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In this paper, we first present an impulsive version of the Filippov-Wazewski theorem and
a continuous version of the Filippov theorem for fractional differential inclusions of the
form

DYy (t) € F(t,y(1)), aetef\{ti,....tn},x € (1,2],
Y5 =Ly ). k=1,....m,
Y () = L)), k=1,....m,

y0) =a, Yy (0 =c,

where ] = [0, b], D¢ denotes the Caputo fractional derivative, and F is a set-valued map.
The functions I, I characterize the jump of the solutions at impulse points t, (k =
1, ..., m). Additional existence results are obtained under both convexity and noncon-
vexity conditions on the multivalued right-hand side. The proofs rely on the nonlinear al-
ternative of Leray-Schauder type, a Bressan-Colombo selection theorem, and Covitz and
Nadler’s fixed point theorem for multivalued contractions. The compactness of the solu-
tion set is also investigated. Finally, some geometric properties of solution sets, Rs sets,
acyclicity and contractibility, corresponding to Aronszajn-Browder-Gupta type results, are
obtained. We also consider the impulsive fractional differential equations

Dy (t) = f(t, y(t)), aeteJ\{t1,....ta}, € (1,2],
Y& = L)), k=1,....m,
Y &) =Ly, k=1,....m,

y0) =a, y(0) =c,
and

Diy(t) =f(t,y(t)), aete]\{t;,..., tn},a € (0,1],
y(&) = Lyy),  k=1,....m,
y(0) =aq,

where f : ] x R — Ris a single map. Finally, we extend the existence result for impulsive
fractional differential inclusions with periodic conditions,

Diy(t) € p(t, y(t)), aeteJ\{ty,....tuhx € (1,2],
vt =Ly, k=1,...,m,
Y65 = L)), k=1,...,m,

y©) =y®d), y'(©0) =y ),

where ¢ : ] x R — £(R) is a multivalued map. The study of the above problems use an
approach based on the topological degree combined with a Poincaré operator.
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1. Introduction

Differential equations with impulses were considered for the first time in the 1960’s by Milman and Myshkis [1,2]. A
period of active research, primarily in Eastern Europe from 1960-1970, culminated with the monograph by Halanay and
Wexler [3].

The dynamics of many evolving processes are subject to abrupt changes, such as shocks, harvesting and natural disasters.
These phenomena involve short-term perturbations from continuous and smooth dynamics, whose duration is negligible
in comparison with the duration of an entire evolution. In models involving such perturbations, it is natural to assume that
these perturbations act instantaneously or in the form of “impulses”. As a consequence, impulsive differential equations
have been developed in modeling impulsive problems in physics, population dynamics, ecology, biotechnology, industrial
robotics, pharmacokinetics, optimal control, and so forth. Again, associated with this development, a theory of impulsive
differential equations has been given extensive attention. Works recognized as landmark contributions include [4-7]. There
are also many different studies in biology and medicine for which impulsive differential equations are good models (see, for
example, [8-10] and the references therein).

In recent years, many examples of differential equations with impulses with fixed moments have flourished in several
contexts. In the periodic treatment of some diseases, impulses correspond to administration of a drug treatment or a missing
product. In environmental sciences, impulses correspond to seasonal changes of the water level of artificial reservoirs.

During the last ten years, impulsive ordinary differential inclusions and functional differential inclusions with different
conditions have been intensely studied by many mathematicians. At present the foundations of the general theory are
already laid, and many of them are investigated in detail in the book of Aubin [11], Benchohra et al. [12], and in the papers
of Henderson and Ouahab [13], Graef et al. [ 14-16], Graef and Ouahab [17-20] and the references therein.

Differential equations with fractional order have recently proved valuable tools in the modeling of many physical
phenomena [21-25]. There has also been a significant theoretical development in fractional differential equations in recent
years; see the monographs of Kilbas et al. [26], Miller and Ross [27], Podlubny [28], Samako et al. [29], and the papers of Bai
and Lu [30], Diethelm et al. [21,31,32], El-Sayed [33-35], El-Sayed and Ibrahim [36], Kilbas and Trujillo [37], Mainardi [24],
Momani and Hadid [38], Momani et al. [39], Nakhushev [40], Podlubny et al. [41], and Yu and Gao [42].

Very recently, some basic theory for initial-value problems for fractional differential equations and inclusions
involving the Riemann-Liouville differential operator was discussed by Benchohra et al. [43], Lakshmikantham [44], and
Lakshmikantham and Vastala [45-47]. El-Sayed and Ibrahim [36] initiated the study of fractional multivalued differential
inclusions.

Applied problems requiring definitions of fractional derivatives are those that are physically interpretable for initial
conditions containing y(0), ¥’ (0), etc. The same requirements are true for boundary conditions. Caputo’s fractional derivative
satisfies these demands. For more details on the geometric and physical interpretation for fractional derivatives of both the
Riemann-Liouville type and the Caputo type, see Podlubny [28].

Recently, fractional functional differential equations and inclusions with standard Riemann-Liouville and Caputo
derivatives with differences conditions were studied by Benchohra et al. [48,43,49], Henderson and Ouahab [50], and
Ouahab [51].

Impulsive differential equations and inclusions with Captuo fractional derivatives when o € (0, 2] were studied by
Agarwal et al. [52,53] and Henderson and Ouahab [54].

In this paper, we shall be concerned with the existence of solutions, Filippov’s theorem and the relaxation theorem of
impulsive fractional value problems (IVP’s for short) for differential inclusions. More precisely, we will consider the following
problem,

Diy(t) e F(t,y(t)), aete]=[0,b,1<a<2 (1)
ytH =Ly, k=1,....m, (2)
V&) =Ly, k=1,...,m, (3)
y0) =a, y(0) =c, (4)
where DY is the Caputo fractional derivatives, F : ] x R — £ (R) is a multivalued map with compact values (2 (R) is the
family of all nonempty subsets of R),0 =ty < t; < -+ < tyy < tyy1 = b I, [k € CR,R) (k = 1,...,m), Ay|i—, =

y(t,f) —y(t,),and y(t,f) = limy,_, o+ y(tx + h) and y(t, ) = limy_,o+ y(tx — h) stand for the right and the left limits of y(t)
att = ty, respectively.

The paper is organized as follows. We first collect some background material and basic results from multivalued analysis
and fractional calculus in Sections 2 and 3 respectively. Then, we shall be concerned with Filippov’s theorem for first-order
impulsive differential inclusions with fractional order. This is the aim of Section 4. Section 5 is devoted to the relaxed problem
associated with Problem (1)-(4), that is, the problem where we consider the convex hull of the right-hand side. In Section 6,
we prove the existence of solutions under both convexity and nonconvexity conditions on the multivalued right-hand side.
The proofs rely on the nonlinear alternative of Leray-Schauder type, a Bressan-Colombo selection theorem and Covitz and
Nadler’s fixed point theorem for multivalued contractions. The compactness of the sets of solutions is also established. In
Section 6.4, we present some existence and uniqueness results for impulsive differential equations with fractional order.
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Finally, Section 7 is devoted to proving some geometric properties of solution sets such as acyclicity, Rs, and contractibility.
Then, existence results for impulsive differential inclusions with fractional inclusions and periodic conditions are provided
in Section 8.

We end the paper with some conclusions and remarks.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that will be used in the remainder of this paper.
Let ACI([0, b], R™) be the space of functions y : [0, b] — R", i-differentiable and whose ith derivative, y, is absolutely
continuous.

We take C(J, R) to be the Banach space of all continuous functions from J into R with the norm

I¥llco = sup{ly(t)| : 0 <t < b}.

L'(J, R) refers to the Banach space of measurable functions y : ] — R which are Lebesgue integrable; it is normed by

b
vh = /0 1y(s)lds.

Let (X, || - ||) be a separable Banach space, and denote
PX)={Yy CX:Y #0},
Py X) ={Y € P(X) : Y convex]},

1(X) ={Y € P(X) : Y closed},

»(X) = {Y € £(X) : Y bounded},

p(X) ={Y € £(X) : Y compact},

Pev,pX) = Pey(X) N Pep(X).

WD

A multivalued map G : X —> £ (X) has convex (closed) values if G(x) is convex (closed) for all x € X. We say that G is
bounded on bounded sets if G(B) is bounded in X for each bounded set B of X (i.e., sup,cz{sup{|ly|l : y € G(x)}} < o00). The
map G is upper semi-continuous (u.s.c.) on X if for each xy € X the set G(xq) is a nonempty, closed subset of X, and if, for each
open set N of X containing G(x), there exists an open neighborhood M of xq such that G(M) C N. Finally, we say that G is
completely continuous if G(B) is relatively compact for every bounded subset B C X.

If the multivalued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a
closed graph (i.e., X, —> X., ¥n —> Y, ¥Yn € G(x) imply y, € G(x,)). We say that G has a fixed point if there exists x € X
such that x € G(x).

A multivalued map G : ] —> £4(X) is said to be measurable if for each x € X the functionY : ] — R defined by

Y(t) = d(x, G(t)) = inf{|x — z|| : z € G(t)}

is measurable.

Lemma 2.1 (See [55], Thm 19.7). Let E be a separable metric space and G a multivalued map with nonempty closed values. Then
G has a measurable selection.

Lemma 2.2 (See [56], Lemma 3.2). Let G : [0, b] — & (E) be a measurable multifunction and u : [0, b] — E a measurable
function. Then for any measurable v : [0, b] — R there exists a measurable selection g of G such that, for a.e. t € [0, b],

lu(t) —g(®)] = d(u(t), G(t)) + v(t).

Corollary 2.3. Let G : [0, b] — £, (E) be a measurable multifunction and g : [0, b] — E be a measurable function. Then there
exists a measurable selection u of G such that

lu(t) —g(t)| = d(g(t), G(t)).

Proof. Let v, : [0, b] — R, be defined by v.(t) = € > 0. Then from Lemma 2.2 there exists a measurable selection u, of G
such that

lue(t) — g(t)] = d(g(t), G(t)) + €.

We take € = %, n € N; hence, for every n € N, we have

1
lun(t) — g(0)] = d(g(t), G(t)) + o
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Using the fact that G has compact values, we may pass to a subsequence if necessary to get that u,(.) converges to measurable
function u in E. Then

lu(t) —g(®)| = dg(t), G(t)). O

Definition 2.4. The multivalued map F : | x X —> £ (X) is L'-Carathéodory if

(i) t —> F(t,y) is measurable for each y € X;
(ii) y — E(t, y) is upper semi-continuous for almost all t € J;
(iii) For each q > 0, there exists ¢, € L'(J, R;.) such that

IF(t, M) Ile = sup{llv]| : v € F(t,y) < ¢q(t) forall |ly|| < qand foralmostall t € J}.

Lemma 2.5 ([57]). Let X be a Banach space. Let F : [0, b] X X —> $¢p (X) be an L'-Carathéodory multivalued map, and let T
be a linear continuous mapping from L' ([0, b], X) to C([0, b], X). Then, the operator

I" oS¢ : C([0, b], X) —> P, (C([O, b], X)), yr— (T oSp)(Y) =T(Sr,)
is a closed graph operator in C([0, b], X) x C([0, b], X).

Let (X, d) be a metric space induced from the normed space (X, |- |). Consider Hy : (X) x #(X) — R U{oc} given by
Hy(A, B) = max {sup d(a, B), supd(A, b)} ,
aeA beB

where d(A, b) = infyea d(a, b), d(a, B) = infycp d(a, b). Then (£ (X)), Hy) is a metric space and (£ (X), Hg) is a generalized
metric space; see [58].
Definition 2.6. A multivalued operator N : X — £4(X) is called
(a) y-Lipschitz if and only if there exists y > 0 such that
Hy(N(x), N(y)) < yd(x,y), foreachx,y e X;
(b) a contraction if and only if it is y-Lipschitz with y < 1.

For more details on multivalued maps we refer to the books by Aubin et al. [59,60], Deimling [61], Gorniewicz [55], Hu
and Papageorgiou [62], Kamenskii [63], Kisielewicz [58] and Tolstonogov [64].

3. Fractional calculus

According to the Riemann-Liouville approach to fractional calculus the notation of fractional integral of order & (o > 0)
is a natural consequence of the well-known formula (usually attributed to Cauchy), that reduces the calculation of the n-fold
primitive of a formulion f (t) to a single integral of convolution type. In our notation the Cauchy formula reads

I"f(t) = / (t—s)*"'f(s)ds, t>0,neN.
0

n—1)!

Definition 3.1. The fractional integral of order & > 0 of a function f € L'([a, b], R) is defined by

N t (t _ S)otfl
R

where I' is the gamma function. When a = 0, we write I*f (t) = f(t) * ¢, (t), where ¢, (t) = % fort > 0,andfort <0,

¢o — 6(t) asa — 0, where § is the delta function and I is the Euler gamma function defined by
o0
o) = / t*le7tdt, o > 0.
0

For consistency, I° = Id (Identity operator), i.e., I°f(t) = f(t). Furthermore, by I*f (0") we mean the limit (if it exists) of
1f (t) for t — 0; this limit may be infinite.
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After the notion of fractional integral, that of fractional derivative of order « (¢« > 0) becomes a natural requirement
and one is tempted to substitute & with —« in the above formulas. However, this generalization needs some care in order
to guarantee the convergence of the integral and preserve the well-known properties of the ordinary derivative of integer
order. Denoting by D", with n € N, the operator of the derivative of order n, we first note that

D'I"=1d, I'D"#Id, neN,

i.e., D" is the left-inverse (and not the right-inverse) to the corresponding integral operator J". We can easily prove that

r— k
+)Q’ t>0.
k!

n—1
I"Df(6) =f(©) = ) ¥
k=0

As consequence we expect that D* is defined as the left-inverse to I*. For this purpose, introducing the positive integer n
such thatn — 1 < a < n, one defines the fractional derivative of order o > 0:

Definition 3.2. For a function f given on interval [a, b], the ath Riemann-Liouville fractional-order derivative of f is defined
by

Da t) = 1 d " tt —a+n—1 d
10 = e (51) [ €9 o

where n = [a] + 1 and [«] is the integer part of «.

Defining, for consistency, D° = I° = Id, then we easily recognize that

D*I* =1d, « >0, (5)
and
r 1
DtV = ﬂt)’_a, a>0,y—1,t>0. (6)
'y+1—-a)

Of course, the properties (5) and (6) are a natural generalization of those known when the order is a positive integer.
Note the remarkable fact that the fractional derivative D*f is not zero for the constant function f (t) = 1,if « & N.In fact,
(6) with y = 0O illustrates that

-
T r(-aw)’
It is clear that D*1 = 0, for @ € N, due to the poles of the gamma function at the points 0, —1, —2, .. ..

We now observe an alternative definition of fractional derivative, originally introduced by Caputo [65,66] in the late

1960’s and adopted by Caputo and Mainardi [67] in the framework of the theory of Linear Viscoelasticity (see a review
in [24]).

D*1 a>0,t>0. (7)

Definition 3.3. Let f € AC"([a, b]). The Caputo fractional-order derivative of f is defined by

o . 1 ‘ n—a—1lgn
OO = s f (t — $)"e1f(5)ds.

—a)

This definition is of course more restrictive than the Riemann-Liouville definition, in that it requires the absolute
integrability of the derivative of order m. Whenever we use the operator D¢ we (tacitly) assume that this condition is met.
We easily recognize that in general

Def(t) = D"I™*f (t) #J"*D"f(¢t) := Df (0), (8)

unless the function f (t), along with its first n — 1 derivatives, vanishes at t = a*. In fact, assuming that the passage of the
m-derivative under the integral is legitimate, we recognize that,form — 1 <a <mandt > 0,

_ a\k—«
A ) (©)

m—1
Df(t) = Df (t) + ;; Ik—a+ 1)

and therefore, recalling the fractional derivative of the power function (6),
m—1 k—a
o (t—a) ay=s o
D t) — _ =D, f(t). 10
<f() kE=OF(k—ot+l)f (@) Wf () (10)

The alternative definition, that is, Definition 3.3, for the fractional derivative thus incorporates the initial values of the
function and of lower order. The subtraction of the Taylor polynomial of degree n — 1 att = a™ from f(t) means a sort
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of regularization of the fractional derivative. In particular, according to this definition, the relevant property for which the
fractional derivative of a constant is still zero, i.e.,

Di1=0, o=>0. (11)

We now explore the most relevant differences between the two fractional derivatives given in Definitions 3.2 and 3.3. From
Riemann-Liouville fractional derivatives, we have

Dt —a)*7 =0, forj=1,2,...,[«]l+1. (12)

From (11) and (12) we thus recognize the following statements about functions about functions which, for t > 0, admit the
same fractional derivative of order o, withn — 1 <o <n,n € N,

D*f(t) = D*g(t) & f(t) = g(t) + Y _ ¢(t —a)* 7, (13)

Jj=1
and
Dif(t) = Dig(t) < f(t) =g(t)+ch(t —a)". (14)
=1

In these formulas the coefficients ¢; are arbitrary constants. For proving all main results we present the following auxiliary
lemmas.

Lemma 3.4 ([26]). Let « > O and let y € L*(a, b) or C([a, b]). Then
(DSIY) () = y (D).

Lemma 3.5 ([26]).Let « > Oandn = [a] + 1. If y € AC"[a, b] or y € C"[a, b], then

n—1 (k)
oy © =y - L

k=0

(t — a)k.

For further reading and details on fractional calculus, we refer to the books and papers by Kilbas [26], Podlubny [28],
Samko [29], Caputo [65-67].

4. The Filippov-Wazewski theorem

Let Jo = [0, t1],Jx = (tk, ter1], k = 1, ..., m, and let y, be the restriction of a function y to Ji. In order to define mild
solutions for Problem (1)-(4), consider the space

PC={y:] > R|yeC(,R),k=0,...,m, andy(t, ) and y(t,j“) exist and satisfy y(t, )
=yty) fork=1,...,m}.

Endowed with the norm

Iyllpc = max{llylloo : k=0, ..., m},

this is a Banach space.

Definition 4.1. A functiony € PC N U;?:O AC(Ji, R) is said to be a solution of (1)-(4) if there exists v € L!(J, R), with
v(t) € F(t,y(t)) for a.e. t € J, such that y satisfies the fractional differential equation DYy(t) = v(t) a.e. onJ, and the
conditions (2)-(4).

5. Relaxation theorem

In this section we examine to what extent the convexification of the right-hand side of the inclusion introduces new
solutions. More precisely, we want to find out if the solutions of the nonconvex problem are dense in those of the convex one.
Such a result is known in the literature as a relaxation theorem and it has important implications in optimal control theory.
It is well known that in order to have optimal state-control pairs, the system has to satisfy certain convexity requirements.
If these conditions are not present, then in order to guarantee the existence of optimal solutions we need to pass to
an augmented system with convex structure by introducing the so-called relaxed (generalized, chattering) controls. The
resulting relaxed problem has a solution. The relaxation theorems tell us that the relaxed optimal state can be approximated
by original states, which are generated by a more economical set of controls that are much simpler to build. In particular,
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“strong relaxation” theorems imply that this approximation can be achieved using states generated by bang-bang controls.
For the problem for first-order differential inclusions, fractional differential inclusions and impulsive functional differential
inclusions, we refer to [59] (Thm. 2, p. 124) or [60] (Thm. 10.4.4, p. 402), Hu and Papageorgiou [62], Djabli et al. [68], Graef
and Ouahab [19], Henderson and Ouahab [102,50] and Ouahab [51]. More precisely, we compare trajectories of (1)-(4) and
of the relaxation impulsive differential inclusion

Diy(t) € CoF(t,y(t)), ae.te]=:[0,b]\{t1,..., tn}, (15)
ytH) = Ly(t)), k=1,...,m, (16)
yEH =Ly)), k=1,...,m, (17)
y0 =a y(0)=c, (18)

where co A refers to the closure of the convex hull of the set A. We will need the following auxiliary results in order to prove
our main relaxation theorem. The first two are concerned with measurability of multivalued mappings. The third one is due
to Mazur, while the last one is a classical fixed point theorem.

Lemma 5.1 ([69]). Let U: [0, b] — £(E) be a measurable, integrably bounded set-valued map and let t +— d(0, U(t)) be

an integrable map. Then the integral fob U (t)dt is convex, the map t — co U(t) is measurable and, for every ¢ > 0, and every
measurable selection u of co U(t), there exists a measurable selection u of U such that
sup

t t
/ u(s)ds—/ u(s)ds
tefo,b] |Jo 0

b b b
/ EU(t)dt:f U(t)dt:/ coU(t)dt.
0 0 0

Lemma 5.2 (Mazur’s Lemma, [70], Theorem 21.4). Let E be a normed space and {x}xen C E a sequence weakly converging to a
limit x € E. Then there exists a sequence of convex combinations y,, = kazl OmiXy, where e > O for k = 1,2,..., m, and

Z;f:l omk = 1, which converges strongly to x.

<e

and

Lemma 5.3 (Covitz-Nadler, [71]). Let (X, d) be a complete metric space. If N : X — $(X) is a contraction, then FixN # (.

The following hypotheses will be assumed for the remainder of this section. Let @, ¢ € Rand g € L'(J,R), and let
xePCN U;T:O AC(Ji, R) be a solution of the impulsive differential problem with fractional order:

Dix(t) = g(t), ae.t e\ {t1,....tn}, € (1,2],
X(65) = L(x(t;)), k=1,....m, o)
X (65 = Lx(ty)), k=1,...,m,

x(0) =a, X(0) =c.
We will make use of the following pairs of two assumptions:

(#,) The function F:J] x R — £y(R) is such that
(a) forally € R, the map t — F(t,y) is measurable,
(b) themap y : t — d(g(t), F(t, x(t))) is integrable.
(#,) There exists a function p € L'(J, R*) such that

Hq(F(t,z1), F(t,22)) < p(t)|z1 — 22|, forallz;,z; € R.

(#7) The function F:J x R — £4(R) satisfies
(a) forally € R, themapt — F(t,y) is measurable,
(b) the map t — d(0, F(t, 0)) is integrable.

(#,) There exist constants ci, ¢x > 0 such that

Ie(ur) — Le(ua)| < clug — wal, [Te(ur) — Te(ua)| < Clug — up|, foreachuy, u, € R.

Remark 5.4. From Assumptions (#;(a)) and (#f,), it follows that the multifunction t — F(t, X;) is measurable, and by two
lemmasin [72] (Lemmas 1.4 and 1.5) we deduce that y (t) = d(g(t), F(t, x(t))) is measurable (see also the Remark on p. 400
in [60]).



1198 J. Henderson, A. Ouahab / Computers and Mathematics with Applications 59 (2010) 1191-1226

Let P(t) = fot p(s)ds, and define the functions ny and Hy by

t
no(t) = Mo + M / [Ho()p(s) + y($)]ds. ¢ € [0, ],
0
where

t
Ho(t) = 8oM exp (Me"¥) + M / y (s) exp (MePO~"O)) ds,
0

and where M = max (1 b, ll’,(—)) and §o = la—a|+ |c —c|.

Theorem 5.5 ([73]). Suppose that hypotheses (F¢1)-(#,) are satisfied. Problem (1)-(4) has at least one solution y satisfying, for
a.e. t € [0, b], the estimates

VO —xOI <M Y 8§+M Y )

0<k<i 0<ty<t
and
IDEy(t) —g(O)] < Mp(t) Y H(®) + Y %(D),
O<tp<t O<tp<t
where, for k=1, ...,m,
t
() =M / (H©PE) + y©1ds. €€ (bt
173
t
Hi(t) = 8 exp (Me™®) + / y (s) exp (Me™(O~P®)) ds,
24
and

S = Y (t) — Lx(t)| + L () — L (x(te)].
Then our main contribution is the following.

Theorem 5.6. Assume that (#,), (#1), (#>) hold. Then Problem (15) has at least one solution. In addition, for all ¢ > 0 and
every solution x of Problem (15), Problem (1)-(4) has a solution y defined on [0, b] satisfying

IX — yllpc < e.
In particular, 5[0 b (a, ¢) = Syo,py(a, c), where

[0 b](a ¢) = {y:yis asolution to (1)-(4) on [0, b]}.

Remark 5.7. Notice that the multivalued map t — co F(t, -) also satisfies (#¢;).
Proof. The proof consists of two parts, with each part involving multiple steps.

Part 1. sfg, p) 7 ¥: For this, we first transform Problem (15) into a fixed point problem and then make use of Lemma 5.3.
Consider the problem on the interval [—r, t;], that is,

Dy(t) e COF(t, y(t)), ae.t €0, t],
y0)=a, Y (0) =c.

It is clear that all solutions of Problem (20) are fixed points of the multivalued operator N : PC; — £ (PC;) defined
by

(20)

N@y) = {h € PCy: h(t) =a+tc+ m/ (t —s)* lg(s)ds, t € [0, tﬂ}

where
g € Sery = {g e L'([0, 1], R) : g(t) € F(t, y(t)) forae. t € (O, m}

and PC; = C([0, t1], R). To show that N satisfies the assumptions of Lemma 5.3, the proof will be given in two steps.
In Steps 3, 4, we study the problem on the intervals (t, ty ] fork=1,...,m—1.
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Step 1. N(y) € £4(PCy) for eachy € PCy: Indeed, let {y,} € N(y) be such thaty, — y in PC;,as n — +o0.Theny € PC;
and there exists a sequence g, € Sgr,, such that

yn(t)—a+tc+m/ (t —9)* 'gu(s)ds, tel0,t].

Then {g,} is integrably bounded. Since F (-, -) has closed values, let w(-) € F(-, 0) be such that |w(t)| = d(0, F(t, 0)).
From (#;) and (J¢,), we infer that for a.e.t € [0, t;],

lgn (D] =< lgn(t) — w(t)] + [w(O)]
=< pOIyllpc; +d(0, F(t, 0)) :== My (t), VneN,
that is,
g,(t) e M(£)B(0, 1), ae.t €0, tq].

Since B(0, 1) is compact in R, there exists a subsequence still denoted {g,} which converges to g.
Then the Lebesgue dominated convergence theorem implies that, as n — oo,

llgn — gl — 0 and thus y,(t) — y(¢)
with
y(t)=a+tc+ m/ (t —s)* lg(s)ds, te[0,t],

proving thaty € N(y).

Step 2. There exists y < 1such that Hy(N(y), N(¥)) < vy — Yllpc, for eachy,y € PCy, where the norm |ly — y|lpc, will be
chosen conveniently. Indeed, lety,y € £2([—r, t;]) and h; € N(y). Then there exists g;(t) € coF(t, y(t)) such that,
foreacht € [0, t{],

t
hi(t) = a+ tc + m / (t —5)* gy (s)ds.

Since, for each t € [0, t{],
Hy(CoF(t, y:), c0F(t,y:)) < p(Oly(t) —y(@©)l,
then there exists some w(t) € coF(t, y(t)) such that
lg1(t) —w(®)| < p®|y(©) —y@®I, tel0, ]
Consider the multimap U; : [0, t;] — £ (R) defined by
Ui(t) ={w e R [g1(t) — w| < p®)|y() =y (I}
As in the proof of Theorem 5.5, we can show that the multivalued operator V;(t) = U;(t) N coF(t, y(t)) is mea-
surable and takes nonempty values. Then there exists a function g (t), which is a measurable selection for V;. Thus,
&(t) € coF(t,y(t)) and
lg1(t) — &) < p®)ly —yl, forae.t€[0,t]
Foreacht € [0, t{], let

t
ha(t) = a + tc + % (t — ) gy (5)ds.

Therefore, for each t € [0, tl] we have

lh1(£) — ha(t)] /( — 97 g1(s) — g(s)| ds

I A

F(a)

IA

/ PO)I(S) — F(s)lds
0

t
/ p(s)e” fo P ( sup e P<")d“|y<z)—y(z>|) ds

0<z<ty

1
I'a)

IA

1
l“()

r(a)r / (e J5PO9Y |y _ Flapc, ds.

I/\

Hence,

tDl
‘l -
lh1 — hallspc;, < ?Ily — Yllgecy s
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Step 3.
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where
tDl
Iyllsee, = sup {e " oPOS|y ()|t € [0, t4], 7 > —— | .
I'(x)

By an analogous relation, obtained by interchanging the roles of y and y, we find that

L‘(

Ha(N(),N(©)) =< oL

Then N is a contraction and hence, by Lemma 5.3, N has a fixed point y,, which is solution to Problem (20).
Let y, := ¥l be a possible solution to the problem

ly — yllspc, -

y(t) €CcoF(t,y), te(ty,t],
y(&)) = Lyo(t))), (21)
Y& =TLo(t))).

Then y; is a fixed point of the multivalued operator N : PC, — & (PC;) defined by
Li(yo(t)) + ([f — t)I1 (Yo (1))

NO) = h e PG h(®) = +i/(t—s)“—1g(s)ds, t € (ty, ]
I'(@) t1

where
g € Sory = {g €116, 1 R) 1 g(6) € BF (6, y(0) forae.t € 11, 62] .

Again, we show that N satisfies the assumptions of Lemma 5.3. Clearly, N(y) € £y (PC,) for eachy € PC,. It remains
to show that there exists 0 < y < 1 such that

Hi(N»), N@) < vy — ¥lisrc,
for each y,y € PG,. For this purpose, lety,y € PC; and h; € N(y). Then there exists g;(t) € coF(t, y(t)) such that,
foreacht € [0, t5],

() = 00t + (€ = DT 0o(t0) + s / (£ — 9" g1(5)ds.

Since from (#5)

Hq(Co F(t, y(t)), c0F(t,y)) < pOIy(®) —y(©I, t€[tr, ],
we deduce that there isa w(-) € co F(-, ¥(-)) such that

lg1(t) —w(®] < p®OIy(®) —y(©O)I, te€lts, ]
Consider the multivalued map U, : [tq, t] — £ (R) defined by

Up(t) = {w € R |g1(t) —w| < p(O)|y(®) =y (I}

Since the multivalued operator V5 (t) = U, (t) Nco F(t, y(t)) is measurable with nonempty values, there exists g, (t)
which is a measurable selection for V5. Then g, (t) € coF(t, y(t)) and

lg1(t) — &) < p®ly@®) —y(@©)|, forae.t e [t1, ]
Forae.t € [ty, to], define

_ 1 t
ha(8) = Li(yo(t1)) + (€ — t1Yo(t1)) + —— / (t — )% 'ga(s)ds.
I'(e) Jo
For some T > Me¥"2, we have the estimates

hy(©) = ho(O)] < oo )/a—s)“ g1(s) — g2(9)] ds

=

2 p—
r @ f[] p(s)|y(s) —y(s)lds

F()

By an analogous relation, obtained by interchanging the roles of y and y, we obtain

=< lly — ¥lispc, -

o

HiN(). NG)) < F(t) 1y — Tllavc,
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Part 2.
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where
[t d
I¥lsre, = sup {e P yo)) € e 11, 21}

Therefore N is a contraction and thus, by Lemma 5.3, N has a fixed point y; solution of Problem (21).
We continue this process taking into account that y,, := y|,,.»] is @ solution of the following problem:

Dy(t) € F(t,y(t)), t € (tm, b,
y(ts) = In(m-1(t;)), (22)
Yt = In@m-1(ty)).
Then a solution y of Problem (15) may be defined by
yo(t), ift €0, t1],
y() = ¥a(t), ift € (&, tal,
Yu(0), ift € (tm, b].
Let x be a solution of Problem (15). Then, there exists g € Sgr x such that

x(t)_a+tc+—f (t—95)*1g(s)ds, te[0,t],

(o)
and
x(t) = L(x(t) + (t — t)L(x(t) + m/ (t—95)"""g(s)ds, te€ (ttirrl k=1,...,m,
i.e., x is a solution of the problem
D"‘x(t) =g(t), ae.t e[0,b]\ {t1, ..., tm},
x(tk ) = Ik(x(t,( ), k=1,...,m, (23)
x(t)_Ik(x(tk)) k=1,...,m

x(0) = a, X(0) =c.

Lete > 0and § > 0 be given by the relation Me“’s = SL Z;f:l Ry, where L, Ry, fork =0, 1, ..., m, will be defined
later on. From Lemma 5.1, there exists a measurable selection f, of t — F(t, x(t)) such that

1 ‘ a—1 a—1
S @fo =9 g“)‘“‘mf (=97 LS
o t o
< F(a) t:;pb] [ g(S)ds—/0 fi(9)ds| < F(Q)B.
Let
Z(t)—a—i-tc—i-m/(t I (s)ds, t €0, t]
and
z(r)—1k<x(rk>>+<r—rk>1k<x(rk))+m / (6= 965, ¢ € (b tisr) k=1.....m.
Hence
[x(t) —z(t)| < T )

With assumption (#,), we infer that, for allu € co F(t, z(t)),
y(t) = d(g(t), F(t,x(t))) < d(g(t), u) + Ha(F(t, z(1)), F(t, x(t)))
= 2p(O)|x(t) — z(t)| < 25p(1).

Since, under (#;(a)) and (J,), y is measurable (see [60] or [72], Lemma 1.5), by the above inequality, we deduce
that y € L'(J, R). From Theorem 5.5, Problem (1)-(4) has a solution y which satisfies

[y(®) —x()| < no(t), te€[0,t]
It is clear that 6o = 0 and
no(t) < 6Ro.
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Hence
Y — Xlloo < R0,
where
Ry = 2||p[I;,M? exp (Me" V) + 2M||p|,1.
Fort € (ty, t2], we obtain
[y(®) —x()| < M[(c1 + (t2 — t1)C1)Ino(t1) + Mn1(8).
Since
Hi(t) < [M[1+ (c1 + (&2 — t1)&)1Ro + ((c1 + (&2 — t1)E1)Ro exp (Me™ @) + 2]|p]|,1 exp (Me@)))] s,
there exists R; such that
sup{ly(t) —x(t)| : t € [t1, &1} < (M[(c1 + (&2 — t1)C)]Ro + R1)4.
We continue this process until we get that there exists L > 0 such that, for all t € [0, b], we have

X(®) =y <18 ) Ri.

k=0

Set
€

§d=—
LY Ry
k=0
Then we obtain
lys = yllpc <€,

and the proof is complete. O

6. Existence results
6.1. Convex case

For our main consideration of Problem (1)-(4), a nonlinear alternative of Leray-Schauder type is used to investigate the
existence of solutions for first-order impulsive fractional differential inclusions.

Theorem 6.1 (Convex Case). Suppose the following hold:

(81) The function F : | x R = Pgp cn(R) is L'-Carathéodory,
(8B,) There exist a function p € L'(J, R*) and a continuous nondecreasing function v: [0, 00) — [0, oo) such that

IF(t, 2)|l» < p(t)¥(z]) forae.t €]andeachz € R,
with

/b (s)ds</OO du .
0 P a4y W)

Then the set of solutions for Problem (1)-(4) is nonempty and compact. Moreover, the operator solution S(-, -) : R> — £ (PC),
defined by

S(a,c) = {y € PC : y solution of the problem with y(0) = a, y' (0) = c},

is u.s.c.

Proof. Transform the problem into a fixed point problem. Consider first Problem (1)-(4) on the interval [0, t;], that is, the
problem

Dly(t) € F(t,y(t)), ae.te[0,t], (24)
y0) =a, Yy (0 =c. (25)

It is clear that the solutions of the Problem (24)-(25) are fixed points of the multivalued operator, Ny : C([0, t;], R) —
P(C([0, t1], R)) defined by
1

t
No(y) = {h € C0, LR :h(t) =a+tc + —— | (¢ =95 g)ds, ift € [0, 1] }
C'(a@) Jo
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where
g €S, = [g e L'([0, 1], R) : g(t) € F(t, y(t)) for ae.t € [0, tl]].

As in [49-51], we can show that Ny is completely continuous, with compact and convex values. O

Now we show that Ny is upper semi-continuous. Since Ny is completely continuous, it suffices to prove that Ny has a closed
graph. Lety, — y., h, € No(y,) and h, —> h,, y, —> y. asn — oco. We will prove that h, € No(y.). Now h,, € No(y,)
implies that there exists g, € Sr, such that, foreacht € J,

hn(t) _a+tc+mf (t —5)* gy (s)ds.

We must prove that there exists g, € Sry, such that, foreacht € J,

t

ho(t) = a+tc+ % (t —s5)* g, (s)ds.

Consider the linear operator,
w1 LY([0, t1], R) —> C([0, t1], R)

1 ‘ a—1
gr— (Yg)(t) = @ /0 (t —s)* 'g(s)ds.
Then

Y@l =

&y
I'a)
and this implies that ¥ is continuous. From Lemma 2.5, it follows that ¥ o Sg, is a closed graph operator. Moreover, we
have that
hn € F(SF,yn)~

Since y, —> Y., it follows from Lemma 2.5 that

gl

h(t) _a+rc+m/ (t —s5)* g, (s)ds

for some g, € S¢y,.

A priori bounds. We now show that there exists an open set Uy € C([0, t1], R) withnoy € ANg(y),for A € (0, 1) andy € aU,.
Lety € C([0, 4], R) and y € ANg(y) for some 0 < A < 1. Thus there exists g € Sg, such that, for each t € [0, b], we
have

¥(6) —A[a+tc+mf (t —5)%" 1g(s)cls] (26)

and so

ta t
! POV (lyGs)Dds, t €[0,1].
() Jo
We consider the function u defined by
u(t) =sup{ly()[:0<s<t}, 0=<t<t.

Then

Y
P Y (u(s))ds.
() Jo
Let us take the right-hand side of the above inequality as v(t). Then we have
G =v0) =la, wu®) =v@), tel0,t]

and
C(

F()

Using the nondecreasing character of i, we get

V(t) =

p(OY (u(t)), tel0,t].

o

V() < % OP©). tel0 ]
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This implies, for each t € [0, t], that
v(t) du to ty
f < p(s)ds.
woy YW T T(a) Jo
Then there exists My > 0 such that

sup |y(t)| < Mo.
te[0,t1]

Set
Uo=1{y € C([0, t1], R) : [[¥lloc < Mo + 1}.

No : Ug — £(C([0, t;], R)) is continuous and completely continuous. From the choice of Uy, there is no y € dUy such that
y € ANp(y), for some A € (0, 1). As a consequence of the nonlinear alternative of Leray-Schauder type [74], we deduce that
Np has a fixed point yg in Up, which is a solution to (24)-(25).

Now, let ¥, := y|,.t,) be a solution to the problem

Dly(t) € F(t,y(t)), ae.t e (ty, 2], (27)
y(tf) =L (yo(t;)). (28)
y/(tf) =1 Yo(t1)). (29)

Then y is a fixed point of the multivalued operator N : PC; — & (PC;) defined by
L(y1(t) + (€ =t Yo(t1))

Py— . — t
MOP=REPaRO =0 [ 9 lewds, et
ING)) ty

where
g €Sy = {g e L'([t;. ], R) : g(t) € F(t, y(t)) forae.t € [t,, tz]].

Clearly, Ny is completely continuous, u.s.c., compact and convex valued.
We now show there exists an open set U; C PC; withnoy € AN;(y) for L € (0, 1) andy € dUj.
Lety € PC; andy € AN{(y) for some 0 < A < 1. Then,

_ 1 t
y) = A [11 Wo(t) + (¢ — t)1Go(t)) + —— / (t— S)‘Hg(S)dS] ,
() Jo

for some A € (0, 1). And so,

ta t
YO < 1h@ot)| + (&2 =t Go(t)| + F(za) / pS)¥(ly(s)ds, t € (0, b]. (30)
t
Set
u(t) =supf{ly(s)| : s € [t1, ]}, t € [ty, 2].
Then
o t
u(t) < [hyo(t))| + (&2 =t Yo(t))| + Ft(za) f p(s)Yr(pn(s))ds. (31)
f
This implies that there exists M; > 0 such that
Iyllpe, < Mj.
Set

U ={yePC: ||y||pc1 < M; + 1}.

Ny : U; — £(PCy) is continuous and completely continuous. From the choice of Uy, thereisnoy € dU; suchthaty € AN;(y),
for some A € (0, 1). As a consequence of the nonlinear alternative of Leray-Schauder type [74], we deduce that Ny has a
fixed point y; in U;, which is a solution to (27)-(29). We continue this process, and taking into account that y,, := y|,.p] iS
a solution to the problem

DYy(t) € F(t,y(t)), ae.t € (tm,b], (32)
Y& = In(Ym=1(ty)), (33)
Y (t5) = InYm-1(t;))- (34)
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The solution y of Problem (1)-(4) is then defined by

Yo(t), ift €[0, 1],
@), ifte(t, ],
yt)y=1.

Ym(®), ift € (tm, ],

Using the fact that F(-, -) € £, (R), F(t, .) is u.s.c. and Mazur’s lemma, by Ascoli’s theorem, we can prove that the solution
set of Problem (1)-(4) is compact.
Now, we will show that S(-, -) is u.s.c. by proving that the graph of S,

[(a,c) :={(a,c.y) |y € S(a, 0)},

is closed. Let (ay, cp, yn) € T',i.e, yn € S(ay, ¢;), and let (a,, ¢y, ¥n) — (a,c,y) asn — oo.Since y, € S(ay, ¢,), there exists
v, € L'(J, R) such that

t
an + cpt + m/ (t — )" Ton(s)ds, ift € [0, t1],

_ 1 t
Liya(t) + (¢ =t Ya(t)) + —— f (t — ) Toa(s)ds, ift e (ty, 2],
Yalt) = OO

t
Yn(tm) + InYn(ty)) + (¢ — tmﬁm()’n(tm)) + ; / (t— s)ai]vn(s)dsa ift € (ty, b].
() ty

Since (a,, ¢y, y5) converges to (a, c, y), there exists M > 0 such that
lag| + |cnl <M foralln € N.

By using (8,), we can easily prove that there exist M > 0 such that
¥nllc <M foralln e N.

From the definition of y,, we have DYy, (t) = v,(t) a.e. t € ], and so
lon (O] < p(OY M), te].

Thus, v, (t) € p()Y(M)B(0, 1) :== x(t) ae.t € J.Itisclearthat y : ] — Pep,cv(R) is a multivalued map that is integrably
bounded. Since {v,(-) : n > 1} € x(-), we may pass to a subsequence if necessary to obtain that v, converges weakly to v
in LZU (J, R). From Mazur’'s lemma, there exists

v € conv{v,(t) : n > 1},

so there exists a subsequence {v,(t) : n > 1} in conv{v,(t) : n > 1}, such that v, converges strongly to v € L'(J, R). Since
F(t, ) is us.c., for every € > 0, there exists ny(€) such that, for every n > ng(€), we have

Un(t) € F(t, yn(t)) € F(t,y(t)) + €B(0, 1).
This implies that v(t) € F(t, y(t)),a.e.t € J. Let
a+ct+ m / (t — )% Tu(s)ds, ift [0, t1],

t
L) + (€ — ) 0(6) + —— f (t—9* u()ds,  ift € (0, b],
Z(t) = () Jg,

In(y(tm)) + (¢ — tm)lm(y(tm))"'m/ (t =) lu(s)ds, ift € (t, bl.

Foreach t € J, the mapping " : L'(J, R) — R defined by

t
L)) = /0 g(s)ds
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is a continuous linear operator from L' (J, R) into R. It remains continuous if these spaces are endowed with topologies [75].
Therefore, for each t € J, the sequence {y,(t)} converges to y(t) and the continuity of I, Iy k = 1, ..., m, we have

t
a+ct+ m/ (t — s)* Tu(s)ds, ift € [0, t;],

L)) + (¢ — el () + —— / (-9 us)ds,  ift € (o, bl,
(o) = G

In((tm) + (€ = ta) I (V(tm)) + m[ (t =9 "v(s)ds, ift € (tm, b].

Thus, y € S(a, c). Now, we show that S(-, -) maps bounded sets into relatively compact sets of PC. Let B be a bounded set in
R? and let {y,} C S(B). Then there exist {a,, ¢,} C B such that

an+cnt+m/ (t — 5)* v, (s)ds, ift €0, t],

t
Li(ya(ty)) + (t — t) (ya(tr)) + 7/ (t — )" Toa(s)ds, ift € (ty, t2],
Ya(t) = ') Ji,

InYu(tm)) + (€ — ) I (Yn(tm)) + % (t— S)ai]vn(s)d& ift € (ty, b]

where v, € S¢y,, n € N.Since {a,, ¢,} is a bounded sequence, there exists a subsequence of {a,, c,} converging to {a, c}, so
from (B,), there exist M, > 0 such that

Iynllpc <My, ne€N.

As in [52,49,51,54], we can show that {y, : n € N} is equicontinuous in PC. As a consequence of the Arzela-Ascoli theorem,
we conclude that there exists a subsequence of {y,} converging to y in PC. By a similar argument to the one above, we can
prove that

-l t
a+ct+ @ ) (t — s)* Tu(s)ds, ift €10, t],

1 t
Ly(t) + (¢ — e[ () + —— / (t —s)* v(s)ds, ift € (ty, 2],
y(t) = (@) t

Im(y(tm))+(t_tm)1m(.y(tm))+m/ (t =9 'v(s)ds, ift € (tw, b]

where v € Sg . Thus,y € S(a, ¢), and this implies that S(-, -) is u.s.c.

Remark 6.2. For the proof that S(., .) is compact we can used the compactness of B(0, 1) in R and the Lebesgue dominated
convergence theorem.

6.2. Nonconvex case
In this subsection, we present a second result for Problem (1)-(4) with a nonconvex valued right-hand side. We will make
use of some new conditions.

(A1) F:[0,b] x R X R —> £ (R); t — F(t, x) is measurable for each x € R.
(A2) There exists a function p € L'([0, b], R™) such that, fora.e. t € [0, b]and allx,y € R,

Hd(F(t’X)7 F(t»y)) S p(t)lx _ylv
and
d(0, F(t,0)) <p(t) forae.t €0, b].

Theorem 6.3. Suppose that hypotheses (A1) and (A2) are satisfied. Then the IVP (1)-(4) has at least one solution.

Proof. For the proof, see Theorem 5.6. O
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Lemma 6.4. Assume that the conditions of Theorem 6.3 are satisfied and F : [0, b] x R — £ ¢, (R). Then the solution set of
Problem (1)-(4) is compact.

Proof. Using the fact the F(-,-) € %, (R) and Mazur’s lemma, by Ascoli’s theorem, we can prove that the solution set of
Problem (1)—(4) is compact.

We now lay some groundwork for this subsection, where F is not necessarily convex valued.
Let E be a Banach space and A a be subset of ] x E.

Definition 6.5. A is called £ ® 8 measurable if A belongs to the o -algebra generated by all sets of the form I x D, where I
is Lebesgue measurable in J and D is Borel measurable in E.

Definition 6.6. A subset A C L!(J, E) is decomposable if, for all u, v € A and for every Lebesgue measurable set I C J, we
have

ux; +vxn €A,

where x stands for the characteristic function. The family of all nonempty closed and decomposable subsets of L' (J, R") is
denoted by D.

Let F : ] x E — &(E) be a multivalued map with nonempty closed values. Assign to F the multivalued operator
F:C(,E) — £('(J,E)) defined by ¥ (y) = Sryandlet £ (t,y) = Sry(t), t € J. The operator ¥ is called the Nemyts'kii
operator associated to F.

Definition 6.7. LetF : ] x E — £ (E) be a multivalued function with nonempty compact values. We say that F is of lower
semi-continuous type (Ls.c. type) if its associated Nemyts'kii operator ¥ is lower semi-continuous and has nonempty closed
and decomposable values.

Proposition 6.8 ([76]). Consider an L.s.c. multivalued map G : S — D and assume that ¢ : S— L'(J, R") and ¢ : S— L'(J, RT)
are continuous maps, and for every s € S, the set

H(s) = {u € G(s) : [u(t) = @(s)(O)] < Y (s)(0)}

is nonempty. Then the map H : S — D is Ls.c., and so it admits a continuous selection.

We now provide the main result of this subsection.

Theorem 6.9. Assume the multivalued map F : ] x R —> £, (R) satisfies (B) and

(@) (t,x) — FE(t,x)is £ ® B measurable;
(b) x> FE(t, x) is lower semi-continuous for a.e.t € J.

(B4) {
Then Problem (1)-(4) has at least one solution.
(The following two lemmas will be fundamental in the proof of Theorem 6.9.)
Lemma 6.10 (See [59,77,61,62]). Let X be a separable metric space and let E be a Banach space. Then every Ls.c. multivalued

operator N : X — P4(L(J, E)) with closed decomposable values has a continuous selection, i.e., there exists a continuous single-
valued function f : X — L'(J, E) such that f (x) € N(x) foreveryx € X.

Lemma 6.11 (See [61,78]). Let F : ] x R — £, (R) be an integrably bounded multivalued function satisfying (#,). Then F is of
lower semi-continuous type.

Proof of Theorem 6.9. From Lemmas 6.10 and 6.11, there exists a continuous selection function f : PC — L'(J, R) such
that f(y)(t) € F(t,y) foreveryy € PC and a.e.t € J. Next, consider the following impulsive fractional problem,

Diy(®) =fy) (), aete],
Y& =hy®), k=1,....m,
YEH =Loyt)), k=1,....m
y0) =a, YO =c.
Clearly, if y € PC is a solution of Problem (35), then y is a solution to Problem (1)-(4).
The remainder of the proof will be given in several steps.
Step 1: Consider the problem

Diy(t) =f) (), ae.tel0,tq], (36)
y0) =a, y(0) =c. (37)
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Transform Problem (36)-(37) into a fixed point problem. Consider the operator N : C([0, t;], R) —> C([0, t;], R), defined by

t
N)(t) =a+tc+ i/‘ t =" 'fW(s)ds, tel0,t].
') Jo

Since @ € (1, 2], we can easily prove that N is completely continuous; see Henderson and Ouahab [13] and Ouahab [51,79].
As in Theorem 6.1, if y is a possible solution of the equation y = AN(y), for some A € (0, 1), there exists Ky > 0 such that

I¥llo < Ko.
Set
Up ={y € C([0, t1], R) : sup{ly(t)| : 0 <t < t1} < Ko + 1}.

As a consequence of the nonlinear alternative of Leray-Schauder type [74], we deduce that N has a fixed point y in Uy, which
is a solution to Problem (36)-(37). Denote this solution by yg.

Step 2: Consider now the problem

D¢y(t) =f)(t), ae.t € (ty,ta], (38)
y(&) = Liyo(t)), (39)
Y (&) =Lyo(t)). (40)

Let
PC; = {y € C((t1, &], R) : y(t]") exists}.
Consider the operator Ny : PC; — PC; defined by

1

N1 @) (6) = ho(t))) + (t — t) (o(t7)) + r®

t
/ (t —9)*F)s)ds, e (b, ]
t

As in [13,51,79] and Theorem 6.1, we can show that Ny is continuous and completely continuous, and if z is a possible
solution of the equations y = AN;(y) for some A € (0, 1), there exists K; > 0 such that

Iyllpe, < Ki.
Set
U ={y € PC; : ||zllpe; < K1+ 1}

As a consequence of the nonlinear alternative of Leray-Schauder type [74], we deduce that Ny has a fixed point y which is a
solution to Problem (38)-(40). Denote this solution by y;.

Step 3: We continue this process, and taking into account that y,, := y|,.»] is @ solution to the problem

D¢y(t) =f@)(t), ae.t € (tm,bl, (41)
Y& = InWm-1(t;))), (42)
V&) = InWh_1(t). (43)

The solution y of Problem (1)-(4) is then defined by
yo(t)v lft S [Oa t]]»

y(t) — yl(t)v ift € (tla tZ]:

ym(t), ift € (tn,b]. O

6.3. Filippov’s theorem
Our main result in this section is contained in the following theorem.

Theorem 6.12. Let F : ] X R — £, (R) be a multivalued map. Assume that, in addition to (84), the following also hold:

(#1) There exists a function p € L'(J, R*) such that
Hy(F(t,z1), F(t,22)) < p(D)|z1 — 22| forallzi, z; € R".
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(H,) There exists the continuous mapping g(-) : PC — L'(J, R) and x € PC such that

DEx(t) = g(x)(t), ae.t €J\{ts,..., tm},
X(tk ) = I(x(8)), k=1,...,m,
X (65) = Ti(x(t), k=1,...,m, (44)
x(0) = a, X (0) =¢,
and d(g(x)(t), F(t, x(t))) < p(t), ae.t € [0,b]. If 2 “ZH” < 1, then Problem (1)-(4) has at least one solution y satisfying the
estimates
m
26eHlp
lIx—yll + mllpli
= ; I(a) :
and

ID%y(t) — gX)(6)] < 2p(O)H, +p(t), t € Ji, t € [0, b],
where
~ 8T (@) b Il

H, = + , k=0,...,m,8,=|a—al+blc—c|,
[(a) —2b*[Ipllpr  T() —2b%|Iplip

and

8k = Ix(t) — L@@ + (6 — b DI () — L@, k=1,....m.
Proof. We are going to study Problem (1)-(4) in the respective intervals [0, t;], (t1, t2], .. ., (tm, b]. The proof will be given
in three steps and then continued by induction.

Step 1. In this first step, we construct a sequence of functions (y,)neny Which will be shown to converge to some solution of
Problem (1)-(4) on the interval [0, t;], namely to

Diy(t) € F(t,y(t), telo=1[0,t],a €(1,2],
y(0) =a, y () =c.

Let fo(yo) () = g(x)(t), t € [0, t1], and

(45)

Yo(0) —a+cr+m / (t — 9" o o) (5)ds.

Let G1: C([0, t;], R) — 2 (L'([0, t;], R)) be given by
Gi1(y) = {v € LI([0, t;], R) : v(t) € F(t, y(t)) ae.t € [0, t1]},
and 51 1 C([0, 4], R) — 2 (L'([0, t;], R)) be defined by

Giy) = e G : () — g0 (O] < OO — yo(O] + p(D)}.

Since t — F(t, y(t)) is measurable multifunction, and from Corollary 2.3, there exists a function v; which is a
measurable selection of F(t, y(t)), a.e. t € [0, t1], and such that

[v1(t) —gWo) ()] < d(g(o) (D), F(t, y(£)))
< p(t) + pO)1y(t) —yo(O)].
Then v, € 51 (y) # 9.By Lemma 6.11, F is of lower semi-continuous type. Then y — G;(y) is L.s.c. and has decom-
posable values. So y — G;(y) is Ls.c. with decomposable values from C([0, t;], R) — L (L'([0, t;], R)).

Then from Lemma 6.10 and Proposition 6.8, there exists a continuous function f; : C([0, t;], R) — L'([0, t;], R)
such that f;(y) € G;(y) for ally € PC;. Consider the problem

Diy(t) = fiy) (), tel0,t], (46)
y(0)=a, Yy (0) =c. (47)
From Theorem 6.9, Problem (46)-(47) has at least one solution, which we denote by y;.
Hence

t
yi(t) =a+ct+ m/ (t—9)* fiy)(s)ds, tel0,t],
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where y; is a solution of Problem (46)-(47). For every t € J, we have

y1(®) = yo(O)] =< la—al +ti]c —¢| + 7/ (t =9 i)6) —foo) ()| ds

I'(a)
bDl
< & / P y1(s) —yo(s)lds + ——IIpli;1.
" T ! ’ F(a) "
Then,
1 b*|Iplip
I = ollee = — G+ ey
- T (0‘)( T T )

Define the set-valued map G, : C([0, t;], R) — £ (L'([0, t;], R)) by
G, (y) = {v € L'([0, t;], R) : v(t) € F(t, y(t)), ae.t € [0, t1]},

and

Gy) = e G : ) —LHNO] < pOWYE) — y1O] + pOye(6) — y1(OI}.

Since t — F(t, y(t)) is measurable, and from Corollary 2.3, there exists a function v, € 52 which is a measurable
selection of F(t, y;(t)), a.e. t € J, and such that

[v2(t) — fiy)(@®)] < d(fiyD) (@), F (¢, y(¢)))

Hy(fi(y1)(0), F(t, y(£)))

< p®Oly1(t) —y@®)|

< pOIy@) —y1(O] + p@®)|y1(t) — yo(D)].

Then v, € Ez (y) # . Using the above method, we can prove that 52 has at least one continuous selection, denoted
by f>. Then there exists y, € C([0, t1], R) such that

A TN CIA

t
yxo—a+m+F%3 (t =9 )G, € e 0, t],

and y», is a solution of the problem

Dy(t) = fL(y)(b), ae.t €[0,t],
y(0)=a, y(0) =c.

We then have

(48)

[y2(t) —y1 (D] < F( )/ 202)(s) — fiy1)(s)| ds
< /p(S)Iyz(S)—y1(5)|+p(S)Iy1(S)—yo(S)|dS~
I'(a) Jo
Thus,
Sob® [Ipll b [pll?,
”yZ_yl”ooS o 2 o R
ra (1= 500)" rae (1- 7o)
Let

G3(y) = {v e L'([0, ], R) : v(t) € F(t,y(t)) ae.t € [0, t1]},

and

G) = € G : () — Ly O] < pOYD) = y2O1 + pO1y1(0) — Y2 (OI}.

Arguing as we did for 52 shows that 53 is an Ls.c. type multivalued map with nonempty decomposable values, so
there exists a continuous selection f3(y) € Gs3(y), for all y € PC. Consider

ya(t) = a+m+;7i/a—9“%@9®¢ te 0,6,
where y3 is a solution of the problem

Dy (t) = f3() (D), ae.t €[0, ],

b@=m3ﬂ®=a 1 (49)
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We have
t
ly3(t) —y2(0)] < / [f3(3)(s) — f2(y2)(s)] ds.
() Jo
Hence, from the estimates above, we have
Sob*[IplI2, b*|Ipll,
s =y2lloc < NG T b lpll \ 3
re (1= 50 ) e (1-558)
Repeating the process forn = 1, 2, ..., we arrive at the bound
Sob™ D |p||;! b"™ [Ipl|}
1yn = Yn-1lloo < L+ L. (50)

o n o
et (1- ) e (1- )
By induction, suppose that (50) holds for some n. Let

Grn®) = [V € G ) 1 P(®) = fum) O] < POYE) = ya(O] + pOYa(6) = ya_1(O]}.

Since again E,,H is an Ls.c. type multifunction, there exists a continuous function f,1(y) € 6n+1 (y) which allows
us to define

yn+1<t>—a+tc+m/< S o Gra) (9)ds, € € [0, 1. (51)

Therefore,

t
/(; [far1Gns1)(s) = fan) ()] ds.

[Ynr1(t) — Yn = Ta)

Thus, we arrive at
Sob™ [IpII7, N bD|p]| !
be n+1 b nl
e (1-7t) e (1- S

Hence, (50) holds for all n € N, and so {y,} is a Cauchy sequence in C([0, t;], R), converging uniformly to a function
y € C([0, t1], R). Moreover, from the definition of U,, n € N, we have, fora.e.t € [0, t{],

e 1 Ona D (O = f ) (O] = pO1Yns1 () — Yn(O] + pO1Ya () — yn-1(D)].

Therefore, for almost every t € [0, t1], {fu(y»)(t) : n € N} is also a Cauchy sequence in R and so converges almost
everywhere to some measurable function f (-) in R. Moreover, since f, = g, we have

o) (O] = UfaWn) () = fao1 -1 O] + a1 Gn-1(O) = fr2Gn-2)(O] + - -
+ 12620 = LODO]+ LD = foo) ()] + o) (D)

=2 Zp(f)lJ’k(f) — Yk=1 (O + foo) (O] + p(0)
k=1

(52)

||Yn+1 - yn”oo =<

< 2p(6) ) Iye(®) = yic1 (O] + g (0] + p(t)
k=1

< 2Hop(t) + g0 (©)] + p(D).
Then, foralln € N,

o) (D] < 2Hop(t) + gX) () +p(t) ae.t € [0, 1], (53)

From (53) and the Lebesgue dominated convergence theorem, we conclude that f,(y,) converges to f(y) in
L'([0, t;], R). Passing to the limit in (51), the function

y(t)_a+rc+m/ t =)y (s)ds, tel0,t],

is a solution to Problem (1)-(4).
Next, we give estimates for [D$y(t) — g(x)(t)| and |x(t) — y(t)|. We have

IDSy(6) —gX) (D] = IfF W) = fox)(D)]
= FOMO) =GO+ faGn)(©) = fo) (O]
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n
< OO = HODO+ Y ) (©) = fia G- (O]

k=1

= fMO =L ©] +2 Zp(f) [Yi(t) = Y1 ()] + p(t).

k=1

Using (52) and passing to the limit as n — +o0, we obtain

Dy (1) — gX)(O] < 2p(6) Y lye1(D) — yi(©)]

k=1
o So(bIpll)*! . b*|Ipll;)*
- Zp(t)z ol IIPIILb)a”pH i +2p(t)2 ( IIPII;)HPH
k=1 Tk=1(g) (1 _ F(a)L1> k=1 Tk(a) (1 _ F(Q)ﬂ)
SO
ID%y(t) — g(0)(t)] < 2Hop(t) + p(t), ¢ € [0, ty].
Similarly,
t
x(t) —y(t)| = ‘F(oc) / (t—9)*! (X)(S)dS—m/ (t — 9" F)(s)ds
5]
< F(oc)/o FO) ) = falyn F(a)fo nn) () — fo(yo)(s)|ds.
As n — oo, we arrive at
Hob®
=yl = 2P g

The obtained solution is denoted by y1 = y|f0,¢,]-
Consider now Problem (1)-(4) on the second interval (t1, t,], i.e.,

Diy(t) e F(t,y(t)), ae.te (ty,b],
(f1+) =L (y(ty)),
Yy &) =Lyit)).

Let fo = g, and set

Y(t) = hix(t)) + (¢ — e[ (x(t)) + m/ (t=9)""foo)(©)ds, t € (t1, L],
Let

PCi ={y:y € C(ty, t2] andy(t1 ) exists}.
As in Step 1, let the multivalued map G;: PC; — P (L'([t, t2], R)) be given by

Gi(y) = {v e L'([t1, ], B) 1 v(t) € F(¢, y(1)) ae.t € J}.
Then it has a continuous selection in El : PC; — P (L'([t1, t2], R)), defined by

Giy) = v € Gy : (D) — gWo) (O] < pPOIY®) — Yo (O] + p(D)}.

Define

y' () =Ly () + (¢ — DLy (t) + —— @) / t =9 TAEHE)ds, te (bl

Next define G, : PC; — P (L'([t1, t:], R)) by

Go(y) = {v € L'([t1, £], R) : v(t) € F(t,y(t)), ae.t € [t1, ]}
and

G = {ve Gy : uE) —yN®O] < pOIYE) —yI (O] +pOIOW®) -y (O}

- +p(@),

(54)

It has a continuous selection f>(y) € 52 (). Repeating the process of selection as in Step 1, we can define by induction

a sequence of multivalued maps

Grr1®) = {v € G () 1 () — fum) (O] < POIY(E) = y*(O) + p(O]y"(£) =y (O)]}.
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Since again E,H] is an L.s.c. type multifunction, there exists a continuous function f,1(y) € En+1 (y) which allows
us to define

YU = Ly (t) + (6 — )L (6)) (55)
* e )f (t =9 far1OTHE)ds, t € (6, 1], (56)

and we can easily prove that
1
81b™ [p|lT, bV |p| 1

s
b n+1 b n+1
Fn(a) (‘1 - l—!‘(F;tH)Ll) F“+l(a) (1 - ljl(pLJ)L1>

™) —y"(0)] < t € (t1, &2,

where

81 = Ih(x(t1)) — hy1(t)| + (& — t) L (x(t1)) — Ly (8)].
As in Step 1, we can prove that the sequence {y"} converges to some y € PCy, a solution to Problem (54) such that,
fora.e.t € (t1, t;], we have
ID2Y(t) — g(®) (D) = F @) — foo) ()] < 2Hip(t) + p(1).
and
2H b 81 |pll
xt)—y®)| < ——— .
[x(t) —y(®)] = F@) + lIpllp
Denote the restriction y«, 1 by y2.
We continue this process until we arrive at the function ymy1 := ¥|,.5), @ solution of the problem
Dy(t) € F(t, y(t)), ae.t € (tm, bl,
y(t;) = Izn(_Vm—] (tm)),
y/(t,ﬁ) = Im(_y(tm))

Then, for a.e. t € (t, b], the following estimates are easily derived:
IDYy(t) — g(O)] < 2Hnp(t) +p(0), t € (t1, 2]

and
2Hyb* [p |,
) —y)] < —/—— )
[x(t) —y(®)] = r@) + lplip
Summarizing, a solution y of Problem (1)-(4) can be defined as
y1(0), ift € [0, 4],
ya(8), ift € (ty, t2],

y(t) - DRI
Y (0), it € (b, b,
From Steps 1 to 3, we have that, fora.e.t € [0, t;],

~ 280bHollpll,1 -
X(O) =y©O = == +lplln - and - [DEY(©) = g()(©)] = 2Hop(©) +p(0).

as well as the estimates, valid for t € (¢, b],
™ 28b*Hyllpll 1
x(t) —y@)| < — +m .
x(t) — y(0)| < ; r@ T mipl
Similarly,
ID2y(t) — g(®)(O)] < 2p(OH+p(), teEf, k=1,...m
The proof of Theorem 6.12 is complete. O

6.4. Appendix

The reasoning used in [13,80,51,81] combined with Section 6 can be applied to obtain existence and uniqueness results
for the following fractional impulsive problem:

Diy(t) =f(t,y(t)), ae.te]:=[0,b]\{ts,...,m}, @ €(1,2], (57)
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y&H) = Lyt), k=1,2,...,m, (58)
yEH =Loy), k=1,2,...,m, (59)
y0 =a,  y(0) =c, (60)

where f : [0, b] x R — Risagiven functionand Iy, [y € CR,R), k=1, ..., m.

Theorem 6.13. Let f : | x R — R be a Carathéodory function. Assume the condition
(Uq) There exist a continuous nondecreasing function ¥ : [0, oo) — (0, oo) and p € L'([0, b], R,.) such that
IIf (£, ¥) | < p®)Y(|x]) forae.t € [0, b] and eachx € R,
with

/b (s)ds</Ooﬂ
o 7 . Y

where ¢ = a + b|c|.
Then the initial-value problem (57)-(60) has at least one solution.

Proof. For the proof, we canrestrict Problem (57)-(60) in the respective intervals [0, t1], (t1, t2], ..., (tqn, b],and then apply
the same method as in [43] or the method in the proof of Theorem 6.9. O

We next introduce some additional conditions that lead to the uniqueness of the solution of (57)-(60).

Theorem 6.14. Assume that there exists | € L'([0, b], R..) such that
If(t,x) —f(t,%)| <I(t)|x —X|, forallx,x cRandt €].
Then the IVP (57)-(60) has a unique solution.

Proof. We consider the problem (57)-(60) on Jo = [0, t1], J1 = (t1,t2],...,Jm = (tm, b]. Successively applying the
condition of the theorem, we can prove the existence and uniqueness of a solution in each of the intervals Jy, k=0, ..., m,
and by the continuity of the functions I, I, we conclude the existence and uniqueness on [0, b]. For more details, see
Benchohra et al. [43] and Henderson and Ouahab [13]. O

7. Geometric structure of solution sets
7.1. Background in geometric topology

First, we start with some elementary notions and notations from geometric topology. For details, we recommend [82,74,
83,84,55,85,86]. In what follows, (X, d) and (Y, d’) stand for two metric spaces.

Definition 7.1. AsetA € £ (X) is called a contractible space provided there exists a continuous homotopy h : Ax[0, 1] — A
and xo € A such that

(a) h(x, 0) = x, for every x € A,
(b) h(x, 1) = xo, for every x € A,

i.e., if the identity map A —> A is homotopic to a constant map (A is homotopically equivalent to a point).

Note thatif A € £, ¢(X), then A is contractible. Also the class of contractible sets is much larger than the class of closed
convex sets.

Definition 7.2. A compact nonempty space X is called an R; set provided there exists a decreasing sequence of compact
nonempty contractible spaces {X;} such that X = ﬂﬁ; X

Definition 7.3. A space X is called an absolute retract (in short X € AR) provided that, for every space Y, every closed subset
B C Y and any continuous map f : B — X, there exists a continuous extension f : Y — X of f over Y, i.e,, f(x) =
f(x) foreveryx € B.In other words, for every space Y and for any embedding f : X — Y, the set f(X) is aretract of Y.

From Proposition 2.15 in [87], if X € AR, then it is a contractible space.

Definition 7.4. A space A is called acyclic if

(a) Ho(A) = Q,
(b) H,(A) = 0, foreveryn > 0,
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where H, = {H;},>0 is the Cech-homology functor with compact carriers and coefficients in the field of rationals Q. In other
words, a space A is acyclic if the mapj : {p} — X, j(p) = xo € A, induces an isomorphism j, : H,({p}) — H.(A).

From the continuity of Cech-homology functors, we have:

Lemma 7.5 ([83]). Let X be a compact metric space. Then X is an acyclic space whose structure corresponds to one of the following
types:

1. X is convex,

2. X is contractible,
3. X isAR,

4. X is an Rs set.

Next, we present a result about the topological structure of the set of solutions of some nonlinear functional equations due
to Aronszajn and developed by Browder and Gupta in [88] (see also Theorem 1.2 in [87]).

Theorem 7.6. Let X be aspace, (E, || - ||) a Banach space and f : X — E a proper map, i.e., f is continuous, and for every compact
K C E, the set f~1(K) is compact. Assume further that, for each ¢ > 0, a proper map f, : X — E is given and the following two
conditions are satisfied:

@) lfe®) = fX) < &, foreveryx € X,
(b) for every ¢ > 0 and u € E in a neighborhood of the origin such that ||u|| < e, the equation f,(x) = u has exactly one
solution, x.

Then the set S = f~1(0) is an R; set.

The following Lasota-Yorke approximation theorem (see [55]) will be needed in this section.

Lemma 7.7. Let E be a normed space, X a metric space and f : X — E be a continuous map. Then, for each ¢ > 0, there is a
locally Lipschitz map f, : X — E such that

Ifx) — feX)|| < e, foreveryx e X.

7.2. Application

Consider the first-order impulsive single-valued problem:

Dy(t) = f(t, y(1)), ae.t ef=/[to, b\ {t1,...,tn},

=) = L)), k=1,...,m,
Yl ) = RO D) " (61)
y () =Lyt)), k=1,...,m,

y©0) =a, Y0 =c,

where f, I, and Iy are given functions.
Denote by S(f, ¢) the set of all solutions of Problem (61). We are in a position to state and prove an Aronszajn type result
for this problem. First, we list two assumptions:

(Gy) f :] x R — R is an Carathéodory function.
(G,) There exist a function p € L'(J, R*) and a continuous nondecreasing function p : [0, c0) — [0, oo) such that

If(t,x)| <pt)p(]x]) forae.t €Jandeachx e R
with

b o) du
/ p(s)ds </ —_—
0 lal+t;1c] (W)

(€3) There exist constants r;, > 0 and continuous functions ¢¢: Rt — R such that

k)], k)| < repy(|x]) foreachx e R,k=1,...,m.
Then, the main first result in this section is

Theorem 7.8. Assume that Assumptions (C1)-(C3) hold. Then the set S(f, a, c) is an R; set, and hence an acyclic space.
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Proof. LetF : 2 — £2 be defined by

Fo(y)(t), tel0,t],
Fiy)(), te(ty,ta],

Fy)(t) = i:k(y)([)7 t € (ty, tes1l,

Fa®)(), € € (. b],

where

t
Fo(y><t>—a+rc+m / (t =9 F()$)ds. ¢ €0, 6],

and
Fr(W) () = L (Fe— 10’)(&)) + (¢t — t)L(Fee1 () (8))
o / (t =" F@)E)s, ¢ € (b tenl k=1,

From (C1)-(C3) we can easily prove that F has at least one fixed point which is a solution of Problem (61).
Thus FixF = S(f, a, c) # () and there exists M > 0 such that

Iyllrc <M, foreveryy € S(f,a,c).

Define

B ft, y®), ifly(t)] <M,
ft,y®) = My(t)

, 1yl = .
f(t yor ) =

Since f is L'-Carathéodory, the functionfis Carathéodory and is integrably bounded by (@,). So there exists h € L'(J, R*)
such that

If(t, %)l <h(®), ae.tandall x €R. (62)

Consider the modified problem

DYy(t) = F(t. y(t)). aet €l \{ti.....tah
v = L), k=1,....m,
Y () = Ly@)), k=1,...,m,

y0) =a, YO =c.
We can easily prove that S(f, a, c) = S(f, a,c) = FixF, where F : 2 — £ is as defined by

Fo)(®), tel0,4],
Fiy) (), te(ty,t],

Ey(®) = ;I;k(y)(t)’ t € (t, tel,

Fn)(0), € € (tm, b].
By the inequality (62) and the continuity of I, and I, we deduce that there exists R > 0 such that

IF®)llpc <R.

ThenF is uniformly bounded. As in Theorem 6.1, we can prove that F:PC — PCis compact, which allows us to define the
compact perturbation of the identity G(y) =y - F (y) which is a proper map. From the compactness of F and the Lasota-
Yorke approximation theorem, we can easily prove that all conditions of Theorem 7.6 are met. Therefore the solution set

S(F, a,c) = G1 (0) is an R set, and hence an acyclic space by Lemma 7.5. O
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7.3. o-selectionable multivalued maps

The following definitions and the result can be found in [55,89] (see also p. 86 in [59]). Let (X, d) and (Y, d’) be two metric
spaces.

Definition 7.9. We say thatamap F : X — £(Y) is o-Ca-selectionable if there exists a decreasing sequence of compact-
valued u.s.c. maps F,, : X — Y satisfying

(a) F, has a Carathéodory selection, for all n > 0 (F, are called Ca-selectionable),
(b) F(x) = (20 Fa(®), for all x € X.

Definition 7.10. (a) A single-valued map f : [0, a] x X — Y is said to be measurable-locally-Lipschitz (mLL) if f (-, x) is
measurable for every x € X and, for every x € X, there exists a neighborhood V; of x € X and an integrable function
Ly : [0, a] — [0, co) such that

d'(f(t, x1), f(t, %)) < Le(t)d(x1,x2) foreveryt € [0, a] and x1,x; € Vy.
(b) A multivalued mapping F : [0, a] x X — £(Y) is mLL-selectionable if it has an mLL-selection.
Definition 7.11. We say that a multivalued map ¢ : [0, a] x R" — £ (R") with closed values is upper-Scorza-Dragoni if,

given § > 0, there exists a closed subset As C [0, 1] such that the measure w ([0, a] \ As) < § and the restriction ¢; of ¢ to
As x R"isu.s.c.

Theorem 7.12 (See Theorem 19.19 in [55]). Let E, Eq be two separable Banach spaces and let F : [a,b] x E — Pep v (Er)
be an upper-Scorza-Dragoni map. Then F is o -Ca-selectionable, the maps F, : [a, b] x E — £ (E;)(n € N) are almost upper
semi-continuous, and we have

Fy(t, e) C conv(Uxeg Fa(t, X)).
Moreover, if F is integrably bounded, then F is o -mLL-selectionable.

Let S(F, a, c) denote the set of all solutions of Problem (1)-(4). Now, we are in position to state and prove another
characterization of the geometric structure of S(F, a, c). Let us introduce the following hypothesis:

(#€3) There exist constants ¢, ¢x > 0 such that
[Ie(u) — L(@)] < clu — 1, () — @) <Clu—1u| k=1,...,m, forallu,u € R.

Theorem 7.13. Let F: | Xx R — Pg.co(R) be a Carathéodory and an mLL-selectionable multivalued map which satisfies

Conditions (B,) and (#3), with lequn[ck ~+ (tk+1 — te)Ck] < 1. Then, for every a, ¢ € R, the set S(F, a, c) is contractible.

Proof. Let f C F be a measurable, locally Lipschitz selection and consider the single-valued problem

Diy(t) = f(t, y(0)), ae. teJ\{t,, to, ..., tn},
Y65 = Ly (&), k=1,....m, o)
Y ) =Ly, k=1,....m,

y(0) =a, y(0) =c.

Since ¢ € (1, 2], as in [49] combined with [13,51], we can prove that Problem (63) has exactly one solution for every
a, ¢ € R.From Theorem 6.1, S(F, a, c) is compact. Define the homotopy h : S(F, a, ¢) x [0, 1] — S(F, a, c¢) by

_Jy@®, for0<t<pb,
hy. A = {x(t), for Bb < < b,

where x = S(f, a, ¢) is the unique solution of Problem (63). In particular,

)y, fora=1,
h(y,oz)—{x fora = 0.

We prove that h is a continuous homotopy. Let (y,, ) € S(F, a, ¢) x [0, 1] be such that (y,, 8,) — (¥, 8),asn — oo. We
shall prove that h(y,, 8,) — h(y, B). We have

_ yn(t)ﬂ fort € [Ov ﬂnb]»
A, B () = {x(t), fort € (Bub, bl.
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(a) Iflimy_ o By = 0, then
h(y, 0)(t) = x(t), fort € [0, b].
Hence

1hn, Bn) — h(y, B)llrc < Ilyn — Xll10,pub1>
which tends to 0 as n — +o0. The case when lim,,_, o, 8, = 1 is treated similarly.
(b) If B, # 0and 0 < lim,_.» Bn = B < 1, then we may distinguish between two sub-cases:
(i) Ift € [0, Bb], then for every n € N, y, € S(F, a, c) implies the existence of v, € S, such that, for t € [0, B,b],
Fo(vn)(t), t €0, t],
Fi(un)(t), t € (ty, 2],

yn(t) = }:k(vn)(t), t € (&, tir1l,

Fn(va)(t), t € (tm, b,
where

t
Fo(vp)(t) = a+tc + L/ t —s)* tu,(s)ds, t €0, t],
I'(e) Jo
and

Fe@)(t) = Ie(Fee1(vn) (te—1)) + (€ — 6Tk (Fe—1(vp) (t))
t
+ % /[k (t —)* Tu,(s)ds, t e (t, ter1], k=1,...,m.

Now {y,} converges to y; then some R > 0 exists and satisfies
lynllpc < R.

Then, Assumption (8,) implies that
vy (t) € p(t)Y (R)B(0, 1), ae.t €0, b].

Using the fact that B(0, 1) is compact in R, then there exists a subsequence of v, that converges to v. Since F(t, -) is
u.s.c,, then for every ¢ > 0, there exists ng > 0 such that, for any n > ng, we have

vn(t) € E(t,yn(t)) C F(t,y(t)) +€eB(0,1), ae.t € [0, Bb].
In addition, F(-, -) € $¢p (R). Hence
v(t) € F(t,y(t)) +¢eB(0,1), Ve > 0.
Therefore
v(t) € F(t,y(t)), ae.tel0,Bbl= |v®)| <pOYR).
It follows that
v € L'([0,b],R) = v € S,.
Using the continuity of I, and I, and the Lebesgue dominated convergence theorem, we find that, for t € [0, b],

F)(®), tel0,t],
Fi(y)(®), te€ (t1,t],

YO =1VE@)@©), te (et

Fn(@)(t), t € (tm, b].
(ii) If t € (Bub, b], then
h(yn, Bn) () = h(y, B)(t) = X(0).
Thus
Ihn, Bn) — h(y, B)llpc = 0, asn — oo.
Therefore h is a continuous function, proving that S(F, a, c) is contractible to the pointx = S(f,a,c). O
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7.4. More appendix

In this section under weaker conditions on the functions I, we present some results on the existence and uniqueness of
impulsive differential equations with fractional order. More precisely, we consider the following problem:

DY%y(t) = f(t,y(t)), ae.te]:=[0,b]\{t;,...,m}, « € (0, 1], (64)
Y& =yt = Ly(t), k=1,2,....m (65)
y(0) =aq, (66)

where f : [0, b] x R — R is a given function.
Essential for the main results of this section, we state a generalization of Gronwall’s lemma for singular kernels
(Lemma 7.1.1 in [90]).

Lemma 7.14. Let v : [0, b] — [0, co) be a real function, and w(-) be a nonnegative, locally integrable function on [0, b], and
suppose there are constants a > 0 and 0 < o < 1 such that

v(s)
s
(t —s)®
Then, there exists a constant K = K(«) such that

(t) < w(t) + K /t wes)
v <w a A (t—s)‘x S,

t
o(t) < wio) +a/
0

foreveryt € [0, b].

We will need the following auxiliary result in order to prove our main existence theorems. Lemmas 3.4 and 3.5 will be
employed to prove this auxiliary result.

Lemma 7.15. Let f : R — R be a continuous function. Then y is the unique solution of the problem

DYy(t) =f(y(t)), tel, t#t,k=1,....,mac(0,1), (67)
&) —yt) = hy®), k=1,...,m, (68)
y(0) =aq, (69)
if and only if
t m
y) = a+m/ (t =" fye)Hds+ Y h(y(t), telo,b]. (70)
0 0<ty<t

Theorem 7.16. Let f : ] x R — R be an continuous function. Assume the condition
(Us3) There exist p € L'([0, b], R,) and M > 0 such that
If (E, X)|| < M|x| + p(t) forae.t € [0, b]andeachx € R,
with

t
sup {/ (t—s)*"'p(s)ds: t € [0, b]} < 00.
0

Then the initial-value problem (64)-(66) has at least one solution.

Proof. For the proof, we can restrict Problem (57)-(60) in the respective intervals [0, t{], (t1, t2], ..., (tm, b] and use the
same method as in [43] or the method in Theorem 6.9. o
Transform Problem (64)-(66) into a fixed point problem. Consider the operator N : PC —> PC, defined by

N@(©) =a+ m/ (t =9)*7'f(s,y(5))ds, € [0, b],

and now, we prove only that all solutions of the problem are a priori bounded. Let y be a possible solution of the equation
y = AN(y), for some A € (0, 1). Then

t
y(t) =X [a + m/ (t — )" If (s, y(s))dsj| , forallt € [0, t1].
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Hence
Mo a—1
y et / (= 9~ Mly(s)|ds. (1)
Lemma 7.14 implies
My ( Mo ) /[(t — )% 1ds.
I'(o) L)/ Jo
Hence
K(a)MC ~
I¥lloo = C+ m = Mo,
where
Mo
C:=lal+ r@

e Lett € (tq, t3]; then
y(e) =a [;v(h) + L) + m / (t =97 'fGs, y(S))dS]
and
Y& = y(t) + hy(t)).
Thus
(O] < vy + L)
< Mo+ sup{Ili W) : Jul < Ko}.
Thus by analogies of above proofs, we can show that there exists M; > 0 such that
sup{ly(®)| : t € [, o]} < M.
e We continue this process and also take into account that

I'(e)
We obtain that there exists a constant 1\71m such that
sup{|y(t)| : ¢ € [t, b]} < M.
Consequently, for each possible solution y to y = AN(y), for some A € (0, 1), we have

y) =2 I:.Vm 1(tm) + InYm—1(tw)) + 7/ fs, Y(S))ds] t € (ty, b].

1Vlloo < max{M;:i=0,...,m}:=M
Set
={yePC:||ylloc <M + 1}.

In analogy to [43] (see Theorem 3.3 there), we can easily prove that N : U — PC is continuous and completely continuous.
From the choice of U, thereisnoy € dU such thaty :jﬁ(y), for some A € (0, 1). As a consequence of the nonlinear al-
ternative of Leray-Schauder type [74], we deduce that N has a fixed point y in U, which is a solution to Problem (64)-(66),
and the proof is complete. O

We next introduce some additional conditions that lead to the uniqueness of the solution of (64)-(66).
Theorem 7.17. Assume that there exists | € L'([0, b], R,) such that
If(t,x) — f(t,x)| <l(t)|x —Xx|, forallx,x € Randt €].
If

t
sup {f (t —5)* (s)ds : t € [0, b]} < (),
0

then the initial-value problem (64)—(66) has a unique solution.

Proof. We consider Problem (64)-(66) on J, = [0, t1], J1 = (t1, t2],...,Jm = (tm, b]. By the condition in the theorem,
we can prove the existence and uniqueness in each interval J, k = 1, ..., m, and by the continuity of the functions I}, we
conclude the uniqueness on [0, b]. For more details, see Benchohra [43] and Henderson and Quahab [13]. O
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8. Periodic solutions

In this section, we consider the impulsive periodic problem
Dy (t) € o(t,y(t)), ae.te]\{tr,...,tm} (
y&) =Lo@), k=1,...,m, (
V&) =L@)), k=1,...,m, (74

(

y(0) =yb), y(0)=y D),

where ¢ : ] x R — £(R) is a multifunction.

In cases where @ = 1ora = 2,anumber of papers have been devoted to the study of initial and boundary value problems
for impulsive differential inclusions. Some basic results in the theory of periodic boundary value problems for first-order
impulsive differential equations and inclusions may be found in [18,91-93,80] and the references therein. Our goal in this
section is to give an existence result for the above problem by using topological degree combined with a Poincaré operator.

8.1. Poincaré translation operator

By Poincaré operators we mean the translation operator along the trajectories of the associated differential system, and
the first return (or section) map defined on the cross section of the torus by means of the flow generated by the vector field.
The translation operator is sometimes also called the Poincaré-Andronov or Levinson operator, or simply the T-operator.
In the classical theory (see [94-99] and the references therein), both these operators are defined to be single valued, when
assuming, among other things, the uniqueness of solutions of initial-value problems. In the absence of uniqueness, it is
often possible to approximate the right-hand sides of the given systems by locally Lipschitzian ones (implying uniqueness
already), and then apply a standard limiting argument. This might, however, be rather complicated, and is impossible
for discontinuous right-hand sides. On the other hand, set-valued analysis allows us to handle effectively such classically
troublesome situations. For additional background details, see [100,55].

Let ¢ : ] Xx R — £(R) be a Carathéodory map. We define a multivalued map

S, : R* — 2(PC")
by

S,(a,¢) = {y | y(, x) is a solution of the problem satisfying y(0, a) = a, y'(0, c) = c}.
Consider the operator P, defined by P, = ¥ o S, where

PR s p(PCH— Y p(R?)
and

i (y) = (0) — y(£),y'(0) = y' (1)),

where PC'(J, R") = {y € PC(J, R") : ¥'(t) is continuous at t # ty, y'(t;),y'(t,) exist,and k = 1,2, ..., m}, is a Banach
space with norm

I¥llpct = 1¥llpc + 1Y/ llpc-
Here, P is called the Poincaré translation map associated with the Cauchy problem

V() € o(t,y(t)), aete]\{t,..., tn} (76)
yE&H = Ly), k=1,...,m, (77)
VEH =Lyty), k=1,...,m, (78)
y(0) =a eR, ¥y (0)=ceR. (79)

The following lemma is easily proved.
Lemma 8.1. Let ¢ : | X R — £y (R) be a Carathéodory multifunction. Then the periodic problem (72)-(75) has a solution if
and only if for some (a, ¢) € R? we have 0 € Py(a, c), where P, is the Poincaré map associated with (76)—(79).
Set
K'"(r) =K"(x, 1), S () = 9K"(r), and P" =R")\ {0},

where K™(r) is a closed ball in R" with center x and radius r, and dK"(r) stands for the boundary of K" (r) in R". For any
X € ANR-space, we set

JEK™(r),X) ={F: X — £X) | F u.s.c. with Rs-values}.
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Moreover, for any continuous f : X — R", where X € ANR, we set
JF K" (1), X) = {¢ : K"(r) = P(X) | ¢ = f o F for some F € J(K"(r), X) and (5"~ '(r)) C P"}.
Finally, we define
& (r), R") = U{J(K"(r), R") | f : X — R" is continuous and X € ANR}.
It is well known (see [55]) that, for the multivalued maps in this class, the notion of topological degree is available. To define
it, we need an appropriate concept of homotopy in (J(K"(r), R").
Definition 8.2. Let ¢, ¢, € CJ(K"(r), R") be two maps of the form
$1=fi o F1 1 K'(r) PX)—I R
by =froFy : K'(r) PX)— ",

We say that ¢»; and ¢, are homotopic in CJ(K" (1), R") if there exist a u.s.c. Rs-valued homotopy x : [0, 1] x K"(r) - £ (X)
and a continuous homotopy h : [0, 1] x X — R" satisfying

(i) x(0,u) = F1(u), x(1, u) = F,(u) for every u € K"(r),
(ii) h(0,x) = f1(x), h(1,x) = fo(x) for every x € X,
(iii) for every (u, ) € [0, 1] x S""'(r) and x € x (A, u), we have h(x, 1) # 0.

The map H : [0, 1] x K"(r) — £ (R") given by
H@, u) = h(x, x (A, w)
is called a homotopy in CJ(K"(r), R") between ¢; and ¢,.

F

F

Theorem 8.3 ([55]). There exists amap Deg : CJ](K"(r), R") — Z, called the topological degree function, satisfying the following
properties:

(C1) If o € K" (r), R™) is of the form ¢ = f o F with F single valued and continuous, then Deg(¢) = deg(¢), where deg(¢)
stands for the ordinary Brouwer degree of the single valued continuous map ¢ : K"(r) — R".

(CGy) If Deg(¢) = 0, where ¢ € CJ(K™(r), R"), then there exists u € K"(r) such that 0 € ¢(u).

(C3) If o € JK™(r),R") and {u € K"(r)|0 € ¢(u)} C Int K"(ry) for some 0 < ry < r, then the restriction ¢ of ¢ to K™ (ro)
isin CJ(K™(r), R") and Deg(¢o) = Deg(¢).

Let A C R"and B C R™; CJo(A, B) will denote the class of mappings
ChoK"(r),RY) ={p:A— PB) | ¢ =foF,F:A— P(X),F is us.c. with Rs-values and f : X — B is continuous},

where X € ANR. We also need the following lemma.

Lemma 8.4. Let ¢:] X R — Pep o (R") be o-LL-selectionable. Assume that (8B1)-(8,) and (Hs3) hold. Then the set Sy isanRs
set.

Proof. Since ¢ is o-LL-selectionable, there exists a decreasing sequence of multivalued maps F; : [0, b] xR — L (R) (k € N)
which have Carathéodory selections such that

Or+1(t, u) C @i(t,x) foralmostallt € [0, b], x € R
and

[o¢]
et,y) = et,y), yeR.
k=0

Then
[ee]
Sp(@,¢) =[S, a.0).
k=0
From Theorem 7.13, the set S, (a, c) is contractible for each k € N. Hence S, (a, ¢) isanRs set. 0O
The following theorem due to Gorniewicz [55] is critical in the proof of the main result in this section.

Theorem 8.5 (Nonlinear Alternative). Assume that ¢ € CJo(K"(r), R™). Then ¢ has at least one of the following properties:

(i) Fix(p) # 9,
(ii) thereis anx € S"~1(r) withx € Ap(x) for some 0 < A < 1.
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Lemma 8.6. If ¢ : X — Pep v (R") is a u.s.c. multivalued map, then ¢ is o -LL-selectionable.

Theorem 8.7. Let p: R — P v (R) be a u.s.c. multifunction. Assume the condition
(R,) thereexist p € L' and M > 0 such that
lp(t, 0> <p(t), aetel0,b], sup /[(t —5)*7?p(s)ds < oo,
t€[0,b] Jo
and
kG| < M, k)| <M, VxeR.

Then Problem (72)-(75) has at least one solution.

Proof. From Lemma 8.6, ¢ is o-LL-selectionable, and so by Lemma 8.4, S, (a, ¢) is R, for every (a,c) € R?, and from
Theorem 6.1, S, (-, -) is u.s.c. Set A = B = R? and X = PC' € ANR. We will prove that

W :PC' — R® definedby y— ¥(y) = (y(-) —¥(0),y'(-) — y(0))
is a continuous map. Let {y,, ¥, } be a sequence such thaty,, y, — y, ¥'in PC'. Then,
&) (&) = @) (O] < 2lyn = Yllec + 21y, =Y llc = 0 asn — oo.
Hence,
Wy, € Co(K2(r), R?).

Therefore the Poincaré translation operator P;(a, ¢) = ¥;0S,(a, ¢).Let (a, ¢) € A¥;0S,(a, c) forsome A € (0, 1).Then, there
existsy € PC! such thaty e S,(a, c). This implies y(0) = a,y’(0) = canda = A(a —y(t)),c = A(c —Y'(t)), (a,c) € si(r).
For t € J, we have

t
a+ct+m/ t —5)* Tu(s)ds, ift € [0, t1],

BOW) + (€~ )h o) + — / (-9 Tu(s)ds, it € (o, 6],

t
In@ () + (¢ = )T Em)) + —— (oo, itee o

()
and
-1 t
T / (t — 5)*2u(s)ds, ift €0, t],
Loy + 21 / (=9 2ueds,  ift € (bt
c=—A I'(a)
m(y(tm))—i- f(t—s)"‘ 2u(s)ds, ift € (ty, b].

Hence, from () there exists K such that
jal +Icl < K.
Set
K2K +1)={(a,c) e R®: |a] + |c| <K + 1}.

From Theorem 6.1, S, (-, -) is u.s.c., and by Lemma 8.4, S, (-, -) is R;. Since ¥ is continuous, then P, € CJO(KZ(I? + 1), R?).
As a consequence of the nonlinear alternative of Leray-Schauder type [55], we conclude that Fix P, # @. This completes the
proof of the theorem. O

9. Concluding remarks

In this paper, we have investigated Problem (1)-(4) under various assumptions on the multivalued hand-side
nonlinearity, and we have obtained a number of new results regarding existence of solutions. We first proved a Filippov-
Wazewski theorem and continuous versions of Filippov’s results to impulsive differential inclusions with fractional order.
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The main assumptions on the nonlinearity are the Carathéodory and the Lipschitz conditions with respect to the Hausdorf
distance in generalized metric spaces.

In 1976, Lasry and Robert [86] proved that, if the nonlinearity F is compact, convex valued, u.s.c. and bounded, then the set
of all solutions for first-order differential inclusions with nonlinearity F is a compact and acyclic set. In 1986, Gérniewicz [84]
discussed the topological structure of the set of solutions (contractibility and acyclic contractibility) when F is ML- or o -
selectionable.

When the multivalued nonlinearity is further o-Ca- or o-mLL-selectionable, based on Aronszajn type results, we
investigated the geometric properties of the solution set, proving that it enjoys Rs, contractible and acyclicity properties.
Also, the existence and uniqueness results for impulsive differential equations with fractional order were established.

Very recently, Djebali et al. [68] discussed the topological structure, Filippov’s theorem and the Filippov-Wazewski
theorems for impulsive semilinear functional differential inclusions with finite delay.

In the case where « > 1, the integrable equations involved with impulsive differential equations and inclusions lack
singularity, and by the same methods used in [59,4,82,61,68,83,5,89,101,13,80,62-64], we can establish the existence
and uniqueness results for differential equations, differential inclusions, impulsive differential equations, and impulsive
differential inclusions of fractional order.

Some problems considered in this paper can be improved under weaker conditions on the functions I, and I.

This paper contributes within the domain of impulsive fractional differential equations and inclusions.
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