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Abstract-The
effectiveness
of an interconnection
network
is one of the dominating
performance
factors
for the associated
parallel
computers.
Honeycomb
rhombic
torus networks
are attractive
alternatives
to torus networks
due to the smaller node degree, leading to lower complexity
and lower
implementation
cost. Diameter
of an interconnection
network
is one of the most important
evaluation
indexes
because it characterizes
the maximum
communication
delay in the network.
In this paper,
the diameter
of a honeycomb
rhombic
torus is determined,
which is lower than that of a torus of the
same order.
Therefore,
the superiority
of honeycomb
rhombic
torus networks
is greatly strengthened.
@ 2004 Elsevier
Ltd. All rights reserved.
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1. INTRODUCTION
The effectiveness of an interconnection
network is one of the dominating
performance
factors for
the associated parallel computer.
Due to this, the design and analysis of interconnection
networks
have been a main topic of research in the field of parallel computing
[I]. An interconnection
network is usually modeled by a graph with vertices representing
processing nodes and edges
corresponding
to communication
links [2,3].
Honeycomb-type
torus networks are attractive
alternatives
to torus networks due to the smaller
node degree [4,5], which leads to lower complexity
and lower implementation
cost. Stojmenovic
[5]
proposed
three classes of honeycomb-type
tori: honeycomb
tori, honeycomb
rectangular
tori,
and honeycomb
rhombic tori. For honeycomb
tori, Stojmenovic
[5] addressed their topological
properties
and presented the associated routing and broadcasting
algorithms,
Megson et al. [6,7]
proved that they contain Hamiltonian
cycles, even in the presence of node failures, and Yang
and Huang [8] proved that they are rotational
Cayley graphs. For honeycomb
rectangular
tori,
Parhami
and Kwai [9] found that they can be seen as a pruned version of tori, and they are
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Cayley graphs. As for honeycomb rhombic tori, Yang et al. [lo] proved that they are also Cayley
graphs.
The diameter of an interconnection
network is one of the most important
evaluation
indexes
because it characterizes
the maximum
communication
delay in the network.
Usually those graphs
of smaller node degree and with smaller diameter
are preferred
as interconnection
networks.
Stojmenovic
[3] claimed that a honeycomb
rhombic torus of size t has L3t/2] as diameter, but
this is not the case. In this paper, we completely
determine the diameter of a honeycomb rhombic
torus. The result demonstrates
that a honeycomb
rhombic torus has a diameter smaller than
that of a torus of the same order. Due to this, and therefore, the remarkably
lower cost (defined
as the product of degree and diameter),
the superiority
of honeycomb
rhombic torus networks is
greatly strengthened.
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2. DEFINITION

OF’ HONEYCOMB

RHOMBIC

A honeycomb
rhombic
torus of size t > 2, denoted by HRoT(t),
following process: fill in a rhombic region with a set of t vertical zigzag
Figure 1). Sequentially,
from top to bottom, label the vertices of the
as u$fJ;u;u;~~ . u$l;. For any i and j such that 1 < i 2 t - 1 and 1 5 j
an edge (see those horizontal
edges in Figure 1). For any i such that
with an edge, and join uf and uf with an edge (see those dashed lines

(a) t = 2.

Figure

1. Illustrations

TORUS

is built according
to the
paths of length 2t - 1 (see
i th path counted from left
5 t, join ZL~ and vjfl with
1 < i 5 t, join u”; and V:
in Figure 1).

(b)t=6.

of honeycomb

rhombic

torus

HRoT(t)

of size t.

Let diam(G)
denote the diameter of the graph G, i.e., the maximum
distance between two
vertices of G. Let cost(G)
= a(G) x diam (G), w h ere a(G) denotes the maximum
degree of a
vertex of G.

3. DIAMETER

OF HONEYCOMB

RHOMBIC

TORUS

We begin by building
a family of graphs {TP}~e
in a recursive way. Te is a single-vertex
graph. Tr is the claw graph Kr,s (see Figure 2a). In general, Tp is obtained
from Tp-l and a
horizontal
zigzag path P of length 2p + 1 as follows: label the p vertices lying on the bottom
line of Tp--l from left to right as ~~~~~~~ z+, label the 2~ + 1 vertices of ‘P from left to right
and join zi and yi with an edge for each i (1 5 i 5 p + 1). See Figure 2
as ~0~1w252
. . . ypzp,
for three examples of TP.
Let Si denote the set of vertices in Tp which lie on the boundary
triangle
of Tp. In general,
let S,” denote the set of vertices in Tp which are at distance k from 5’:. It can be seen from
Figure 3 that all the vertices on each S,” lie on a dashed equilateral
triangle (where a single point

Honeycomb

(a)
p=1.

Rhombic

Tori

169

(b) p = 3.
Figure

2. Illustrations

(c) p = 5.

//I\\
/\\ \
///I///---\
------JfiL

of the graph

/
\
\
//’/I \\
-------k:-,

TP.

(b) p = 2.

(a) p = 1.

(d) p = 4.

(f) p = 6.

(e) p = 5.
Figure

3. Illustrations

of families

of equidistant

triangles

in Tp

is considered
as a degenerate
triangle).
Let g(p) = max{k : 5’: # @}. That is, g(p). denotes
maximum
distance between a vertex in 5’: and a vertex of Tp. It is easily verified that
g(0) = 0,

g(7) = 5,
In general,

g(1) = 1,

g(2) = 1,

g(8) = 5,

we have the following.

g(9) = 6,

g(3) = 2,

g(4) = 3,

g(10) = 7,

g(U)

g(5) = 3,
= 7,

g(12)

g(6) = 4
= 87 ... .

the
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LEMMA 1.
2P
---I
3
g(p) =

1

if p E 0 mod 3,

3,
2p+

2p - 1
3 ’

PROOF. By induction
The following

ifp E 1 mod 3,
if p E 2 mod 3.

on p.

properties

of the function

g(p) are obvious.

LEMMA 2.
(a) g(p + 1) - 1 5 g(p) 5 g(p + 1) for every nonnegative
(b) g(p) = g(p + 1) if and only if p E 1 mod 3.

integer

p.

THEOREM 3.
,

iftrl

or4mod6,

otherwise.

PROOF. It is easily verified
to the fact that HRoT(t)
is
maximum
distance between
We distinguish
between two

that diam (HRoT(2))
= 3 = [(4 x 2)/3]. Now we assume k > 3. Due
Cayley graph [lo], we may fix any vertex, say X, and calculate the
X and any vertex of HRoT(t)
to determine
diam (HRoT(t))
[2,3].
cases.

CASE 1. t is odd.

Fix the vertex X = ~(~+r)‘~
(t+1j,2. (See Section 2 and the black node in Figure 4.
For clarity, here and in what follows those wrap-around
edges of HRoT(t)
are not drawn.) Let Sk
denote the set of vertices at distance k from X. It is easily verified that
(i) for each k such that 2 5 k 5 t - 1, Sk forms a dashed
(ii) S’, forms those dashed lines in Figure 5b, and
(iii) St+1 forms those dashed lines in Figure 5c.

hexagon

as shown

Furthermore,
the graph in the dashed triangle on the upper-right
corner of Figure
to Tctvl),2,
and the graph in the dashed triangle
on the bottom-left
corner
isomorphic
to Tct--3),2. It follows from Lemmas 1 and 2 that

diam (HRoT(t))

= max{t+g(y),
2
t+zx-,
=

,+;

I

=

,

(2$+l),

4t - 1
->
3
4t
-1
3
4t + 1
3 ’

(29+1),
iftflmod6,
iftE3mod6,
iftE5mod6.

:g:,,;‘:,

ifyG2mod3,

5a,

5b is isomorphic
of Figure 5c is

t+,,,(y)}
t-1

t+l+i

in Figure

i.e.,y=lmod3;

Honeycomb

Rhombic

(S,) Sk for 2 2 k 2 t - 1.
Figure

4. Equidistance

(b)
lines

(a) Sk for 2 5 k 5 t - 1.
Figure

from

(b)

5. Equidistance

lines from

Tori

171

St.

(c)

the vertex

X when

St.

st+1.

t = 10.

(c) st+1.

the vertex

X when

t = 9.

CASE 2. t is even. Fix the vertex X = ZJ$~),~. (See Section 2 and the black node in Figure
Let Sk denote the set of vertices at distance k from X. It is easily verified that
(i) for each k such that 2 5 k 5 t - 1, Sk forms a dashed
(ii) S, forms those dashed lines in Figure 4b, and
(iii) St+1 forms those dashed lines in Figure 4c.
Furthermore,
the graph in the dashed triangle on the upper-right
to T,,,, and the graph in the dashed triangle on the bottom-left
to Tct+p.
It follows from Lemmas 1 and 2 that
diam (HRoT(t))

= lnm{t+g(;);

hexagon

as shown in Figure

corner of Figure
corner of Figure

t+1+!?(;-2))

if i~Omod3,
=

if i G 1 mod 3,
if $ = 2 mod 3;
4t
->
3

=

iftEOmod6,

4t + 1
3

4t - 1
By carefully

combining

the previous

3
results,

’

iftE2mod6,

ifts4mod6.
’
we conclude the proposition.

4.)

4a,

4b is isomorphic
4c is isomorphic
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and a square torus of the same order,
Finally, we make a comparison
between HRoT(t)
is fit
rows by fit
columns and is denoted by Torus(fit)
since the order of HRoT(t)
It is obvious that diam(Torus(fit))
= fit
E 1.414t, and cost (Torus(&t))
z 5.656t.
ever, diam(HRoT(t))
M 4t/3 M 1.333t, and cost(HRoT(t))
M 4t. Therefore,
HRoT(t)
is
and 29.28% better than Torus(&t)
in terms of diameter and cost, respectively.

which
is 2t2.
How5.73%
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