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The notion of a primary ideal was originally introduced in the study
of noetherian rings, i.e., commutative associative rings with unity which have
the maximum condition on ideals. In more recent years, this notion has been
carried over to noncommutative associative rings and nonassociative rings
(see [3]). In this paper, we shall give a definition and basic properties for
(inner) primary ideals in a quadratic Jordan algebra based on the concept
of prime ideals in Jordan algebras as discussed in [10]. We then give a
necessary and sufficient condition for those algebras in which the well-known
Lasker~Noether decomposition theorem holds. Finally, the analog of the
tertiary ideal is discussed, and we show that in any quadratic Jordan algebra
which has the maximum condition on ideals, all ideals can be represented as
a finite intersection of tertiary ideals.

1. Basic DEFINITIONS

A unital quadratic Jordan algebra over a commutative associative ring @
with unity is a triple (], U, 1) where [ is a unital left ®-module, 1 is a fixed
element in J, and x — U, is a quadratic map from [ into homg(/, J) such
that the identities

(QJ-1) Uj is the identity of homg(], J),

Q]2 Uy, =UUJU,forala, be ],

(QJ-3) if foralla,be J,U,, = U,,, — U, — Uyand V, ; is defined
by 2V, = aU,, forx € J, then UpVop =V, Uy = Uy, s

(QJ-4) if P is any commutative associative algebra over @ and U’ is

the unique quadratic map from Jp = | % , P into home(Jp , Jp) extending
U, then U’ satisfies (Q J-2) and (Q J-3),
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are satisfied. When no ambiguity arises, we will let ] denote a unital quadratic
Jordan algebra over @.

A subset K of ] is called an inner (outer) ideal of [ if K is a @-submodule of
Jandforallae Jand ke K, aU, € K (kU, € K). K is an ideal of ], written
K <1 ],if K is both an inner and outer ideal of J. Moreover, if K <7 ], then
the difference algebra J/K = J is well-defined and (/, U, 1) is a quadratic
Jordan algebra where, if @, = a;, + K and @, = a, + K are elements of |
then 171(7&2 = a,U,, (mod K).

For further information concerning quadratic Jordan algebras, the reader

is referred to [6 and §].

ProrositioN 1.1. If K is an outer ideal of ], then for alla,be [Jand ke K,
aUpy,eKanda ke Kwherea b =alVy,=al,,.

Proof. If ke K and @, be J, then kU,, = kU,,, — kU, — kU,
whence kU, ; =al, , = a- ke K. Moreover, since al,, + kU, , =
(a - k) - b(see[6, p. 1.20)), aU, , € K.

If 4 and B are @-submodules of [, by AUy we will mean the @-submodule
of J generated by the set of all elements of the form alU, where a € 4 and
be B.

ProrositioN 1.2. If A and B are ideals of ], then AUy is an ideal of ].

Proof. The fact that AUy is an outer ideal follows from the identity

(see [8])
aUyU, = aUyy + aU U, + (3 - a) U, -+ an,bUz —(a %) Uppzs

where 2 = U, . Since AUj is an outer ideal, if d; , dy € AUz and k€ K,
then kU,,ll,g,2 € AU, . The fact that AUy is an inner ideal follows from this
and (QJ-2).

Now let a € J. Theset A = ®a + JU, is an inner ideal of ] containing a,
and 4 is contained in every inner ideal of [ that contains a (see [6, p. 1.29]).
Let {(a) be the set of all finite sums of elements of the form 46U, - U,, .
where & € A and the x; € J. Then <{a) is an outer ideal of | containing 4 and
is contained in every outer ideal of | that contains 4. We note that <a> is also
an inner ideal of J. For suppose w = bU, - U, and z = ¢U, - U, are
two elements in {a) and d e J. By (Q]- 2) we have dU, e <a> Further-
more, since dU,, = (d - w) -z — wlU,; ,, by Proposition 1.1 we have
dU, , € {a)>. The fact that {a) is an inner ideal follows as in the proof of
Proposition 1.2. We will call (a) the principal ideal of ] generated by the

element a.



PRIMARY IDEAL THEORY FOR QUADRATIC JORDAN ALGEBRAS 441
2. PriME IDEALS

An ideal P of | is prime if it satisfies either of the following equivalent
conditions:

(1) if A and B are ideals of | with AUy C P, then either 4 C P or
BCP,

(2) if 4, b € P¢ (where P¢ is the set theoretic complement of P in J),
then {(a> Uqy N P¢ 5~ 0.

A definition for prime ideals in linear Jordan algebras was given in [10].
We note that the results there can be carried to quadratic Jordan algebras
without change.

It is well known that if A is an associative algebra with unity over @, then
9 can be given the structure of a quadratic Jordan algebra by defining the
endomorphism U, for x € W as the map y — xyx for all y € A. One readily
verifies that the map x — U, is a quadratic map from U into homg(2, )
satisfying (Q J-1)~(Q J-4). We write A2 = (A, U, 1) to denote the qua-
dratic structure on . Observe that there is not necessarily a one-to-one
correspondence between the ideals of 2 and the ideals of ‘2. However,
suppose that P is an ideal of U whence P is an ideal of A@. In [5], it is seen
that P is prime in 2 (in the usual associative sense) if and only if P is prime
in AP,

Remark 1. In the event that our associative algebra is commutative,
much more can be said. Specifically, let € be a commutative associative
®-algebra with unity the additional property that if x € €, then lx e €.
1t is now easy to check that a subset A if € is an (associative) ideal of € if
and only if 4 is an ideal of €'?. Moreover, suppose P is a prime ideal of €,
and 4 and B are ideals of €@ such that AU, C P.If A € P, then there exists
an element a € 4, a ¢ P, but aU,, = ab® € P for all b € B. Since P 1s prime,
b € P whence B C P. Conversely, suppose P is prime in €@, and 4 and B
are ideals of € such that AB C P. Easily AB C P implies AU, C P, so either
A C Por B C P. Thus in the commutative case, there is a one-to-one corre-
spondence not only between the ideals of € and those of €2, but between the
prime ideals too.

A nonempty subset M of ] is called a Q-system if, whenever m, , m, € M,
<mp) Ugny N M 5 0. By definition, an ideal P of [ is prime if and only if
Peis a Q-system. Moreover, if M is a Q-system, 4 <7 J, and A " M = 0,
then there exists a Q-system M’ such that AN M =0, MC M’ and
M’ = P¢ for some prime ideal P of | (where, of course, 4 C P). (See [10,
proof of Theorem 1].) If 4 <1 ], then the Q-radical of 4, written r(4), is the
set of all x € J with the property that any O-system of J that contains x meets
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A. The Q-radical of ] itself, denoted r([), is defined to be the Q-radical of the
zero ideal. For additional information on Q-systems, the reader is referred
to [10].

We now give

ProrosiTioN 2.1.  Suppose A <1 J. Then the Q-radical of ] is equal to
the intersection of those prime ideals of | that contain A.

ProrosiTION 2.2. Suppose A and B are ideals of J. Then
(1) 74N B)=r(4) nrB),
(2) if AC B, r(A4)Cr(B),
(3) f ACBCr(A4),r(4) =r(r(4) = r(B).
For the proof of Proposition 2.1, we refer the reader to [10]. Proposition 2.2

is verified directly from the definitions and Proposition 2.1.
Now suppose 4 and B are ideals of . The subset

[B:4] ={de J|<d>U,C B}

is called the (inner) quotient of 4 in B.

ProrositioN 2.3 If A and B are ideals of ], then [B : A] is an ideal of |
that contains B.

Proof. Easily BC [B: 4]. Now for any two elements x, y € | we have
x — > C <& -+ (¥, from which it follows that [B : 4] is a ®-submodule
of J. That [B: A] is an ideal is now immediate from the fact that

xUyp C <& 0 ).

ProPoSITION 2.4.  Anideal P of [ is prime if and only if for any ideal B of |
which properly contains P we have P = [P : B].

Proof. Suppose there exists an ideal B of | properly containing P and
P = [P: B]. Then [P : B} Uy C P which implies that P is not prime. Con-
versely, if P is not prime, then there exist ideals 4 and B of [ properly
containing P but AU, C P. Then PC A C [P : B], whence P 5= [P : B].

3. Tue Lower aNp UppPer M COMPONENT OF AN IDEAL
Suppose 4 <| Jand M is a O-system of | not meeting A. Then the (inner)

lower M-component of A, denoted A4,,, is the set of all x € J with the
property that (x> U,y C A for some m € M. It is clear that 4 C A4,, .
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Lemma 3.1, Suppose A <3 | and M is a Q-system of | with the property
that M N A = 0. Then Ay, <1 J and Ayy N M = 0.

Proof. Suppose x,ye Ay and ¢, de M such that (x> Uy, CA
and (3> Ui, € 4. Since M is a (-system, there exists an element
eele> Uygy N M. As

=y Cad 4 (0, e — 3> Uy © > Uy + () Uggy € 4.

Thus 4,, is a @-submodule of . That 4,, is an ideal of [ follows as in the
proof of Proposition 2.3. Finally, suppose Ay, N M £ §. Then there exists
an element ae€ Ay, N M. Now ae 4, implies that for some m e M,
(&) Uiy € A whilst @ € M implies that, for this m, {a) U, N M 3 0.
But this would imply that M N 4 £ 0, a contradiction, whence 4, N M = §.

We now extend the concept of the (-system in the following manner.
Suppose M is a Q-system of J. Then a subset N of ] is called an (inner)
M-n-system if N contains M and if, for every me M and ne N,
{ny Ugyy "N 5~ Q. Clearly M is an M-n-system associated with itself.
Moreover, the set theoretic union of any arbitrary collection of M-n-systems
if an M-n-system. Thus it is easy to see that if 4 <7 Jand M is a Q-system not
meeting A4, then there exists a maximal M-n-system N which does not meet A4,
and N is uniquely determined by M and 4.

If 4 <1 Jand M is a Q-system of ] which does not meet 4, then the {inner)
upper M-component of A, denoted A™, is defined to be the set of all x € |
having the property that every M-n-system which contains x meets 4. We
note that 4 C A4,, C AM. As we have already seen that 4 C 4,,, we now
show that 4,, C AM. For if x € 4,,, then, for some m e M, <> U, C A.
So if N is an M-n-system that contains x, it follows that N N 4 £ 6, i.e.,
x e AM.

In the sequel, we will need the following concepts. Suppose 4 <7 J.
Then an element a € J is said to be (inner) prime to A4 if () Uy, C 4
implies x € A. An ideal B of ] is (inner) prime to A4 if B contains an element
that is prime to 4. If M is a Q-system not meeting A, we say that 4 is related
to M is every element of M is prime to A. Easily, if 4 is related to M, then
A¢ is an M-n-system, and conversely.

Taeorem 3.2. Suppose A <1 | and M is a Q-system not meeting A. Then,

(1) AM = NI < J| A CI and I is related to M}, whence AM < ],

(2) (AM)e is the uniquely determined maximal M-n-system of ]| which
does not meet A.

The proof of the theorem is based on the following sequence of lemmas.
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LemMa 3.3, Suppose M is a Q-system, N is an arbitrary M-n-system,
A< ], and AN = 0. Then A is contained in an ideal A* where A* is
maximal with respect to A* NN —= 0.

Moreover, A* is related to M.

Proof. Since the union of any linearly ordered (by inclusion) set of ideals
which do not meet N is an ideal not meeting NN, the existence of A*
1s guaranteed by Zorn’s lemma.

Now supposee a € | and a € A*. Then 4* is properly contained in
A* + {a>. By the maximality of 4*, (4* + {a>) " N = 0. Let N be an
element in this intersection. Thus n = n; -+ n, where n, € A* and n, € {a).
So if me M and {a)> U, C A%, it follows that {n» U, C A*. However,
<y Uy NN # 0, which implies that there is an element common both
to A* and N, a contradiction. Consequently, if {x> U,y C A* for ye M,
we must have x € 4*, whence 4* is related to M.

LevMa 3.4, Suppose A <1 | and M is a Q-system not meeting A. A set of
element B of | is a minimal ideal containing A and related to M if and only
if B¢ is a maximal M-n-system which does not meet A.

Proof. Suppose first that B¢ is a maximal M-n-system which does not
meet 4. Then A is contained in a maximal ideal A* which does not meet B¢,
and moreover A* is related to M. Hence (4*)° is an M-n-system not meeting
A, and it follows that (4*)* = B*, whence A* = B. Finally, B is minimal in
4 ={C <1 J{ AC Cand C is related to M}. If not, then there exists C'e 4
with C C B, C % B. Then C*¢ is an M-n-system not meeting A and properly
containing B*, a contradiction.

Conversely, suppose B is a minimal ideal containing 4 and related to M.
Then B¢ is an M-n-system not meeting A, so B° is contained in a maximal
such M-n-system N. From the first part of the proof, N¢ is a minimal ideal
containing A and N¢ is related to M. As N¢ C B, N¢ = B, which completes
the proof.

Proof of Theorem 3.2. Let N be the maximal }-n-system of [ not meeting
A which, by Lemma 3.4, has the property that B == N¢is a minimal ideal of |
containing A and B is related to M. As the intersection of any collection of
ideals that contain A and are related to M contains 4 and is related to M, it
follows that B = (W{I <1 J | 4 C I and I is related to M}.

Now B C AM. Forif x € B, x € N, the maximal M-n-system not meeting 4.
Hence every M-n-system which contains x meets 4, whence x € AM, Con-
versely, if x € AM, then x cannot belong to N, so x € N¢ = B. Thus A = B,
which proves the theorem.
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CoroLLARY 3.5. Suppose A <1 J, M, and M, are two Q-systems of | not
meeting A, and M, C M, . Then 4, C Ay, and AMz C AM,

Proof. Every M, -n-system is an M,-n-system. We now observe the
following which 1s a consequence of the corollary and the remarks which
follow the definition of a Q-system. Suppose A <7 [ and M’ is a Q-system
not meeting 4. Then there exists a prime ideal P of [ such that 4 C P and
PN M = 0. Thus if M = P¢, we have 4 C AM" C AM, This fact will be

used in the proof of a subsequent theorem.

4, PrIMARY IDEALS

Suppose O <7 J. Then Q is (inner) primary if, whenever 4 and B are ideals
of J with AUy C Q, then either 4 CQ or B C r(Q). We begin with

ProrosiTioN 4.1. Suppose Q <1 J. Then Q is primary in ] if and only if
<0> is primary in J{Q.

Proof. Let o be the natural homomorphism from (J, U, 1) onto (J, U, 1).
Then the correspondence P — Po is a one-to-one map from the set of prime

ideals of J containing O onto the set of prime ideals of J. Consequently,
r(Q)o = r(J), and the result follows.

THEOREM 4.2. Suppose Q <1 J. Then the following are equivalent:

(1) Q is primary.

(2) If MisaQ-systemof JuwithM N Q = 0, thenQ = QM.
(3) IfMisaQ-systemof JwithM N QO = 0, thenQ = Q,, .
(4) Al elements not in r(Q) are prime to Q.

Proof. By the remark which follows Corollary 3.5, we see that in (1) and
(2) we need to consider only those O-systems M which are the complements
of prime ideals containing Q.

(1) — (2): Suppose Q is primary and P is a prime ideal of ], distinct from J,
containing Q. Set M = P¢. We claim that Q¢ is an M-n-system. For suppose
xeQandy e M.If (x) Uy N Q¢ = 0, then {x) U, C Q. AsQis primary,
this implies either x € Q or ¥ € P, either of which is a contradiction, so Q¢
is an M-n-system. By Theorem 3.2, (OM)¢ is the unique maximal M-n-
system of | not meeting O, whence (OM)° = Q¢, i.e., O = OM.

(2) — (3): This is immediate from Theorem 3.2.

(3) > (1): Suppose Q is not primary. Then there exists 5 € Q and ¢ ¢ 7(Q)
such that <b) U, C Q. Since ¢ ¢ r(Q), there exists a prime ideal P of [ such
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that O C Pbutc¢ € Pwhence P %% J. Now M = P¢is a(J-system not meeting
A, and, by definition, b € Q,, . ThusQ = Q,, .

(1) <= (4): This is clear from the definitions.

Suppose 4 <1 J. We say that 4 has an irredundant representation by the
ideals B, ,..., B, of Jif 4 = B; N -~ N B, and no one of the B, contains the
intersection of the remaining ones.

TuroreM 4.3. Suppose K <1 | and K has an irredundant representation
by primary ideals Qy ,..., Oy of J. Then K is primary if and only if r(Q,) = r(Q;)
fori,j =1,k Consequently, if K is primary, r(K) = R(Q,).

Proof. We may suppose that & > |.

Suppose first that K is primary and K = Q; N - N @, is an irredundant
representation of K by primary idealsQ, ,..., O, of [.SetR =0, N - N Q,..
Smce RU, CO,NR=Kand R ¢ K, we have Q, C r(K). By Propos1t10n

H(Q2) Cr(K) € (V5 7(Q2), s0 #(0) Cr(Q)) for j = l,..., k. Repeating
th1s argument, we conclude that for alliandj, 4,7 = 1,..., &, r(Qi) Cr(Q;), and
the result follows.

Conversely, suppose K = Q; N --- N Q, is an irredundant representation
of K by primary ideals Q, ,..., O, of | where r(Q,) = r(Q;) for i, ] = 1,..., A.
Suppose A and B are ideals of | such that AUy C K. As r(K) = r(Q,), if
B € r(K), then, as B L 7(Q,) for all i, A CQ, for all 4, i.e., A C K. Thus K
1s primary with radical »(Q,).

If 4 <« ] and 4 has an irredundant representation by primary ideals
Oy s..., Oy, then this representation is called a normal primary representation
if, for all i £ 7, 1 <4, 7 < &, r(Q;) = r(Q;). As an immediate corollary of
Theorem 4.3, we have

CoroLLarY 4.4. If A <1 ] and A can be represented as a finite intersection
of primary ideals, then A has a normal primary representation.

5. QUADRATIC JORDAN ALGEBRAS WITH THE MaxiMuM CONDITION

A quadratic Jordan algebra ] is said to have the maximum condition on
ideals if every nonempty collection of ideals of [ has a maximal element. We
will write this ““ ] has max-I".

Suppose 4 <1 J. Then P is a minimal prime divisor of A if P is a prime
ideal of ] containing 4 and if 4 C P’ C P where P’ is a prime ideal of J,
then P = P’. We begin with

THEOREM 5.1. Suppose | has max-I and A <1 J. Then A has at most a
finite number of minimal prime divisors.
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Proof. Suppose the theorem is false, and 4 is a maximal counterexample.
Clearly, 4 is not prime, so there exist ideals B and C of J properly containing
A and having the property that BU; € A. By the maximality of 4, both B
and C have at most a finite number of minimal prime divisors. Now if P is a
prime ideal of J containing A4, then BUs C P, so either BC P or CC P.
Hence, if P is a2 minimal prime divisor of 4, P is a minimal prime divisor of
either B or C. So if A has an infinite number of minimal prime divisors, this
observation leads to a contradiction.

COROLLARY 5.2. In the setting of the theorem, if A has minimal prime
divisors P, ,..., P, where P, + ], then the following are equivalent:

(1) A is primary.
Q) 4 =A% fori=1,.,n.
(3 A=Adgpyforl=1,.,n.

Proof. The proof is immediate from Theorem 4.2 and Corollary 3.5.

Suppose that S is a @-submodule of J. We define inductively D%(S) = S
and for integers & > 0, D¥.S) = D*YS) Upra(sy. If 4 <1 ], then for all
k, D¥4) <1 J. Moreover, if m and n are non-negative integers, then
D™ A4y = D™D A4)).

THEOREM 5.3. Suppose ] has max-I and A <1 J. Then there exists a non-
negative integer k = k(A) such that D*(r(A4)) C A.

Proof. Suppose the theorem is false and 4 is a maximal counterexample.
Easily 4 is not prime, so there exist ideals B and C of J properly containing 4
with BU. C 4. By the maximality of 4, there exist integers p = p(B) and
g = g(C) such that D?(r(B)) C B and D%(r(C)) C C. Set k = max{p, q}.
As r(4) Cr(B) N r(C), this means that D¥r(4)) C B N C. Consequently,
DY(r(A4)) C BU. C A4, a contradiction.

CorOLLARY 5.4. If | has max-I, then, for some integer k D¥(r(J)) = 0.

We recall that in Section 2, we saw that if U is an associative ®P-algebra
with unity, then 2 could be given the structure of a unital quadratic Jordan
algebra, denoted W@, If 4 <1 A, let B(A) denote the prime radical of A4.
We recall the definition of primary ideals in . Specifically, an ideal I of 9 is
right (left) primary if, whenever 4 and B are ideals of W with AB C I, then
either 4 C I or B C B(I) (either B C I or A C B(I)). Then [ is primary if it
is both left and right primary. Now suppose 4 <1 A. From [5], we have
7(4'7) C B(A4). Hence if 49 is primary if 27, then 4 is primary in . For
suppose B and C are ideals of W with BC C A. Then BU-C A and CU, C 4,
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from which it follows that A4 is both left and right primary. It is not yet known
if the converse, i.e., the primary analog of the results in [5], is true.

Remark 2. Again, in the event that our associative algebra is commutative,
much more can be said. Specifically, let € be an associative @-algebra with
unity such that for all ¥ € €, 4x € €. In addition, let € be noetherian. We recall
that an ideal Q of € is primary if, whenever ab € Q for a, b & €, then either
a€Q orbd* €Q for some n 2= 0. So suppose Q is primary in € and AU, C O
for ideals 4 and B of €@. If 4 € Q, then there exists a € 4, a ¢ Q, such that
aU, = ab? € Q for all b € B, whence 6" € Q for some n = 0. Since B(Q) =
r(Q), it follows that b € 7(Q), whence B C#(Q) and O is primary in €,
Conversely, if O is primary in €@ and ab € Q for a, b € §, then, from the
definition of (@) and <&, it follows that for alla’ € {a} and b’ € (b>, &’ U, €0,
whence {(a> Uy, CO. Then either {a> CQ or (b Cr(Q). Since € is
noetherian, it follows from Theorem 5.3 that either a € Q or 8" € Q for some
n == 0. Thus there is a one-to-one correspondence between the primary
ideals of € and those of €.

6. THE LASKER-NOETHER THEOREM

Suppose A4 <7 J. Then A4 is meet irreducible if, whenever A can be repre-
sented as the intersection of two ideals B and C of ], then either 4 = B or
A = C. Using the same proof as in the associative case, mutatis mutandis, it
is easy to see that 4 is a meet irreducible ideal of ] if and only if (0> is meet
irreducible in J/A4. The proof of the next lemma is standard.

Lemma 6.1. If ] has max-I, then every ideal of | can be represented as a
finite intersection of meet irreducible ideals.

We say that ] satisfies the (outer) Artin-Rees property if, whenever 4 and
B are ideals of ], there exists a non-negative integer £ = A(A, B) such that
A N DYB) C AUy . Clearly, to say that J satisfies the Artin—Rees property
is tantamount to assuming that an analogue of the well-known Artin-Rees
lemma is valid in J. We use the Artin—Rees property to prove

LEMMA 6.2. Suppose | satisfies the Artin—Rees property. Then every meet
trreducible ideal of | is primary.

Proof. Suppose T <1 Jand T'is meet irreducible. By the remark preceding
Lemma 6.1, it is sufficient to consider the case when 7" = 0. Thus suppose
A and B are ideals of J with AUz = 0. Since ] satisfies the Artin-Rees
property, there exists a non-negative integer & such that 4 N D*B) = 0.
As 0 is meet irreducible, either 4 = 0 or D¥B) == 0. In the case when
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A # 0, then D*B) = 0, which implies D B) C #(]). It follows from this
fact that B C r(J). Consequently, 0 is primary, as desired.

THEOREM 6.3. (LASKER-NOETHER). Suppose J has max-1. Then a necessary
and sufficient condition that every ideal of | has a normal primary representation
is that [ satisfies the Artin—Rees property.

Proof. Suppose first that every ideal of J has a normal primary represen-
tation. Thus, if A and B are ideals of |, then AUy has a normal primary
representation by primary ideals O, ,..., O, . We shall now demonstrate the
existence of an integer £ such that 4 N D¥B) C AUy. If, for alli = 1,..., &,
we have A CO;,then D BYN A =BNACACQO, N - NQ; = AU,,
and we are done. So assume A € Q, for some p. We rearrange the Q, so that
ALQ,;fori =1,.,jand A CQ, for7 == j + 1,..., k. Thus

AN, N nNnQ;CAU,.

Since the Q, are primary, AU, CQ, for i == 1,..., j implies that B C r(Q,).
By Theorem 3.3, for each 7 there exists an integer n(f) such that D*®(B)CQ, .
So if & = max{n(i)|{ = 1,..,, j}, D{B)CQ, for 7 == 1,..., j, and we have
A N DYB) C AUy, as required.

The converse is clear by virtue of Lemmas 6.1, 6.2, and Corollary 4.4.

The following example shows that the Artin—Rees property is not valid
in all unital quadratic Jordan algebras with max-I. Specifically, there exist ]
with max-I having ideals that do not have a normal primary representation.

ExampPLE 6.4. Suppose R is the field of real numbers and 9 is the asso-
ciative algebra of 2 X 2 upper triangular matrices, i.e., if a € U, then @ =
(3% where «, B, o€ R. Let AY denote the unital quadratic Jordan algebra
over R generated by 9. One readily computes that the nontrivial ideals of
A are

el Dlesen)
s lepert
Ay = ‘é(g o) oceRi.

For all nonnegative integers n, D*(A4,) = 4, and D*(4,) = A,, while
AU,y =0 and AiUAj =047=1,2, 3,77 Itis easy to see that 4,
and A, are prime ideals of A?. Moreover, 4, N 4, = A, . Consequently,
for all integers n = 0, A; N D"(4,) = A, but 4,U, = 0. So A@ does not
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satisfy the Artin—Rees property. Easily the zero ideal provides an example of
an ideal that does not have a normal primary representation.

7. TERTIARY IDEALS

We have seen that if | has max-/ and satisfies the Artin—Rees property,
then ideals in J have normal primary representations. The assumption of
the Artin-Rees property is a disagreeable feature of this theory. We will now
show that it is possible to obtain an analogue for quadratic Jordan algebras
of the tertiary ideal as given in [7], and we give a decomposition theorem for
all quadratic Jordan algebras with max-1.

Suppose 4 <1 J. Theset t(A) = {a € J | for any b ¢ A there exists ¢ € (b,
c ¢ A, such that {¢)> U,y C A} is called the tertiary radical of 4. Clearly,
A C t(A). Anideal T of ] is a tertiary ideal if, whenever 4 and B are ideals of |
with AUy, C T, then either 4 C T or B C (7).

Lemma 7.1, Suppose 4 <1 | has an irredundant representation by tertiary
ideals T ..., Ty, . Then t(A) = «(Ty) N - N (T}).

Proof. We may assume that & > 1.

Suppose ae€ (T;) N - N H(T,) and b¢ A. We may also assume that
b¢ T,. Then there exists b, € (b, b, ¢ T, such that <b> Uy, C T, . If
byeT,, then by ¢ Ty N T, but <b> Uy € T,. On the other hand, if
by & T, , wefind by’ € <by» with b," ¢ T, and <{b,"> U,y C T, . In either case,
there is an element b, € <b), b, ¢ T\ N T, with {b,> U, CT) N Ty, i,
ac (T, N T,). Since k is finite, by repeating this argument, we conclude
that a € t(4).

Conversely, suppose a € #(A4). By irreducibility, there exists an element b
suchthatbe Ty, N - N T}, b ¢ A. Then we find an element ¢ € b, ¢ ¢ A,
with (¢) Uy C 4. As ¢ ¢ Ty, a € f(T,). Similarly a € t(T}) for j = 2,..., &,
and we have t(A4) C t(T,) N - 0 {(Ty).

Lemma 7.2. If T, ,..., T, are tertiary ideals of | such that t{T,) = -+ =
WTy), then T = Ty N -~ N\ T is tertiary and t(T) = t(T)).
Proof. Suppose a, be Jand {a) Uy, C T. If
B¢ HT), <@ CTin - NT,=T.

That t(T) = #(T,) follows from Lemma 7.1.

Suppose 4 <1 ] has an irredundant representation by tertiary ideals
T4,y Ty . Then this representation is called a normal tertiary representation
if, for all i 5= j, ((Ty) # «(T)).
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CororLary 7.3. If A <1 J and A has a finite representation by tertiary
ideals, then A has a normal tertiary representation.

8. TERTIARY REPRESENTATIONS
We begin with

Lemma 8.1,  Every meet irreducible ideal of | is tertiary.

Proof. Suppose A is an ideal of [ and 4 is not tertiary. Then there exist
elements b, ce J, b ¢ A, c ¢ t(A), with &> U, C A. Now ¢ ¢ 1(4) implies the
existence of an element de J, d ¢ 4, such that whenever d’ € {d> and
{d"> Uy € A, then d’ € A. Clearly, the ideals Dy = 4 + (d> and D, =
A 4 <(b) properly contain 4. Henceletx = a, + d' = a, + b ¢ D, N D,,
where a,, a, € 4,d € {d), and &’ € (b>. Then d’ = b’ + &' whete a’ =
a, — a,. Then {d') Uiy = (b 4 @) Uy, S Uy + <@’y Ugy C A
Hence d' € A4, which implies x € 4. Thus 4 = D, N D, , i.e., 4 is not meet
irreducible.

Tueorem 8.2. If | has max-I, then every ideal A of | has a normal tertiary
representation. If A =T, N - NT, and A =S5 0-"-NS, are two
normal tertiary representations of A, then m — n and it is possible to arrange
the components in such a way that t(T;) = KS,) for i = 1,..., m.

Proof. By Lemmas 6.2, 8.1, and Corollary 7.3, it follows that every ideal
of ] has a normal tertiary representation.

To prove the rest of the theorem, we first suppose that 7 <1 [ and [ =
TyN By, = T, " B, where T, and T, are tertiary ideals of J and B, and B,
are ideals of J. Suppose #(T;) # #(Ty), and b € t(Ty), b ¢ 1(T,). If a € B, N B,
but a¢ A, then a¢ T, so there exists ¢ e {a> such that c¢ T, and
(e3> Ugyy © Ty . Hence{c) Ugyy, C Ty N By C T, . Therefore, ¢ € T, implying
ceB, " T,C T,, a contradiction. This fact, together with the inclusion
I1C B, N B, implies ] =B, NB,.

Now suppose 4 <@ Jand A =T, N NT, =8 N - NS, where
these representations are normal tertiary representations. To prove the
theorem, it is sufficient to show that for some j, 1 < j < p, #(T,) = #(S)).
So suppose #(T}) # t(S;) for j = I,..., p. By what we have shown above,
A=Tn--nNnTy=Ty,Nn - NT,NS,N NS, . By repeating this
process, we obtain TN - NT,=T,n--NT,, a contradiction.
Therefore, for some j, t(T,) = #(S;), and the result follows.

Finally, the question arises as to the relationship between tertiary ideals and
primary ideals in J. We have

481/24/3-4
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ProrosiTioN 8.3.  Suppose | satisfies the Artin—Rees property. Then every
tertiary ideal of ] is primary. Conversely, if | has max-I and if every tertiary
ideal of [ is primary, then [ satisfies the Artin—-Rees property.

Proof. Suppose T'is atertiary idealof J,a,b € J,a¢ T,and (a) U,y C T.
Since | has the Artin-Rees property, there exists a nonnegative integer A
such that [7": <b»] N DM<bY) C [T : B} Uy, € T. We claim that DM(6)) C T.
If b € T, we are done. So suppose b ¢ T. If D*({b>) € T, we choose ¢ € DY((b)),
c¢ T.Since b e t(T), thereisade {cy,d¢ T, such that (d) U,y C T. Thus
d € [T : {by] which implies d € T, a contradiction. Hence D*<6>) C T, from
which it follows that (6> C #(T), i.e., T is primary.

Conversely, suppose [ has max-I and that tertiary ideals of J are primary.
The result follows from Theorems 8.2 and 6.3.
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