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Abstract-The prior estimate and decay property of positive solutions are derived for a system 
of quasilinear elliptic differential equations first. Then the result of nonexistence for a differential 
equation system of radially nonincreasing positive solutions is implied. By using this nonexistence 
result, blow-up estimates for a class of quasilinear reaction-diffusion systems (non-Newtonian filtration 
systems) are established to extend the result of semilinear reaction-diffusion (Fujita type) systems. 
@ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The aim of this paper is to derive some estimates near the blow-up point for positive solutions 
of a class of quasilinear reaction-diffusion systems (non-Newtonian filtration systems) 

ut = div ([Du~*-~ Du) + v”, 

we = div ([Dv[‘-~ Dv) + utp, (1.1) 
wt = div (IDwlmW2 Dm) + uy, (x,t) E i--l x (o,n 

as well as the nonexistence of positive solutions of the related elliptic systems 

- div ( [Du[*-~ Du) = v=, 

- div (IDvl’?‘-’ Dv) = wp, P-4 
- div (IDwI’+~ Dw) = uy, x E R, 

where R c RN, p,q,m > 1, c@y > (p - l)(q - l)(m - 1). For p = q = m = 2, (1.1) is 
the classical reaction-dtiusion system of Fujita type. If p # 2,q # 2, m # 2, (1.1) appears 
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in the theory of non-Newtonian fluids [1,2] and in nonlinear filtration theory [3]. In the non- 
Newtonian fluids theory, the pair (p, q, m) is a characteristic quantity of the medium. Media 
with (P,Q,~) > (‘A&2) are called dilatant fluids and those with (p, q, m) < (2,2,2) are called 
pseudoplsstics. If (p, q, m) = (2,2,2), they are Newtonian fluids. 

The main result of the present paper is a natural extension of the results given by Weissler and 
Caristi [4,5], which concern the single equation 

and the semilinear reaction-diffusion systems (Newtonian filtration systems) 

ut(x, t) = A+, t) + P(z, t), vt(x, t) = Aw(z, t) + u”(z, t). 

Throughout this paper, let 52 = BR = {x E RN : ]z] < R} (R > 0). In Section 2, we give 
sufficient conditions under which the nonexistence of positive solutions of the elliptic system (1.2) 
holds in RN for N 2 max{p,q, m}. Then in Section 3, by using the nonexistence result, we 
get the desired blow-up estimates for the reaction-diffusion system (1.1) with some additional 
assumptions. 

2. NONEXISTENCE FOR SYSTEM (1.2) 

Consider radially symmetric solutions of the elliptic system (1.2), that is, suppose that u = 
U(T),V = V(T), w = w(r) with r = ]z]. 

Let 

z1 = PC9 - l>(m - 1) + 4m - 1) + dm N-P -- 
@r - (P - 1)(9 - l>(m - 1) p-l’ 

z2= q(p-l)(m-l)+pm(p-l)+ppy N-q 
WY - (P - 1X9 - l)(m - 1) -q-l’ 

m(P - l)(q - 1) + v(q - 1) + w N - m 
23 = 

(Y&-(p-l)(q-l)(m-1) -m-l’ 

We have the following theorems. 

THEOREM 2.1. Assume that 

(i) N > ma@, 4, ml, dr > (P - l)(q - l)(m - 1) with p, q, m > 1; 
(ii) 21 2 0 or 22 1 0 or z3 2 0. 

Then system (1.2) has no positive radially symmetric solution. 

To prove Theorem 2.1, system (1.2) can be written in radial coordinates as 

(@P (u’))’ + v a$ (u’) + va = 0, 
(9, (w’))’ + y 9, (?J’) + wp = 0, 

(2.1) 

(2.2) 

(a& (w’))’ + v Q, (20’) + u-f = 0, (2.3) 

u(0) > 0, w(0) > 0, w(0) > 0, u’(0) = v’(0) = w’(0) = 0, (2.4) 

in RN with N > max{p, q, m}, where a,(u) = (u]P-~u, Qq(v) = ]‘u]Q-‘v, am(w) = ]w]“+~w. 
By the similar argument of Lemma 2 in [6], we can prove the following. 
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LEMMA 2.1. Let (u, u, u) be a positive and radially symmetric solution of equations (2.1)-(2.4). 
Then for T > 0, 

(2.5) 

(2.6) 

From (2.5),(2.6), we see the following lemma. 

LEMMA 2.2. Suppose that the conditions in Theorem 2.1 are satisfied. Let (u, v, w) be a positive 
and radially symmetric solution of equations (2.1)-(2.4). Then 

PROOF OF THEOREM 2.1. Let (u, v, w) be a nontrivial positive and radially symmetric solution 
of equations (2.1)-(2.4). We consider first the case zr > 0 or zs > 0 or zs > 0. 

By Lemma 2.1, 

(TN-~U~-l(T))’ = TN-P-~~P-~ [(P - lb+‘) + (N - P)U(“)] 2 0, 

we have U(T) 2 ~-(N-P)/(P-l) and (UT(N-P)/(P--1)), (vT(N-9)/(9-l)), (wT(N-m)/(m-l)) are non- 
decreasing on (0, +oo). From Lemma 2.2 and for T > TO > 0, we obtain that 

T”’ cc or - Tzz c c or - Tzs < c. - 

Since zr > 0 or zs > 0 or zs > 0, this leads to a contradiction for T sufficiently large. 
Suppose next that zr = 0 (the case zs = 0 or zs = 0 being similar). From (2.1), it follows that 

for T > To > 0, 

TN-’ IU’(T)lP-’ - Tf--l IU’(T,))l’--l = 
J 

’ SN-‘VU(S) c-is. 

n3 

By Lemma 2.1, we have 

va(S) 2 Cs(9~)l(9-‘)w(~~)l(9-1) > cs (qa(m~l)+aPm)l((m-1)(9-1))u(~4r)l((m-l)(9--l)) 
- 

and hence, 

TN--l IU’(T)(‘-’ 2 c 
J 

’ sN-l+(q~)l(q-l)+(~~m)/((q-l)(m-l1))ZC(~Pr)/((q-ll)(m-l))(S) ds. 

t-0 

Now taking into account that u(s) > CS(P-~)/(P-‘), we obtain 

TN--’ Iz&‘(T)I’-~ 2 c J rsN-1+(qu)/(q-l)+(rr~m)/((q-l)(m-l))+(a~~(p-N))/((p-1)(q-l)(m-1)) ds 

ro r =c J s-l ds, TO 
where we have used the assumption zr = 0. 
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Then 

TN-l Iu’(r)Ip-1 2 Cln i . 
0 

(2.7) 

On the other hand, from 

TU’(?-) + N-P 
- ‘11(T) 2 0, 
P-1 

for T > 0, 

we find that 

up-‘(T-) 2 Iu’(7y-1 F-1, (2.8) 

Together with (2.7), this implies that 

pJ--P)/(p-l)qT) > c h ; ( ( >> l/(P-1) 

This is impossible, however, since from Lemma 2.2 estimate implies that 

This contradiction concludes the proof of the theorem. 

2. BLOW-UP ESTIMATES FOR SYSTEM (1.1) 

Motivated by [4,5], we impose the following initial and boundary value conditions to equa- 
tions (1.1): 

u(x, 0) = uo(x), v(x, 0) = vo(x), w(x, 0) = we(x), XER=BRCR~, (3.1) 
u=v=w=o > (x,t) E 80 x (0,T). (3.2) 

THEOREM 3.1. Let (u,v, w) be a solution of equations (l.l), (3.1), and (3.2). Assume that 

(i) ~(a, t), v(*, t), and w(*, t) are nonnegative, radially, decreasing, and symmetric functions 
of r = 1x1, 

(ii) W,t), vt(x,t), ad wt(x,t> tt a ain the maxima at x = 0 for every t E (0, T), 
(iii) ut(x, t) 2 0, vt(x, t) > 0, Wt(x, t) 5 0 for (x, t) E QT = BR x (0, T), 
(iv) U, v, w have a blow-up time T < +oo, 
(v) integer N I max{p, q, m}, ~$37 > (p - l)(q - l)(m - l), and p, q, & > 2 with 

(vi) there are pasitive constants kl, ks, ks, k4 and q < T such that 

k2(u(0, t))6a’61 5 ~(0, t) 5 kl(u(0, t))6a’61, 

kq(u(O, t))63’61 5 ~(0, t) 5 ka(u(O, #+I, fort E (v,T). 

Then there are positive constants cl, cq, cs, and tl E (0, T) such that 

u(x, t) I ~(0, t) 5 cl(T - ,)-“, v(x, t) 5 v(0, t) 5 cz(5" - t)+, 

w(x, t) 5 w(0, t) 5 c3(T - V6', 
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for (z,t) E QT x Qtl, where 
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p(q - l)(m - 1) + crq(m - 1) + apm 
d1 = PC@?+ + (p - 2)cr(/?m + q(m - I)) - p(q - l)(m - 1) ’ 

62 = 40>-l)(m-l)+pm(p-l)+pyP 
P& + (P - 2b(Dm + !?(m - 1)) - P(q - l)(m - 1) ’ 

63 = m(q - l)(P - 1) + I(p(q - 1) + @Yq 
P@Y + 03 - 2b(Pm + q(m - 1)) - Pk - l)(m - 1). 

PROOF OF THEOREM 3.1. Define 

p(t) = u(0, ty , e(t) = w(0, tp, b(t) = w(0, tp, 

for t E (O,T), where 

T1 = P(q- l)(m - 1) + aq(m - 1) + c&l 
@y‘- (p - l)(q - l)(m - 1) ’ 

T2 = 401- l)(m - 1) + Pmb - 1) + PPY 
4-y - (p - l)(q - l)(m - 1) ’ 

and 

mO, - Wq - 1) +72-G - 1) + 4a-Y 
T3= a@r-(p-l)(q-l)(m-1) ’ 

By putting p(t) = p(t) + O(t) +, d(t), T = 1~) 

hl(r, q = Ub-IP(t)~ t> 
p(t)‘1 ’ 

hz(r q = 4TIP@)! t> 
’ ’ p(t)” ’ 

h3(r t) = w(rlPw,t) 
’ PW . 

Using the symmetry and Assumptions (ii)-(iii) in this theorem, it follows that: 

0 I (9, (h’,))’ + F @*vq + % 5 ut (0, q yt (0, t> Wt (0, t) 
p(t)P+(P-lb1 + p(tjP+Wh + p(t)m+h-on ’ 

(3.3) 

0 s (@q (q?))’ + F 9, (K!) + h: I 
ut (0, q vt(O, t) wt (0, t) 

p(t)P+(P-‘I+1 + p(t)q+Wh + p(t)m++1h ’ 
(3.4) 

0 5 (%a (IQ)’ + y @m (hQ) + h: I 
ut@, t) Vt (0, t> wt (0, t> 

p(t)P+(P-‘h + p(qQ+(c?-lh + /)(qm+h-lh ’ (3,5) 

for any t E (0, T) and T E [0, Rp(t)). 
Since ~(2, t), ~(2, t), and w(z, t) achieve their maxima at z = 0, we easily see that hr, hz, h3 

are bounded. Indeed, 

0 I h(r,t) I 40, t> 
71 

I 1, 0 I h,(r,t) 
5 

vo < 1, 0 L h3(r,t) 5 
40, t) 

P(t) 
- 

PW 
- 

PW 
5 1. (3.6) 

Multiplying (3.3) by hl,, (where hl,, express partial derivation of hr for T), and then integrating 
with respect to T on (0, T), we have 

5 Ih,rlP + G(~, wh(~, t) - h:(O, t)hl(O, t> - a ST h;-lh&l dr 5 0. (3.7) 
0 
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From (3.7) and h~,~(r,t) 5 0, it follows that 

lh,rl I (+J? 

for t E (0, T) and T E [0, Q(t)). Similarly, we get 

Ih2,PI 5 $$ 
( > 

1'q, Ih3,rl I (-=J 

Now we proceed by contradiction to claim that 

lip $rf 
+ ( 

%(Ol t) vt (0, t) 
+ PO) 

w(O, t> 
p(t)P+(P-'1'1 9+(9--l)n + PM m+(m--l)T3 - 

> 
-c>o. 

(34 

(3.9) 

(3.10) 

Otherwise, there exists a sequence {tn} C (0, T) with t, + T such that 

lim inf 
( 

ut(O, tn) Q(O, ha) w(O, L) 
&+T p(t,)P+(P-1)71 + &J9+(9-1)~2 + p(t,)m+(m-l)Q = O. 

> 

By using the Ascoli-Arzela theorem, there exists a sequence (still denoted by {tn}) such that 

hl(.,t,) + h2(.), h(.,t,,) -+ h2(.), and h(.,L) + h3(.), asn++m (3.11) 

hold uniformly on a compact subset of [0, +oo). Now in the sense of distributions 

(a$ (Fig) + y Qp (Q + Eg = 0, (3.12) 

(a9 (Q)’ + yl a9 (I$) + g = 0, ’ (3.13) 

(Q, pi;>) + F 9, (71;) + h; = 0. (3.14) 

The absolute continuity of hl, hs, hs implies that Al, 712, &J are C?(O, +oo). By the local existence 
and uniqueness of initial value problem for (3.12)-(3.14) and using the arguments in [4,5], we 
conclude that hr, ks > 0, Ls > 0 on (0, +oo) with h{(O) = hi(O) = &i(O) = 0. 

If N = 2, p > 2, we proceed as follows. From equations (3.12)-(3.14), we infer that rap(k;), 
rQq&), and r@,(@ are decreasing, and that there exist M < 0 and r-0 > 0 such that 

r@, (vl) < M, for r E (re, +oo). 

The last inequality implies that 

J 
t 

h,(s) > &(s) -h,(t) = (-M)‘l(P-‘) ,rml/(Pbl)dr 
s (3.15) 

= (-M) ll(p-1) t(p-2Mp-1) _ s(P-2MP--1) 

for rc 5 s 5 t. Letting t + +oc in (3.15), we obtain a contradiction. 
/ If IV = 2, p = 2, proceeding similarly as above implies that 

ill(s) > &(s) - L(t) > (-M)[ln(t) - W)l 

for re 5 s 5 t. Letting t -+ +oo in the last inequality, we obtain a contradiction. 
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Finally, if N > max{p,q} > 2 holds, we know from Theorem 2.1 that system (3.12)-(3.14) 
has no positive solution. We conclude that (3.10) is true. It follows from (3.10) that there exists 
tl E (0,T) such that for any t E (tl,T) we have 

cl 44 t> v&t) + wt(O, t> 
p(t)P+(P-‘1” + P@> 

Q+(Q--lba PW m+(m-l)r3 

ut (0, t> vt (0, t) wt(O,t) 
5 up, t)(‘+W/61 + v((), t)U+W62 + w((-j, q(‘+w63 * 

(3.16) 

Integrating (3.16) on (t, s) E (tl, T) and then letting s + T, we obtain 

c(T - t) 5 &u(O, t)+l + &v(O, t)-“62 + 63w(0, t)-“% 

By using Condition (vi) in (3.17), we have 

u(z, t) < ~(0, t) 5 q(T - t)+, 

(3.17) 

for any b,t) E QT \ Qtl. 
We have the blow-up estimates for v and w in the same way: 

~(2, t) 5 ~(0, t) 5 cz(T - t)-a2, w(z, t) 5 w(0, t) 5 cs(T - t)-‘,. 

The proof is completed. 

REMARK 1. For the special variational parabolic system 

ut = Au+@, vt = Au+& 

with p, b > 1, Caristi and Mitidieri [5] obtained the following blow-up estimates: 

u(z, t) 5 u(z, 0) 5 c(T - t)-(p+1)‘(p6-‘), v(z, t) 5 v(s,O) 5 c(T - t)-(6+1)‘(“6-‘). (3.18) 

The single equation case was treated by Weissler [4] with 

u(z, t) I u(z, 0) 5 c(T - t)-l’(e-‘). (3.19) 

Clearly, inequalities (3.18),(3.19) agree with Theorem 3.1 if one takes p = q = m = 2, (Y = p, 

/3=y=S,orp=q=m=2,cz=P= 7 = 0, respectively. Therefore, the result in this paper 
extends their results essentially. 
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