([y w];a,b7"). (11)

Since ¢ contains at least |lu|l factors of o, by Lemma 2.1, there cannot occur proper cancellation

in passing from [ (u)] to [oy(u)]. Hence every subword of [ (u)] of the form ab~! or ba~! is
necessarily part of a subword of the form ab—"a=! or ab’a~! (r > 0), respectively. This implies that

n([vw]:a.b) =n([yw]:a,b?),
so that, from (11),
loy| —|v@| =n(vw]:a.a) >0,

thus proving (i).
On the other hand, clearly

|zv @] - [v@]=n(ly@]:b) —2n([y-a]:b.a")
=n([yw];b,b) +n([vw];b,a) —n([yw]:b,a"). (12)

As above, every subword of [y (u)] of the form ab~! or ba~! is necessarily part of a subword of the

form ab~"a~! or ab’a~! (r > 0), respectively. Observe that a subword of [y (u)] of the form ab* a~!
is actually part of either a subword of the form ba*h*"a~! or a subword of the form a~'b—fa’h* a1
(s, t > 0). This implies that

n([y@]:b.a) >n([y@]:b.a™), (13)
so that, from (12),
[zva] = [y @] =n([ww]:b.b) >0, (14)
thus proving (ii). O

Lemma 3.3. Let u € F,. Suppose that  is a chain of type (C1) which contains at least ||u|| + 1 factors of o.
Then

(i) if loy @l = Iy @], then o+ 1y )| = ||y (u)| for every i > 0;
(i) if lo Ty )| = llo 7y ()]l for some j >0, then [loy u)]| = [l w)].

Proof. For (i), assume that ||oy (u)| = ||y (u)||. We shall prove |jo+1y (u)|| = |oiy (u)|| by induction
on i > 0. The case where i =0 is clear. So let i > 1. By Lemma 3.1(i) with m = 0, we have

lo v @] - o'y =o'vw| - vw].
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It follows from the induction hypothesis that
le™ vl =lo'vwl.
so proving (i).

For (ii), assume that |Jo /™1y (u)|| = |lo/y (u)|| for some j > 0. We use induction on j > 0. If j =0,
then there is nothing to prove. So let j > 1. It follows from Lemma 3.1(i) with m =0 that

0= v@] - oy w]=[o'yw]-fo vwl.
so that
lov @] =Jo’ v
Then by the induction hypothesis, we get the required result. O

Lemma 34. Let u € Fy, and let y = o1, where vy is a chain of type (C1) which contains at least |lu| + 1
factors of o. Suppose that || Ty (u)|| = |¥ )|l Then |lo ™y ()| = |0y (u)| for every i > 0.

Proof. By Lemma 3.1(ii) with m = 0, we have

0=[ey@|-lvwl=lrvi@]|-vnw]+|ovw]-[vnw].

Here, by Lemma 3.2(ii), |[ty1(w)| — [[¥1(w)]l > 0. Also by Lemma 3.2(i), loy1 ()| — [[¥1 ()]l > 0.
Hence we must have

[ev@] =lviw] and Joyra]=|viwl].
The second equality ||oy1 ()| = ||v1(u)| yields from Lemma 3.3(i) that
[ ] =o'yl
for every i > 0, thus proving the assertion. O

For the proof of the main result of the present section, we need the following two technical corol-
laries of Lemmas 3.1-3.4. We remark that similar statements to the corollaries also hold if o0 and t
are interchanged with each other, or (C1) is replaced by (C2) and ¢ and T are replaced by ¢~! and
771, respectively.

Corollary 3.5. Let u, v € F with |lu|| > ||v||, and let ¥ be a chain of type (C1) with || > 2|lu|| + 3. Put
k = ||u|| + 1. Suppose that u and v have the property that

lo" '@ = o*y' @] ifandonlyif [o* Ty w)] = oty v)
[ W =@ ifandonlyif [y )| =t )],

)

for every chain v’ of type (C1) with |'| < |v|. Then we have

(i oy =|o*v@| ifandonlyif "y w)|=[o*ym)|:
i [y =[vw] ifandonlyif [y )| =y
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Proof. Suppose that ¢ ends in t (the case where ¥ ends in o is analogous). Since || > 2|u| + 3,
either o or T occurs at least ||u| + 2 times in . We consider two cases separately.

Case 1. o occurs at least ||u|| + 2 times in .

First we shall prove (i). Suppose that |[o*T 1y (u)|| = ||o*y (u)||. By Lemma 3.3(ii), we have
lova| =lvwl].
Write
v=t‘oy,

where ¢ > 1 and v is a chain of type (C1). Clearly 1 contains at least ||u|| + 1 factors of o. By
Lemma 3.1(i), we have

0=[ovw]|-vw|=lotviw]-[ryw]+e(loviw] - [vwl).

Here, since [lot¢y1(u)| — |71 @)]| > 0 and [oy1(u)| — [[¥1(u)| > 0 by Lemma 3.2(i), the only
possibility is that

lortyaw] = [e ] and fovia] = |viw].
These equalities together with Lemma 3.3(i) yield that
[o* ey = ot vi@] and "y = oty
Since |tfy1| < |¥| and || < ||, by the hypothesis of the corollary, we get
lo* ey = o ey and  [o* Ty ] = o v )]
Again by Lemma 3.3(ii), we have
lez ] =]z vim] and Joyrm] = vl

Therefore, by Lemma 3.1(i),

lovn | = [vm | = ot v | = [ W] +e(Jovin] = vaim])

=0,
namely, ||y (V)| = [|[¥(v)|l. Then the desired equality ||o**1y(v)| = |lo¥y(v)|| follows from
Lemma 3.3(i).

Conversely, if |o*t1y(v)|| = lo*y¥ (v)|l, we can deduce, in the same way as above, that

Ity @)l = lo*y @ll.
Next we shall prove (ii). Assume that 7%y (u)|| = |T% (u)||. Apply Lemma 3.1(ii) to get

0=y w| - |t*vw]| =[] - [l || + o] - [y, (15)

Here, since ||[t¢t ety )| — 7%t (u)| > 0 by Lemma 3.2(ii), and since ||o 1 ()] — |¥1(u)| =0
by Lemma 3.2(i), we must have

[ @) = [y and [oyrw)| =@ (16)



D. Lee / Journal of Algebra 321 (2009) 167-193 177

Since |t¢y1| < |¥|, by the hypothesis of the corollary, the first equality of (16) implies that
[ e o] = o).
Also, from the second equality of (16), arguing as above, we deduce that
loviwn ] =lvaw)]-
Therefore, by Lemma 3.1(ii),
[ vl = Iy ml = [ nm] = [ nm ]+ fovm] - nm]
=0,

that is, ||[T*t 1y (v)|| = |[T¥y (v) ]|, as required.
It is clear that the converse is also true.

Case 2. T occurs at least ||u|| + 2 times in .
Since ¢ is assumed to end in T, we may write

¥ =12,
where v is a chain of type (C1) that contains at least ||u| 4+ 1 factors of t.

First we shall prove (i). Suppose that ||o*+1y (u)| = ||o*y (u)|. By Lemma 3.1(ii) with o, T inter-
changed, we have

0= yw] - otv|=|o" @] - o v + [tv2@] - [v2w].
This is a similar situation to (15) with o, T interchanged. So arguing as in Case 1, we get the desired
equality [|o*t 1y (v)|| = |lo¥y (v)]|. Clearly the converse also holds.

Next we shall prove (ii). Suppose that ||t*1y (u)| = ||z¥y¥ (u)||. By Lemma 3.1(i) with o, T inter-
changed and m =0, we have

o=[*yw| - |vw]=|vw] - [Ty
So
[ vl ==yl

This equality can be rephrased as

[t = |ty
because ¥ = t/;. Since || < ||, by the hypothesis of the corollary,

[ )] = [ 920 ]
that is,

[T v | =] Tvw].
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Thus, by Lemma 3.1(i) with o, T interchanged and m = 0, we obtain
[ty m] = [y m]=l"vm] - [ vw] =0,
namely, ||T% 1y (v)| = |z%¢ (v)|, as required. Obviously the converse is also true. O

Corollary 3.6. Let u, v € F with |u|| > ||v||, and let  be a chain of type (C1). Put k = ||u|| 4 1. Suppose that
u and v have the property that

lo* '@ = |o*v' @] ifandonlyif [y )] = o v W)];
[ ] =l vl Fandonlyif [y’ = [y m],
for every chain ' of type (C1) with || < |y|. Then we have

(i) if Y contains at least ||u|| + 1 factors of o, then

lova]| =[vw| ifandonlyif [ovw)|=[vw)

’

(i) if ey @l = Iy @l or Ity = ll¥(V)I, and y = o1, where yrq is a chain of type (C1) which
contains at least ||u|| + 1 factors of o, then

loviaw | =[viw]| and [oyim]=[vim];
(iii) if ¢ contains at least ||u|| + 2 factors of o and ends in t, then
[evl = v ifadonyif [ty w)]=|ym)]-

Proof. For (i), let ¢ contain at least ||u]| + 1 factors of o, and suppose that |[oy )| = |[¥W)].
By Lemma 3.3(i), we have |lo**1y (u)| = |lo*y(u)|l. Then by the hypothesis of the corollary,
okt (v)| = llo*y (v)]|. Finally by Lemma 3.3(ii), we get |[oy (v)|| = |[¥(v)|l. The converse also
holds.

For (ii), let ¥ = o1, where 1 is a chain of type (C1) containing at least ||u| + 1 factors of o,
and suppose that ||ty (u)| = || (u)||. By Lemma 3.4, we have ||oyq(u)| = |1 (u)|. Then, by (i) of
the corollary, |[ov¥1(V)| = |[¥1(v)|. The converse is proved similarly.

For (iii), let ¥ contain at least |u| 4+ 2 factors of o, and let ¢ end in 7. Assume that ||ty (u)| =
I (u)|. Write

y=t'oy,,
where ¢ > 1 and v, is a chain of type (C1). By Lemma 3.1(ii), we have
0=[ry@| - Jvw]=]rrvw| - vw]+[ov2a] - [v2w].

Here, since [[zt‘yo)| — It°Y2w)| > 0 by Lemma 3.2(ii) and [oy(u)| — [y2(u)| > 0 by
Lemma 3.2(i), we must have

[etva)| =t 2| and [ova)| = [v2)].
Since ||lo Yy ()| = |¥2(w)|l, by (i) of the corollary,

lov2) | = [v2(].
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Also, the following claim shows that |[Tz¢yp (V)| = || T%2(v)|l. Then by Lemma 3.1(ii), we have

Ity (Il = l1¥ (WII, as required.

Claim. [Tty (V)| = [T (V)]

Proof. Since ||ty (u)| = ||y (u)], in view of (12), (13) and (14) in the proof of Lemma 3.2, we must

have

n([xﬁ(u)];b,a):n([x[r(u)];b,a‘l) and n([yw)];b,b)=0.

(17)

Since the chain ¢, contains at least ||u|| + 1 factors of o, by Lemma 2.1, no proper cancellation occurs

in passing from [¥,(u)] to [0 ¥ (u)]. This yields that

a® or a2

cannot occur in [0y (u)] as a subword.
From this, we see that, since £ > 1,
no proper cancellation can occur in passing from [y (u)] to [Ty (w)].
In view of (17), (18) and (19), the cyclic word [v (u)] must have the form
[vw]= [aeba_éb_1 -~~a€ba_€b_1],
where either € =1 or € = —1. Then, by applying o ~17~¢ to [ (u)], we deduce that
[vaw)]=[vw)]= [aeba’éb’l . ~a€ba’€b’1].
It then follows that
[t'¥2)] = [Y2)]
for every i > 0, so that
[ @] = [7v2w
for every i > 0. In particular,
[ 2w = [ v2w).
So by the hypothesis of the corollary,
[ 2] =7 2]

Then in the same way as obtaining (17), we get

n([tsz(v)];b,a):n([tsz(v)];b,a”) and n([thpz(v)];b,b):o.

(18)

(19)

(21)

(22)

Since the chain ¥y, contains at least ||v| + 1 factors of 7, by Lemma 2.1, no proper cancellation may

occur in passing from [T%y(v)] to [t¥t 1y (v)]. This together with (22) yields that

[t*y2(v)] = [a1ba"1b7" ... a*ba'r b~ ],
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where every sj, t; is a nonzero integer. Then, by applying 77k to [tk (v)], we deduce that
[v2(v)] =[a*'ba" b~ " - -a¥ba"b"].
Thus it follows that
[t'v2(n)] = [Y2(v)]
for every i > 0, so that
[ Y2 =[]
for every i > 0. In particular, |Ttéy(V)|| = |T¢y2 (V)| as required. O
The proof of the corollary is now completed. O

For a Whitehead automorphism g of F;, a chain ¢ of Whitehead automorphisms of F, and an
element w in Fy, we let ||8: v : w| denote the maximum of 1 and ||y (w)| — ||y (w)]], that is,

I8 : wl :=max{1,

By w)| = v w]}.
Now we are ready to establish the main result of the present section as follows.

Theorem 3.7. Let u, v € F, with |lu|| > ||v|, and let 2 be the set of all chains of type (C1) or (C2) of length
less than or equal to 2||u|| + 5. Let £2¢ be the subset of §2 consisting of all chains of type (C1), and let $2; be
the subset of 2 consisting of all chains of type (C2). Put k = ||u|| + 1. Suppose that u and v have the property
that

lo* i@ = |o*viw| ifandonlyif |o*yr(v)| =|o*yr(v)
[y =] ifandonlyif [y )] = [y

)

)

for every | € §21, and that

o @ | = o @) ifandonlyif o Tyr(w)| = oy (v)];
[ | = |t @) ifandonlyif |t o] = |t *va(v)],

for every iy € §2,. Then u and v are boundedly translation equivalent in F».
More specifically,

min A < llp @l < max A
oWl

for every automorphism ¢ of F,, where

:{nw(wn lo sy cull Qo™ s o |
LW e vl et g vl

IﬂGQ,I//iGQi,azoorf}.

(Obviously, A is a finite set consisting of positive real numbers.)
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Proof. Let ¢ be an automorphism of F,. By Lemma 1.1, ¢ can be represented as
¢ =pe,
where B is a Whitehead automorphism of F, of type (W1) and ¢’ is of type either (C1) or (C2). We

proceed with the proof of the theorem by induction on |¢’|. Letting ¢’ be a chain of type (C1) with
|¢’| > 2|lu|| + 5 (the case for (C2) is similar), assume that

lo* 'y @) = |o*y@)| ifand only if |o* 1y )| =|o*yv)];
Iy @ = |<*¢@)| ifandonly if |y )| =|t*v ).
and that

W@l lo:ycull lT:yul

mlnA\ s B S
W llo vl T v

max A,

for every chain ¢ of type (C1) with || < |¢/|.
By Corollary 3.5, it is easy to get
||G"+1¢/(u) | = Ho"d)/(u)” if and only if HO‘k+1¢/(V)” = Hakd)/(v)”;
[=* ¢’ @) = |=*¢'w)| if and only if |T¥F1¢'(v)| =T’ (v)].

In the following Claims A, B and C, we shall prove that

A< l¢"@oll flo =" zull llz:¢":ull _

Sl o gyl g vl

which is clearly equivalent to showing that

M@ o ::ull lT:¢:ull

min A , s max A.
SleWIl o givlT T gV

Suppose that ¢’ ends in T (the case where ¢’ ends in o is analogous).

Claim A.

min A < ¢’ <max A
ll¢’ (Wl

Proof. Since ¢’ ends in T, we may write
' =1¢1,
where ¢; is a chain of type (C1). Then obviously

[¢'@| = |tor@)| — | pr@)| + ||¢1 @)
|6’ = |tor»)| = [|e1 )| + [¢1 (W] (23)

)

If both ||[T¢1 (W] # |l¢1(w)|l and |[Té1 (V)| # [l$1(v)], then equalities (23) can be rephrased as
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¢’ @ =lt:¢1:ul+|d1w)
[¢'W| =1t :¢1:vi+ [¢1 (M- (24)

)

Since

gl el _

min A < s <max A
lprWII T 12 vl

by the induction hypothesis, we obtain

min A < l¢" Wl < max A
i’ W)l

as required.
So assume that

[t | =|pr)| or [rer(v)| =1 (n)]. (25)

Clearly the chain ¢; has length |¢1| = |¢'| —1 > 2||u|| + 5. Hence either o or T occurs at least |ju|| +3
times in ¢1. We consider two cases accordingly.

Case A.l. o occurs at least ||u|| + 3 times in ¢1.

Since ¢, is a chain of type (C1), ¢1 ends in either o or t.
Case Alll. ¢; ends in 0.

Write

$1=0¢2,
where ¢, is a chain of type (C1). In view of Corollary 3.6(ii), our assumption (25) yields that
lodz)| = |[e2)| and [od2(v)] = [d2()]. (26)

This together with Lemma 3.1(ii) implies that

[tp1)| — [ | = ||zd2@)|| — |2 @)
[t (V)| = [p1(W)] = [Td2(V) | = [[p2(W)]|- (27)

’

Since ¢1 = o ¢,, we obtain from (26) that |¢1(u)|| = |[¢2(u)|| and [|¢p1(v)|| = l|p2(v)|l, so that, from
(27),

[t =[]
[td1()] = |td2(v)|. (28)
Since ¢’ = ¢4, (28) implies that

'@l _ It @l
g’ ITg2WMII
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and thus, by the induction hypothesis,

min A < l¢" <m
llo" Wl

ax A,

as desired.
Case A.1.2. ¢; ends in .

In view of Corollary 3.6(iii), our assumption (25) yields that both |T¢;(u)| = |l¢1(u)|| and
Itp1(v)|| = ll¢1(v)]l. We then have from (23) that

'@l _ g1l
o'W llgr Il

so that, by the induction hypothesis,

min A < l¢"wl <m
llo" Wl

ax A,

as required.
Case A.2. T occurs at least |[u|| + 3 times in ¢;.

In view of Corollary 3.6(i) with 7 in place of o, we have from (25) both |[T¢1(u)| = ||¢1(u)| and
ltp1 (V)] = ll¢1(v)]. It then follows from (23) that

'@l _ g1l
o'Wl llgr Il

so that, by the induction hypothesis,

min A < "Wl <m
llo" W)l

ax A,

as desired. O

Claim B.
. lo:¢ :ull
min A < — <maxA.
lo:¢ v
Proof. As in the proof of Claim A, writing
' =1¢1,

where ¢7 is a chain of type (C1), we consider two cases separately.
Case B.1. o occurs at least ||u]| + 3 times in ¢1.
In this case, write

1
;M =1"""0¢y,
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where m >1 and ¢, is a chain of type (C1). Since ¢’ = T¢1,
¢ =1t"o¢;.
Then by Lemma 3.1(i), we have
lo¢’ [ = e'w] =lot"g2] = [z"e2@)] +m([o g2 ] - [ #2w)])):
lo¢’m ] = l¢' ] =lloz"e2] = [z 2] +m(lo 2] = [ e20)])- (29)
Here, since ¢ is a chain of type (C1) which contains at least ||u|| + 2 factors of o, Corollary 3.6(i)

yields that ot ¢z ()]l = [T d2(w)|| if and only if 0T P (V)|| = [T d2(V)I|. So if [loT ()| =
[T™d2w)|l or [loTmd2(v)|| = [IT™¢2(v)||, then we get from (29) that

loe’ @] = [¢' @[ =m(loga] [ e2w]);
lo’ W] =[] =m(log21] = [g2]))-
This gives us

lo:¢":ull _ llo:¢z:ul
lo:g vl llo:ga:vl’

and hence the desired inequalities

o:¢ :u
lo:¢ ||<

min A < <max A
lo:¢ :v|

follow by the induction hypothesis.
Now let us assume that

o2 # [ g2 and  [or"P2(v)] # T2 (v)].

Again by Corollary 3.6(i), we have ||o¢g2(u)| = |l¢2(u)| if and only if ||op2(V)| = |l¢2(v)||. Hence if
log2)ll = g2l or log2(v)|l = lg2(v) |, then, from (29),

lod’@] = [¢' ] = o] - "¢
loe’ W] ='W = oz = [z d(1].
This yields

lo:¢":ull _ llo:t"g:ul
lo:¢ vl llo:tmga: v’

which gives us

o:¢ :u
lo:¢ ||<

min A < <max A
lo:¢ vl

by the induction hypothesis.
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So let us further assume that
loga@)| # |g2w)] and  [oga(v) | # |g2()].

It then follows from (29) that

log' | — ¢’ @] =|o:tp2:u| +mlo:¢s:ul;
o] = o'W = o2z v] +mlio: 2z vil. (30)
Since

llo:t"¢a:ull llo:¢2:ull
llo:tmga vl llo gz vl

min A < <max A

by the induction hypothesis, we have from (30) that

o:¢' :u
lo:¢ ||<

min A < <max A,
llo:¢ vl

as required.
Case B.2. 7 occurs at least ||u]| + 3 times in ¢.
In this case, it follows from Lemma 3.1(ii) with o, T interchanged and m = 0 that
loo' @] = [¢'@]=logr@] - |gr@| +[zor@] = [er@]:
log’ M| =o' = [osr) | = g1 | + [ re1 ()| = [|er1 ()] (31)
Here, by Corollary 3.6(i) with T in place of o, we have ||[t¢1(u)| = |l¢1(u)]| if and only if ||t (V)| =
ll¢1(v)|l. Hence if [z ()l = i1 )| or [Td1(v)|| = ll$1(v) ||, then, by (31),
loo' @] = [¢'@]=logr@] - o1 @]
log' M| =o' =lodr W] = er(v)

)

and thus
lo:¢ ull=lo:¢1:ul;
lo:¢":vi=lo:é1:v].
Then by the induction hypothesis,
. llo:¢ :ul
min A < — <maxA,
lo:¢":v]

as desired.
Now assume that

[tp1)| # | pr)| and [t1(v)]| # |1 (v)].
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We shall show that [|o'¢1 ()]l = [l¢1 (W)l if and only if [og1 (V)| = [[g1(V)]]. Let logr )] =l W)
If ¢1 ends in o, then, by Corollary 3.6(iii) with o, T interchanged, we have |lo¢1 (V)| = [lp1(V)].
On the other hand, if ¢; ends in 7, then, by Corollary 3.6(ii) with o, T interchanged, we get
ltd2W)|| = |l¢2(w)|l, where ¢ = T¢,. But then from Lemma 3.3(i) with o, T interchanged, it
follows that [|[T2¢ )| = |T¢2u)||, namely, [|T¢1 )| = ||¢1(u)|, which contradicts our assump-
tion ||T¢1(w)| # |l¢1(w)]. Therefore, we must have ||[o¢q (V)| = ||¢p1(v)|. Conversely, if ||o@1(v)| =

ll¢1(v)|l, then, for a similar reason, it must follow that ||o ¢ (u)| = ||¢1 (W) ].
Thus if [|log1 )]l = g1 W)l or lo g1 (V)| = llp1 ()|, then, from (31),

lo¢’ @] = [¢'w] = [rgra] - 1@
lo¢’m] = ¢’ =lzer] = [er ],

)

and so
lo " ull=l7:é1:ul;
lo:¢ :vil=Ilt:¢1:v].
Then by the induction hypothesis,
o:¢' :u
min A < w <maxA,
llo:¢ vl

as required.
So assume further that

l[oprw)| # |prw)| and [odi1(v)] # [¢1(v)].
It follows from (31) that

oo’ w| — ¢’ @ | =llo:¢1:ull+1T:¢1:ul;

o'W = ¢’ W] =llo 1 :vii+IIT:¢1: V.
Since

lT:¢1:ull llo:¢q:ul

min A < s <max A
IT:r:vl llo:gr:v
by the induction hypothesis, we obtain from (32) that
. llo:¢ :ul
min A < — <max A,
lo:¢" vl
as desired. O
Claim C.
) T:¢" :ul
minA < ——— <maxA.

IT:¢" vl
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Proof. As in the proofs of Claims A and B, writing
' =1¢1,
where ¢; is a chain of type (C1), we consider two cases separately.
Case C.1. o occurs at least ||u]| + 3 times in ¢1.
As in Case B.1, write
pr=1""o¢s,
where m > 1 and ¢, is a chain of type (C1). Since ¢’ = 7¢1,
¢ =1"o¢,.
It then follows from Lemma 3.1(ii) that

)

[t¢’ @) — ¢’ @] =|rr"g2)| — [t p2w) || + [|o2@)|| — |2 W)
[t¢’ W] = ¢’ W) | = [tt™d2(0) | = |t 2 | + | o2V | — [|$2() |- (33)

By Corollary 3.6(i), we have |o¢,(u)|| = ||¢2(w)| if and only if [[cg2(V)|| = ||¢p2(v)|. Also by Corol-
lary 3.6(iii), we get |[Tt™¢ ()| = [|[T™¢2(v)]| if and only if ||[TT™P2(V)|| = ||[T™¢2(Vv)]||. Hence we can
apply a similar argument as in Cases B.1 and B.2 to obtain the desired inequalities

. IT:¢ :ul
mnA < — <maxA.

IT:¢":vl
Case C.2. T occurs at least ||u] + 3 times in ¢1.

By Lemma 3.1(i) with o, T interchanged and m = 0, we have

[z’ @] = ¢’ @] = [zer@] - [erw
[z’ = l¢'m] = [eer] = [er ]

’

It then follows that
IT:¢ ul=lt:¢1:ul;
IT:¢ :vii=lT:¢1:v],

so that

. T:¢' :u
mina < 1307300
lz:¢ vl

<max A
by the induction hypothesis. This completes the proof of Claim C. O
Now the theorem is completely proved. O

The following theorem is the converse of Theorem 3.7.
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Theorem 3.8. Let u, v € Fp with |lu|| > ||v||, and £2, £21 and £2; be defined as in the statement of Theorem 3.7.
Put k = ||u|| + 1. Suppose that u and v are boundedly translation equivalent in F. Then

lo* | = |o*yr@)| ifandonlyif |o* ()| = [o* (v ];
[* @) = [y @) ifandonlyif |ty v)| = |Fyav)

)

for every Yy € £21, and

lo™ e =lo ™ v2@] Fandonlyif o= 2w = o V2]

e e | = e a@] ifandonlyif e )| =20,
forevery yry € £2,.
Proof. Suppose on the contrary that

Jo*“ | = [o* v but [Ty # o vim)] (34)
for some /1 € £21. (The treatment of the other cases is similar.) Put
K =[] = Jo*viw].

By Lemma 3.2(i) and the second inequality of (34), we have K > 1. By repeatedly applying
Lemma 3.1(i), we deduce that

Ha”“/u W) = Ho‘k]//1 ()| for every i >k;
le™ 1| = |o*y1(v)| + KG+1—k) for every i > k.
Hence

lo™ @l _ lo*yr Wl
Iy o Wl +KG+1-k)

for every i >k, and thus

o™y @) _o

imoo oty (V)|

This contradiction to the hypothesis that u and v are boundedly translation equivalent in F, com-
pletes the proof. O

Consequently, in view of Theorems 3.7 and 3.8, we obtain the following algorithm to determine
bounded translation equivalence in F;.

Algorithm 3.9. Let u, v € F, with |lu|l > ||v|, and let £2, £21 and £2; be defined as in the statement of
Theorem 3.7. Put k = |lu|| + 1. Check if it is true that

lo* Ty )| = |o*va)] ifand only if [ Ty ()| = |o*yi ()]
[ @ = [t @] ifand only if [y ] =[],
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for each 1 € £21, and if it is true that

Ha’k’lwz(u)” = Ho”‘l//z(u)H if and only if Ho’k’lwz(v)” = Ha”‘t//z(v)
[t "o | = |t 2| ifand only if [t 7* yo(v)| = [t *ya(v)

)

)

for each v, € £2;. If so, conclude that u and v are boundedly translation equivalent in F; otherwise
conclude that u and v are not boundedly translation equivalent in F.

4. Fixed point groups of automorphisms of F,

In this section, we shall demonstrate that there is an algorithm to decide whether or not a
given finitely generated subgroup of F, is the fixed point group of some automorphism of F;. If
H = (uq,...,u) is a finitely generated subgroup of F,, then we define

|H| := max |u;|.
1<igk

sIs

Clearly |luj|| < |uj| < |H| for everyi=1,...,k.

Theorem 4.1. Let H = (uq, ..., uy) be a finitely generated subgroup of F,. Suppose that ¢ is a chain of type
(C1) with |¢| > 4|H| + 5 such that ||¢ (u;)|| = ||ui|| for every i =1, ..., k. Then there exists a chain v of type
(C1) with || < |¢| such that [V (u;)] = [¢ (u;)] foreveryi=1,... k.

Proof. Since ¢ is a chain of type (C1) with |¢| > 4|H| + 5, ¢ contains at least 2|H| + 3 factors of o
or T. Suppose that ¢ contains at least 2|H| + 3 factors of o (the other case is similar). We may write

p=1tMol. .. tMolg, (35)

where all ¢;, m; > 0 but £; and m; may be zero, and ¢’ is a chain of type (C1) which contains exactly
|H| + 2 factors of o.
Suppose that there exists u; (1 < j <k) such that |[o¢’(uj)|l # ll¢'(u))|. Put

K=llog'@pl - |o'wpl-

Since ¢’ contains at least ||uj|| +2 factors of o, by Lemma 3.2(i), K > 1. Furthermore, since ¢ contains
at least 2|H| + 3 factors of o and ¢’ contains exactly |H| + 2 factors of o,

¢
D iz HI 41> luj] +1. (36)
i=1

From the following claim, we shall obtain a contradiction.

Claim. [|¢ |l — ll¢' @l > llujll + 1.

Proof. First assume that m; =0 in (35). Then ¢ = o‘1¢, and so, from (36), ¢1 > llujll + 1. By repeat-
edly applying Lemma 3.1(i), we have

lop| o' @p| = :k.
Since K > 1, it follows that
|| — &' @p] =1 > fuyl +1.

as desired.
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Next assume that m; > 0 in (35). In view of Lemmas 3.1 and 3.2, we can observe that

lot1¢'@pl - |¢'wpl = eik;

[z o9 @ = o' @p| = mik;
Jot Mg wp| — [zt T Ma g wp | > ek;
[emot - aMa g wp | — ot T™Mo g @y = meK.

Summing up all of these inequalities together with (36) yields

t
lpp|—lo'@p| =D ti+mpK

i=1
t
> (Zzi) K
i=1
t
> Zfi
i=1

Z lujll +1,
as required. This completes the proof of the claim. O
It then follows from the claim that
lgpl = |¢'@pl + il +1= ful+1.

But this yields a contradiction to the hypothesis that |¢(u;)|l = |lujll. Therefore, we must have
lo¢’(up)|l = |l¢’(uj)| for every i =1, ..., k. Then for eachi=1,...,k,

0=o¢'wp| —[¢'@n| =n([¢'wn]; a) — 2n([¢' wp];a,b™")
=n([¢'wn]; a,a) +n([¢'wn]; a,b) —n([¢'wp];a,b7"). (37)
Here, since ¢’ contains at least |u;| + 2 factors of o, by Lemma 2.1, there cannot occur proper
cancellation in passing from [¢’(u;)] to [o¢’(u;)], and so every subword of [¢'(u;)] of the form ab~!

or ba=! is necessarily part of a subword of the form ab—"a~! or ab’'a=! (r > 0), respectively. This
implies that

n([¢'@wp]:a.b) >n([¢'wp]:a,b™"),
so that, from (37),
n([¢'wp];a,b) =n([¢'wp];a,b~") and n([¢'(up];a,a)=0. (38)

From the fact that no proper cancellation can occur in passing from [¢'(u;)] to [0¢’(u;)] together
with (38), each cyclic word [¢'(u;)] must have the form

[¢'(up)] = [p"abtita™" ... bSrabira™],
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where every s, tjj is a nonzero integer, and hence
[0 (ui)] =[]

foreveryi=1,...,t.
Thus letting

Y=1Mgl. .. .gMmgh—lg
we finally have
[v@d]=[ow]
for every i =1,...,t. Obviously |¢| < |¢|, and so the proof of the theorem is completed. O
We remark that Theorem 4.1 also holds if (C1) is replaced by (C2). From now on, let
= (1)), s=(a1b7), s= (e, se= (1))
be Whitehead automorphisms of F of type (W2).

Lemma4.2. Let o be a Whitehead automorphism of F, of type (W2). Then « can be expressed as a composition
of o1, v*1 and §;'s.

Proof. If « is not one of o*!, t*! and §;'s, then o must be one of ({a~'},b), {a='},b~ 1), (b1}, a)
and ({b~'},a™"). Then the following easy identities

(la '} p) =10 ([ "}.b7") =50
({p~'}a) =837 1 ({p "} a )y =8t
imply the required result. O
The following two technical lemmas can be easily proved by direct calculations.

Lemma 4.3. The following identities hold:

081 =610} 08y =620 083 =061030; 0384 = 04620

781 =6361T; T8y = 62047, 783 =03T; T8q4 = 04T;
o 1=810"" ol =80"" o7 185=8680"" o '84=084810"";
s =881t e =883 tTlss =831 sy =847

Lemma 4.4. The following identities hold:

ot ! :71810_1; o't =n‘183a; 70! =n_183t_1; 1o =T,
on=n83t":  onml=x"lt7l, o lm=wst; o lml=nx"l1;
m=no"1; =" 15071; T lr =70, i =150,

where 7 is a Whitehead automorphism of F, of type (W1) that sendsa to b and b to a~ 1.
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The following corollary gives a nice description of automorphisms of F5.
Corollary 4.5. Every automorphism ¢ of F, can be represented as
¢ =ps¢’,

where B is a Whitehead automorphism of F, of type (W1), § is a composition of 8;'s, and ¢’ is a chain of
type (C1) or (C2).

Proof. By Whitehead’s Theorem (cf. [12]) together with Lemmas 4.2 and 4.3, an automorphism ¢ of
F» can be expressed as

¢p=p8toP...tNgPt, (39)

where g’ is a Whitehead automorphism of F» of type (W1), §" is a composition of §;’s, and both pj, q;
are (not necessarily positive) integers for every j=1,...,t. If not every p; and gq; has the same sign
(including 0), apply repeatedly Lemma 4.4 to the chain on the right-hand side of (39) to obtain that
either ¢ = g/'m’stMolk...tMoh or ¢ = B/n"8T Mo k...t M eI where 7 is as in Lemma 4.4,
reZ, § is a composition of §;’s, and both I;, mj > 0 for every j=1,... k. Putting 8 = g'n", we
obtain the required result. O

The following is the main result of this section.
Theorem 4.6. Let H = (uq, ..., uy) be a finitely generated subgroup of F,. Suppose that H is the fixed point
group of an automorphism ¢ of F;. Let £21 be the set of all chains of type (C1) or (C2) of length less than or equal
to 4|H| + 4, and let §2, be the set of all compositions of 8;'s of length less than or equal to (24H1+4 4+ 1)|H].
Put
Q2 ={B8'Y |V € 21,8 €2, and B is a Whitehead auto of F of type (W1)}.
Then there exists ¥ € $2 of which H is the fixed point group.

Proof. By Corollary 4.5, ¢ can be written as

¢ =pée’,
where 8,8 and ¢’ are indicated as in the statement of Corollary 4.5.
Since ¢ (u;) =u; for every i =1, ...,k, it is easy to see that
I’ @i = llusl

for every i =1, ..., k. Then apply Theorem 4.1 continuously to obtain v’ € £; such that
[v'@n] =[¢' ]

for every i=1,...,k. Since [8¢'(uj)| = |¢ ()| = [ui] < [H| and |y (u;)| < 24H 4|y < 24HH4 | H| for
every i=1,...,k, we must have 8’ € £25 such that

8"y (uj) = 8¢ (uy)
for every i=1,...,k, and hence

B8y (up) = B8 (u;) = u;
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for every i =1, ..., k. Therefore, letting
v =p8"y,

we finally have ¢ € £2 and that H is the fixed point subgroup of . This completes the proof of the
theorem. 0O

In conclusion, we naturally derive from Theorem 4.6 the following algorithm to decide whether or
not a given finitely generated subgroup of F; is the fixed point group of some automorphism of F;.

Algorithm 4.7. Let H = (uq,...,u,) be a finitely generated subgroup of F,. Let £21, £ and 2 be
defined as in the statement of Theorem 4.6. Clearly £2 is a finite set. Check if there is ¢ € £2 for
which ¢ (uj) = u; holds for every i =1, ..., k. If so, conclude that H is the fixed point group of some
automorphism of F,; otherwise conclude that H is not the fixed point group of any automorphism
of F.
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