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Abstract

Rees, R. and W.D. Wallis, The spectrum of maximal sets of one-factors, Discrete Mathematics
97 (1991) 357-369.

A set {E} of disjoint one-factors on n vertices is maximal if the complement of the graph (_ F,
has no one-factor. We determine the spectrum of pairs {(n, k): there exists a maximal set of k
one-factors on n vertices}.

1. Introduction

A graph G = (V, E) consists of a non-empty set V of vertices together with a
collection E of unordered pairs of distinct vertices from V, these pairs being
called edges. Two vertices are said to be adjacent if and only if there is an edge
joining them. The degree of a vertex is the number of edges to which it belongs; a
graph is called regular if and only if every vertex has the same degree. If
G =(V, E) and H = (V, E’) are graphs then the union G U H of G and H is the
graph (V, EUE’). The complement G of G is the graph (V, E) where
E={(x,y): (x,y) ¢ E}. In particular then if G is any graph on n vertices, G U G
is the complete graph K,,.

A matching is a vertex-disjoint collection of edges; a one-factor is a matching
which covers the vertices of G (or, equivalently, a 1-regular spanning subgraph of
G). A pair of one-factors will be called disjoint if they have no edges in common.
A one-factorization of G is a collection of pairwise disjoint one-factors which
partitions the edge set of G. In order to have one-factorization, G must have an
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even number of vertices and must be regular, but these necessary conditions are
not sufficient. Petersen [7] observed that if a regular graph of degree 3 has an
edge whose removal disconnects the graph (a ‘bridge’) then it has no one-
factorization; and there are bridgeless regular graphs without one-factorizations
(the Petersen graph is an example on 10 vertices).

It has been widely conjectured (see [3, 6]) that every regular graph G of degree
d on 2m vertices has a one-factorization ‘provided d is large enough’-—where
‘large enough’ usually means that d is approximately m or bigger. Various forms
of this conjecture have been called ‘the one-factorization conjecture’. In
considering this there has been some interest in the case where the complement
of G has a one-factorization, or equivalently in discussing whether a set of
pairwise disjoint one-factors can be embedded in a one-factorization of a
complete graph.

A set of one-factors of K, is called premature [8] if they are edge-disjoint but
cannot be extended to a one-factorization; a premature set is maximal [4] if it
cannot be extended by adding even one more factor. In other words, a collection
{F;} of mutually disjoint one-factors on a set V of 2m vertices will be called a
maximal set if the graph \UF; contains no one-factor. The problem with which we
are herein concerned is to determine for which integers 0 <k <2m does there
exist a maximal set Fj, . . ., F; of precisely k one-factors on a set of 2m vertices.
We are able to give a complete solution to this problem.

Theorem 1.0. Let n be a positive even integer. There exists a maximal set of k
mutually disjoint one-factors on n vertices if and only if either

(1) 2-|n/4| +1sk<n—1andk is odd, or

(i) 3Cn+4)<k<=n—4and k is even.

We direct the reader to [0] for a general reference on graph theory, and to [6]
for a specific discussion of and survey on one-factors and one-factorizations.
2. Preliminary results

In this section we review some of the basic material which we will need to
prove Theorem 1.0.

Lemma 2.1. If m is odd then a maximal set in K,,, contains at least m one-factors.
If m is even, a maximal set in K,,, contains at least m + 1 one-factors.

The bulk of the proof of Lemma 2.1 is a straightforward application of Dirac’s
Theorem. Showing that when m is even K,,, cannot contain a maximal set of m
one-factors is a little more involved, and we refer the reader to [4].
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It is easy to see that there cannot exist a maximal set of n — 2 one-factors on n
vertices; the complement of the union of these one-factors is itself a one-factor.
To establish the lower bound k = 3(2n + 4) in condition (ii) of Theorem 1.0 we
will need the following result from [9].

Lemma 2.2. Let G be a regular graph of odd valency d on n vertices. If G has no
one-factor then n =3d +17.

Proof. Since G has no one-factor Tutte’s Theorem implies that there is some
w-set W of vertices in G whose deletion creates at least w +2 odd components
(since n is even, w and the number of odd components must have the same
parity). Since d is odd, G itself cannot have any odd components, whence w = 1.
Let us call an odd component of G — W large if it has more than d vertices, and
small otherwise. Clearly any odd component of G — W is joined to W by at least
one edge; in the case of a small component it is not difficult to see that there must
be at least d edges joining it to W (since the graph G is regular of valency d).
Thus if we let & be the number of large components and § be the number of small
components of G — W, we have

a+f=w+2 2.1)
and
o+ df swd. 2.2)
Since d is odd, each large component of G — W has at least d + 2 vertices.
Therefore
nzw+({d+2)a+p. 2.3)
Now « is nonnegative, so inequality (2.2) implies f=<w, so that in turn
inequality (2.1) implies « = 2; but applying (2.2) and (2.1) again we have in fact
a = 3. Recalling that w = 1 inequality (2.3) now gives n =3d + 7.
This completes the proof of Lemma 2.2. O

Now suppose that we have a maximal set of k£ one-factors on n vertices, where
n~—k is even. Setting d=n—k—1 and applying Lemma 2.2 we see that
n=3(n —k — 1) + 7, which simplifies to k = 1(2n + 4).

We summarize the foregoing discussion.

Lemma 2.3. The conditions (i), (ii) of Theorem 1.0 are necessary in order that
there exist a maximal set of k one-factors on n vertices.

Showing that condition (i) is in fact sufficient is quite simple, and we dispense
of this case now.

Theorem 2.4 [4]. If n is a positive even integer, 2|n/4]| + 1<k<n—1landn—k
is odd then there is a maximal set of k mutually disjoint one-factors on n vertices.
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Proof. Take the vertex set Z, U {a;: 1<i=<n —k}, and develop the following
one-factor modulo k:

a;, 0 in—k-D+Lk-3n-k-1)-1

as, 1 n—k—1D+2,k—-4n—k-1)-2
as, k—1 :

as, 2 Wk —1), 2k+1)

Qn—k-15 %(” —k- 1)

Qp_p k—Ln—k—1)

The edges in the right hand column are used only when k #n/2. These edges
represent k — n/2 pairs in a starter on Z,.

The complement of the union of these k one-factors has as one of its
components a K, , (on the symbols {a;: 1 <i=<n — k}); since n — k is odd our k
one-factors constitute a maximal set. O

Dealing with the case where & is even is considerably more difficult (only the
case k = n — 4 has previously been solved, see [2]), and it is to this case that the
remainder of the paper is devoted.

Let F, ..., F, be a maximal set of one-factors on » vertices. The complement
of \UF is a regular graph of valency n—1—k; we will call the number
d =n — 1 — k the deficiency of the maximal set. For the sake of brevity we will
call F,, ..., F, a d-set in K,. From Lemma 2.2 it remains to be shown that for
each odd integer d = 3 and each even integer n = 3d + 7 there exists a d-set in K,,.

We will need three preliminary results, the first of which involves the notion of
a sub-one-fractorization. A one-factorization F of a graph G is a decomposition of
the edge set of G into disjoint one-factors. If H is an induced subgraph of G then
a one-factorization F' of H is called a sub-one-factorization of F provided that for
each one-factor f' € F’ there is a one-factor f € F such that f' ¢ f. The following is
well known (see e.g. [6]).

Lemma 2.5. If m and n are even integers with n = 2m then the complete graph K,
admits a one-factorization containing a sub-one-factorization of some K,, < K,,.

Corollary 2.6. If there is a d-set in K,, then there is a d-set in K,, for each even
integer n =2m.

Proof. Take a one-factorization {F, F,, ..., F,,_,} on K,, containing a sub-one-
factorization {F;, F3, ..., F,,_,} on K, (where for each i=1,2,..., m—1
F| c F). Replace the one-factors on K,, by a d-set {fi, f5, ..., f.—1-4}- Then the
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one-factors in

{fl U(E —F;):f2u (5_ Fé): .e e ’fm~l—dU(Fm—l—d—Fr’n—l—d)}
U {Fm) Fm+1y LR ] Fn—l}

form a d-set in K,,. O

The second result is a special case of a theorem of Folkman and Fulkerson [5,
Theorem 4.2]. (For an elementary proof see e.g. [1].)

Lemma 2.7. Let G be a graph with e =c -k edges, where c = x(G) (=edge
coloring number of G). Then the edge set of G admits a decomposition into ¢
matchings, each with k edges.

Finally, we will make use of the following result concerning edge-colorings in
complete bipartite graphs.

Lemma 2.8. Let K,,,, be the complete bipartite graph with bipartition [X, Y]
where |[X|=m, |Y|=n, m=n. Let Y|, Y,, ..., Y, be any collection of m-subsets
of Y such that each vertex y € Y is contained in exactly m of the Y,s. Then there is
an edge-decomposition of K, , into matchings M,, M,, . . . , M,, where for each
j=1,2,...,n M, is a matching (with m edges) from X to Y,.

Proof. (J.A. Bondy, personal communication.) Let A be the (0, 1)-incidence
matrix of the design with point set Y and blocks Y;, Y5,..., Y,. Then A is an
n X n matrix with constant row and column sum m, and so by Hall’s Theorem we
can write A as a sum

A=P+P+---+P,

of permutation matrices. For each j=1, 2, ..., n the matching M; is defined as
follows: Take the jth column in A and let y;, y,,, ..., y; be the vertices (in Y)
indexing the rows in which a 1 occurs. For each k =1, 2, .. ., m there is a unique
permutation matrix P, with a 1 in the (i, j) position. Now set M; = {(x;, y,):
k=1,2,...,m; x,eX}. It is readily verified that the matchings
M, M,, ..., M, form an edge-decomposition of K,,,,,. 0

3. Maximal sets of odd deficiency

In this section we will establish that for each odd integer d =3 and each even
integer n=3d + 7 there is a d-set in K,,. From the discussion following Theorem
2.4 this will, together with Theorem 2.4, establish Theorem 1.0.

We begin by defining a family of graphs which we shall use repeatedly
throughout the sequel. For each odd integer d =3 let ¥, be the following graph
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on 3d + 7 vertices:

Vertex set: (Z,.1U{a})x{1,2,3}) U {=}

Edge set: all edges (x, y) where x € (Z;,,U {a}) x {i} and y € (Z4,, U {a}) x
{j}, i #J; additionally, the edges

01,243y, ..., (d =3)(d —2),, (d — 1)1a,, dya;
0212, 2232, ey (d - 3)2(d - 2)2, (d - 1)2“2, d2a2;

d-1\ /d+1 d+3\ /d+5
03155235, 3585, ., (=) ( ). (52)(52).
3135 2333, 343 2 J\72 ), 2 J\T2 ),

d+5\ /d+7
(‘—> <_‘) s ooy (d—1)3ds, a325, ayds;
3 3

2 2

d+1\  [d+3
05, °°13’°°< 2 )3’ °°< 2 );

and all edges i, =i, where ie Z,.,.

The graphs 4, % and 9, are illustrated in Figs. 1-3.

Note that ¢, is a (2d + 6)-regular graph on 3d + 7 vertices. Furthermore, %,
has no one-factor (removing « leaves three odd components).

Lemma 3.1. For each odd integer d =3 the graph %, has a one-factorization.
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Proof. We consider two cases.
Case (i): d=3 modulo 4, d=1.
Develop each of the following two one-factors modulo d + 1:

@

1,1, 3(d+73, 2,0, Hd+5)5(d+1);, o3(d+1)
3,5, i(d+11),7, 4,1, 3(d+9)3(d +3); as3(d +3),
5.9, 3(d + 15),11, 6,2, : a.d,

: : 0,334 - 1), ad;

(d-1.(d-2), di(d~4), (@d-1)3(d-3); :
03(d ~ 1), 3(d = 3)(d - 1),

(1)
0,1, id +5)3, Wd+5)0, 13d+1);, <i(d+1),
2,5, id +9)7, Md+9:1 33(d+3) ad(d-1),
4,9, Md+13)11, Yd+13)2,  S53(d+5)s ai(d+1),
I : I Z 83d,
d-3)(d=2). (d-1(d—4). 0i(d-3), dd,

2(d = 3),3(d — 3),

The remaining edges in ¥, can be arranged into two hamiltonian cycles, viz:
d=7 0,1,0,2,1,3,2,1,0504,3;2,3,4,5,4,5,6,a,7,6,5:6:73a3a,7,0;;
0,6,a,a,032,312,150556,4,3:4,2,3,51435,7,657,1,051,0,750,.
d =11 0,1,0,2,1,3,2,1,05%[3(d + 1)33(d — 1)5- - - 3525]3,[4,5:4,5; - - -
3(d +1):13(d + 3),3(d + 1)23(d + 3),]
3(d + 5)13(d + 7)13(d + 5)23(d + 3)a3(d + 5);
3(d + 7)o3(d + Ml3(d + 11)13(d + 9)x(d + T)35(d + 9),
3(d +11),3(d +13), - - -
(d —2)1(d = 3),(d ~ 4)3(d — 3)5(d — 2)>
(d — 1)]*a1di(d — 1),(d — 2)5(d — 1)3d;a3a,d0,;
0,(d — 1),a,a,a3253,2,15%[3(d + 3):3(d + 5),
3(d + 1)23(d — 1)53(d + 1),3(d - 3),
-+ 3342,][3,51435,7165 - - - A(d + 3),3(d + 7)1 A(d + S)s][3(d + T)s3(d + 9),
5(d+5)5(d+7)3(d +11)13(d +9)s - - - (d —2)s
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(d—1)i(d —3)x(d — 2),d(d — 1)5]
d»1,051,0,d50;.

* Omit this sequence when d = 11.

Case (ii): d =1 modulo 4, d =5.
Develop each of the following two one-factors modulo d + 1:

@D L1, 2,05 Hd+T7)3(d +3),
3:5, 4,15 2d+11)3(d +5);  «3(d +3),
5192 6,23 Hd+15)3(d+7);  ad—2),
: : : a;(d +1)
(d—2)(d—6), (d- 1):3(d - 3)s 3(d—1),d; axd,
0,4(d — 1);
an 1,2, 3(d + 5),0 0,3(d — 1),
3,6, 3(d +9).15 2,3(d +1)s w3(d + 1),
5,10, 3(d +13),2, 4,3(d +3); a,d;
. . . ard,

(d=2)(d—=5);, 3(d—3)3(d—-3); (d—1:(d—1); a3(d — 1),

The remaining edges in ¥, can be arranged into two hamiltonian cycles, viz.:
d =5 011]022112312213030033233241a1514202a353435201;
01423341223251430013213123(13111a252110312025301.

d=9 0,1,0,2,1,3,2,1505%[3(d + 1)33(d — 1)3- - - - 3:25]3,[4,5:4,5, - - -
3(d +3)13(d + 5),13(d + 3)23(d + 5),13(d + 3),
2(d +5)s(2(d + 7),2(d +9),
2(d +7):3(d +9o3(d + 7)s3(d +9)5 - - - (d — 3),(d — 2),(d - 3);
(d = 2)2(d = 3)5(d = 2)5]"(d — 1),
a,d\(d — 1)a,a3d5(d — 1)3d504;
0,(d — 1),[(d — 2)3(d — 1)3d(d — 2)2(d — 1)1(d — 3)(d — 4);
(d=3)s(d~2);--3(d+5);
2(d +7)s3(d +9)13(d + 5),3(d + 7)13(d + 3)2][3(d + 1)33(d + 3),5(d — 1),
%(d - 3)3%(‘1 - 1)1%(‘1 —5)--- 334122][325143527163 e %(d +1),
3(d + 5),3(d + 3)5]°
152,3,25a5a,a,d,1,0,1,0,d50;.

* Omit this sequence when d =9.
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The value d =3 remains to be dealt with. Develop each of the following
one-factors modulo 4:

1,1, 2, 0,1, =2,
0;13 a3, 0,05 a,l;
2,0; a53; ; 1,25 a2,
025 as3, 3133 as3;

The remaining edges in % can be arranged into two hamiltonian cycles:
011,0,2,1505152,3,25%033a3a,4,3,0;;
0,2,a,a42,3,1,050152,a,3,1,0,3,0,.

This completes the proof of Lemma 3.1. [

Theorem 3.2 Let d be an odd integer, d=3. If n=3d+7 or n is even and
n =6d + 14, then there is a d-set in K,,.

Proof. Apply Lemma 3.1 and the remark preceding it. Then apply Corollary
26. O

It remains to be shown that for each even integer n, 3d +9=<n=<6d + 12,
there exists a d-set in K,,. We begin by considering the case n =4d + 8.

Theorem 3.3 For each odd integer d =3 and each even integer n, 4d +8<n <
6d + 12, there exists a d-set in K,,.

Proof. Let H be the graph ¥, v K, _i4+7 (Where v denotes the usual join

function). Let t=n— (3d +7); then d + 1<t<3d +5. Let {F, B, . .., Fo4.¢}be
the one-factorization of ¥; constructed in Lemma 3.1, and let
{F{, F5, ..., Fi_a+1} be a collection of ¢ — (d + 1) mutually disjoint one-factors
in K,. We construct our d-set as follows.

Foreachi=1,2,...,t— (d + 1) take the one-factors E; = F,U F;.

There remain in ¥, the one-factors F,_,, F,_441, - - ., Fou+e which among them

contain (3d +7)-32d+6—(t—d)+1)=(3d+7)-33d+7—1t) edges. Apply
Lemma 2.7 with ¢ =3d + 7 to partition this set of edges into 3d + 7 matchings
My, M,, ..., My, each with 3(3d +7 —t) edges. Foreach j=1,2,...,3d+7
the matching M; covers all but a set S; of ¢ vertices; since the union of all
matchings M; is a regular graph of valency 3d +7—1t each vertex in ¥, is
contained in exactly ¢t of the sets S;. Now we apply Lemma 2.8 to construct a set

'\, My, ..., M3, of matchings on H where each M; matches the vertices of S;
to the vertices of K,. Foreachj=1, 2, ..., 3d + 7 take the one-factor E; = M; U
M;.

The set of one-factors {E;:1<i<t—(d+ 1)} U{E;: 1<j=<3d+7} then con-
sistutes a maximal set (the complement of their union cannot contain a
one-factor, since we have noted previously that 9, contains no one-factor), and
so a d-set as required. O
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Finally, we turn our attention to the case where 3d +9<n<4d+6. Letd=3
be given, and for each w =3, 5, ..., d let 4 be the graph obtained from ¥, as
follows: First we remove the vertex 0;. Next, we consider the subgraph ¥, of ¥,
spanned by the vertices ((Z,.,— {0, 1}) X {3}) U {a;} (these are precisely the
vertices which are not adjacent to 0; in ¢,); this subgraph forms a d-cycle minus
an edge. Relabel the vertices of ¥, with the elements of Z, so that the edges form

the path 0,2,4,...,d—2. Now we add (w—1)-3(d —w) new edges to this
subgraph: for each i =0, 1, ..., w — 2 add the edges in the set
w+1 d—1
O ={G-j i+ "=
Note that if w=d then E(i)=# for each i=0,1,...,d —2 (whence no new
edges are being added).
Foreachi=0,1,...,w—2let V(i) be the d —w + 1 vertices in the set
tyufi-j i+'-w+1<'<d_1}
l Js J: 5 =)= )

(i.e. the vertex i together with the vertices covered by the edges in E(i)), and let
V(w—1) be the d —w + 1 vertices in the set {w -1, w,...,d—1}.

Lemma 3.4. The graph G; has 3d + 6 vertices and has edge-coloring number
x(9)<2d+5+w.

Proof. The graph ¥, has edge-coloring number 2d + 6 (Lemma 3.1). Since each
set of edges E(f) forms a matching in ¥ and there are w — 1 of these matchings it
follows that x(¥9;)<2d+6+w—-1=2d+5+w. 0O

The graph ¥ has

(3d +7)(2d + 6)

> —(2d+6)+(w~1)-%(d—w)=(2d+5+w)-(m)

2

edges. From Lemma 3.4 we can now apply Lemma 2.7 (with ¢ =2d + 5+ w) to
construct an edge decomposition of ¥ into matchings M;, M5, ..., M3, s..,
each with (3d +6 —w)/2 edges. For each j=1,2,...,2d +5+w let §] be the
vertices in 97 which are not covered by the matching M;.

Let us now turn our attention to the sets V(i) defined prior to Lemma 3.4.
These sets form the rows in the following w X (d —w + 1) array written on Z,
(where w = d, the array consists of the first column only):

0 iw+1) Iw+3) - d-3w+1)
1 iw+3) iw+5) - d-iw-1)
w—2 1Bw-3) 3@3w-1) -+ I(w-59)

w-~1 w w+1 d—1.
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A simple rearrangement of the symbols in the first column and last row (namely,
k— k + (w—1)/2 (mod d)) transforms the above array into one which contains
each symbol at most once in each column; for eachi=1,2,...,d—w+1let S
be the set of vertices in ¥; represented by the ith column in the transformed
array.

Lemma 3.5. The sets S;, j=1,2,...,2d+5+w together with S, i=
1,2,...,d—w+1 form a collection of 3d + 6 w-sets with the property that each
vertex in 9y is contained in exactly w of them.

Proof. Let x be a vertex in 9. If x is not a vertex of ¥, then x has degree 2d + 5
in %, and so will be contained in w of the sets S;. Since each S; is a subset of the
vertices of 3, x will not be contained in any of these sets.

Now let x be a vertex of #,. Then x has degree 2d + 6 + k in 9 where k is the
number of matchings E(i) that cover x. Hence, x is not contained in 2d + 5+
w—(2d +6+k)=w — k — 1 of the matchings M; and thus is in w — k — 1 of the
sets S;. Now k=# matchings E(i) that cover x =# (sets V(i) that contain
x) — 1 =# (sets S, that contain x) — 1; that is, x is contained in k + 1 of the sets S;.
In total then x is contained in w —k — 1+ k +1=w sets. That each set §;, §;
contains w vertices follows from their definitions. [

We are now in a position to prove the following.

Theorem 3.6. For each odd integer d =3 and each even integer n with 3d +9 <
n<4d + 6 there is a d-set in K,,.

Proof. Let w=n—(3d +6); then w is odd and 3=<w=<d. Take the graph
9; v K,,. From Lemma 2.8 and Lemma 3.5 the edges joining ¥ to K,, can be
arranged into 3d +6 matchings M,, M,,..., M3, where for each j=
1,...,2d +5+w M, is matching from S; to K,,. Recalling that §; is the set of
vertices not covered by the matching M in ¥, we now form the graph H by
taking as its edges the union of the one-factors M; UM, on ¥ v K,, for
j=1,...,2d+5+w. Then H is a d-regular graph on n = 3d + 6 + w vertices. It
remains to be shown that H has no one-factor. To see this, note that the graph H
can be considered as being constructed from ¥, by replacing the vertex 0; in ¥,

by w new vertices x,, X5, . . ., X,,, replacing each edge (v, 0;) in 4, by w new
edges (v, x1), (v, x3), ..., (v, x,,) and then adding some edges to the subgraph
spanned by the vertices of 3,U {x,, x5, ..., x,}. In particular then (referring

back to the definition of %,) removing the vertex » from H will create an odd
component on the vertices (Z,,,U{a}) X {1} and a second odd component on
the vertices (Z,.,, U {a}) X {2} (just as happened in %,). By Tutte’s Theorem H
therefore contains no one-factor. [



The spectrum of maximal sets of one-factors 369

Collecting the results of Theorems 3.2, 3.3 and 3.6 we get the main result of
this section.

Theorem 3.7. For each odd integer d = 3 and each even integer n = 3d + 7 there is
ad-setin K,.

Conclusion

Theorems 2.4 and 3.7 together give us the spectrum for maximal sets of
one-factors (Theorem 1.0): If n is a positive even integer then a maximal set of k
mutually disjoint one-factors on n vertices exists if and only if either 2 - |n/4] +
lsksn-—1andkisodd, or3(2n +4)<k<n—4 and k is even.
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