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Abstract

In this paper we consider L? boundedness of some commutators of Riesz transforms associated to Schrodinger operator P =
—A+ V(x) on R", n > 3. We assume that V(x) is non-zero, non-negative, and belongs to By for some g > n/2. Let T =
(—A+ V)_l V. h=(-A+ V)_1/2V1/2 and T3 = (—A + V)_l/zv. We obtain that [b, T;] (j = 1, 2, 3) are bounded operators
on LP(R") when p ranges in a interval, where b € BMO(R"). Note that the kernel of 7; (j = 1,2, 3) has no smoothness.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let P = —A 4 V(x) be the Schrodinger differential operator on R”, n > 3. Throughout the paper we will assume
that V (x) is a non-zero, non-negative potential, and belongs to B, for some g > n/2. Let T; (j =1,2,3) be the
Riesz transforms associated to Schrodinger operators, namely, 71 = (—A + WV, Th=(—A+ V)_l/ 2y1/2 and
T3 = (—A + V)~/2V. L? boundedness of T; (j =1,2,3) was widely studied [7,8]. In this paper, we will discuss
the L? boundedness of the commutator operators [b, T;] =bT; — T;b (j =1, 2, 3), where b € BMO(R").

A non-negative locally L9 integrable function V(x) on R”" is said to belong to B, (1 < g < 00), if there exists
C > 0 such that the reverse Holder inequality

1 1/a 1
—/qux <C —/de) (1)
(IBI > <|B|

B B

holds for every ball B in R”.
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Remark 1. By Holder inequality we can get that B, C By,, for g1 > g2 > 1. One remarkable feature about the B,
class is that, if V € B, for some g > 1, then there exists € > 0, which depends only on 7 and the constant C in (1),
such that V € By ¢ [2]. Itis also well known that, if V € By, g > 1, then V (x) dx is a doubling measure, namely for
any r >0, x e R",

V(y)dy < Co [ V() dy. ®)
B(x,2r) B(x,r)

It was proved that if V € B,,, then T3 is a Calderén—Zygmund operator [7]. According to the classical result of
R. Coifman, R. Rochberg, and G. Weiss [1], [b, T3] is bounded on L? (1 < p < o0) in this case. So we restrict
ourselves to the case that V € B, (n/2 < g < n), when considering [b, T3].

We recall that an operator 7' taking C2°(R") into Llloc(R”) is called a Calder6n—Zygmund operator if

(a) T extends to a bounded linear operator on L2(R"),
(b) there exists a kernel K such that for every f € L°(R"),

170 = [ K3 f0)dy ae.on (supp 1
RVL
(c) the kernel K (x, y) satisfies the Calderén—Zygmund estimate

C
|K(x,p)| < ——; (3)
lx — y["
Clh|®
|[K(x+h,y)— K@, p)| < ————; 4)
|x_y|n+6
Clh|®
|K(x,y+h)—K(x,y)|<¢; 6)
|x — y[n+o

for x,y € R", |h| < @ and for some § > 0.

If T is a Calder6n—Zygmund operator, b € BMO, the boundedness on every L? (1 < p < 00) of [b, T'] was first
discovered by Coifman, Rochberg and Weiss [1]. Later, Stromberg [4] gave a simple proof, adopting the idea of
relating commutators with the sharp maximal operator of Fefferman and Stein. In both proofs, the smoothness of the
kernel (4) plays a key role. However, in our problem the kernel has no smoothness of this kind due to V. This difficulty
can be overcome by our basic idea. We discover that the kernels have some other kind of smoothness.

Definition 1. K (x, y) is said to satisfy H(m) for some m > 1, if there exists a constant C > 0, such that, VI > 0,
x, x0 € R" with |[x — xg| <, then

s n 1/m
A m

> k(2k)m < / |K (x,y) — K (x0. )] dy> <C, (6)

k=5 I [y—xo| <2K+1]
where 1/m' =1—1/m.

This kind of smoothness was not new. We find that the case m = 1 was given by Meyer [5]. It is easily seen

that if K(x,y) satisfies (4), then K(x,y) satisfies H(m) for every m > 1. By Holder inequality we can get that
if K(x,y) satisfies H(m) for some m > 1, then K (x, y) satisfies H(¢) for 1 < ¢ < m. We now list some results

concerning L? boundedness of T; (j = 1,2, 3), and refer the readers to [7] for further details. We will adopt the
notation 1/p’ =1 —1/p for p > 1 throughout the paper.

Theorem A. (See [7, Theorem 3.1, p. 526].) Suppose V € By and g > n/2. Then, for ' < p < oo,
[(=A+WTVE], <Coll Fllp.
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Theorem B. (See [7, Theorem 5.10, p. 542].) Suppose V € By and q > n/2. Then, for (2q)' < p < oo,
|(=a+W2VI2E] < Coll 1l

Theorem C. (See [7, Theorem 0.5, p. 514].) Suppose V € By and 5 < q < n. Let (1/po) = (1/q) — (1/n). Then, for
Py < p <00,

[a+W)129r|, < Coll £l

The basic idea in [7] is that, to exploit a pointwise estimate of the kernel and the comparison to the kernel of
classical Riesz transform. Generally, it is based on the following two basic facts. If V is large, then one expects the
kernel itself has a good decay. On the other hand, if V is small, then it is close to the classical Riesz transform. In this
paper, we adopt a different idea. Since we know that the kernel do not satisfy the Calderén—Zygmund estimate (4), we
study how close it is. See Section 2.

We will show that the kernels have very good smoothness with respect to the first variable of the following strong
type. It is almost (4). There exists a constant C > 0 and § > 0, such that, for some m > 1, VI > 0, x, xo € R"” with
|[x — x0] <1, then

ad n 1/m
22’“‘ (2k1)mw < / |K (x, ) — K (x0, »)|" dy> <C. (7
k=5 I y—xo| <2k+11

Recall that Ty = (—A + V)WV, Th = (=A+ V)" V2V1/2 and T3 = (—A 4+ V)~ 1/2V. Now we state our main

results.

Theorem 1. Suppose V € B, and q > n/2. Let b € BMO. Then, we have

(i) Ifq' < p<oo,
[te. 711 f |, < CpllbliBmoll £11p:
(i) If 29)' < p < oo,
|to. 21 £, < CplibliBmoll £11:
(i) If py < p < 00, let (1/po) = (1/q) — (1/n),
|to. 311, < CpliblBMOl £ 1-

We know that T = V(—=A+ V)L, T = VI/2(—A+ V)72, and T = —V(—A + V)~!/2. By duality we can
easily get that
I[6. 7]/, < CpliblBmoll fllp. 1 <p<a,
I[6. TZ]f ], < Cpllblsmol fllp. 1< p<2g,
I[6. 757]f], <€

From Theorem 1(i), we can get the result concerning second order Riesz transform. Let 7y = (—A + V)~1Vv2, then
Tf =VA(—=A+ V)l Indeed, Ty = (—A+ V) I V2 = (—A+ V)1 AA V2= (I = (~A+ V)Y =1 - T Y.
We have

plbllBmoll fllp, 1< p < po.

Corollary 1. Suppose V € B, and q > n/2. Then
|to. a1 £, < CpliblBmoll fllp. @' < p <o,
and

I[6. 77171, < Cpllblsmol £, 1< p<q.
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For classical Riesz transform, the converse problem was also considered in [1]. This implies a new characterization
of BMO. In this paper we also discuss the converse problem. Namely, if [b, T3] is bounded on L2, do we have
b € BMO? The answer is negative for general V € By. It is due to that, for some good V/, the kernel of T3 is better
than that of Riesz transform, which makes that the commutator can absorb mild singularity. We give a counterexample
for V = 1. On the other hand, if imposing some integrability condition on V, we can have the converse.

Throughout this paper, unless otherwise indicated, we will use C and c to denote constants, which are not nec-
essarily the same at each occurrence. By A ~ B, we mean that there exist constants C > 0 and ¢ > 0, such that
c<A/B<LC.

The paper is organized as following. In Section 2, we will give the estimates of the kernels K; (j =1, 2, 3) of the
operators 7. The proof of Theorem 1 is stated in Section 3. In Section 4, we discuss the converse problem.

2. Estimate of the kernels

This section is devoted to give the estimate of the kernels associated to 7; (j = 1,2,3) and denoted by
Kj(x,y) (j =1,2,3) respectively. Let I'(x, y, ) denote the fundamental solution for the Schrddinger operator
—A+(V(x)+it), r €R,and Ih(x, y, t) for the operator —A +it, T € R. Clearly, I"(x,y,t) =I"(y,x, —1).

For x € R", the function m(x, V) is defined by

1
m(x, V) :Sup{r>0: rn_—sz(xar)V(y)dyé 1}.

The function m(x, V) reflects the scale of V (x) essentially, but behaves better. It is deeply studied in [7], and will
play a crucial role in our proof. We list some properties of m(x, V) here, and their proof can be found in [7].

Lemma A. (See [7, Lemma 1.4].) Assume V € By for some q > n/2, then there exist C > 0, ¢ > 0, ko > 0, such that,
forany x, y inR", and 0 <r < R < 00,

(@ O0<m(x,V) <oo,
(b) Ifh = ﬁ then S VO dy =1,
(© m(x, V) ~m(y, V), if |x = ¥ < 55,
() m(y, V) < C{l+ |x — ylm(x, V)}om(x, V),
(© m(y, V) = em(x, V){1+|x — ylm(x, )}/,
(® e+ [x = ylm(y, VIV Tt x — ylm(x, V) < C{1 A+ |x = ylm(y, V)Yor!,
@ 75 [ VOV dy <CEYWD=2. L [1 - V) dy.
Estimating the kernels mainly relies on functional calculus and a pointwise estimate of I"(x, y, T) that was given
in [7].
Theorem D. (See [7, Theorem 2.7].) Suppose V € By, ». Then, for any x,y € R", T € R, and integer k > 0,
Cy 1
{T+17V2)x =y 4+ m(x, V)|x — y)}E - Jx —y|n=2"

where Cy, is a constant independent of x, y, T.

I'x,y, 7)<

The next lemma is used to control the integration of V on a ball.

Lemma 1. Suppose V € B, for some g > n/2. Let N > log, Co + 1, where Cy is the constant in (2). Then for any
xo€R", R>0,
1

{1+ m(xo, V)R}N

/ V(£)de < CR" 2.

B(xo,R)
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Proof. There exists a integer jj € Z such that 2/0 R < m < 2/0F1 R We will discuss in following two cases.

Case 1. jo < 0. By (2), Lemma 1, and (b) of Lemma A, we can get

! / V(E)dE < 71 / V(&) dE < ! ch (2joR)n—2
{1 +m(xg, V)R}N = (2-io)N S 2=V 0
B(xo,R) B(xo,R)

< R"? (since N > log, Co).

Case 2. jo > 0. By (b) and (g) of Lemma A, we can get

1

n—2
{1+m(xo, V)RV V(E)dE <R

f V(E)dt < / V@) ds < R

B(xo,R) B(xo,R) B(xo,R)

This completes the proof of Lemma 1. O
Before giving the estimate of the kernels, we still needs one lemma, which is proved in [7].

Lemma B. (See [7, Lemma 4.6].) Suppose V € By, qo > 1. Assume that —Au + (V(x) +it)u =0 in B(xo,2R) for
some xp € R", R > 0. Then

(a) for x € B(xg, R),

V() C
[Vu()| <C sup |ul- / —dy + ——; lu(y)| dy,
B(xo.2R) lx =yl R
B(x0,2R) B(x0,2R)

(b) if (n/2) < qo <n, let (1/t) = (1/q0) — (1/n), ko > log, Co + 1,

1/t
|Vu|fdx> <CR<"/%)*2{1+Rm(x0,V)}"° sup Jul.

B(x0,2R)
B(xo,R)

Now we are ready to give the estimate of the kernels.

Lemma 2. Suppose V € B, for some q > n/2. Then, there exists § > 0 and for any integer k > 0,0 < h < |x — y|/16,

Cy
e o Py A e A ®
§
K1+, y) = Ki(x, )| < Sk L E— ©)
(Tt mCe V)lx — yIF e — y =25

Lemma 3. Suppose V € B, for some q > n/2. Then, there exists § > 0 and for any integer k > 0,0 < h < |x — y|/16,

|Ka(x, )| < C — vy~ (10)
{1+mx, V)|x —yl}k |x —y|!
C n|®
|K2(x + 1, y) — Ka(x, y)| < L 2] V(' (11)

{T+m(y, V)lx — y[}k  |x — yr=1+

Lemma 4. Suppose V € B, for some n/2 < q < n. Then, there exists § > 0 and for any integer k >0, 0 < h <
lx — yl/16,
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C 1 \% 1
|K3(x, )| < L ( / © e ) (12)

{1+mx, V)|x — y[} |x — y|~! ly — &1 lx — yl
B(y.lx—yl)
|K3(x +h,y) — K3(x, )]
C h|® 1% 1
< k i 7] 15.( / (§)1d5+ ) (13)
{1+m(x, V)|x — yl}* [x — y[*= 1+ ly —&"~ [x — ¥l
B(y,lx=yD

Remark 2. If V € By, then (4) follows immediately from (13). This can tell us how the kernel behaves when V
changes. However, we do not have similar result about the smoothness with respect to the second variable.

Proof of Lemma 2. We easily know that K (x, y) = I'(x, y,0)V(y). It immediately follows from Theorem D that,
for any x, y € R",
Cy

Ki(x, < .
[Kiex ) {T+mx, V)lx — y[}f |x — yn—2

V().

For (9), fix x, y € R", and fix n/2 < gy < min(n, ¢), then we know V € By, Let R = 5520 1/t = 1/q0 — 1/n,
thenéd =1—n/t >0andforany 0 < h < %, it follows from the embedding theorem of Morrey (see [3]) and Lemma B

that

|Ki(x+h,y) = Ki(x, )| < |T(x + 1, y,0) = T'(x, y,0)|V(y)

1/t
< Cla|'=0/0 /|fo(z,y,0)\tdz> 146))
B(x,R)

< I~ RMWIO2 1 4 Rm(x, VI sup [Tz, y, 0| V()
z€B(x,2R)

h8
<t mme@ v swp [rey.0ve)

R z€B(x,2R)

|h|° ko Cy,

<C—1{14+Rm(x,V) sup .
R { } ceBe2r) (1+my, Vz—yl} |z —yn—2

V()

R 1 1
< Cx . V(y) (ki large),
=y (1 +mx, V)lx —y[JF [x — yn2 £

where we used (f) of Lemma A in the last inequality. 0O

Proof of Lemma 3. By functional calculus, we may write

1
(—A+ V) V2= —5s /(—ir)*‘/z(—A +V+it)~ldr,
s
R

then we know that

1 o
Kz(x,y)=—gf(—lf) V2P (x,y, ) deV(y)!'/2. (14)
R
In order to estimate the integration, we claim that: For k > 2, then
_ C
/|r|*‘/2{1+|r|‘/2|x—y|} "dr<| L : (15)
X—y

R

In fact, we have
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/|t|]/2{l+|r|]/2|x—y|}kdr=< f + / )Irl1/2{1+|t|1/2|x—y|}kdr
R

lel<le—yI72 Jel>lx—y| 72

< / It 2dr + / 17| TED2 1 — y R dr
IT|<lx—y|~2 IT|=|x—y|~2

Ck
Sx =yl

From Theorem D and the estimate (15), we immediately get (10). For (11), fix x, y € R", and fix n/2 < g¢ <
min(n, ), then we know V € By,. Let R = %, 1/t=1/q0 — 1/n,then § =1 —n/t > 0 and for any 0 < h < g,
we have

1
|K2(x +h,y) — Ka(x, p)| < e / [t 7Y P+ Ry, T) — Tx,y, o) dT V)2 (16)
R

Similarly, it follows from the embedding theorem of Morrey and Lemma B that

1/t
|[Fx+h,y,1)=T'(x,y,7)]< C|h|”"/”< / |Vil(z, y, r>|’dz>

B(x,R)
<C|h|1_(n/t)R(n/qO)_2{l+Rm(.x, V)}kO Sup |F(Z,y,‘[)|
z€B(x,2R)
|h|® ko
<SC—={1+Rm@x, M)} sup [y, 1)
R 2€B(x,2R)
s /21, _  n—k
Cr{l+|t z 1
QC%{I—I—Rm(x,V)}kO k{ | | | yl}k . —
R eBix2R) (1+my, V)lz—yl} |z—y]
e (142 x =y} F 1

k . .
lx = y[P (1 4+m(y, V)|x —yl}k |x = yn=2
Hence, insert this to (16), it follows from the estimate (15) that
|h|® 1
b = Y1 (L m(y, V)l = yI)F

|K2(x + h, y) — Ka(x, )| < Cr vin'2. o

Proof of Lemma 4. By partial integral, we know that

_ L i
Ki(x,y)= o f(—tt) VyI'(x,y,1)dT. 17
R

Fixx,y e R", let R = |xgy‘, 1/t=1/g—1/n,8§=n/q —2>0,and forany 0 < h < %,wehave

1 _
|K3(x +h,y) — K3(x, y)| < E/M V2\Vy(x +h,y,7) — VyI(x, y,7)|dr. (18)
R

Similarly, it follows from the embedding theorem of Morrey and Lemma B that

1/t
|Vy[(x+h,y,7) = Vy[(x,y,7)| < C|h|1—<”/’)( / |ViVyI(z, y, r)|’dz>
B(x,R)

<ClR'"=ORWD2UT 4 Rm(x, VYO sup |V TGy, )|. (19)
z€B(x,2R)

Since I'(z,y,t)=1(y,z,—7),then V,I'(z,y, 1) = Vi I'(y, z, —7). It follows from (a) of Lemma B that
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sup |V I(z,y. D)< sup [Vil'(y,z,—7)
2R)

z€B(x,2R) Z€B(x
V(&)
< sup { sup |z, —7)| / ——dé
2eB(x,2R) L neB(y.ly—21/4 T
¢ re )dé}
_— sy, —T .
|y _ Z|n+1

B(y,lz—y/2)

Using the fact that |[n —z| ~ |y —z[, | —z] ~ |y —z| and |x — y| ~ |y — z|, choosing k sufficiently large, it follows
from Theorem D and (f) of Lemma A that

sup |VyF(Z, v, ‘C)|

z€B(x,2R)
C 1 Vv
< osup 12 3 s ko 2 / © 7 d§
ceBr2ry LA 1TV2y =2 {1 +m(z, V)|y —zl}fr |y — 2|~ ly —§1""
B(y,lx=yD
n Cr, 1
{T+121V2y =z} {1 +m(z, V)|y =z}t |y =z~
C 1 Vv
S 172 k - k- 2 / © 1d€
T4+ 1t2x =y {1+ m(x, V)|x — y[}*  |x — y|*~ ly —&""
B(y,lx=yl)
Cy 1
+ . . 20
{14212 )x =y {1+ m(x, V)|x = y|}*  |x — y|"~! 20
From the estimate (15) and (20), we immediately get (12). Inserting (20) to (19), we get that
IV, (x+h,y, 1) = V,[(x,y,7)| < Ci LK C
' o T T = yP {1 V2 x = y L 4 mx, V)l — y]E
1 74 1
X <7_2 / (5)_1 dt¢ + _1). 21
lx —yI" ly — &I lx —yI"
B(y.|x—yD)

Inserting (21) to (18), we get from the estimate (15) that

|K3(x + R, y) — K3(x, y)|

<c R 1 ( 1 / V(€) de+ 1 > o

XX Lk . .

x =y {14+ m(x, V)|Ix —y}k \|x — y|n~! ly — &1 lx —y|"
B(y.|x—y])

3. Proof of main results

We first discuss the problem for general operator Tf(x) = [ K(x,y)f(y)dy. Later, we will specialize to T}
(j=1,2,3).

Proposition 1. Let m > 1, suppose T is bounded on LP for every p € (m’, 00), and K satisfies H (m), then Vb € BMO,
[b, T] is bounded on L? for every p € (m’, 00), and

|to. 711, < CpllbliBymOll £15-

We adopt the idea of Stromberg (cf. [6]). Recall that the sharp function of Fefferman—Stein is defined by

1
MEF () =sup f £ — fa]dy. 22)
B

where fp = |Tla\ fB f(y)dy, and the supremum is taken on all balls B with x € B.
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Recall that BMO is defined by
BMO(R") = { f € Li,.(R"): [ flIBmo = | M* f|| , < oo}. 23)

Two basic facts about BMO may be in order. We use 2 B to denote the ball with the same center as B but with 2%
times radius.

|fokp — fBI < C(k+ DI fliB™MO,  for k > 0. (24)

The second one is due to John—Nirenberg:
1 » 1/p
I flIBMO NSUP(E/V@) — /8] dy) , forany p>1. (25
B
B

Proposition 1 follows immediately from the following lemma and a theorem of Fefferman—Stein on sharp function.

Lemma 5. Let T satisfies the same condition in Proposition 1. Then Vs > m/', there exists constant Cy > 0, such that
Vfe Lloc’ b e BMO

M*([b, T1£)(x) < CslIbllBmo { Ms (T £)(x) + M (f)(x)}, (26)
where My(f) = M(| f|°)\/% and M is Hardy—Littlewood maximal function.

Proof. Fix s > m/, f € LIOC, x € R", and fix a ball I = B(xp,/) with x € I. We only need to control J =
|,—|f, I[b, T1f(y) — (b, T1f)1]dy by the right-hand side of (26). Let f = fi + f2, where f1 = fx321, f2=f — f1.
Then [b, T1f =[b— b1, T1f = (b —b)Tf —T(h—bp) fi = T(b—br) fo2 Ai f + Asf + As f, and we get

1
< m/!Alf(y)—(Alf)1|dy+ i /!Azf(y) (A2 f)r|dy + — T /}Agf(y) (A3 f)1]dy
I
2h+ 0+ s

Step 1. First we consider J;. By Holder inequality and (25),

2 2 1 s 1/s
11<m/|A1f(y>|dy=m/l(b—b:)Tf(y)ldy< <|1|/|(” b))’ dy) <m/|Tf(y)| dy)
1 1 1

< 2[|bllBMOoM (T f)(x).

Step 2. Second we consider J;. Fix s1 such that s > s; > m/, and let 5, = ssfil ,

1/s1 s
b < |1| ’Azf()’)|dy<2(|l| /‘AZf(y)‘Y1 dy> <2(|1| /|(b bl)f(y)’“ dy)

327
1/S2 1 S I/S
<C| == b—br|*d —_— d <C|b M )
<|321|/' ! y) <|321| [lrola 1 lm0Ms () ()
321 327

Step 3. Last we consider J3. Set ¢; = flz—xo|>32l K (x0,2)(b(2) — by) f(2) dz, then we have that

1
h\IH/’&ﬂw—cM@’ 11 / {K(y,2) = K(x0, 2} (b(2) = b1) f () dz|dy
I |z—xo|>321
szm/ / {K(y.2) — K(x0.2)}(b(z) — br) f ()| dzdy

I |z—x0|>321

1 o
=2ﬁl/§: / {K(y.2) = K(x0,2)}(b(2) — br) f(2)| dzdy.

k:52k1<|z—x0|<2k+11
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From Holder’s inequality, we get

e8] 1/m
J3 <2|—;|/Z< / |K(y,z)—K(x0,z)|mdz)
k=5

T2 2k z—x| <2k

, 1/m'
x ( / |(b(z) —br) fF)|" dz) dy

2K |z—x0| <2k 11

00 1/m ,
<2%/Z( / |K(y,z)—K(Xan)|de> (@) k

T k=5 9kygiz—xgl<2k+1y

! RNV
XW( / |[(b(2) = b1) f(2)] dz) dy

2k |z—xg|<2k+1]

<Csup ————
1o (KIyn/m k(

2k |z—xg| <2k +11

1/m'
|(b(2) = br) f)[" dz)

1 !

<C 1 1 b b ) , m,d /m

X ;;1; % (zkl)n ‘( (2) — Hk+1p + Dok+1p — 1)f(z)| z
lz—xq|<2k+11

1
< Csup —(k+2)||blmoM, f(x) (by (24))
=5k
< CllbllBMmoM; f (x).

This completes the proof of Lemma 5. O

Proof of Theorem 1. Now we begin to prove Theorem 1. Considering Remark 1, we can assume ¢ > 5,q" < p. We

first prove (i). By Proposition 1 and Theorem A, it suffices to prove that K satisfies H(g) (see (6)). From (9), we
have

1/q
|K1(x, y) — Ki(x0, y)|* d)’>
kI |y—xo| <2k +11
1 1

q qv1/q
@525 (1§ m(xo, V)2 / VO)Tdy
B(xO,2k+3l)

<Cy

1 1 —n/g
<C 2k / V(E)d
N @125 {1+ m(xo, V)2HIIN (%) ©)ds
B(x0,2%1)
’ kp\i/a-2
Z(S
= (2k1)(n/ah+8"

Thus, we can get

- ky\ a7 q VSN Ck
> k(2 l)q'< / |K1(x, y) — Ki(x0, )] dy) <Y 26 <C.
k=3 k1< |y—xo| <2k+11 k=3
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For the proof of (ii) it suffices to prove that K, satisfies H (2¢). From (11), we have

1/(2q)
2
|Ka(x, y) — Ka(x0. y)| qdy>

2k1|y—xg|<2k+1]

IE 1
<C V(&)Y del/CD
N kD158 (1 4 m(xo, V) 2K}V / (§)7dé

B(x0,2k+3l)

1 1 2
<C k] n/(2q") / V(E)dE/?
N (2kl)n—l+8 {1 + m(xo, V)Zkl}N( ) &) é

B(x0,2k1)
<c 1 (zkl)fn/(Zq’)+(n72)/2 <C 1° (zkl)*"/(zﬂ/
X EN (Zkl)n—1+8 = (2]{1)8 ’
hence,
o 1/(29) > Ck
_n_ 2

Zk(zkl) 29 ( / |K2(x, y) — Ko (xo, y)| dy) < Z @y <C.
k=3 2k |y—xg|<2k+1] k=5

At last, we prove (iii). It suffices to prove that K3 satisfies H (pg). From (13), we have

1/po
|K3(x, y) — K3(x0, y)|" dY>

2k 1 |y—xg|<2k+11

1 1 V(E) X B(xg. 24431 IR
<Cy d _
kD148 {1 + m(xp, V)2KIIN ly —gn—1 Lo (kP
10 1 T s
<C VEI deV 4 —————
N k=148 (1 + m(xo, V)2V / ) + (2k]y(n/Pp)+
B(xq,2k+3])
<oyt : (k)™ / V(E)dE + o
SN QR (U mx, VY2 k) Pp+
B(x0,2%1)
la kp\n/a—2 18 P
< e <
SCn (2k[yn—1+3 (2 l) (2k1)(n/p(’))+5 s¢ (2kl)(n/p(’))+5 ’
therefore,
o0 . 1/po o0 Ck
> k(24) 7 | ey -kenta) <Y Sk<e o
k=5 k=5 (2k)5

2k 1 |y—xg|<2k+11
4. The converse result
This section is devoted to the converse problem. Recall that T3 = V(—A + V)~1/2 is the Riesz transform associated
to Schrodinger operator. A natural problem is that whether the converse holds. Namely, if [, 73] is bounded on L2,

do we have b € BMO? This is quite subtle. If V =0, it reduces to the classical Riesz transform. However, for general
V € By, the converse fails. Considering V = 1, which is in B, for every g > 1, we have the following:

Theorem 2. There exist a function b ¢ BMO, such that [b, T3] is bounded on L2
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Proof. Consider b = x;, we know that b ¢ BMO. We have that
b, T31f =x;V(—=A+ D)7V f —v(=A+ )72 f).

From Plancherel equality, we can get

§ 2 § 2
w(aremd) - aremnd

i 5171, =
2

& A
()il o

The converse example in Theorem 2 implies that the assumption V € B, is too weak, it cannot guarantee the
function b € BMO. However if we assume V satisfies some additional conditions, for example, if V is L? integrable,
then the converse could be true. Let 7§ = (—A)/2(—A + V)~!/2, then from T} = (—A)~'/2V - T3, we know the
results above also hold with T3 replaced by 7.

Theorem 3. If [b, T3], [b, T;] and V'/>(—A)~/2 is bounded on L?, then b € BMO.

Proof. From [b, T3], [b, T;] is bounded on L?, and
[b, T3] = [b, V(=) 21| = [b, V(=2)" 2T} + V(= 2)"2[b, T§],

we have [b, V(—A)~1/2]T] is bounded on L?.

We claim that [b, V(—A)~Y/2] is bounded on L2, which implies the theorem from the well-known theorem
of Coifman, Rochberg and Weiss. It suffices to prove that T3 has a converse bounded on L?. Note that T3’_1 =
(—A+WV2(—=A)"1/2 and

L f= A+ VPP = A+ V)T Ra+ V)T R f
=(—A+ V)PP f 4 (—a+ V)T RVIRVI2 (- a)7 2,

Therefore, by using V/2(—A)~1/2 is bounded on L?, we can easily get the conclusion of Theorem 3. O
Corollary 2. If [b, T3], [b, T{] is bounded on L?, and V € L"/* (" B, for ¢ > n/2, then b € BMO.

Proof. We only need to prove that V!/2(—A)~1/2 is bounded on L. This follows directly from Holder inequality
and fractional integration:

[V 22, <V AT gy S CIVIRI . O
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