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Abstract

We prove that if two finite groupsG and G′ have isomorphic Burnside rings, then there i
normalized isomorphism between these rings, that is, a ring isomorphismθ :B(G) → B(G′) such
that θ(G/1) = G′/1. We use this to prove that if two finite groups have isomorphic Burn
rings, then there is a one-to-one correspondence between their families of soluble subgroups which
preserves order and conjugacy class of subgroups.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

A very important algebraic invariant that can be associated to any finite groupG is its
Burnside ringB(G), which we define in Section 2. This object has been studied from m
different perspectives. As a commutative ring, much has been proved about its in
structure (see [14,15,22,23]). The Burnside ring encapsulates information about theG-sets
of the group, which carry a lot of combinatorial information, and at a deeper lev
also lends itself for the analysis of more sophisticatedG-sets such asG-posets, or more
generally, simplicialG-sets (see Quillen’s articles [17,18]). Many induction theorems h
been proved about the Burnside ring using its prime spectrum and primitive idemp
(see Dress’s work in [6]). The functoriality ofB(G) has also been exploited, and auth

* Corresponding author.
E-mail addresses:graggi@shi.matmor.unam.mx (A.G. Raggi-Cárdenas), valero@matmor.unam.mx

(L. Valero-Elizondo).
1 Partially supported by a grant from CONACYT, Project 37260-E “Anillos de Burnside.”
2 Partially supported by a grant from PAPIIT, Project IN108802 “Combinatoria en Morelia.”
0021-8693/$ – see front matter 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2003.10.031

https://core.ac.uk/display/82613647?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


644 A.G. Raggi-Cárdenas, L. Valero-Elizondo / Journal of Algebra 277 (2004) 643–657

ckey

rphic
ian, or
in [20],
rphic
[10].

arks
ether
[13]).
s

we
sts a
phism
ample,
g cor-

at we
rnside
ns of

n 5 to

in this
fer the

p

es
r

such as Bouc, Thévenaz, and Webb have studied it from the point of view of Ma
functors and Green functors (see [2,21]).

A natural question to ask is whether non-isomorphic groups can have isomo
Burnside rings. Although the answer is negative when both of the groups are abel
more generally, Hamiltonian (see [19]), this question has been settled by Thévenaz
where he constructs infinitely many examples of non-isomorphic groups with isomo
Burnside rings. More examples were later provided by Kimmerle and Roggenkamp in
In all the known examples, the non-isomorphic groups had isomorphictables of marks
(defined in Section 2). It is easy to prove that groups with isomorphic tables of m
must have isomorphic Burnside rings, but it is still an open problem to determine wh
groups with isomorphic Burnside rings must have isomorphic tables of marks (see
It is a simple computation to prove that two groupsG and G′ have isomorphic table
of marks if and only if there is a ring isomorphismψ :B(G) → B(G′) such that for
every subgroupU of G, ψ(G/U) is of the formG′/U ′ for some subgroupU ′ of G′;
in this case|U | = |U ′|. One step towards this direction is to construct anormalized
isomorphism between the Burnside rings, that is, a ring isomorphismθ :B(G) → B(G′)
such thatθ(G/1) = G′/1, where 1 denotes the trivial subgroup. In this paper
prove that if two finite groups have isomorphic Burnside rings, then there exi
normalized isomorphism between them. The existence of a normalized isomor
already implies that several invariants of the groups must be preserved, for ex
the number of soluble subgroups (see Section 5), which are in an order-preservin
respondence.

In Section 2 we define Burnside rings and introduce all the basic concepts th
shall later need. In Section 3 we review some results about automorphisms of Bu
rings which were developed in Nicolson’s paper [16]. Our own results are adaptatio
Nicolson’s ideas. In Section 4 we prove our main theorem and we apply it in Sectio
generalize a theorem of Kimmerle’s andRoggenkamp’s (namely [11, Proposition 2.2]).

2. Burnside rings

In this section we introduce the basic concepts and notation that we shall use
paper. Our presentation is very terse. For a fuller account of Burnside rings, we re
reader to [1,3–5,9].

Let G be a finite group. AG-set is a finite setX whereG acts on the left via a grou
homomorphism into the group of permutations ofX. Two G-sets areisomorphicif there
exists a bijection between them which preserves the action ofG. The disjoint union and
the Cartesian product ofG-sets can be given naturally a structure ofG-set. With these
operations, the isomorphism classes ofG-sets form a commutative half-ring,B+(G). Its
associated ring is theBurnside ringof the groupG, denoted byB(G) (some authors write
Ω(G) for the Burnside ring).

Each transitiveG-set is isomorphic to a set of left cosetsG/U for a subgroupU of G,
and theG-setsG/U and G/T are isomorphic if and only ifU and T are conjugate
subgroups ofG. Moreover, the family{G/U} whereU ranges over a set of representativ
of conjugacy classes of subgroups ofG, is a basis forB(G) as an abelian group. Fo
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each subgroupU of G and everyG-setX, let ϕU(X) denote the number of elements
X which are fixed by all the elements ofU , and use the same notation for the funct
ϕU :B(G) → Z which is its natural extension to the Burnside ring. The following form
will be useful:

ϕU(G/T ) = |NG(U)|
|T | β(U,T ),

whereβ(U,T ) is the number of subgroups ofT which areG-conjugate toU . We have tha
ϕU = ϕT if and only if U andT are conjugate. The square matrix whose entries are
numbersϕU(G/T ), whereU andT range over representatives of all the conjugacy cla
of subgroups ofG, is called thetable of marksof the groupG. Two groups are said to hav
isomorphic tables of marks if there is an ordering of their conjugacy classes of subg
such that their resulting tables of marks are identical. Moreover, the functionsϕU induce
an embedding

ϕ :B(G) −→
∏
C(G)

Z,

whereC(G) is the family of conjugacy classes of subgroups ofG. The latter ring is called
theghost ringof G and is denoted bỹB(G). Thus, we sometimes regard the Burnside r
as a subring of the ghost ring. Since the ghost ring is a product of copies of the r
integers, its primitive idempotents are in correspondence with the familyC(G); for each
subgroupU of G, we denote byeG

U = eU the primitive idempotent of̃B(G) associated
to U . There is an explicit formula foreG

U in terms of theG/T (see [8]):

eG
U = 1

|NG(U)|
∑
T �U

µ(T ,U)|T |G/T,

whereµ is the Möbius function of the subgroup lattice ofG. We define

xG
U = [

U : D(U)
]
0

|NG(U)|
|U | eG

U ,

whereD(U) is the derived subgroup ofU andn0 denotes the product of all prime diviso
of the integern. As withϕU , we have thatxG

U = xG
T if and only if U is conjugate toT in G.

It is known thatxG
U is the least multiple ofeG

U that belongs toB(G). This fact was proved
by Nicolson in 1978 (see [16]) and later given different proofs by various authors su
Kratzer and Thévenaz (see [12]), or Dress and Vallejo (see [7]), who gave a very s
proof using Dress congruences.

Note also that an isomorphism between two Burnside ringsB(G) and B(G′) sends
eachxG to somexG′

′ , establishing a bijectionU �→ U ′ between the conjugacy classes
U U
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subgroups ofG and the conjugacy classes of subgroups ofG′. Since for eachxG
U we see

that

(
xG
U

)2 = |NG(U)|
|U |

[
U : D(U)

]
0x

G
U ,

it follows that in this bijection

|NG(U)|
|U |

[
U : D(U)

]
0 = |NG′(U ′)|

|U ′|
[
U ′ : D(U ′)

]
0.

It is easy to see that for a subgroupU of G, we have that

|NG(U)|
|U |

[
U : D(U)

]
0 = |G|

if and only if |NG(U)| = |G| and|U | = [U : D(U)]0, that is, if and only ifU is an abelian
normal subgroup ofG and the order ofU is square-free. Since groups with isomorp
Burnside rings must have the same order, it follows thatU is an abelian normal subgrou
of G of square-free order if and only if so isU ′, that is, the families of abelian norm
subgroups of square-free order ofG andG′ correspond under this bijection.

These special subgroups play a very important role in the study of the isomorp
between two Burnside rings. The trivial subgroup is one of such special subgroups,
means that an isomorphism fromB(G) to B(G′) must sendxG

1 to somexG′
U ′ with U ′ an

abelian normal subgroup ofG′ of square-free order. Not any choice of abelian nor
subgroup ofG′ of square-free order is possible as the image ofxG

1 . In this paper we prove

that the only possible choices are precisely the sameU ′ so thatxG′
U ′ can be the image ofxG′

1
under anautomorphismof B(G′); these subgroups have been characterized by Nico
in [16]. Hence, by composing with the inverse of such an automorphism, we shall b
to create a normalized isomorphism fromB(G) to B(G′).

There is a certain kind of reversed duality which we use when we normaliz
isomorphism fromB(G) to B(G′). Just as the image ofxG

1 is anxG′
U ′ with U ′ a certain

abelian normal subgroup ofG′ of square-free order, the pre-image ofxG′
1 is anxG

W with W

an abelian normal subgroup ofG of square-free order. The correspondence induced b
isomorphism establishes a bijection between the families of subgroups ofW andU ′. Each
of these subgroups is characteristic in its parent (W or U ′) since it is the only subgroup o
its order, and so it is also an abelian normal subgroup (ofG or G′ accordingly) of square
free order. This correspondence between the families of subgroups ofW andU ′ reverses
inclusions, which is to be expected, sinceW corresponds to 1 and 1 corresponds toU ′.

3. Automorphisms of Burnside rings

In this section we quote without proof the most important results from Nicolson’s p
on automorphisms of Burnside rings [16]. Our own results are adaptations of Nico
ideas, with the added complication that we have to work on two different rings. The g
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Nicolson’s paper is to determine when a subgroupU of a finite groupG is in the orbit of
the trivial subgroup under the automorphism group of the Burnside ring, that is, wh
there exists an automorphismσ of B(G) such thatσ(xG

1 ) = xG
U . All of these results will

later be used in our proofs.
The following result links divisibility in the Burnside ring with the internal structure

the lattice of subgroups ofG. DenotexUx−1 by xU .

Lemma 3.1 (Proposition 3.1).LetG be a finite group and letU,T be subgroups ofG. Let
p be a prime number. Ifp dividesxG

U + xG
T in B(G) with U �= T , then one of the following

cases holds:

(i) there existsx ∈ G such thatxU is a normal subgroup ofT of indexp;
(ii) there existsg ∈ G such thatgT is a normal subgroup ofU of indexp;
(iii) there existx,g ∈ G such thatU ∩ gT is a normal subgroup ofU of indexp and

xU ∩ T is a normal subgroup ofT of indexp.

Remark 3.2. Note that in the previous lemma we conclude thatp must divide the order o
U or the order ofT .

As a special case of the previous lemma, we can characterize the cyclic subgro
orderp of G by arithmetic properties.

Corollary 3.3 (Corollary 1).Let G be a finite group andp a prime number. LetU be a
nontrivial subgroup ofG. Thenp dividesxG

U + xG
1 in B(G) if and only ifU has orderp.

The following result explores some of the properties of abelian normal subgrou
square-free order.

Lemma 3.4 (Lemma 3.2).LetG be a finite group. LetU be a subgroup ofG such that|U |
is square-free. IfU has an abelian normal subgroup of prime index, then the coefficie
G/1 in xG

U is (−1)s , wheres is the number of primes in|U | (that is, the Möbius function
µ(|U |)).

Next we encounter one of the “elementary” automorphisms ofB(G). Note that this
particular automorphism has order two and that when restricted to certain subfami
the lattice of subgroups, it is order-preserving with respect to the partial order given b
inclusion of subgroups.

Lemma 3.5 (Proposition 3.4).Let G be a finite group and letp be a prime divisor of|G|.
If G has a unique subgroupU of orderp, then there is an automorphismσ of the Burnside
ring B(G) such that:

σ
(
xG
T

) =




xG
T U, if p does not divide|T |,

xG
R , if T = RU andp does not divide|R|,

xG, otherwise.
T
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The case when the abelian normal subgroup has square-free order divisible by two h
to be dealt with separately in the following two lemmas.

Lemma 3.6 (Part (b) of the proof of Proposition 3.5).Let G be a finite group andU a
subgroup of order4. Then there exist non-trivial subgroupsTi which are not conjugate
to U , and integersai such that4 divides2xG

U + ∑
aix

G
Ti

+ xG
1 and2 dividesxG

Ti
+ xG

1 for
all i.

Lemma 3.7 (Part (c) of the proof of Proposition 3.5).Let G be a finite group andU a
normal subgroup of order2. If for a subgroupT of G there exist subgroupsRi of G and
integersbi such that4 divides2xG

T + ∑
bix

G
Ri

+ xG
U , 2 dividesxG

Ri
+ xG

U for all i, andU

is not conjugate to any of theRi , thenU is a subgroup ofT andT has order4.

The following two theorems are the core of Nicolson’s article.

Theorem 3.8. Let G be a finite group and letU be an abelian normal subgroup ofG.
Assume that the order ofU is odd and square-free. ThenG has no other subgroup of th
same order asU if and only if there is an automorphism ofB(G) sendingxG

U to xG
1 .

Theorem 3.9. Let G be a finite group and letU be an abelian normal subgroup ofG.
Assume that the order ofU is even and square-free. Then the following are equivalent:

(i) G has exactly one subgroup of orderp for every odd prime divisorp of |U |, and the
Sylow2-subgroup ofU is contained in every subgroup ofG of order4.

(ii) There is an automorphism ofB(G) sendingxG
U to xG

1 .

The following result is proved implicitly inNicolson’s article. We quote it here with a
explicit proof for the reader’s convenience.

Lemma 3.10. LetG be a finite group, letU be an abelian normal subgroup ofG of square-
free order, and letp be an odd prime dividing|U |. If T is a subgroup ofG such thatp
dividesxG

U + xG
T , thenT = Op(U).

Proof. By Lemma 3.1, we have one of the following three cases:
(i) T is conjugate to a subgroup ofU of indexp. SinceU is an abelian normal subgrou

of G of square-free order, this implies thatT is Op(U).
(ii) U is a normal subgroup ofT of indexp. We notice thatp divides the coefficient o

G/U in xG
U , namely,|U |. On the other hand, the coefficient ofG/U in xG

T is

−[
T : D(T )

]
0

|U |
|T | = −[T : D(T )]0

p
,

which is not divisible byp, hencep cannot dividexG
U + xG

T , which is a contradiction.
(iii) U ∩ T is a normal subgroup ofT of index p, andU ∩ T is a normal subgrou

of U of indexp (where we may have to replaceT by a conjugate). By Lemma 3.4, th
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U and in xG

T is (−1)s , wheres is the number of prime divisor
of |U |. But p is an odd prime, which cannot divide 2(−1)s , contradicting the fact thatp
dividesxG

U + xG
T . �

4. Isomorphisms between Burnside rings

In this section we extend Nicolson’s results on automorphisms of Burnside rin
isomorphismsψ between Burnside rings of different groupsG andG′.

We begin by establishing properties of a subgroupU ′ of G′ such thatψ(xG
1 ) = xG′

U ′ . It
is curious that the information we obtain fromU ′ has an effect onG, not onG′.

Proposition 4.1. Let G, G′ be finite groups andψ :B(G) → B(G′) an isomorphism
between their Burnside rings. Assumeψ(xG

1 ) = xG′
U ′ (so thatU ′ is an abelian norma

subgroup ofG′ and |U ′| is square-free).

(a) If p is a prime number which divides the order ofU ′, then there is a normal subgrou
of G of orderp.

(b) If p is an odd prime divisor of|U ′|, thenG has a unique subgroup of orderp.

Proof. (a) LetU ′
p be the Sylowp-subgroup ofU ′ and letT ,Up be subgroups ofG such

thatψ(xG
T ) = xG′

1 , ψ(xG
Up

) = xG′
U ′

p
. Note thatU ′

p is non-trivial, which implies thatT and

Up are not conjugate. Note also thatT andUp must be abelian normal subgroups ofG

of square-free order. SinceU ′
p has orderp, by Corollary 3.3,p dividesxG′

1 + xG′
U ′

p
. The

isomorphismψ−1 preserves divisibility, and thereforep dividesxG
T +xG

Up
. By Remark 3.2,

we must have thatp divides the order ofT or the order ofUp . In either case, the Sylow
p-subgroup of the appropriate subgroup is a normal subgroup ofG of orderp.

(b) LetQ andR be subgroups ofG of orderp. By Corollary 3.3,p dividesxG
1 + xG

Q so

thatp dividesxG′
U ′ + xG′

Q′ , whereψ(xG
Q) = xG′

Q′ . By Lemma 3.10,Q′ is Op(U). Similarly,
we constructR′ and conclude that it is equal toQ′, which proves thatQ and R are
conjugate inG. In (a) we proved that there is at least one normal subgroup of ordp,
which must therefore be the unique subgroup ofG of orderp. �

The following lemma is a partial converse to Lemma 3.1.

Lemma 4.2. Let G be a finite group,U an abelian normal subgroup ofG whose order is
square-free, andP a normal subgroup ofG of orderp, with p a prime number which doe
not divide|U |. Thenp dividesxG

U + xG
UP .

Proof. Note that ifU is an abelian group with|U | square-free, then for any subgroupT of
U we have thatµ(T ,U) = µ(|U |/|T |), where the latter Möbius function is the usual o



650 A.G. Raggi-Cárdenas, L. Valero-Elizondo / Journal of Algebra 277 (2004) 643–657

e

nd

ds as

e

at
defined for the ring of integers. In our case bothU andUP are abelian, with square-fre
order. Hence, for any subgroupT of U , it follows that

µ(T ,UP) = µ
(|UP |/|T |) = µ

(|U |p/|T |) = −µ
(|U |/|T |) = −µ(T ,U).

On the other hand,

xG
U =

∑
T �U

µ(T ,U)|T |G/T,

xG
UP =

∑
T �U

µ(T ,UP)|T |G/T +
∑
T �U

µ(T P,UP)|T P |G/T P,

xG
U + xG

UP = p
∑
T �U

µ(T P,UP)|T |G/T P,

which is divisible byp. �
Remark 4.3. An equivalent way of stating the previous lemma is to say thatp divides
xG
U +xG

Op(U)
, whereU is an abelian normal subgroup ofG whose order is square-free, a

p is any prime divisor of|U |.

The following proposition establishes acertain symmetry between the image ofxG
1 and

the pre-image ofxG′
1 under a ring isomorphism. The technique used here also yiel

a side result a property of the Sylow 2-subgroup of the imageU ′ of the trivial subgroup
of G.

Proposition 4.4. Let G,G′ be finite groups andψ :B(G) → B(G′) an isomorphism
between their Burnside rings. Ifψ(xG

1 ) = xG′
U ′ and ψ−1(xG′

1 ) = xG
T , then |U ′| = |T |.

Furthermore, if|U ′| is even, there exists an isomorphism fromB(G) to B(G′) sending
xG

1 to xG′
U ′

2
whereU ′

2 is the Sylow2-subgroup ofU ′.

Proof. Let |U ′| = p1p2 . . .ps be a product ofs distinct primes. If|U ′| is even, assum
thatp1 = 2. By Proposition 4.1, for eachpi there exists a normal subgroupUpi of G of
orderpi . Let R be the abelian normal subgroup ofG generated by theUi . Note that the
order ofR is equal to the order ofU ′.

PutT0 = R, T1 = Op1(R), T2 = Op2(T1), . . . , Ts = Ops (Ts−1) = 1. Note that allTi are
abelian normal subgroups ofG whose orders are square-free. By Remark 4.3,pi divides
xG
Ti

+ xG
Ti−1

for i = 1, . . . , s, so it also divides its image underψ , that is, pi divides

xG′
T ′

i

+ xG′
T ′

i−1
for some abelian normal subgroupsT ′

i of G′ of square-free order. Note th

T ′
s = U ′.

Sinceps is an odd prime that divides the order ofT ′
s andps dividesxG′

T ′
s

+ xG′
T ′s−1, by

Lemma 3.10 we have thatT ′
s−1 = Ops (T ′

s ), and in particularT ′
s−1 has orderp1p2 . . .ps−1.

Now ps−1 is an odd prime dividing both the order ofT ′
s−1 and xG′

T ′ + xG′
T ′s−2, so we
s−1
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conclude thatT ′
s−2 = Ops−1(T ′

s−1) andT ′
s−2 has orderp1p2 . . .ps−2. Continuing in this

fashion, we prove thatT ′
1 has orderp1, and in fact it is the Sylowp1-subgroup ofU ′. If

p1 is odd, we can repeat this step and conclude thatT ′
0 = 1, so in this caseR = T and

|T | = |R| = |U ′|.
Assume now thatp1 is equal to 2. The subgroupT ′

1 of G′ is such thatψ(xG
T1

) = xG′
T ′

1
whereT1 = Up2Up3 . . .Ups . Since these primes are all odd, by Proposition 4.1,Upi is the
only subgroup ofG of that order. For eachpi with i � 2, let σi be an automorphism o
B(G) as in Lemma 3.5, and letσ = σs ◦ σs−1 ◦ · · · ◦ σ2, so thatσ(xG

1 ) = xG
T1

. Let Y be a

subgroup ofG such thatσ(xG
Y ) = xG

T . Consider the compositionψ ◦ σ :B(G) → B(G′).
Note thatψ(σ(xG

1 )) = ψ(xG
T1

) = xG′
T ′

1
, which proves the last part of the statement.

It remains to show that|T | = |U ′|. We have thatψ(σ(xG
Y )) = ψ(xG

T ) = xG′
1 . Since

|T ′
1| = 2, by Corollary 3.3, 2 dividesxG′

1 + xG′
T ′

1
, so 2 dividesxG

Y + xG
1 , and again by

Corollary 3.3, it follows thatY has order 2. But the primes 2= p1,p2, . . . , ps are all
different, and sinceσ(xG

Y ) = xG
T , by Lemma 3.5, we have thatT = YUp2Up3 . . .Ups , so

|T | = 2p2p3 . . .ps = |U ′|. �
Now we can conclude that the properties thatU ′ induced onG carry over toG′.

Corollary 4.5. LetG,G′ be finite groups andψ :B(G) → B(G′) an isomorphism betwee
their Burnside rings. Assumeψ(xG

1 ) = xG′
U ′ , with U ′ of odd order. Ifp is a prime divisor of

|U ′|, thenG′ has a unique subgroup of orderp. Furthermore,G′ has no other subgrou
of the same order asU ′.

Proof. Combining Propositions 4.4 and 4.1 forψ−1, we get the first part. The second p
follows easily from the first. �

The previous corollary completes the case whenU ′ had odd order (assuming of cour
Nicolson’s results on automorphisms of Burnside rings). Our next proposition deals w
the case when|U ′| is even.

Proposition 4.6. Let G, G′ be finite groups andψ :B(G) → B(G′) an isomorphism
between their Burnside rings. Assumeψ(xG

1 ) = xG′
U ′ . If the order ofU ′ is even, then the

Sylow2-subgroup ofU ′ is a normal subgroup ofG′ of order2 which is contained in al
subgroups of order4.

Proof. By Proposition 4.4, without loss of generality we may assume thatU ′ has order 2
Let T ′ be a subgroup ofG′ of order 4. We must show thatT ′ containsU ′. By Lemma 3.6,
there exist nontrivial subgroupsR′

i which are not conjugate toT ′, and integersai such that

4 divides 2xG′
T ′ +∑

aix
G′
R′

i

+xG′
1 and 2 dividesxG′

R′
i

+xG′
1 for all i. Takingψ−1, we have now

that 4 divides 2xG
T + ∑

aix
G
Ri

+ xG
R and 2 dividesxG

Ri
+ xG

R for all i, where the subgroup
T , Ri , andR correspond toT ′, R′

i , and 1, respectively. Note thatR is a normal subgrou
of G and by Proposition 4.4, it has the same order asU ′, which is 2, so by Lemma 3.
it follows thatT has order 4. SinceT has order 4, once again by Lemma 3.6 there e
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appropriate subgroupsKi of G and integersbi such that 4 divides 2xG
T + ∑

bix
G
Ki

+ xG
1

and 2 dividesxG
Ki

+ xG
1 for all i. Takingψ , we have that 4 divides 2xG′

T ′ + ∑
bix

G′
K ′

i

+ xG′
U ′

and 2 dividesxG′
K ′

i

+ xG′
U ′ for all i. By Lemma 3.7,T ′ containsU ′. �

Now we can prove our main result: any ring isomorphism between two Burnside
can be normalized.

Theorem 4.7. LetG, G′ be finite groups. If their Burnside rings are isomorphic, then th
exists a normalized isomorphism between them, that is, a ring isomorphismθ :B(G) →
B(G′) such thatθ(xG

1 ) = xG′
1 .

Proof. Let ψ :B(G) → B(G′) be an isomorphism between the two Burnside rings an
U ′ be the abelian normal subgroup ofG′ of square-free order such thatψ(xG

1 ) = xG′
U ′ . If

the order ofU ′ is odd, by Corollary 4.5,G′ has no other subgroup of the same order asU ′.
By Theorem 3.8, there exists an automorphismα of B(G′) such thatα(xG′

U ′ ) = xG′
1 . Take

θ = α ◦ ψ .
If the order ofU ′ is even, by Proposition 4.4 there exists an isomorphismρ from B(G)

to B(G′) sendingxG
1 to xG′

U ′
2

whereU ′
2 is the Sylow 2-subgroup ofU ′. By Proposition 4.6

U ′
2 is a subgroup ofG′ of order 2 which is contained in all subgroups of order 4 ofG′.

By Theorem 3.9, there exists an automorphismβ of B(G′) sendingxG′
U ′

2
to xG′

1 . Take

θ = β ◦ ρ. �
Remark 4.8. As we said before, normalizing an isomorphism between two Burnside
is only the first step in constructing an isomorphism that preserves tables of mark
believe this is the first part of an induction process, and that by composing with su
automorphisms we shall reachthe desired isomorphism.

5. Applications

In this section we generalize a result about automorphisms of Burnside rin
isomorphisms thereof. We shall use without proof the following lemma, which is Cla
in the proof of [11, Proposition 2.2].

Lemma 5.1. LetG be a finite group. Then the number of maximal subgroups of indexp is
a multiple ofp if and only ifG has no normal subgroups of indexp.

The following is a generalization of [11, Proposition 2.2]. We use isomorphisms inste
of automorphisms and our familySU narrows down the possible subgroups ofG′ that
appear in the expression forθ(G/U).

Theorem 5.2. Let G and G′ be finite groups andθ :B(G) → B(G′) a normalized
isomorphism. For any subgroupD of G, let D′ denote a subgroup ofG′ such that
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θ(xD) = xD′ . Let U be a soluble subgroup ofG. Then U ′ is soluble, |U ′| = |U |,
|NG′(U ′)| = |NG(U)|, andθ(G/U) = G′/U ′ + ∑

T ∈SU
aT G′/T whereSU is the family

of soluble subgroupsT of G′ such that|T | is a proper divisor of|U |.

Proof. We shall use induction on the order of the soluble subgroupU . The case|U | = 1 is
just the fact thatθ is normalized. Assume that the result holds for all groupsG andG′, for
all isomorphisms and for all soluble subgroups with order less than|U |. The proof is split
into several steps:

Step 1. Using the formula

xU = [
U : D(U)

]
0G/U +

∑
D<U

bDG/D,

a similar formula forxU ′ , and the fact thatθ(xU) = xU ′ , we get

[
U : D(U)

]
0θ(G/U) = [

U ′ : D(U ′)
]
0G

′/U ′ +
∑

R<U ′
cRG′/R −

∑
D<U

bDθ(G/D).

By induction on the proper subgroupsD of U , and using the fact thatSD is contained in
SU if |D| divides|U |, we conclude that we can write

[
U : D(U)

]
0θ(G/U) = [

U ′ : D(U ′)
]
0G

′/U ′ +
∑

R<U ′
fRG′/R +

∑
T ∈SU

aT G′/T ,

where the sum overSU absorbs all possible elements from the other sum. In fact, we
later prove that it absorbed all elements from that sum.

Step 2. The groupU ′ is not inSU , because if it were, thenU ′ would be soluble of orde
less than|U |, and by induction we would have|U | = |U ′| and it cannot be a proper diviso
of |U |, which is a contradiction. Therefore, the coefficient ofG′/U ′ in the last formula
from Step 1 is[U ′ : D(U ′)]0, which must be divisible by[U : D(U)]0. We can improve
that formula to get

θ(G/U) = tG′/U ′ +
∑

R<U ′
fRG′/R +

∑
T ∈SU

aT G′/T ′,

wheret is [U ′ : D(U ′)]0 divided by [U : D(U)]0. Note that this can be applied in an
situation where we have an isomorphism and a soluble subgroup of the same orderU .

Step 3. For any prime numberp dividing [U : D(U)]0, we shall construct a subgroupM ′
which is normal of indexp in U ′ such thatp does not dividetβ(M ′,U ′). SinceU is
soluble and non-trivial, note that[U : D(U)]0 �= 1. Moreover, any prime numberp dividing
[U : D(U)]0 does not dividet , because the highest power ofp dividing [U ′ : D(U ′)]0
is p1. Since[U : D(U)]0 divides[U ′ : D(U ′)]0, U ′ also has normal subgroups of indexp.
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By Lemma 5.1, the number of subgroups ofU ′ of indexp is not divisible byp. Consider
the following two families:

C1 = {
T � U ′ ∣∣ [U ′ : T ] = p and there existsg ∈ G′ such thatT g is normal inU ′},

C2 = {
T � U ′ ∣∣ [U ′ : T ] = p and there does not existg ∈ G′ such thatT g is normal inU ′}.

As we have seen,|C1| + |C2| is not divisible byp. Note thatp divides|C2|, sinceC2
is a union ofU ′-orbits, each of which has sizep (becauseNU ′(T ) = T for all T ∈ C2).
Therefore|C1| is not divisible byp. Every element inC1 is G′-conjugate to a norma
subgroup ofU ′ of indexp, so that we can write|C1| as a sum ofβ(M ′,U ′) for certain
normal subgroups ofU ′ of indexp. Sincep does not divide|C1|, then there exists a norm
subgroupM ′ of U ′ of indexp such thatp does not divideβ(M ′,U ′).

Step 4. Let p andM ′ be as in Step 3 and fix them for the rest of the proof. We s
prove thatM ′ ∈ SU , i.e., thatM ′ is soluble and|M ′| is a proper divisor of|U |. Since
M ′ is a maximal subgroup ofU ′, the only subgroupR of U ′ containingM ′ is M ′ itself.
EvaluatingϕM ′ on both sides of the formula from Step 2, we get

ϕM(G/U) = ϕM ′
(
θ(G/U)

) = tϕM ′(G′/U ′) + fM ′ϕM ′(G′/M ′) +
∑

T ∈SU

aT ϕM ′(G′/T ),

which becomes

ϕM(G/U) = t
|NG′(M ′)|

|U ′| β(M ′,U ′) + fM ′
|NG′(M ′)|

|M ′|
+

∑
T ∈SU

aT
|NG′(M ′)|

|T | β(M ′, T ).

If ϕM(G/U) �= 0, thenM could be chosen as a proper subgroup ofU , so M would be
soluble of smaller order, and by the induction hypothesisM ′ would be soluble of order|M|,
which is a proper divisor of|U |, soM ′ ∈ SU . We may assume then thatϕM(G/U) = 0 and
M ′ /∈ SU . The previous formula becomes

0 = t
|NG′(M ′)|

|U ′| β(M ′,U ′) + fM ′
|NG′(M ′)|

|M ′| .

Multiplying by |U ′| and dividing by|NG′(M ′)|, we get

0 = tβ(M ′,U ′) + fM ′p,

which contradicts the fact thatp does not dividetβ(M ′,U ′). Therefore,M ∈ SU .

Step 5. By the previous step,M ′ is soluble, and sinceM ′ is normal inU ′ of indexp, it
follows thatU ′ is also soluble.
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Step 6. We claim that|U | = |U ′|. If |U | > |U ′|, sinceU ′ is soluble, by the induction
hypothesis we would have|U | = |U ′|, so we may assume that|U | � |U ′|. Take thep and
M ′ from Step 3. Once again we evaluateϕM ′ as in Step 4 to get

|NG(M)|
|U | β(M,U) = t

|NG′(M ′)|
|U ′| β(M ′,U ′) +

∑
T ∈SU

aT
|NG′(M ′)|

|T | β(M ′, T ).

Recall that the termG′/M ′ appears inside the sum overSU . Using the fact that|NG(M)| =
|NG′(M ′)| (which we know by the induction hypothesis onM ′), we can cancel this ou
from all terms and then multiply by|U | and|U ′| to get

|U ′|β(M,U) = |U |tβ(M ′,U ′) +
∑

T ∈SU

aT

|U ||U ′|
|T | β(M ′, T ).

Now divide everything by|M| = |M ′| (which is a common divisor of|U | and|U ′|, since
M ′ ∈ SU andM ′ < U ′) to obtain:

pβ(M,U) = |U |
|M| tβ(M ′,U ′) + p

∑
T ∈SU

aT

|U |
|T | β(M ′, T ).

Note that|T | divides|U |, so all the fractions in the previous formula are integers. Sincp

does not dividetβ(M ′,U ′), we must have thatp divides

|U |
|M| � |U ′|

|M ′| = p,

so it follows that|U | = |U ′|.

Step 7. SinceU andU ′ are both soluble of the same order, we can interchange
roles to conclude that[U ′ : D(U ′)]0 = [U : D(U)]0, that is,t = 1 (see the remark at th
end of Step 2). Moreover, every proper subgroupR of U ′ is soluble and its order divide
|U ′| = |U |, soR is in SU , and we have the desired form forθ(G/U).

Step 8. We know that the isomorphismθ is such that

|NG(U)|
|U |

[
U : D(U)

]
0 = |NG′(U ′)|

|U ′|
[
U ′ : D(U ′)

]
0.

Since |U | = |U ′| and [U : D(U)]0 = [U ′ : D(U ′)]0, we must have that|NG(U)| =
|NG′(U ′)|. �

We can combine our main theorem with the previous one to obtain the following r
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Corollary 5.3. LetG andG′ be finite groups such that their Burnside rings are isomorp
Then there is a one-to-one correspondence between the conjugacy classes of
subgroups ofG andG′ which preserves order of subgroup and cardinality of the conjug
class(so we can also define a bijection between the families of soluble subgroups ofG

andG′).

Proof. By Theorem 4.7, we may assume that there is a normalized isomorphism fro
B(G) to B(G′). By Theorem 5.2, the assignmentU �→ U ′ is the desired correspon
dence. �

Hence groups with isomorphic Burnside rings have “the same soluble subgroups
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