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! and Y has distribution function H with H(0) = 0. In this paper we derive a recursive
Submitted by V. Pozdnyakov

formula for calculation of H, if the distribution function Hy g of X is known. Furthermore,
we investigate the relation between the tail asymptotic behaviour of X and Y, which is

ﬁé’;‘;o;is‘;ﬁ()nal_order integral operator closely related to asymptotics of Weyl fractional-order integral operators. We present three
Random scaling applications of our asymptotic results concerning the extremes of two random samples
Elliptical distribution with underlying distribution functions H and Hy g, respectively, and the conditional
Max-domain of attraction limiting distribution of bivariate elliptical distributions.

Asymptotics of sample maxima © 2010 Elsevier Inc. All rights reserved.

Asymptotics of fractional integral
Conditional limiting results
Estimation of conditional distribution

1. Introduction
Let X,Y, B be three independent random variables such that
x<Lys, (11)

where < stands for equality of the distribution functions. In our context the random variable B plays the role of a random
scaling or multiplier. Clearly, if the distribution functions of B and Y are known, then the distribution function of X can
be easily determined. In various theoretical and practical situations the question of interest is whether the distribution
function of Y can be determined provided that those of X and B are known. Indeed, random scaling of Y by B is treated
in several papers and different contexts, see for instance the recent contributions Tang and Tsitsiashvili [38,39], Jessen and
Mikosch [20], Tang [36,37], Pakes [30], Pakes and Navarro [31], Beutner and Kamps [5,6], Liu and Tang [20].

Unless otherwise stated, in this article we fix B to be a beta random variable with positive parameters «, 8. If H denotes
the distribution function of Y, then the distribution function of X (denoted by Hy g) is defined in terms of H and both
parameters «, 8. If Y is another beta random variable, then X is the product of two such beta random variables, which
have been studied extensively in the literature, see Galambos and Simonelli [14], Nadarajah [26], Nadarajah and Kotz [27],
Beutner and Kamps [5] and the references therein.

Our main impetus for dealing with the beta random scaling comes from Pakes and Navarro [31] which paves the way for
the distributional and asymptotic considerations in this paper. Theorem 2.2 therein gives an explicit formula for the calcu-
lation of the distribution function H, provided that Hy g satisfies some weak growth restrictions on its derivatives. Utilising
the aforementioned theorem, we show in this paper that the distribution function H can be calculated iteratively without
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imposing any additional assumption on Hy, g. This iterative inversion may lack the elegance of the explicit formula in Pakes
and Navarro [31], but it turns out to be quite useful in asymptotic contexts where we can define the tail behaviour of the
survivor function of Y when that of the survivor function of X is known, and vice-versa.

We present three applications of our asymptotic results:

(a) Determining which maximal domain of attraction contains Hy g when the membership of H is known;

(b) The derivation of conditional limiting results for bivariate elliptical random vectors; and

(c) New estimators for the conditional distribution function and the conditional quantile function of bivariate elliptical
random vectors allowing one component of the random vector to grow to infinity.

The paper is organized as follows. In the next section we give some preliminary results. The main result of Section 3 is
the iterative inversion for Hy g - Theorem 3.3 below. In Section 4 we investigate the asymptotic relation of the survivor
function of X and Y under conditions arising in extreme value theory, showing in particular that H is attracted to an
extreme value distribution if and only if Hy g is attracted to the same distribution. The direct implications are formulated
(in Section 7) in a generality which subsumes the particular case of beta scaling. Conditional limiting results and estimation
of conditional distribution function for bivariate elliptical random vectors is discussed in Sections 5 and 6. All proofs and
some related results are relegated to Section 7. We conclude the paper with an Appendix A.

2. Preliminaries

We introduce notation and then discuss some properties of the Weyl fractional-order integral operator.

We use notation such as X ~ F to mean that X is a random variable with distribution function F, and F :=1— F
denotes the corresponding survivor function. The upper endpoint of the distribution function F is denoted by rg and its
lower endpoint by [, and similarly for other distribution functions. If «, 8 > 0, then beta(cr, 8) and gamma(c, 8) denote
respectively the beta and the gamma distributions with corresponding density functions

I' o)

where B(w, §) is the beta function and I'(«) is the Euler gamma function. Since beta distributed random variables appear
below in several instances, we use exclusively the notation By g for a beta random variable with parameters o, 8. On
occasion it is convenient to extend the definition to understand P{Bgg =0}=1if § >0 and P{By1=1}=1if « > 0.
Unless otherwise stated, factors in products of random variables are assumed to be independent.

Next, let B € (0, c0) and define the Weyl fractional-order integral operator I acting on real-valued measurable functions
h defined on (0, o) by

04

(B(a,ﬂ))flx"‘q(l —x#~1  xe(0,1), and x*Texp(—Bx), x¢€(0,00),

1

/(y - h(y)dy, x>0. (2.1)

We extend the allowable range of 8 by defining (consistently) Ioh := h. Finally, we write h € Zg if
oo
/xﬁ—1|h(x)|dx< 0 (2.2)
&€

is satisfied for all & > 0.

Pakes and Navarro [31] assert that Igh(x) < oo for x > 0 if (2.2) holds. This certainly is the case if 8 > 1. However, if
0 < B <1, then the strongest possible general assertion is that Igh(x) < oo for almost all x > 0. The following example
shows that if 8 <1, then Igh(x) can take infinite values. Let « >0 and h(y) =]y — 1|7 if 0<|y —1| <1 and h(y) =0
if y > 2. Then Igh(x) < oo for x > 0 iff (if and only if) @ + B < 1, and otherwise the fractional integral is finite iff x # 1. If
B <1 and (2.2) holds, and if for some § > 0 we have also that

S+x
/ v =0 hy)|dy <o, x>0, (2.3)
X

then Igh(x) < oo for all x > 0. A sufficient condition for (2.3) is that h is locally bounded in (0, o0). Monograph accounts of
the Weyl fractional-order integral such as Miller and Ross [25] impose essentially both conditions (2.2) and (2.3). If these
hold, then Igh is continuous in (0, c0).

The fundamental results about Ig that we use are collected as Lemma A.1.

If h is the density function of a positive random variable Y ~ H and if E{Y#~} < oo, then h € Zg. The Weyl fractional-
order integral operator is closely related to the beta random scaling of Y. To see this, let «, 8 > 0, and define the power
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function ps by

ps(x):=x°, seR, x>0.

Suppose that By g is independent of Y and define the beta scaled version of Y as the random variable

XL YByp~ Hep. (2.4)
Eq. (14) in Pakes and Navarro [31] asserts that

I'(ax+pB)
I'(x)

This relation can be inverted to recover H from Hg g, as shown by Pakes and Navarro [31, Theorem 2.2]. Theorem A.2
expresses this fact in a slightly different way.

Note in passing that the Weyl fractional-order integral operator is encountered in two important topics in statistical
applications, viz.: (a) size and length biased probability laws (see e.g., Pakes [30], Pakes and Navarro [31]); and (b) the
Wicksell problem (see e.g., Reiss and Thomas [34]).

We will need to use a Stieltjes version of the Weyl operator Ig, defined as follows. Fix a measurable weight function g
defined in (0, o0) and a constant 8 > 0. Let Dg ; denote the set of distribution functions H with Iy > 0 satisfying

He,p(x) = xX*(Igp—a—pH)(®), x>0. (2.5)

o0
/xﬁ’l lgx)|dH(x) < o0, Ve>O0.
&

If H e Dg g we define

(Tp.gH)(X) ==

] o0
. _pp-1
F(ﬂ)x/(y x)F" g(y)dH(y), x>0, (2.6)

which is finite for almost every positive x, and for all positive x if g > 1. Thus Jp ; defines the Weyl-Stieltjes fractional-
order integral operator acting on Dg .

In our notation (when it exists) g := D"g stands for the n-fold derivative of some real function g. We write simply Dg
ifn=1.

3. Calculation of H

Let X, Y, By g related by (2.4), be as above. In this section our main interest is the determination of H from the known
form of Hg, g. As already mentioned, an explicit formula is presented as Theorem 2.2 in Pakes and Navarro [31] (see (A.6)
below). If g € (0, 1], then the only requirement for the validity of their theorem is that Hg g(0) = 0, which obviously is
fulfilled whenever H(0) = 0. The following well-known multiplicative property of beta random variables is the key to our
iterative version of Theorem 2.2 in the aforementioned paper. Specifically, if A € (0, 8), then

d
By,p = BaaBati,p—i-

Consequently, (2.4) implies

d d
X< YBup=YByiBatipi 3.1)

Theorem 2.2 of Pakes and Navarro [31] and (3.1) implies the following result:

Theorem 3.1. Let o, 8 be two positive constants, and let X, Y, By g be independent random variables satisfying (2.4) with X ~ Hy g,
Y ~ H, and H(0) = 0.

(i) If A € (0, B), then

_ I _
Ho p(x) = wxo‘“(lﬁ_w—ﬂ(pr_a_xH))(X), vx e (0,rp). (32)
(@)
(ii) If 8 — 1 €(0,1], and 8 € [0, 1) is such that 8 — X+ § =1, then
_ INCEYSI _
Haa 0 = 5o gX e+ Usp-a-r—1Ha p)X) + (Ts.p_o_y Hap)®)]. VX € (0, 1H). (33)
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We state next a simple corollary which is of some interest in the context of the Weyl fractional-order integral operator.

Corollary 3.2. Let H be a distribution function on R such that H(0) = 0. Then for any x € (0, ry) we have

X NTppapr H)®) = (Dpalpp_a—pH)(X) = —(Dpalpp—o—pH) (). (34)
Moreover, if H possesses the density function h, then
UpP—a—pr1i)®) =a(Upp_a—pH)X) +X(IsD(p_a—pH)) (). VX € (0,1H). (3.5)

The main result of this section is the following iterative formula for computing H when Hy g is known.

Theorem 3.3.Let X ~ Hy g, Y ~ H and By g, &, B > O be three independent random variables satisfying (2.4) such that Hy g (0) = 0.
IfBo:=B>pP1>- > P> Pr+1:=0, withk € {0, N} and §;, A;, i < k + 1 are constants such that

Ai = Bi—1 — Bi € (0, 1], Sit=1—2, i=1,...,k+1, (3.6)
then we can construct distribution functions Ho := H, Hy, ..., Hiy1 = Hg g such that
_ I'(ox+ Bi) , T
Hi1(0) = ——— 7 x@HBic1[ (o + B) (U5 p—oy—ppr—1 Hp) (X . H) ()], Vxe(,ry). 3.7
i 1() F(a+ﬂ1~_1) [( +,31)( §iP—a—pi—1 1)( )+(;78,,p_(,_/5i 1)( )] ( H) ( )
Remark 3.4.

(a) Let B; 4 By, p;» 1 > 1 be independent beta random variables and independent of Y ~ H. If the random variable X with
distribution function Hp, n > 2 has the stochastic representation

n
XLy[]BS. cie@ 00, i=1.....n, (3.8)
i=1

then Theorem 3.3 implies that H can be retrieved recursively from Hj, provided that H,(0) =0.
(b) An interesting (open) question arises in connection with random products. Specifically, if A is a counting random
variable taking positive integer values independent of Y, B;, i > 1, such that

N
x4 Y []B where X ~ Hy, (3.9)
i=1
then under what conditions on A can we (recursively) compute the distribution function H if Har is known?
Also arises a similar question if X, Y are related by

d
X =Y[B1B3+ By(1— B3)]. (3.10)
4. Tail asymptotics

The tail asymptotics of products have been studied in papers such as Berman [3,4], Cline and Samorodnitsky [9], Tang
and Tsitsiashvili [38,39], Jessen and Mikosch [20], Tang [36,37], Liu and Tang [24] and the references therein. Our asymptotic
considerations below can be motivated by considering sample maxima.

Specifically, let X;, Y;, i=1,...,n, be independent copies of X =YB, g and Y, respectively, and let

My := max Xj, My = max Y;, k>1,
1<j<k 1<j<k

be the corresponding sample maxima. From extreme value theory (see e.g., de Haan and Ferreira [10], Falk et al. [12, p. 23],
Resnick [35, p. 38]) if there are constants a, > 0, b, such that

lim sup|H" (@t 4+ by) — Q ()| =0, (4.1)

n—oo teR

then we have the convergence in distribution

(MY,n—bn)/an—d)MY’”Q, n— oo, (4.2)

where Q is a univariate extreme value distribution (Gumbel, Fréchet or Weibull). If (4.1) holds (write H € MDA(Q)) it is
of some interest to investigate the asymptotic behaviour of My x, k > 1, where X;, i <n are the results of a beta random
scaling, i.e.,
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XiLYiBi, BBy i=0...nmn>1, (4.3)

with Y; ~ H and the B;’s and Y;’s are mutually independent. Thus X; ~ Hg g for any i <n. A key question is whether Hy g
is in a maximal domain of attraction if H is, and conversely? We answer this below, as well as exposing the explicit tail
asymptotic relations underlying (4.3).

4.1. Gumbel max-domain of attraction

If (4.1) holds with Q = A the unit Gumbel distribution (A(x) := exp(—exp(—x)), x € R), then there exists a positive
measurable scaling function w (see e.g., de Haan and Ferreira [10], Resnick [35, p. 46]) such that

Hx+t/w(x)
m _

lim —————— =exp(—t), VteR, 44

Jim Fo0 p(—t) (44)
is valid. We write H € MDA(A, w) if (4.4) holds. The scaling function w satisfies

limxw(x) =00, and limw®X)(ryg —x) =00, ifry <oo, (4.5)

XMy X1TH

and also the self-neglecting property

lim wx+t/w(x)) _

1, 4.6
Xry w(x) (4.6)

which holds locally uniformly for t € R; see e.g., Resnick [35, p. 41]. Note that most authors work with the so-called
auxiliary function 1/w(x), but our convention follows Berman [4] because results we prove are closely linked to some in
his Chapter 12.

Canonical examples of distribution functions in the Gumbel max-domain of attraction are the univariate Gaussian and
the gamma distributions, which are special cases of distribution functions whose scaling functions have the form (for x
large)

roxf—1
T+Li(x)’
where L, is regularly varying at infinity with index Ou, i € (—00,0) and r, 6 are positive constants. Note that # =2 for the
Gaussian case, and we have for the gamma(a, 8) case that 6 =1, w(x) = 8, x > 0 and
H(x+1t)
x>0 H(x)

w(x) = (4.7)

=exp(—pt), VteR. (4.8)

Distribution functions H that satisfy (4.8) comprise what in other contexts is called the exponential tail class £(B8). See
Pakes [29] for references, and Pakes and Steutel [32] where they are called medium-tailed.

We state now the first result of this section, a close relative of Theorem 12.3.1 in Berman [4]; see Example 1 below for
the latter. In Section 7 we will state and prove the general proposition Theorem 7.4 which subsumes both direct assertions.

Theorem 4.1. Let H, Hy g be as in Theorem 3.3. Then H € MDA(A, w) iff Hy, g € MDA(A, w). If one of these holds, then

Hop)=(1+ o(l))K(xw(x))_ﬂﬁ(x), X1y, (4.9)
where K := I' (a + B)/I" (), and the density function hy g of Hy, g satisfies
ha (%)

im — = (4.10)
xtru W(x)Hg, g(X)

The asymptotic equivalence (4.9) is the principal assertion here, as can be seen by noting that if one of the distribution
functions F and H is in MDA(A, w) and they are related by

Fo=(1+o)x(wx) H®, x1tru, (4.11)

where c, u are real, then it follows from (4.4) and (4.6) that the other distribution function is in MDA(A, w).
It is well known that if H is a univariate distribution function with upper endpoint ry = 0o and H € MDA(A, w), then
H is rapidly varying (see Resnick [35]), i.e.,

. H(cx)
lim —
X—00 H(X)

A necessary ingredient in the proof of Theorem 4.1 is the following rate of convergence refinement to (4.12); recall the first
member of (4.5).

=0, Vc>1. (412)
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Lemma 4.2. Let H be a univariate distribution function with ry = oo. If H € MDA(A, w), then we have for any constant (1 € (0, o)

Xli)rgo(xw(x))” HH((C;)) =0, Vc>1. (4.13)

Remark 4.3.

(a) The self-neglecting property (4.6) and (4.10) imply that the density function hy g of Hy g satisfies
ho, g(x +t/w(x))
ha,ﬂ(x)

locally uniformly for t € R, provided that either H € MDA(A, w), or Hy g € MDA(A, w).
(b) By Theorem 4.1, if Hy g € MDA(A, w), then we can reverse (4.9) obtaining

I'(a)
I'(a+pB)
See Berman [4] for similar results. Further note that (4.13) and (4.14) imply for any c € (1, oo) that

— exp(—t), x1ry

H®x = (1+0(1) (xw()) Ha g0, x71 4. (414)

H(x) = 0(Ha,g(cx)), He p(x) =0(H(cx)), and (xw(x))ﬂﬁo,,,g(x) =o0(1), x4ry.
We give next two illustrations of Theorem 7.4.
Example 1.

(a) Theorem 12.3.1 in Berman [4] follows from Theorem 7.4(a) by taking (see (7.10))

¢ W) =P{/1 - By pg>u}

and checking that, since 1 — By g E Bg.«, (7.10) holds with C =2%/aB(c, 8) and the exponent $ replaced with c.
(b) Let H, F be two distribution functions as in Theorem 4.1 and suppose that [y =0 and ry = co. We assume that the
random multiplier B has the stochastic representation

BLAU +(1—0)Us, 1€(0,1),

where U1, U; are two independent positive random variables such that for i =1, 2

P{U;j>1-s}= (1 +o(l))cisd", ¢i,di € (0,00), s | 0. (4.15)

Note in passing that (4.15) is stronger than assuming that U; has upper endpoint 1 and is in the Weibull max-domain of
attraction. The latter assumption reinforced with a second order condition introduced in de Haan and Stadtmiiller [11]
however implies (4.15) (see Li and Peng [23]).

It follows that as s | O

€12 rdy+10)Ird;+ 1)Sd1+d2
AMi(1—=xd2  Idy+dy+1) '

Further, assume for all large x that

P(B>1—s}=(1+0(1)

Hx) =(1+o0M))MxNexp(-rx’), M>0,r>0,0>0, NeR. (4.16)
Clearly, H € MDA(A, w) with

wx) =rox’"1, x>0. (417)

In view of Theorem 7.4 the distribution function F of Y B satisfies F € MDA(A, w) and, as x — oo,

Foo=(1+ 0(1))C*xN—0+dz) exp(—rx’),
with
C1C2

C*i=M@ro) 2 =
0 Ad1(1 —y)d2

rdi+0Dr;+1).
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4.2. Regularly varying tails

We deal next with distribution functions Hy g in either the Fréchet or the Weibull max-domains of attraction. As we
will discuss below, the asymptotics of Hy,g when H is attracted to the Fréchet distribution is quite well known, and results
for the Weibull max-domain of attraction are less complete. In Section 7 we offer simpler proofs of these results, and their
converses, i.e,, when Hy g belongs to one of these max-domains of attractions, then so does H.

The unit Fréchet distribution function with positive index y is @, (x) :=exp(—x~7), x > 0. It is well known that a
distribution function H with infinite upper endpoint ry = oo is in the Fréchet max-domain of attraction (see e.g., Falk et
al. [12], Resnick [35]) iff H is regularly varying at infinity with index —y <0, i.e.,

. Hxt)
lim — =
x—>o0 H (X)

t77, Vte(0,00). (4.18)

If ly =0 and 0 < y < 1, then this condition is the criterion that H is attracted to a positive stable law with index y.
Breiman [7, Proposition 3] shows that if this holds, then the distribution function F of X = Y B, where the random multiplier
B is independent of Y, is also attracted to the same positive stable law provided that E{|B|} < oo. (Thus B is not restricted
in sign or magnitude.) Specifically, H and F are tail equivalent, i.e.,

Fx)=(1+0(1))E{B"}H(x), x— o0. (419)

Jessen and Mikosch [20, p. 184] observe that Breiman’s proof is valid for any positive y if B> 0 and E{BY*¢} < co for
some € > 0. Berman [4, Theorem 12.3.2] proves this tail equivalence for the case B =,/1 — By g. Breiman’s methodology
is completely analytical, and in Section 7 we shall give a much simpler proof for the case of a general bounded multiplier
0 < B < 1. We indicate too how this can be extended to the general result.

So in particular, we conclude from (4.19) that if «, 8 > 0 and Hy g, is defined via (2.4) with Hy g(0) =0, then

Hop®) = (1+0(0)E{B] ;JHX), x— oo, (4.20)
and
E{B! }_F(oz+ﬁ)1“(oe+y)
“PITr@r@+p+y)

The next theorem asserts that this tail equivalence holds also if y =0, and conversely, if y >0 and Hy g € MDA(®y),
then so is H.

Theorem 4.4. Let H, Hy g, o, B > 0 be two distribution functions defined via (2.4) with H(0) = 0. Then H satisfies (4.18) with some
y 20, iff Hy g satisfies (4.18) with the same index y. Furthermore, for any y > 0 we have

h
lim s ® _ (421)
X— 00 Hoz.ﬁ(x)

Example 2. Theorem 4.4 shows in particular that Pareto tails are preserved under independent beta random scaling.
The unit Weibull distribution function with index y > 0 is ¥y, (x) := exp(—[x|"), x < 0. It is well known that if H has a
finite upper endpoint (say ry = 1), then H € MDA(¥),) iff
H({ —tx)
im—=———-—=
x}0 H(1 —x)
Theorem 12.3.3 in Berman [4] is closely related to the following result, and in Section 7 we prove a general theorem
which subsumes both direct assertions.

t¥, Vvt>O0. (4.22)

Theorem 4.5. Let H, Hy g, c, B be as in Theorem 4.4. If ry = 1, H(0) = 0 and (4.22) holds for some y > 0, then Hy g€ MDA(¥g4)
and
Hop(1—x = (1+0M)Kx’H1 —x), x|0, (4.23)

withK:=T'(a+B8)I'(y+ 1)/ (@) (y +B+1)).
Furthermore we have
Xhg (1 —X)

m —_ =
%0 Hy p(1 —X)

Conversely, if Hy g € MDA(Wg4y), ¥ > 0, then (4.22) is satisfied.

B+vy>0. (4.24)
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Remark 4.6.

(a) If (2.4) holds with By g ~ gamma(a, ), then in Lemma 17 of Hashorva et al. [18] it is shown that H satisfies (4.18)
with some y > 0, iff ﬁa_ﬁ satisfies (4.18) with the same index y (see also Jessen and Mikosch [20]).
(b) Under the Gumbel or the Weibull max-domain of attraction assumption on H or Hy g by (4.5) we have

Hy g(x
lim 37’3() =0

xtru - H(x)
whereas when H or Hy g are in the Fréchet max-domain of attraction the above limit is a positive constant.

’

5. Conditional limiting results

Let the bivariate random vector (01, O3) be uniformly distributed on the unit circle, R ~ H be independent of (01, 053),

and let (S1, S2) 4 R(O1, O) be the corresponding bivariate (planar) spherical random vector. Finally, define the bivariate
elliptical random vector

(U,V)=(S1,pS1+4/1—p2S2), pe(=1,1). (5.1)

Distributional properties of spherical and elliptical random vectors are studied by many authors, e.g., Cambanis et al. [8],
Fang et al. [13], Kotz et al. [21] and their references. Referring to Cambanis et al. [8] we have

02 £ 02 ~ beta(1/2,1/2). (5.2)

Basic asymptotic properties of spherical and elliptical random vectors can be derived utilising (5.1) and (5.2). One line of
enquiry is to determine the asymptotic behaviour of the conditional distribution of V — pU given an event constraining
the values of U. For example, in several statistical applications (see Abdous et al. [1]) the approximation of the conditional
random variable

2L (W —px)U>x xeR,
is of some interest. Since V — pU = /1 — p2S,, the outcome follows directly from Theorem 12.3.3 in Berman [4], i.e., if
H € MDA(A, w), then

c(x)Zj—d> 1-p%2Z, xtry, (5.3)

where c(x) := /w(x)/x, x>0, and Z is a standard Gaussian random variable. Abdous et al. [1] is an independent account.
Theorem 5.1 below embellishes this outcome.
The point-wise conditioned random variable

d
Zy=(V —px)|U =%, xeR,
is a particular case of the conditional multivariate models introduced by Heffernan and Tawn [19] for treating certain
inference problems. They raise the general problem of conditional limit laws when one component of a random vector

tends to infinity, and they give results for some particular parametric families. It is known (Hashorva [16, Corollary 3.1])
that Zy has the same Gaussian limit law as Z}, i.e.,

CZy S 1= p2Z, xtry. (5.4)

We will prove that if H is absolutely continuous, then (5.4) holds in the stronger sense that the density functions converge.
We prove in addition that both limit assertions hold assuming that the (marginal) distribution of |U| is attracted to the
Gumbel distribution. Finally, Hashorva and Kotz [17] give an account of these results based on the strong Kotz approxima-
tion.

Theorem 5.1. Let H, (U, V), p € (—1,1), c(x), Zx, Z}, x > 0 be as above with |[U| ~ G and G(0) = 0. If G € MDA(A, w) or H €
MDA(A, w), then (a), (5.3) is satisfied; and (b), (5.4) can be strengthened to convergence of the density functions if, in addition, H is
absolutely continuous.

The proof of this theorem rests on a closure lemma for distributions attracted to the Gumbel distribution.

Lemma 5.2. Let 0 < X ~ F, p > 0 be a constant, and denote the distribution function of X? by Fp. Then F € MDA(A, w) iff Fp €
MDA(A, wp) where

wp(0) =X 'w(x9), x>0, q:=1/p. (5.5)
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6. Estimation of conditional survivor and quantile function

Fori=1,2,..., let (U;, V;) be independent copies of (U, V) as defined in the previous section, and suppose too that
R ~ H € MDA(A, w) with ry = co. We are interested in the conditional survivor function

,(y):=P{V>y|U>x}, x,yeR.

Estimation of ¥, when x is large is discussed in detail by Abdous et al. [2]. As noted therein, if x is large there may
be insufficient data available for the effective estimation of W,(y). Similar difficulties apply for estimation of the inverse
function (or conditional quantile function), ©x(s) (s € (0,1) and x € R) of 1 — ¥(-). The Gaussian approximation implied by
Theorem 5.1 entails

sup|Wx(yv/x/w(x) + px) — P (y/y/1—p?)| >0, x— oo, (6.1)
yeR

where @ is the standard Gaussian distribution function.

On this basis, Abdous et al. [2] propose two estimators of ¥,. Theorem 5.1 implies that the Gaussian approximation
in (6.1) is valid if we assume instead that U ~ G € MDA(A, w). For estimation purposes this fact is crucial because we can
estimate w based only on the random sample Uy, ..., Uy, or Vq,..., Vy.

A non-parametric estimator g, of p is given by (see e.g., Li and Peng [22])

Oni=sin(w1,/2), n>1, (6.2)

where 7, is the empirical estimator of Kendall's tau. Now, if Wy (x) is an estimator of the scaling function w(x) (for all
large x), then by the above approximation we can estimate ¥(y) by

Tox(y) =@ (ha(y — 0/ (1 - 2)"%), n>1, (63)

where fi,(x) := (Wn(x)/x)1/2, x> 0. An estimator for the quantile function © is then given by

On(x,8) = pux ++/1— p2@1(s)/hn(x), x>0, se(0,1), (6.4)

with @~ the inverse of @. Both of these estimators are consequences of the Gaussian approximation. However, our concern
here is with estimation of w. Specifically, we assume that the scaling function w satisfies (4.7) with positive constants r, 0
and L; regularly varying with index 6, u € (—oo, 0). It follows that (see Abdous et al. [2])

G(x) = exp(—rx’(1+ L2 (%)) (6.5)

holds for all large x, where L, is another regularly varying function with index —6 . This places G in the class of Weibull-
tail distributions, and 6~! is the so-called Weibull tail-coefficient (see Gardes and Girard [15]). Canonical examples of
Weibull-tail distributions are the Gaussian, gamma, and extended Weibull distributions. Next, define fori=1,...,n,

RV :=Ui,  RZ = \JU? + (Vi — puUn?/(1 - )

and write ng; << R,(,’f?1 (k=1,2) for the associated order statistics. Based on R,O) for i <n, or on Rl%) for i <n, we may

construct the Gardes and Girard [15] estimator of 6,

n

s 11 5 5 .
b = T_nE Z(IOan—i-H:n — log Rn—k,,+1:n)’ j=12,
i=1

where 1 <k, <n, T, >0, n>1 are constants satisfying

k
lim k, = oo, lim = =0, lim log(T,/kn) =1, lim v/knb(log(n/kn)) — 1 € R,
n—-oo n—-oo n n—oo n—oo
and the function b (related to Lq) is regularly varying with index 7. The scaling coefficient r can be estimated by (see
Abdous et al. [2])

k .
Ay 1 Z" log(n/i) .
r,(lj):— a0 _]:1,2, n>1, (66)
kn “ RW o
i=1 ( n—i+1:n)

leading to the following estimators of w,

(i R ) .
WP ) =P80 1 x>0, j=1,2, n>1. (6.7)
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Our suggestion is to estimate w by ﬁvf,l), because it is based on independent and identically distributed R;, i < n. This

differs from the estimator 17v,(12) recommended by Abdous et al. [2] which is based on the dependent random variables

Rﬁ), el R%) (recall g, is estimated from (Uj, V;), i > 1).
A third estimator of w can easily be constructed by considering the sample V1, ..., V, since, by assumption, U Ly.

Note in passing that if 6 =1, then we have the estimator of r (of interest for G in £(r), r > 0)

k, .
1y 1 Z log(n/i)
m i1 n—i+1:mn

7. Further results and proofs

We present first some asymptotic results for the Weyl fractional-order integral operator, followed by the proofs of all the
results in the previous sections.

Theorem 7.1. Let H be a univariate distribution function with H(0) =0, ry € (0, oo], and H € MDA(A, w). If ¢ is real and 8 > 0,
then

(Tpp o D) = (1+0M)(wx) "X *Hx), x1ru, (7.1)
and

(1+4+0(1))

(Igp—oH)(x) = w00

(Tpp_o X, x11H. (7.2)

Proof. Let Wy be a random variable whose survivor function is

_Hx+z/w®)

P{Wy >z} Foo

, 0z <t(x),
where t(x) := oo if ry = 0o and otherwise
t(x) =g —x)w(x) ifry <oo.

Then (4.4) is equivalent to the convergence assertion Wy —d> W which has the standard exponential distribution. Observe
now that for x such that H(x) € (0, 1) and v(x) :=xw(x) we may write

(w(x)P~1x*

_ 1 p-1 —a
T (Tpp_o X)) = E{wy ™ (1+Wy/v(®) "}

I'(B)

The assertion (7.1) follows because (4.5) and the following argument implies that if 8 > 1, then the expectation on the
right-hand side converges to E{W#~1} = I"(8). This is obviously true if 0 < 8 < 1.
Let {M(s), s> 0} denote the extremal process with P{M(s) < y} = (H(y))*, y € R. It follows from (4.4) that

Jlim P{M(x) <b(x)+zax)} = A2), VzeR,

where we choose b(x) to satisfy xH(b(x)) =1 and then a(x) = 1/w(b(x)); see Resnick [35, p. 40]. For any m > 0 and x large
we have
t(b(x))
E{w,} =mx / 2"V (b() + 2a(0) dz
0
t(b(x))

mel

P{M(x) > b(x) + za(x)}
[P{M(x) < b(x) + za(x)}]1~1/x

<m
0

The inequality follows from 1 — (1 — H)* > xHH*~!, The denominator in the integral is bounded below by

[P{M(x) < b(x)}]l_l/X el x> 0.
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So we can choose a positive number x' such that Vx > X/,

t(b(x))

M(x) — b(x m
E{W}i, } <2em / 2" P{M(x) > b(x) + za(x)} dz = 2eE<[max<%, O)} )
0

Denoting the last expectation by E(x,m), it follows from the moment convergence theorem of Pickands [33] that
supyy E(x,m) < co. Since b(x) 1 ry, we conclude that there is a positive number s’ such that sups>y E{W{'} < oo, and
since m is arbitrary, it follows that for each ¢ > 0 the family of random variables {W¢,s > s’} is uniformly integrable, and
hence limyyr, E{Wg} = E{W¢}.

The same manoeuvres yield

t(x)

(Igp—oH)(x) = %ﬂ) / (1 +z/v®) P{Wy > z}dz — 1,
0

X (w(x))?
H(x)

so using the dominated convergence theorem in conjunction with just proven bounds implies that (7.2) holds. O

Theorem 7.1 subsumes and generalizes results in Berman [4, §12.2] applying to the case ry = oo. To align with Berman’s
notation, we use 8 — 1 to denote his parameter p, and in what follows we assume that E{Y#} < ooc.
(i) Propositions 12.2.3 and 4 in Berman [4] concern distribution functions F having the form

Fx)=(1 +0(1))c/(y —x)P"TH(y)dy, ce (0, ).

It is easily seen that

F0 = (1400)cl (B)(Tp41.p0 H)®) = (14 0(D))e () (wx) "HX),

and this is valid if 8 > 0, which extends the range of parameter in Berman’s Proposition 12.2.4.
(ii) Proposition 12.2.5 in Berman [4] concerns survivor functions proportional to the order-q stationary excess distribution
generated by H, i.e.,

o
Fo=(1 +o(1))c/yq’1171(y)dy,
X
where q is real. The integral can be recast as
o0
g / (' —x") dH(y) =q ' WH®E{(1+ Wx/v(0)" 1},
X

from which it follows that, as x — oo,

= 1H®
Fx)=(1+0(1))cx lm.
(iii) The order-q size-biased distribution generated by H induces survivor functions of the form
o
Fxoy=(01+ o(l))c/ yIdH(y) = (1+0(1))c(J1,p, H) (%) = (14 0(1))cxTH ().
X

It follows from (4.11) that each above F € MDA(A, w). R -
Note that if g > 0, then the results under (ii) and (iii) are related via Theorem 4.1 because if Y; and Y; denote the

order-q size-biased and stationary excess versions of Y, then Y, 4 YqBj.1. See Pakes [28, §4] for this connection and further
generalization involving beta random scaling.

Theorem 7.2. Let H be a univariate distribution function with ry = oco. Assume that H(0) = 0 and (4.18) holds with y > 0.If 8 > 0
and c are two constants such that 8 +c < y + 1, then
r 1-8—c —
yI(y + B )xﬂ“*]H(x),
'y+1-o0

(Tp.pc D)) = (1+0(1)) X — 00. (7.3)
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Furthermore if y > B + c, then

I'y—8-—o

r(y—o TR, x> 0. (7.4)

(IgpcH) () = (1+0(1))

Proof. Let W, have the distribution function max(1 — H(xt)/H(x), 0). Then (4.18) is equivalent to: If y > 0, then W, Lw

which has the Pareto survivor function t~% for t > 1; and if y =0, then Wy £ . Substituting y = tx into the integral
defining Jg p.H gives the representation

xPH—1H(x)
r(g)

Arguing as in the proof of Theorem 7.1 yields the bound E{W;’EV)} = O(E{(M(v)/b(v))™}), and we conclude from
Pickands [33] that if y > 0, then

(Tp.p H)(®) = E{(Wx—1)"wg}.

dim E{(Wyx = DT IWil = E{(W - )P IW =y B(y +1-f —c. B),

and (7.3) follows. This assertion follows too if = 0 because (Wy — 1)#~1 WS < Wfﬂ_l, and the exponent is negative.
The same substitution yields

xPHCH(x)

(Iﬁ,pcﬁ)(x) = Tﬂ)

o0
/(r— DA P{W, > t)dt,
1

and it is clear that the integral converges to

o0

/(t — 1)U dt =By — B —c, B),

1
whence (74). O

Theorem 7.3. Let H be a univariate distribution function with upper endpoint ry = 1. Assume that H(0) = 0, and that (4.22) holds
with y > 0.If B > 0 and c € R are constants and y > 0, then

r 1 _
(Tp.pc (A =% = (1 +o(1))%xﬂ—m(1 —-x), xl0 (7.5)

and if y >0, then

_ 1+0(1)
UgpcH)(A —x) = Wx(jﬁ,ch)U —x), xJ0. (7.6)

Proof. Let W, < 1 be a random variable having the distribution function H(1 — tx)/H(1 — x). If y > 0, then (4.22) is
equivalent to Wy Awd B}/ly and if y =0, then Wy 4 1. The substitution y =1 — xt yields

(Ts.p. H)Y1 = %) = m
hre ()

If y > 0, then the expectation converges as x | 0 to

E{(1— WP~ 11 —xwyoc}.

E{Q-wW)"1} =yB(y,p),

and if y =0, then it converges to 1. So (7.5) follows in both cases.
The same substitution yields

_ 1
_ xﬁH(l—x)/ p1 c

IgpcHYA —x)=————= [ (1 —t 1—xt)°P{W, < t}dt,

(IppcH)(1 —X) R0 0( )T (1 —=xt)" P{ 1
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and the integral converges to B(y + 1, 8). Thus

'y +1

(IgpcH)(1 —x) = (1+0())xPH( — DGy D

and (7.6) follows. O

Proof of Theorem 3.1. The identity (A.7) implies that

= %X“Umﬂ_a-ﬂ)(x}, Vx e (0,rh).
Hence by (2.5)
Ho p(x) = %Xa(lﬁp—a—ﬂ)(x) - %Xa(lﬁp—a—ﬁlﬂ(x)
F(ﬁ(—z)ﬁ) “[Upp-a—p)X) — Upp—a—pH)X)]
:%Xa(lﬁp—a—ﬁﬁ)(x)v Vx € (0,rh),

thus the first result follows by using (A.7) and utilising further (A.4) which holds if H replaces H.
We show next the second claim. Since H(0) =0, it follows from Lemma 2.1 in Pakes and Navarro [31] that

Hg 3(0) = Ha p(0) =

Furthermore, both Hy 3 and Hy g are absolutely continuous and

XL Y*Boispos. WithY* ~Hg s, X~ Hyp.

Therefore, in order to show the proof we need to check the assumptions of Theorem A.2 which is stated below. In our

case n =1, hence the condition H((X"ﬂl) H(Oﬂ =Hgyp is absolutely continuous is satisfied. Since Hs)ﬂ is a density function

and § € [0, 1), then clearly H )ﬁ € Ts_q—». Further we have H ﬁ =Hgy g € Zs_q—»—1 since Hy g is bounded by 1. Applying
Theorem A.2 for any x € (0, rH) we may write

7] Fa+2) 4 _
Hg 3 (%) = m +ﬁ(18D(p7a7)\Ha,ﬂ))(X)

_re+h ,

F(oz—|—/3) PPl + 2 Usp-a-1—1Ha,p)X) + (T5.p_q_, Ha.p) (0]

and the result follows. O

Proof of Corollary 3.2. Letting A — 0 in (3.2) we obtain (recall Igh :=h)

- re+p) 4 -
Hy p(x) = Ta)x Ugp—a—pH)(x), Vxe(0,ry). (7.7)
Consequently, we have
I'a+p) =
—ha,g(x) = W(D(Palﬂpfafﬂ}[))(x), Vx € (0,1H),

and in view of (2.5),

I'(x+B)
ha g(x) = W(D(Palﬂpfafﬁl'{))(x)a Vx € (0,ry).
Since hy g is given by (see (22) in Hashorva et al. [18])
I'a+p) =
hap(x) = —F 05— X Y Tpopoap X, VX (0,1h), (7.8)

the result follows. O

Proof of Theorem 3.3. Let By, g, 3, ~ beta( 4 B, Ai), i =0, ...,k be independent beta random variables independent of X
and Y. By the assumptions we may write
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XLYBy 4,
d
= Bo.p1 Y Batpr.po—p1
d . d d
= Y] Ba.ﬁ] s with Y] = YOBoH-ﬁl,ﬂo—ﬁ] = YOBa+ﬂ1,A1 s Yo =Y.

Similarly

d . d
X= YZBa,ﬂZ, with Y, =Yy Ba+ﬂ2,kz

and repeating we arrive at

d . d
X=YBgpg,, WithY =Y, 1Byig -

Setting Yj1 := X we may write the above stochastic representation as

d
Yipr = YkBOl+/3k+1J»k+1 .
Let Hp:=H and Hj1 := Hy g. Applying (3.3) we obtain for any i=1,...,k+1,
I (o + Bi)
(o + Bi + i)

and the assertion follows. O

Hioix) = X*Pit (o + B Us;p—a—pi—1 HD(X) + (T51.p—asp; Hp) )], (7.9)

We precede our account of scaling relations for the Gumbel distribution with the following proof.

Proof of Lemma 4.2. We can assume without loss of generality that H(0) =0 since for any random variable Z with dis-
tribution function H also max(Z, 0) has distribution function in the Gumbel max-domain of attraction, and vice-versa. If
B > 0 then a direct calculation followed by Theorem 7.1 yields

— Hx)
Higx) =T 1+ B)(Tps1.p_,H)(0) = (1+0(1)) I (1 +/3)W’ xtry.
On the other hand, if B:=B1 g and ¢ > 1, then

oo

Hip(x) > / P{B > x/y}dH(y) > P{B > ¢ '} H(cx).

cX

Combining these estimates yields

lim sup(xw(x))ﬁli(—cx)) <00
X—00 X

The assertion (4.13) follows by choosing 8 > © and appealing to (4.5) in the case ry =0co. O

The next result is the foreshadowed generalization of the direct assertion of Theorem 4.1. It comprises two parts which
respectively yields a tail estimate of the distribution function of a random scaling, and its density function.

Theorem 7.4. Suppose H € MDA(A, w).
(a) If ¢ (u) > 0is defined and bounded on [0, 1] and it satisfies

o) =(1+oM)CA—wf, utt, (710)
where 8, C > 0 are constants, then
H(x)

1) 1=/¢>(X/Y)dH(J’)=(1+0(1))C1“(1+/3)W, X1 TH.
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(b) If g(u) > 0is defined in [0, 1] such that ug(u) is defined and bounded on [0, u’] for any u’ < 1, and

gy =(1+oM))cd—w~ 1, uri, (711)
where 8 > 0, ¢ > 0 are constants, then
._ i -1 _ Hx)
J(x) -—/y g(X/y)dH(y)—(1+0(1))CF(ﬁ)x7ﬂ(W(x))ﬁ_1, XPTH.

X
Proof of Theorem 7.4. We prove only (b) since the details for (a) are similar and simpler. If u’ € (0, 1), then x/y <u’ if
y>x/u’ and

o0

1) = / y g/ dH(y) = 0 [x F(x/u)].

x/u’

If ry is finite, then J1(x) =0 if x > u'ry. If ry = oo, then, recalling that v(x) = xw(x), Lemma 4.2 ensures that Ji(x)
o(x‘lﬁ(x)(v(x))‘”), x — oo for all positive .

If ¢ is positive and 0 < € « c, then it follows from (7.11) that g(u)/(1 —u)~le(c—€,c+¢€) if ' <u<1 and v is
sufficiently close to unity. Hence J(x) — J1(x) is asymptotically equal to

x/u’

.h(@:zc‘/.V*(l—X/yV”‘dH(y)

X

Proceeding as in the proof of Theorem 7.1 we obtain the representation

7] whl
J2 = —H®) {

x(vx)F-17 | (1 -I—Wx/v(x))ﬁ; Wy <v(x)(1—u)/u }

The expectation converges to E{W#~1} = I'(8). Taking ;. > 8 above, we see that J{(x) = 0(J2(x)), and the assertion fol-
lows. O

Proof of Theorem 4.1. Assume that H € MDA(A, w). The direct assertion (4.9) follows from Theorem 7.4(a) by setting
¢ (u) := P{By g > u} and checking that (7.10) holds with C = [BB(ct, B)17'. Next, taking g(u) as the density function of
By, it is obvious that the conditions of Theorem 7.4(b) are satisfied with ¢ = 1/B(«, B). Thus (4.10) follows from (4.9)
and (7.11).

To prove the converse, assume that Hy g € MDA(A, w) for some positive scaling function w. With the notation of Theo-
rem 3.3 we may write fori=1,...,k+1

F@+B) ip,

Hi ™ = r

[(@+ B U P—a—pi—1 HDX) + (Ts;.p_o 5 HD ()], Vx € (0,1h), (712)

where Ho := H, Hy41 := Hq,p. In view of Theorem 7.1 and (4.5), we obtain for i =k + 1 that

_ F(O[ +/31) oa+Bi
Hi_1xX)=(14+01)) =—————=x""" " (Ts;.p_o_p HD (X
i—1(x) = ( ( ))F(oe+ﬂi71) (Tsi.p—a-p HD(X)
'+ Bi) 5 -5 —Gi-D
=(1+0(1))——— xPir=Bi(wx) " VHix), x1ry.
( )Pt pin (w) ’ !
By (4.5) and (4.6) it follows that Hy € MDA(A, w). Since the above holds for all i =1,...,k, it follows that Hy = H €

MDA(A, w) too. Next, (7.7) and (7.8) imply for any x > 0 that

hap®  (Tppa D

- - , (713)
Hop(x) x(UIpp—a—p-1H)(X)

so applying Theorem 7.1 establishes (4.10), and the result follows. O

As foreshadowed above, the following argument includes a simple proof of (4.19) for an arbitrary bounded random
scaling. We then show how this proof can be extended to remove the boundedness restriction.
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Proof of Theorem 4.4. With W, as in the proof of Theorem 7.2, clearly

P{XB>x}=HXE{P{B>W;'}}.
But
1
P{B>w;'} - P{B>wW"1} =/P{W >u~'}dP{B<u}=E{B"},
0
and hence F(x) = (1 +o0(1))H(x)E{B"}.
Similarly, if B has the density function g(u), then the density function of F is
f =xTHRE{W'g(W)).
If g satisfies appropriate boundedness conditions, which certainly are satisfied by beta density functions, then the expecta-
tion converges to

E{w~'g(W =y/w r=2g(w ') dw =y E{B"}.

It follows that h(x)/H(x) = (1 + -0(1))(y /x). The direct assertions of Theorem 4.4 follow.

The converse asserts that if Hy g is regularly varying with index —y <0, then H is also regularly varying with index —y.
If y > 0, then the proof follows from Theorems 3.3 and 7.2.

Alternatively, we can write By g = Z1/(Z1 + Z3), where Y, Zq, Z, are independent random variables such that Z; ~

gamma(a, 1) and Z; ~ gamma(g, 1). Since Z; + Z; ~ gamma(ax + f) is independent of By g, the relation X 4 YBq,g is

equivalent to X(Z1 + Z3) 4 Y Z1. It follows from Jessen and Mikosch [20, Lemma 4.2(a)] that the survivor function of Y Z;
is regularly varying with index —y, and Lemma 17 in Hashorva et al. [18] implies the same is true for H(x). We emphasize
that this proof is valid for y > 0. O

Note that Theorem 12.3.2 in Berman [4] follows from the above direct proof since
- B(a,p+v/2)
B(a, B)

The situation where B is allowed to be unbounded can be handled by writing

B[~ Bu ) = E[B]

P{YB>Xx}=P{YB>x; Y>x}+P{YB>x; Y <x} (7.14)
Exactly as in the last proof, the first term on the right is asymptotically proportional to H(x)P{B > W1}, but now the
probability term evaluates as

P{W >B"'}=P{B>1}+E{B"; B<1}.

The second term on the right-hand side of (7.14) equals
o0
P{x/B<Y <x,B>1}= /(H(x/z) — H(x))dP{B <z}
1
=(140(1))Hx[E{B"; B>1}—P{B>1}],
provided the limit here can be taken inside the integral. This is permissible if E{BY ™€} < oo for some € > 0.
The converse tail equivalence statement is open in general, but see Hashorva et al. [18] for the case where B has a
gamma distribution.

The following result is the analogue of Theorem 7.4 for H € MDA(¥,,) and it generalizes the direct assertion of Theo-
rem 4.5.

Theorem 7.5. Let H(0) =0, ry =1 and H € MDA(¥y ).

(a) If (7.10) holds, then

1
~ 1—x F(/3+1)F(y+1)
I(X)=/¢>< >dH(y):(1+0(l)) xX*H(1—x), xlo0.

r 1
O y B+y+1
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(b) If (7.11) holds, then

1
“ L (1-x 3 Fry+1 414,
](x)_/y g(—y )aH(y)_(1+o(1))c7F(ﬁ+y) xX*TH1 —x), xlo0.

1—x

Proof. For (a) simply observe that if 1 —x < y <1, then
1—x _
¢(T> =(14+oM)C(y—q1 —x))ﬂy B xlo.

Hence T(X) is asymptotically equal to CI"(8 + 1)(Jp+1.p_sH)(1 — x), and the assertion follows from Theorem 7.3. Similarly,
7(x) is asymptotically equal to cI"(8)(Jp,p_,H)(1—x). O

Proof of Theorem 4.5. If H € MDA(¥), then (4.23) and (4.24) follow from (7.7) and Theorem 7.5. O

Proof of Lemma 5.2. It follows from (4.5) that

(y +t/wm)? = (1+0)(yP + ptyP 1 /w()) = (1 +0(D) (y° + (t/wp (¥))),

and hence that the necessary and sufficient condition (4.4) applied to F is equivalent to

lim P{XP > yP +t/wp(y?)| XP > yP}=e"", te(0,00).

y—>o0
Setting x = yP shows this is equivalent to F, € MDA(A, wp). O
Proof of Theorem 5.1. Let G, and H denote the distribution functions of U2 and R2, respectively. It follows from (5.2),
Lemma 5.2 and Theorem 4.1 that
H € MDA(A, w) iff H; e MDA(A, wy) iff Gy € MDA(A, wy) iff G e MDA(A, w).

This, together with Theorem 12.3.3 in Berman [4] implies that (5.3) holds if G € MDA(A, w), i.e., (a) is valid.

By the same reasoning, (b) follows if we prove it assuming H € MDA(A, w) and H has a density function h. Observing
that Zy has the same distribution as /1 — p25,|S1 = x, we set p = 0 without loss of generality. The joint density function
f(u,v) of (U, V) is radially symmetric and a routine computation yields

flu,v)= [27T\/u2 + vz]flh(\/u2 +v2).
It is more expedient to work directly in terms of hy(z) = (2+/2)"'h(y/z). Integration with respect to v and using the
substitution y = v2 gives the marginal density function of U,

1 o
fuuy=— /hz(y +u®)y~2dy,
0

and hence the density function of Zy is
fxv) ha (2 4 v2)
fu® [ ha(y +v2)y-1/2dy’

valid for real v and x > 0. Note that the distribution of Zy is symmetric about zero.
Let t > 0 and replace v with t/c(x) in this density function. Since c2(x) = 2w (x?), the density function of c(x)Zy is the
function of s = x* given by

fvlx) =

ha(s + 2 /2w (s))
V2ZW2(S) [ ha(s + y)y=1/2dy’

Divide the numerator and denominator of the right-hand side by w»(s)H(s). Since hy(s) = (1 4+ 0(1))wa(s)H2(s), it follows
from Lemma 5.2, (4.4) and (4.6) applied to H», that the numerator term obtained from (7.15) converges to exp(—t2/2), as
Xtry.

Next, making the substitution z = yw5(s) in the integral at (7.15), the denominator term obtained from the division
operation is

L(tlx) = (7.15)
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N
— = [ ha(s+2z/wa(s))z V2 dz = V2E{w; ?},
wxﬁHﬂﬂo
where W5 is as defined in the proof of Theorem 7.1 (s replacing x there). The moment convergence theorem ensures that
lim E{w; "*} = E{w~"2} =r1/2)= 7.

XMy

Combining these limits shows that ¢(t|x) converges to the standard Gaussian density function, and the assertion follows. O
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Appendix A

In this short section we state first three properties of the Weyl fractional-order integral operator.

Lemma A.1. Let 8, c be positive constants, and let h be a real measurable function.
(i) Ifh € Zgc, then
Iglch=Iclgh=1gch. (A1)
(i) If the n-fold derivative h™ := D"h exists almost everywhere and h™ € T, then
D"Igh = Izh™ (A.2)
and

D*Ip=(—D¥lhk, k=1,....,n. (A.3)
(iii) If » € (0, B) and H is a distribution function on R with H(0) = 0O, then

(Ip=rp—p(Inp—a—sH))X) =x*(Igp—a—pH)(x), Vx€ (0, 00). (A4)
Proof. Since the first two statements are borrowed from Lemma 2.2 in Pakes and Navarro [31] we need only to prove

statement (iii). Let Y ~ H, By g, B,y and By4; g—i be independent random variables. For any A € (0, 8) we have the
stochastic representation (see (3.1))

YBap L Y*Bouisps. Y EYBy,,

with Y* ~ Hy ; another random variable independent of By, g—». Applying (2.5) we obtain for any x € (0,1y)

I+
Ho p(x) = (I‘i‘T;’"x“a,spfafﬁHx)c)
@+ 4
= 7]_,(0[ T )\)X Ug-rP—a—pHa ) (X)
and
r A
Ho(X) = %xa(upﬂ_mxx).
Consequently

Ugp—a—pH)(X) = X (Ig=rP—p(InP-a—rH)) (),

and the result follows. O

The next theorem, which is an insignificant variation of Theorem 2.2 in Pakes and Navarro [31] shows that the survivor
function H can be retrieved by applying the differential and the Weyl fractional-order integral operator to Hy g.
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Theorem A.2. Let H, Hy g, @, B € (0, 00) be as above, with Hy g(0) = 0. If Hgf;) is absolutely continuous, and ingf;i) €Ts—q—i
i=0,...,n where§ is chosen so that

B+d=neN, §e€[0,1), (A.5)
then

I __(_1\n F(a) o+ n I

HXx) = (-1 7F(a+ﬂ)x (IsD"p_oHa,p) () (A6)

holds for any x € (0, ry).

Proof. The proof follows immediately from Theorem 2.2 in Pakes and Navarro [31] and the identity

/(y — )P IxCdx = Mx"”‘c, x€(0,00). O (A7)
I'(c)

References

[1] B. Abdous, A.-L. Fougéres, K. Ghoudi, Extreme behaviour for bivariate elliptical distributions, Canad. ]. Statist. 33 (2005) 317-334.
[2] B. Abdous, A.-L. Fougéres, K. Ghoudi, P. Soulier, Estimation of bivariate excess probabilities for elliptical models, Bernoulli 14 (2008) 1065-1088.
[3] M.S. Berman, Sojourns and extremes of Fourier sums and series with random coefficients, Stochastic Process. Appl. 15 (1983) 213-238.
[4] M.S. Berman, Sojourns and Extremes of Stochastic Processes, Wadsworth & Brooks/Cole, Boston, 1992.
[5] E. Beutner, U. Kamps, Models of ordered data and products of beta random variables, in: B.C. Arnold, N. Balakrishnan, J.M. Sarabia, R. Minguez (Eds.),
Advances in Mathematical and Statistical Modeling, Birkhduser, Boston, 2008.
[6] E. Beutner, U. Kamps, Random contraction and random dilation of generalized order statistics, Comm. Statist. Theory Methods 37 (2008) 2185-2201.
[7] L. Breiman, On some limit theorems similar to the arc-sine law, Theory Probab. Appl. 10 (1965) 323-331.
[8] S. Cambanis, S. Huang, G. Simons, On the theory of elliptically contoured distributions, J. Multivariate Anal. 11 (3) (1981) 368-385.
[9] D.B.H. Cline, G. Samorodnitsky, Subexponentiality of the product of independent random variables, Stochastic Process. Appl. 49 (1) (1994) 75-98.
[10] L. De Haan, A. Ferreira, Extreme Value Theory. An Introduction, Springer, New York, 2006.
[11] L. De Haan, U. Stadtmiiller, Generalized regular variation of second order, J. Aust. Math. Soc. A 61 (1996) 381-395.
[12] M. Falk, J. Hisler, R.-D. Reiss, Laws of Small Numbers: Extremes and Rare Events, second ed., DMV Seminar, vol. 23, Birkhduser, Basel, 2004.
[13] K.-T. Fang, S. Kotz, K.-W. Ng, Symmetric Multivariate and Related Distributions, Chapman and Hall, London/United Kingdom, 1990.
[14] J. Galambos, 1. Simonelli, Products of Random Variables, Marcel Dekker, New York, 2004.
[15] L. Gardes, S. Girard, Comparison of Weibull tail-coefficient estimators, REVSTAT 4 (2) (2006) 163-188.
[16] E. Hashorva, Gaussian approximation of conditional elliptical random vectors, Stoch. Models 22 (22) (2006) 441-457.
[17] E. Hashorva, S. Kotz, On the strong Kotz approximation of Dirichlet random vectors, Statistics 43 (3) (2009) 393-408.
[18] E. Hashorva, S. Kotz, A. Kume, L,-norm generalised symmetrised Dirichlet distributions, Albanian J. Math. 1 (1) (2007) 31-56.
[19] J.E. Heffernan, J.A. Tawn, A conditional approach for multivariate extremes, J. R. Stat. Soc. Ser. B 66 (2004) 497-546.
[20] A.H. Jessen, T. Mikosch, Regularly varying functions, Publ. Inst. Math. (N.S.) 80 (94) (2006) 171-192.
[21] S. Kotz, N. Balakrishnan, N.L. Johnson, Continuous Multivariate Distributions, second ed., Wiley, New York, 2000.
[22] D. Li, L. Peng, Goodness-of-fit test for tail copulas modeled by elliptical copulas, Statist. Probab. Lett. 79 (8) (2009) 1097-1104.
[23] D. Li, L. Peng, Comparing extreme models when the sign of the extreme value index is known, Statist. Probab. Lett. 80 (2010) 739-746.
[24] Y. Liu, Q. Tang, Subexponentiality of the product convolution of two Weibull-type distributions, J. Aust. Math. Soc. (2010), available on-line.
[25] K.S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, Wiley, New York, 1993.
[26] S. Nadarajah, Sums products and ratios of generalized beta variables, Statist. Papers 47 (2005) 69-90.
[27] S. Nadarajah, S. Kotz, On the product and ratio of gamma and beta random variables, Allg. Stat. Arch. 89 (2005) 435-449.
[28] A.G. Pakes, Length biasing and laws equivalent to the log-normal, ]. Math. Anal. Appl. 197 (1996) 825-854.
[29] A.G. Pakes, Convolution equivalence and infinite divisibility, J. Appl. Probab. 41 (2004) 407-424.
[30] A.G. Pakes, Structure of Stieltjes classes of moment-equivalent probability laws, ]. Math. Anal. Appl. 326 (2) (2007) 1268-1290.
[31] A.G. Pakes, ]. Navarro, Distributional characterizations through scaling relations, Aust. N. Z. ]. Stat. 49 (2) (2007) 115-135.
[32] A.G. Pakes, EW. Steutel, On the number of records near the maximum, Aust. N. Z. ]. Stat. 39 (1997) 172-192.
[33] J. Pickands, Moment convergence of sample extremes, Ann. Statist. Math. 39 (1968) 881-889.
[34] R.-D. Reiss, M. Thomas, Statistical Analysis of Extreme Values. From Insurance, Finance, Hydrology and Other Fields, third ed., Birkhduser, Basel, 2007.
[35] S.I. Resnick, Extreme Values, Regular Variation and Point Processes, Springer, New York, 1987.
[36] Q. Tang, The subexponentiality of products revisited, Extremes 9 (3-4) (2006) 231-241.
[37] Q. Tang, From light tails to heavy tails through multiplier, Extremes 11 (4) (2008) 379-391.
[38] Q. Tang, G. Tsitsiashvili, Precise estimates for the ruin probability in finite horizon in a discrete-time model with heavy-tailed insurance and financial
risks, Stochastic Process. Appl. 108 (2) (2003) 299-325.
[39] Q. Tang, G. Tsitsiashvili, Finite- and infinite-time ruin probabilities in the presence of stochastic returns on investments, Adv. in Appl. Probab. 36 (4)
(2004) 1278-1299.



	Tail asymptotics under beta random scaling
	Introduction
	Preliminaries
	Calculation of H
	Tail asymptotics
	Gumbel max-domain of attraction
	Regularly varying tails

	Conditional limiting results
	Estimation of conditional survivor and quantile function
	Further results and proofs
	Acknowledgment
	References


