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The notion of mean dimension was introduced in the 1970s by Tikhomirov. It
determines the mean number of linear dimensions required to identify an element
of a given function class. Tikhomirov then posed the following problem: find the
mean dimension of the unit ball B% of the space of LP-functions on R” with spectra
inside a given Lebesgue measurable bounded set E. In the language of signal
analysis: determine the amount of linear information carried by generalized
band-limited signals. In this paper Tikhomirov’s conjecture on mean dimension is
confirmed in certain important cases and yet shown to fail in certain other cases.
@ 1993 Academic Press, Inc.

1. INTRODUCTION

The mean dimension is one of the averaged characteristics of function
classes on the Euclidean space R” which arises in approximation theory. It
was introduced in the 1970s by Tikhomirov and studied in [8, 9, 14, 24,
26-28, 32, 40, 417].

The idea of considering averaged characteristics of function classes goes
back to works of Shannon [35,36] and Kolmogorov and Tikhomirov
[16]. They investigated the entropy-like characteristics of classes of
random processes on R' (Shannon) and of classes of entire functions
(Kolmogorov and Tikhomirov). The notion of mean dimension is close to
that of the mean entropy. Both of them constitute the mean amount of
information which is necessary to identify an element of the given function
class. The mean dimension shows how economically we can approximate
function classes by finite-dimensional linear subspaces.

Consider a Banach space X and its compact subset 4. For every positive
integer m, let L(m) be the collection of all finite-dimensional subspaces L
of X such that dim(L)<m. By definition, the Kolmogorov m-widths
{d,(A4, X)} of the set 4 are

d. (A, X)= inf sup inf |[x—y|,, m=0
Lel(im) xeA yelL
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(see [317). The value at £ >0 of the inverse function, given by
K, (4)=min{m :d, (4, X)<e},
is called the ¢-dimension of A. It is easy to see that

d,(A4,X)—>0, m— oo,
and
K. (A4)—> oo, e— 0.
In many problems of approximation theory on R" we encounter function
classes 4 which are not compact in a given Lebesgue space LP(R"),

1 <p< oo, but have the following property: their restrictions A, to the
cubes

C,={x=(x,... X, )ER":|x;| <1, 1<i<gn}, t>0, (1)

are compact in L?(C,). In this case we consider the function of two
variables

(1,8) > K(A4,; L*(4,))

and study its asymptotic behavior as t — oo, ¢ = 0.
By definition, the quantities

R&(A) =1lim sup (20) " K,(A,; L(4,) 2)

t— xC
and

R'(A4)=liminf (20)~" K,(4,; L”(4,))

1= w0

are called the mean upper e-dimension and the mean lower e-dimension of
the class A, respectively. If the ordinary limit exists in (2), then its value is
called the mean e-dimension of A4 and denoted by K(A4). Finally, if the
mean e-dimension K,(A4) exists for 0 < & <eg,, then the limit

K(4)=1lim K (A4)
g§—0
is called the mean dimension of 4.

Suppose a bounded Lebesgue measurable subset £ of R” is given.
Consider the following function class on R”,

Bi={feL”(R"):supp F(f)< E; |fl,<1}, 1I<p<oo. (3)
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In this definition, F denotes the generalized Fourier transform acting on
the Schwartz space S'(R”) of tempered distributions, and supp F(f)
denotes the support of the distribution F(f). For fe L'(R") we have

FUx) = @m) " [ flu)e™ " du

The set E is called the spectral set of the class B%. By the celebrated
Paley—Wiener theorem (see [17]) the class B%;a, «1» @>0, n=1, coincides
with the unit ball in the Paley-Wiener space consisting of restrictions to
the real line of entire functions of exponential type @ on the complex plane
C, which belong to L R') on R'.

Tikhomirov proved that

K(BY ,.)=n""a, O<e<l,a>0,n=1

{see [41] for more information; in [16, 38] there is a similar formula for
the mean entropy). Based on this formula, he posed the following problem:
to prove (or to disprove) that for all spectral sets E one has

K(Bf)=(2m)""m(E), 1<p<oo. (4)

In this equality m denotes the n-dimensional Lebesgue measure over R".
When formula (4) holds it is called Tikhomirov’s formula for the class B%.

The dimensionality problem for the spaces of band-limited functions
originates in classical papers of Landau, Pollak, and Slepian (see Landau’s
expository paper [22] for more details). The quantity (2z) ™" m(E) plays
an important role in the theory of sampling and interpolation for the
spaces of band-limited functions (see [207]) and coincides with the Nyquist
rate 7~ 'a in the case E=[—a,a], a>0, n=1.

It is well known that the formula

d (B[ —t, 11" L[ —1,t]") = (Am+ ()Y m=0,
holds for the m-widths, where 4,(f) denote the eigenvalues of time and

frequency limiting operators

LR =0 [ S Fisw-x)de 1> 0

(see [31, Proposition 2.87], where the case n=1, E=[ —a, a] is considered;
the general case is similar).
It follows that for all spectral sets E we have

K(Bi[—t,t]1" L [—t,t]")=min(m : A, (¢) <&%).
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Hence, we may apply Landau’s theorem on the asymptotics of the distri-
bution function of the eigenvalues 4,(z) (see [21, Theorem 17]) in our case
and get the formula

K.(B3)=(2r) "m(E), O<e<l.

Therefore, Landau’s theorem provides the solution to Tikhomirov’s
problem in the case p=2.

Din Dung [8] considered the case of Jordan measurable spectral sets E.
The Jordan measurability of £ means that

m(3E)=0,
where OF is the boundary of E. He proved that for such spectral sets
K.(B})=(2n)""m(E), l<p<oo. (5)

Formula (5) is true also for p=1, p=oc (see [24,26] and Theorem 3.1
below).

Let us now define a more general version of the mean dimension.
Suppose that instead of a constant rate of approximation ¢ in the definition
of mean dimension, we consider a variable rate of approximation given by
some positive non-increasing function ¢(t), ¢t > 0. For every function class
A on R" as above we define the mean upper ¢-dimension and the mean
lower @-dimension of the class 4 by

KU(A)=lim sup (21) 7" K, (,(4,; LP(4,))

and

KY(A4)=1iminf(21) 7" K,,(A4,; L?(4,)),

t— ¢
respectively. The mean ¢-dimension K,(A4) of the class A is given by

K (A)=1im (21)7" Ky (A,5 L7(4,))

t— 0
when the former limit exists. The ordinary mean ¢-dimension corresponds
to the function @(t)=¢, t>0.
Tikhomirov’s problem can be reformulated for the mean ¢-dimension as

follows: for which spectral sets E, numbers p, and rates of approximation
¢ does the formula

K (BE)=(2m)~" m(E) (6)

hold? This is the problem we are dealing with in the present paper.

640:75:1-4
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The paper is organized as follows. In Section 2 some well-known results
are presented.

Section 3 is concerned with the case of Jordan measurable spectral sets.
In Theorem 3.1 we give a sufficient condition for the validity of formula (6)
expressed in terms of the decay rate of the function ¢. It is interesting to
note that the logarithmic integral

= |ln ¢(1)|
[((p):fo 1++¢ ar

arises in this setting. The sufficient condition mentioned above is I(¢) < .
This condition occurs often in problems of function theory and harmonic
analysis (see [17]).

Kowalski and Stenger (see [ 18, 19]) obtained the asymptotic formula

KB}, A [—11), L [—1, 1)) Inln(e) !
lim ‘ — =
for 0 In(e)

1, a>0,1>0.

In the proof of this result they used two-sided estimates for the eigenvalues
of time and frequency limiting operators. It is worth noting that our
Theorem 3.1 follows neither from the estimates used in [18, 1971, nor from
the results on distribution of the eigenvalues of time and frequency limiting
operators obtained by Landau and Widom (see 23]). The known estimates
for the eigenvalues are not sharp enough for our purposes.

In Section 4 we prove that Tikhomirov’s formula (4) is not true in the
case 1 <p <2 for some closed spectral sets. The proof uses the notion of
the set of uniqueness for the Carleman singularity.

In Section 5 some more counterexamples to Tikhomirov’s problem in the
case 2<p< oo are given. It is proved (see Theorem 5.1) that formula (4)
fails to be true for some spectral sets of Lebesgue measure zero. It follows
that formula (4) does not hold for some open spectral sets (see
Corollary 5.2).

Section 6 is concerned with the cases p=2 and p = cc. We prove that in
these cases formula (6) with I(¢) < oo holds for all closed spectral sets
(Theorems 6.1 and 6.2). It is not known whether formula (6) with I(¢) <
holds in the case p=2 for all spectral sets. As for the case p= o0, the
probable solution to Tikhomirov’s problem is

K, (BF)=(2n) " m(clos E),

where clos £ denotes the closure of the spectral set E, but we were not able
to prove this.
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Suppose n=1 and E=[—=n, n]. Special examples of functions ¢ for
which

Kw(Bf—n‘n])zh lspsw’ (7)
are
e(ty=exp{—t[In(1+0)] 177}, t>0,1t>0,

or

e()=exp{—tIn(1 +)[Inln(3+1)] "'}, t>0,7t>0,etc.
(see Theorem 3.1). In Section 7 we prove that for the function
o(t)=exp{—(1+6) tin(1 +1)}, t>0,6>0,

formula (7) does not hold (Theorem 7.1). It would be interesting to find
sharp conditions on the functions ¢ for which formula (7) holds.
Some of the results given in this paper were announced in [14].

2. PRELIMINARIES

We need some simple properties of Jordan measurable sets. The proofs
of the following lemmas are left as an exercise for the reader.

Lemma 2.1, (a) Suppose a number £ >0 and a compact set G < R" are
given. Then there exists a Jordan measurable set G, such that G < G, and

m(G\G)<e.

(b) Suppose a number ¢ and a bounded open set O < R" are given.
Then there exists a Jordan measurable set O, such that O,< O and

m(O\0,) <e.

LEMMA 2.2. Suppose a number £¢>0 and a bounded Jordan measurable
set Hc R” are given. Then there exist two sets G, and D, such that

(1) G.cHeD,;
(2) G.=U%, 4, D,=U™ O, where the families {A;} and {0}

i=1

consist of cubes with non-intersecting interiors;
(3) m(D\H)<e, m(H\G,)<e.
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We make use of a number of known theorems. The first concerns the
widths of finite-dimensional unit balls.

THEOREM 2.3 (Tikhomirov [39]). Let X he a Banach space with the
unit ball B. Then for every Le L(m+1), m>21, we have

d(BnL X)=1.

This theorem is frequently used when one needs to obtain lower
estimates for mean dimension.

We also require the use of Blichfeldt’s theorem. This well-known asser-
tion provides an estimate for the number of points inside a given Lebesgue
measurable set, which belong to shifts of a given net in R” (see [4, 6]). We
need Blichfeldt’s theorem in the following formulation.

Let W denote a net in R" consisting of all points with integral
coordinates. For r>0 and xe R” denote by W(r, x) the net ri¥ + x.

THEOREM 2.4. Suppose a number ¢>0 and a bounded Lebesgue
measurable set E < R" are given. Then there exists r,> 0 and for every r<r,
there exists x,€ R" such that at least (m(E)—¢)r™" points of the net
Wi(r, x,) belong to E.

Theorem 2.4 can be easily deduced from the equality

lim
r—-0 J¢)

Y xelx+mr)—m(E)|dx=0,

meZ"

which is true for all bounded Lebesgue measurable sets E and the unit cube
C, defined by (1).

Now we turn our attention to some results concerning L’-functions on
R" having spectra inside a cube C,.

THEOREM 2.5. (a) Let fe LP(R") with 1 <p< o0, and supp F(f)=C,,,

a>0. Then
m
(%)
a

where ¢, >0 depends only on p.
(b) Let fe L°(R") with | <p< o0, and supp F(f)= C,, a>0. Then

%)

P
a "<, 15,

)

meZh

p
a ",

Ifls<d, ),

meZ”

where d, >0 depends only on p.
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(c) Let fe L'(R") with supp F(f)<= C,, a>0. Then

c5 ZZH f(an_:né> (a+6)"
<Ifili<es Y. f<a7r_+r_n6) (a+6)"", 6 >0,

where c; and ¢} depend only on 4.

This theorem is well known. For n=1 parts (a) and (b) of Theorem 2.5
are due to Plancherel and Polya. Part (c) was proved by Wiener (see [5]).
The multi-dimensional case is similar.

THEOREM 2.6 (the general sampling theorem). Let feL?(R") with
l<p< oo, and supp F(f)cC,, a>0. Then for every 6>0 and every
C*function g such that g(x)=1 for xe C,, and supp g C,, s we have

k
flx)=n"a+8)" Y f<a+5) <7:_6—x), xeR"  (8)

keZm
where the series converges uniformly on compact subsets of R".

The proof of Theorem 2.6 in the case n=1 can be found in [29]. The
case n> 1 is similar (see also [30]).
In [16], Tikhomirov used the Cartwright sampling formula

Jx)= (a+5)kZ f<a+5)< aT(s)Az

X sin ((a +4) (x—aicé)> sin (5 (x—aT(s)),

fel?(R"), 1<p<g oo, supp Ffc[—a,a],a>0,6>0,

which is a special case of formula (8).

Remark 2.7. All the definitions and results of this paper can be
translated from the language of approximation theory and the theory of
entire functions into the language of signal analysis. Traces on R' of entire
functions of exponential type correspond to band-limited signals. The mean
dimension can be interpreted as the mean amount of linear information
contained in a signal. It is well known how important sampling formulas
are in signal analysis (see [10, 11], where different sampling formulas have
been obtained).
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3. MEAN @-DIMENSION AND JORDAN MEASURABLE SPECTRAL SETS

In this section the classes B4 with Jordan measurable spectral sets are
considered. We prove that formula (6) holds for functions ¢ with
convergent logarithmic integral.

THEOREM 3.1. Let ¢ be a positive non-increasing function on (0, oc) for
which @(t) <1, t>0. Assume that

* |In ¢(7)]
fo o di< . 9)
Then the equality
K, (Bf)=(2n)""m(E), 1<p<o, (10)

holds for all Jordan measurable spectral sets E.

Remark 3.2. The condition imposed on ¢ in Theorem 3.1 is equivalent
to the condition

o(1)y=exp{ —Q(1)}, t>90, (11)
where 2 is a positive non-decreasing function defined on (0, o) for which

- Q
[0 -l—:fit)—zdm . (12)

This form of the condition under consideration will be more convenient for
us in the proof of Theorem 3.1.

Remark 3.3. 1t can be easily checked that Theorem 3.1 does not hold
without additional restrictions on the function ¢. This follows from the
equality

lim K.(BE(C,); L?(C,))=o, >0
e—=0

Proof of Theorem 3.1. We need in the sequel sharp estimates for the
rate of decay of the Fourier transform of a C-function. The most general
estimates of this type have been obtained by Beurling [2] and Korevaar
and Luxemburg [25]. Beurling’s results constitute the core of the theory of
ultra-distributions (see [2, 3, 34]). We give a short survey of some results
from [2, 25].
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Let w be a non-negative function on R”, continuous at the origin and
such that

w(0)=0 and  oE+n<o@)+ol), LneR.  (13)

For example, if Q is an increasing continuous concave function on [0, o)
and if 2(0)=0, then the function w(&)=Q(|&|), &€ R”, satisfies (13).

For every w satisfying (13), define a class D (R") as follows. The class
consists of all functions ge L'(R") with compact support such that

J, Fe(&) exp (@) dE < o0

for all 1> 0. Functions ge D,(R") are called test functions.

THEOREM 3.4 (Beurling [2]; see also [3]). Let w satisfy (13). Then the
Sfollowing conditions are equivalent.

w(¢)
———df < o, 14
@ [ i< (14)
(b) For each compact K in R" and each neighborhood V
of K there exists ge D_(R") such that g(x)=1, xe K,

with supp(g) < V, and 0 < g(x) <1 everywhere;
(¢) D,(R") is non-trivial.
Let M, denote the set consisting of all continuous non-negative functions
w on R" satisfying the following conditions:
(1) w(&)y=02(1¢]), where £ is an increasing continuous concave
function on [0, =) and 2(0)=0;
(2) o satisfies (14);
(3) w(é)za +a,dn(l +|&), for E€ R", some real number «,, and
positive number .

It follows from Proposition 1.8.6 in [3] that if we M_, then for all
ge D (R") we have

|Fg(d)l <a, sexp{—2iw(&)},  {eR" A>0. (15)

In [25] Korevaar and Luxemburg obtained a stronger result in the
one-dimensional case. They showed that for every a>0 and for every
non-negative, non-increasing function  satisfying

J‘w wlx) dx < oc

o 1+x?
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there exists an entire function f(z), z=x + iy e C, of exponential type <a
such that

|f(x) <exp{—w(|x])}, xeR.

If w satisfies condition 3 above then it can be easily seen that Ff is a
Cy-function such that supp(Ff)c [ —a, a].

Let us denote by M the class of functions w on R" satisfying the
following conditions:

(a) w is representable in the form

o(§)=Q(f]), {eR,

where  is a non-negative, non-decreasing function on [0, o0);
(b) w satisfies condition 3 above;
(c) o satisfies inequality (14).

We prove the following simple generalization of results from [2, 25].
LEMMA 3.5. If we M, then there exists a function ge Cy such that
| g dx>0 and the estimate (15) holds for g and w.

Proof. 1In [25] Korevaar and Luxemburg considered a function
flz)=c H COS &, 2, zeC.
k=1

They proved that for some choice of a positive constant ¢ and of a positive
sequence {¢,} the function f is entire and has exponential type <a.
Moreover, the estimate

|f(x)] <exp{—w([x])}, xeR"

holds.
Assumption 3 for the function w allows us to prove that

fx)=Fgx), geCy.

The estimate (15) now follows from the simple fact that for every we M
there exists an increasing function @ e M that majorizes @ and satisfies

@(x)

1 —_—

x— 0 C()(X)
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(see Lemma 3.7 below, where a stronger result is obtained). It is clear from
the definition of g that | g dx > 0.

In the case n>2, Lemma 3.5 follows from the one-dimensional case by
the following reasoning. Suppose w e M. Then the function

7(x) = Q(n'? |x}), xe R},

belongs to the class M for n= 1. By the one-dimensional result, there exists
a function Ae C(R") such that

|Fh(x)| < c; exp{—At(x)}, A>0.
Consider a new function of n variables
g(x)y=h(x,)---h(x,), x=(xy, .., X, €R".
It is clear that ge C(R") and
|Fgx)| <& exp{ —ALt(x,) + --- +1(x,)]} <& exp{ —doo(x)},
which proves Lemma 3.5.

We need one more lemma.

LEMMA 3.6. Let we M. Then for every a>0, 6>0 there exists a
Sfunction g, s€ Cy such that

(a) Ogga,é(x)gly XER";
(b) gu,&(x)=17 XECa;

(C) Supp(ga.é)cca+6;

(d) For every 2> 0 there exists a positive constant o ;, depending only
on A, such that

|Fga, s(x)| Saz(a+d) exp{ —iw(8()},  {eR"

Proof. Tt follows from Lemma 3.5 that there exists a function ~e CJ for
which

supp(h) < Cy -, f hdx >0,

and

|Fh(&)| < B, exp{—4iw(&)}, &eR" A>0.
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Fix such a function 4 and consider convolutions
ga.&(x)=x*hé(x)a XER",

where y is the characteristic function of the cube C, 42, and hs(x)=
3 "h(6" 'x), with 6>0.

Now it is easy to prove that the function g, ; satisfies all the required
conditions.

LEMMA 3.7. Suppose 2 is a non-decreasing positive function on (0, <o)
for which (12) is true. Then there exists an increasing function Q such that
Q1)< R(1), t>0, inequality (12) holds for Q, and

lim 7'Q Y(af2(1))=0 (16)

Sor all > 0.
The inverse function Q! in Lemma 3.7 is defined by
QY (y)=inl{x: Q(x)>y}.

Proof of Lemma 3.7. For every integer k there exists an increasing
sequence {J,}, 0 <k < oo, such that ;=0 and

[ DD yamwen, kz
b 1+1¢
It follows that

S 242Q((k+ 1) 1)
A\ ST AL -2 >1.
Lk (k+1)2(1+1%) <+l k
Define a new function as
Qty=(k+1)"22*2Q((k+ 1) 1)

for 8, < |t <04, , k=0. Then we have

di < oo,

Jm Q1)
o 1412

and the function @ increases and satisfies

Q(t) < Q(1).
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Suppose (16) does not hold for some «. Then there exists a sequence {1}
with ¢, — oc as j— oo, for which

tj“Q“(aQ(tj))>p>O, jz= 1
It follows that
Q(pt)<a(r), j=1 (17)

On the other hand, if k(;) is such that d,.,,<pt; <.+, j=1, then
k(j)— w0 as j— oo and

Qlpt) 2 k() + 1) 2 2X02Q(),  j> .
The last inequality contradicts (17) and Lemma 3.7 is proved.

Let us proceed with the proof of Theorem 3.1. By monotonicity of the
mean dimension with respect to the functions ¢ we have

1220’)(35;);1'(5(3;), O<e<l.
It follows that

KJ(BZ) = (2n) ™" m(E) (18)

by Din Dung’s theorem (see (5)).
Thus, we need only prove the upper estimate for the mean dimension

KB < (21) ™" m(E), (19)
where Q(t)=|ln ¢(2)| satisfies all the required conditions and the
additional assumption

(1) = In(1+ 1), t>0.
If the last inequality does not hold for ©, then we consider a new function
e(t)=82(t)+In(1 + 1),

for which all the conditions are satisfied.

Now let us define a function w(t) =£(|x|), xe R", where @ corresponds
to £2 by Lemma 3.7. Then for every a> 0, 0 < J < q, there exists a function
2. s satisfying conditions (a)-(d) of Lemma 3.6.

Suppose fe L?(R") with 1 <p < o0, and supp(Ff)<= C,. By Theorem 2.6
we have

fx)=n"(a+8)" ¥ f(a—%)Fga,a( k —x), xeR"

kezn a+o
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For the sake of simplicity let us write g instead of g, 5. Our goal is to
obtain an upper estimate for

nk nk ?
= )" F —
N, 1) .[c, ng(a+ ) f<a+5) g<a+5 x) &
where t>0, N>n"Ya+8)t, Ay=2Z"\Cy.
Using Hoélder’s inequality and Theorem 2.5 we get
nk \|?
I(N, )< 8y~
%.0<f T @0 f<a+5)
g\ pP—1
x( Y Fg( nk —x) ) dx
Koy a+é
<cla+d) "=V A2
nk AT A
F, — dx, 20
S sG] e e

where g=p(p—1)~". In the sequel we let ¢ stand for different positive
constants which may depend on p, n, and @ but do not depend on g, ¢, 4,
and f.

Assume 1 <p<2. Using Lemma 3.6 with

A=p~ln+1)+1

and inequality (20}, we obtain

I(N,t)ScllfHZa"f [ 3 exp{—iqﬁ(é

ke Ay

Moreover as

xeC,  rnkla+68)¢C, I=nN(a+d)"",

)

xf ( Y exp{~p‘1q(n+1).(_)<6
¢

keZ"”

we have

v arexp | —pa (5] N _
KN, n<clflba exp{ PQ(‘S‘H& '

S )
)}XS, (21)

N
a+o

—1

<c lf% a" exp {—ﬁ (6

where S denotes the previous integral.
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)}ax

It is easy to see that

S= JEexp{ n+1)Q(5 -

ok

nk
+4

—X

—Zé"f exp{ —(n+1) 3(Jv])} dv

Dy
g@ﬂzj(umm”Aw, (22)
k "Dt
where
nk
D,=6{C,——— .
g ( a+ (5>
It follows from (22) that
S<cd Ma+d) 1. (23)

The foregoing reasoning used the following simple observation: For every
ve R" there are at most c(a+ )" " points k € Z” such that

nk
veé(C,—a_HS).

Using (21) and (23), we obtain

IN, t)<c |fl2a"(a+8)" 67 "1" exp {—Q (5 (an-f—vé - t))}, 1<p<g2.

(24)

Suppose a function fe BZ. and numbers >0, >0 are given. Choose
N=N(1) in (24) so that

I(N(1), ) < @(1)”.

Then
Ko o(BEAC,), LP(C))<t™"N(1)" (25)

It is easy to see that the (2N(¢))"-dimensional linear subspace of L?(C,)
with the basis given by

nk
{Fg(a+6—x)}, keCunyy»xeC,,

approximates the class BZ [ —¢, t]" with error ¢(¢).
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Now choose V(t)>0 so that

caﬂ(a+5)nawexp{-Q(a(’;'f;’—z))}=<p<zv (26)

with the constant ¢ which appears in (24). Take N(t)=[V(f)] + 1, where
[z] denotes the integral part of 1. From (26} we obtain

N =[rn"a+3)(t+57 13 "(In(co(t) ?a™(a+8)" 5 "t"))]+1, t>t,.
For large values of ¢, the inequality Q(¢) = In(1 + 1) yields

Ny<n Ha+8)t+n "6 a+6) 2 (In(e(r) P 1"+1))
< Ma+8)yt+n 6 Ha+8) QN (pR(1)+(n+1)In1)

< Na+d8)t+n 6 Ha+d) Q@ ((p+n+1)Q2(¢)) 27)
Now the estimate
R“(BL)<n "a+8), a>0,6>0, (28)

follows from (25), (27), and Lemma 3.7.

Finally, (28) yields the required estimate (19), because the left-hand side
of (28) does not depend on .

Thus

K (B2)=(2n) "m(C,), a>0, (29)

by (18) and (19).

Now let us assume £=C,, a>0, p>2. The proof of Theorem 3.1 in this
case proceeds as above but there are some minor differences.

First of all we put

A=pHn+1)(p—1)+1
instead of

A=p n+1)+1.

Using Minkovski’s and Holder’s inequalities we obtain the following
estimate for the quantity S defined in (21):
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nk

strh< {L(Zem{ —1)q£§<5 3 )})p—ldx}l/(p_“
<Z“Clexp{—(,l—1)pg(5‘;7f_5_x >}dx}mpﬂ>
2

k
{ (k] + 1)(n+ 1)(p—2)
k
p—-1)
—X )}dx}

—X

nk
+6

xfc exp{—(n+1)(p—1)§(5 ;

(p—2)(p—1)

x{Z(tkm “'“)}
k

Hence

S<es™"Y (lk| + 1)("*"“’*2’f exp{ —(n+1)(p—1)Q(Jv])} dv

k
<c6'"Jexp{—(n+ 1)(p—1)Q(lv])} dv

x Ykl + 1)+ D=2y (0), (30)
k

k
Ve=6|C,— .
g ( ! a+5>
For every ve R" there are at most c(a+6)" ¢ points ke Z” for which

ve D,. Moreover, we have the estimate

k| <Y a+8)/nt+n"'6 " (a+5) vl

where

for such points.
Now it follows from (30) that

S<ed~"(a+3) 1" [ (a+8) 1467 (a+8) o)) o=
xexp{ —(n+1)(p—2)Q2(|v|)} dv
<cs "(a+8)" 1" [ (at+as ™ ol P

X (1 + 'vl)—(n+l)(p—l)dv
<cd a4+ 8)" t"((at) VP =D 4 (T 1g)nt e =2y,
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For fixed a and 6 we have
Sgc(a+5)n5~na(n+l)(p72)t(n+l)(p—2)+n’ 1> 1.

Now we can estimate /(V, ¢) as in the case 1 <p < 2. The new value of N(¢)
is

N@)=[n""a+ )+ '@ '(In(cep(t) * (a+d)
X &~ ngln+ D=2+ gt D=2 +m)))] 4 | 1> 1,
In the end we get for the mean upper dimension the estimate
RU(BZy<mn "(a+d)"", a>0,6>0.
This completes the proof of (29) for 1 <p < c0.

The next step consists in proving (10) for all spectral sets E, which can
be represented as finite unions

E= 4

1

with 4,,=C, +h,,a,>0,h,eR", 1<m<M,

m>

T Cx

of cubes 4,, with non-intersecting interiors.
For every function fe BL, 1 <p < 0, we have

f= Z fm’ fm=F¥](XmF(f))’Xm=XAm,1<m<M-

It is well known that the characteristic functions of cubes are the Fourier
multipliers in L?(R"), 1 <p < cc, that is,

1Sl p <, 1111 5, l<sm<M (31)

(see [36, Theorem 4, Chap. 4]).
Since supp F(f,,) < 4,,, we have supp F(h,)c C, , where

ho(X) = f,.(x) exp{ —ih,x}, xXeR", 1<m<M.

Therefore, by Theorem 2.6 we get

Sux)= 3 f(x),

keZzn
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with
fir’;:)(x) = 7[" exp{ihmx}(am + 5’")7'1 exp{ _ihmnk(am + 5m) l}

nk nk
VR _
%I (am+5,,,> Em (am+5,,, ")’

xeR" 4, <a,,,1<m<M,

and

gm=ga,,,.r5,,.9 ISmSM
Consider an integral

Ny . N, 1)

Z Y %(x) dx, t>0,N,,>n(a,+5,) 't

m=1 keAm
where 4,,=Z"\Cy,.
Our next goal is to estimate this integral. We use the same ideas as

before. First we consider the case 1<p<2. By Holder’s inequality,
Theorem 2.5, and Lemma 3.6 with A= (n+1)p '+ 1, we get

Ny, ... N,,, )

SRPR

r
22
m=1 k "7+6m
M L nk gy p—1
x{Z Y (a,+5,) IFg'"(a,,, ~ 5m—x>} dx

m=1 ke Ap

il il ) rk
Z: f"' “ (C, {m;l kéZAm P { e <6”' <am + 6;11 a x>>}

p—1
X (y + 3,00 } dx.

(a + 5,,,)*"}

Let us first consider the simplest case, p=2. It is clear that

M
Yo 2=Nr15<. (32)

m=1

640 75 1-8
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Hence for p=2 we have

IIN{, .u N, 1)

M _
< "J Y exp {—29 ((5,,,

7ZNm t
aln + 5m

< m=1
x 3 e ( +1)Q(5 ™ VWoay 8,0 dx
—\n — ) )
el Xp m am+5m n m

M ~ N,
<c +4,,) —afs, (—
¢ X tanrour e | -0 o (25— ))

xYo," [ (1 lel) ",
k D

(m, k)

where

nk
D(m, k)= C, - .
(m k)=, ( €, - )

Therefore,

IN,.,N,, 1)
M _ N
<c¢ ,,,2:‘1 3, (a,, +38,,)7 1" exp {—Q ((5,,, <—-——a:+';m - t))} (33)
Now choose V, (1), 1 <m< M, so that

¢d,,"(a, +0,)" 1" exp {—Q (5,,, (:V_"'_'((;) - I))} =@(1)* (m(E))

and put N, (t)=[V, (H)]1+1, b, =1a,, 0<t< 1. Then
N, (t)=[n la,1+1)t+7 "Q+1)r 127!
x (In(em(EY(1 + )"t "t"p(1) ?)] + L. (34)
Using (33), we obtain

M
HN{ oy Ny 00 Y (a1 0,)" 0(1) (m(E)) ' < (1)

m=1

Now it is easy to get the estimate

M
Kw(ID(Bi‘(Cl); LZ(CI))< Z (2Nm(r))"' (35)

n =1
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For big values of 1 we have from (34)

N y<n a1+t t+n "(1+1)r '@ Yn(e() *"*"))
<nla,(1+t)t+n "(1+1)t '@ 12Q(1)+ (n+1)In 1)
<t lg,(l+1)r+n (1 +1)t'Q ((n+3) Q1))

Now Lemma 3.7 and the inequality (35) give
KB < (2m) "m(E)1 +1)", 7> 0.
It follows that
K'“(BL)<(2m) " m(E).

This proves Theorem 3.1 for p=2 and for spectral sets which are finite
unions of cubes.

The case 1 <p <2 is similar. The only difference is that in this case the
inequality (32) is not true, but we may use (31) instead. This gives us the
estimate

I(N,,..,N,, 1)

M
{ Y (a,+38,)" exp {—pﬁ <6,,,

m=1

scMJ'

<

x Y exp{—(n+1}(_2(é,,,

ke Am

)}
)} dx

ct § o tans s o] -0 (o () e

m=1 m m

nk

+6

— X

m m

Now we can easily complete the proof of Theorem 3.1 for 1 <p <2 and
for spectral sets which are finite unions of cubes, using (33) and (36).

The case p> 2 can be treated similarly.

Thus Theorem 3.1 is proved for 1 < p < o and for all spectral sets which
are finite unions of cubes. Now the case of Jordan measurable spectral
sets in Theorem 3.1 follows by monotonicity of K,(B%) with respect to
inclusions of spectral sets and by Lemma 2.2.

In the remaining cases p=1, p=ov we do not have the Fourier multi-
plier theorem (31), but we can use instead the € -resolutions of identity
{¥,,}. such that

¥ (x)=1, xek,

i

3
) Mz
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and
supp ¥,, < C,. 1 5.+ M, l<m<M
We have

=Y fun  Su=F NP.FS), 1<m<M

It is clear that the functions ¥,, are the Fourier multipliers in Z'(R") and
L*(R"). Now the proof of Theorem 3.1 in the remaining cases can be
concluded using the same methods as those above.

Remark 3.8. (1) Assume the spectral set £ is bounded and closed.
Then by Lemma 2.1 and Theorem 3.1 we have

RUY(Bp < (2n) " m(E), 1<p<oo.

(2) Assume the spectral set £ is bounded and open. Then by
Lemma 2.1 and Theorem 3.1 we have

K!(B%) > (2m) " m(E), 1<p< .

4. THE CASE | < p <2. COUNTEREXAMPLES TO TIKHOMIROV’S FORMULA

In this section we prove that Tikhomirov's formulas {(5) and (6) do not
hold in the case 1 € p <2 for some closed spectral sets. This result can be
easily deduced from the existence of closed sets of uniqueness for the
Carleman singularity.

DerNITION 4.1, A function fe L'[ —n, n]" has the Carleman singu-
larity if its Fourier coefficients ¢,,(f), me Z", satisfy

YleafNP=0, 0<p<2

DErFINITION 4.2. A closed set Ec [ —n, n]” is called the set of unique-
ness for the Carleman singularity if every function f€ L'[ —r, n]" such that
f(x)=0, xe [—=n, n]"\E, has the Carleman singularity.

Katznelson proved in [15] that for n=1 and for every ¢ 0<e<2m,
there exists a set of uniqueness E, for the Carleman singularity satisfying

m([—n, n]\E,)<e.
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A similar result is true for all complete orthonormal systems in L*[0, 1]
(see [7, 127; more general results can be found in [13]). Since the interval
[ —n, n] with the normalized Lebesgue measure and the torus [ —n, n]”
with the normalized n-dimensional Lebesgue measure are isomorphic as
measure spaces, we easily deduce that there exist sets of uniqueness for the
Carleman singularity with respect to the multiple trigonometric system on
[—m=n, n]" For such a set £ we have

B7=1{0}, 1<p<?,

by Theorem 2.5 and the Hausdorff-Young theorem.
Now we see that formulas (5) and (6) do not hold for the set E because
m(E) >0 but

R,(Bp)=0, 1<p<2.

5. THE CASE 2 < p < 0c. MORE COUNTEREXAMPLES

In this section we prove that for 2 < p < oc formulas (5) and (6) do not
hold for some spectral sets of Lebesgue measure zero. It is clear that such
a set cannot be closed, because by Remark 3.8 formulas (5) and (6) always
hold for closed spectral sets of measure zero. It follows that formulas (5)
and (6) are not true for some open spectral sets.

THEOREM 5.1.  There exists a set Ec [ —n, n]" such that
(a) m(E)=0,
(b) K.(Bf)=1,0<e<eg, 2<p< 0,
(c) R(BY=1,2<p<ec,

(d) K, (Bo)=1,2<p<cw,

for all functions ¢ satisfying conditions of Theorem 3.1 and such that
ot} 0as t— w.

Proof. 1t is clear that (c) follows from (b). Moreover, we need only
prove that there exists a spectral set £ [n, n]” of Lebesgue measure zero
such that

KB = 1, O<e<e, 2<p< o, (37)
because we have, by Theorem 3.1,

R“(BLY<K,(BLY<SK, (B, .)=1
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It is known that there exists a singular measure u over [ —n, n] which
has closed support and satisfies

[1[—7'[,7[]21,

Z lex(p)|” < oo, 2<p<oc,
keZ

where ¢, (u) denote the Fourier coeflicients of the measure y (see [33]).
Consider the Cartesian product of » copies of the measure u and denote
it by v. This new measure satisfies

Y P <m,  2<p<oo. (38)

keZn

It is clear that
m(supp(v))=0.

Using dilations of measures it is easy to construct a measure ¢ with
support in [ —z, 7]” such that

[Fé(x)l =23, xel[-1 1] (39)
The measure ¢ equals some dilation of the measure v. Moreover, we have
dl-mm])=1
By Theorem 2.5 and (38) it follows that
FEeL”(R"), 2<p<on. (40)

Suppose j is a positive integer. Consider an n-dimensional net N, of cubes
in[—=n,x]™

Nj= {[klnjil’ (k1+ I)TU l]x e X [knnjﬂla (kn+1)n;ikl]}a
—j<k,<jl<m<n.
For every cube 4 e N, defined by integers &, .., k,,, consider the measure
Ea(A)=8(j[(And)—(ky, .. k)]

over the g-algebra {4} of all Borel subsets of [ —n, z]". Set

E={) | supp(&,)

J deN,

We prove inequality (37) for this set E.
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Consider a family of functions

Ix)=Y a,F¢,(x),

deN,
where the a, are certain coefficients. It is clear that
fx)=1v(j " 'x) FE(j~ 'x),
where
v(y)=Y b.e* (41)

and the sum in (41) is taken over all ke Z" such that |k,| <j, 1 </<n In
(41), b, denotes the coefficient a,, where the cube A4 corresponds to
k=(ky, .k,

It follows by 2j-periodicity of (= 'x) that

=] o 3 RG] @)

keZz”

Using Theorem 2.5 and the measure 4,, ye [—1, 11", given by

di(x) = e dE(x),

we get

Y IF(y+26)7= Y, (FAQK)TS Y IFA(K)”

keZ" keZ"n keZn
<, IF2 10 <c, IFENT.

Now (42) implies
ip
1), < e, 1EEL, {I le(y)i” d)} .
[-1.1)"

On the other hand, by (39) we have

1ip
Who. i = {/ [, o iEsr d}}

~ Lip
zc, j"r J[J lo(y))” ziy} )
[ 11
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Thus
N0, < e, WEEN , W 5 p ) iy

This inequality shows that the class B4[ —j,j]” contains a (2j+1)"-
dimensional ball of radius 1, = [c, | FE[|,] ' Using Tikhomirov's theorem
on the m-widths of finite-dimensional balls (Theorem 2.3) and (40) we
obtain the required estimate (37) with ¢,=1,, 2<p<oc. The case p=
is similar.

It follows easily from Theorem 5.1 that the following assertion holds.

COROLLARY 5.2, For every 6 >0 there exists an open set Ec [ —n,n]"
such that

(a) m(E)<Sé,

(b) K,(Bj)=10<e<s, 2<p<c,

(c) K(B))=1,2<p<ox,

(d) K,(BI)=1,2<p<m.
for all functions ¢ satisfyving conditions of Theorem 3.1 and such that
(1) >0, t > .

6. THE CASES p=2 AND p = .
TikHOMIROV'S FORMULA 1S TRUE FOR CLOSED SPECTRAL SETS

Suppose the spectral set E of a class B% is closed. Then by the first part
of Remark 3.8 the formula

K, (B})=(2n) "m(E) (43)

is true for all functions ¢, satisfying conditions of Theorem 3.1 and the
additional condition ¢(7) <e¢,, as long as the lower estimate

K(B%) = (2r) "m(E) (44)
holds for 0 <& <g,. In this section we prove (44) for p=2 and p = «.

THEOREM 6.1. [If the spectral set E of a class B} is closed and if the
Junction ¢ satisfies conditions of Theorem 3.1, then formula (43) holds.

Proof. Without loss of generality we can assume Ec [ —n, n]"

As in Section 2 let us consider a net W consisting of all points ke R"
with integral coordinates, and the nets W{(r, x) with r>0, xe R". By
Theorem 2.4 for every 0 >0 there exists r; >0 and for every r>r; there
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exists x;€ R" such that at least (m(E)—J)r~ " points of the net W(r, x,)
belong to F.

Choose k such that k= 'n <r;. Then, using the ideas in the proof of
Theorem 5.1, we can construct appropriate spaces of polynomials and
show that the class BF[—k, k]" contains an /-dimensional unit ball
with

[Zm(E)—¥8)k"n "
It follows from this estimate and from Theorem 2.3 that

K.(BF[—k, k] =2 (m(E)—0)k"n " —1
and

lim inf (2k) " K(BZ[ —k, k1) = (2n) " m(E).

k—

This gives (44) and Theorem 6.1 follows.

THEOREM 6.2. Suppose a spectral set E of a class B3 is closed. Then
there exists €,>0 such that inequality (44) holds for all numbers ¢ with
0<e<egy. If the function ¢ satisfies conditions of Theorem 3.1 and the
additional condition ¢(t)< ey, t >0, then formula (43) holds.

Proof. As in Theorem 6.1, without loss of generality we assume
Ec[—nn]"

Suppose 0 >0 and 4> 0 are given. It is easy to show, using the Lebesgue
density theorem and Egorov’s theorem, that there exist a set G F and a
positive number r; such that

m(ENG) < 4, (45)

m((x+r{0, 11"V E)=(1-6)r", O<r<ry, xed. (46)

By Theorem 2.4, for every 6 > 0 there exists r; with 0 <r; < r, such that

for every r < r; there exists x, e R"” for which at least (m(G)— ) r " points
of the net W(r, x,) belong to G.

Now choose k such that k 'm<r, and let {y,,..y,} denote the

points of the net W(r, x,) with r=k " 'n belonging to G. As we men-
tioned above,

[=(m(G)—8)r". (47)

640:75:1-6
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Consider the class of functions

V= {P: \|P“z,[—k,k]"< 1}’
!
p(x): Z amFXAmnE(x)! Am=.Vm+[0ak‘17T]",1<m<1a

m=1

where the {a,,} are certain coefficients.
Our goal is to estimate | p|,, p € V. By Plancherel’s equality and (46) we
have

! 172
12Hp(lz,[_k.kyleqllz.[k.k]n—cﬁ”z{ Y lamlz} k=2, (48)

m=1

where we set

!

q(x)= 3. a,Fpa,(x)

m=1

It is clear that
lg(x)| = |Fx p(x)] |2(x)I, (49)
where
Dk = [O’ kv ln]n,
and Z is a 2k-periodic trigonometrical polynomial with coefficients a,,
<kl
For xe [ —k, k]" we have

|Fyp (X)) =clxy--x,] " [sin(2k) = mx,| -+ |sin(2k) "' =x, | = ck "

Hence, (49) yields
lg(x)| = ck =" |z(x)]

and using Bessel’s inequality we obtain

! 172
“q”z,[—k,k]">Ckn”Z”z,[—k.k]"?Cknﬂ{ z Iam|2} .
-1

From this estimate and (48), we get, for small values of 6,

! 1/2
{ 2 lamlz} k"2<e.

m=1
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Fix such a number 8. Then Plancherel’s equality yields

! 1/2
1|p|12<6{ > Iamlz} k="2<e.
m=1

It follows that the class BL[ —k, k]" contains an /-dimensional ball of
radius ¢ ~'. By Theorem 2.3 and (47), we have

K(BL[—k, k1) = (m(G)—38) n~"k", e<c .

Hence the lower estimate (44) holds for £ < ¢!, since (45) is true and the
numbers A and & are arbitrary.
This completes the proof of Theorem 6.2.

7. NECESSARY CONDITIONS FOR THE FUNCTION ¢ IN TIKHOMIROV’S FORMULA

Let us consider the case n=1, E=[ —n, n]. By Theorem 3.1 we have

KBt ,.)=1  1<p<oo, (50)
for every positive non-increasing function ¢ on (0, co) such that
(1) o)<, t>0;
(2) §& (In@(OI/(1+ 1)) di < .

In this section the following problem is discussed: what are exact
conditions on the function ¢ under which formula (50) holds? The
complete answer to this question is unknown. In what follows we give
examples of functions ¢ for which formula (50) does not hold. It can be
seen that the gap between the sufficient conditions (1, 2) and the examples
given in Theorem 7.1 is not large.

THEOREM 7.1. Assume
o t)=exp{ —(1+e&)tln(1+¢)}, t>0,¢>0.
Then

Kiﬁlz'(B’[’—n.n])?l‘l'ﬁ, 1<p<g oo,

and formula (50) does not hold in this case.

Proof. Set A={—m=,n] and for every positive integer m consider the
m-fold convolution
Em=Xa* " "*)a4.

e
m times
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Put
ho(x)=0C2m—1) g, ((2m—1) x), xeR m=2.
It follows that supp(4,,) < 4 and

X
2m—1

Fh (x)=(nx)~" 2m—1)" (sin ) , xeR,mz2.

Fix k> 2 and consider a family of functions
V={q(x) Fh/(x),xe R, I=[(2+¢) k]},
where

-2
g(x)=Y ax’, xeR!,
j=0

and [ y] denotes the integral part of y.
Suppose p = c0. The next step in the proof of Theorem 7.1 consists of
estimating ||v|| .., v€ ¥V, provided

l(x)| <1, xe[—k k]. (51)

We need the following known theorem.

THEOREM 7.2 (S. Bernstein, see [ 1, p. 323]). Suppose a polynomial

g(x)y=3 ax’
j=0

satisfies

Then

Iav|<~fM—<E)j, 0<j<m
ek

If ve V satisfies (51) then for
q(x) = (Fh(x)) " v(x)

we have

-1 !
1g(x) < (z |x]) (2 — 1)~ sin s(f), _k<x<k  (52)

X
21-1
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Now Theorem 7.2 and (52) yield

N\ (2+4¢)’ )
1<(3) sy 0<ist2 oY
Hence, for |x| >k and 2= [(1 +¢/2) k] we have, by (53), that
Q {—2
lgx) <| Y ax |+] Y ax’
Jj=0 J=a+1
< E ! 2 a, 3 7_t_ I(2+E)[ -2
\<2>( +£)* |x]| +<2> 1) |x])f 2
Therefore,
!
0l < L= 1) (el g < (@ oy ke B2 )
Since
m’>mme—m+l,
we have

lo(x)| < Bork /2K Ix| >k, k> kg, (54)

where B, J, and k, are absolute positive constants.
It follows from (51) and (54) that, for k >k, the class BY[ —k, k]
contains an /~-dimensional ball of radius

re=p k- U+enk
For every 1> 0 there exists k, >k, depending only on 1 such that
@, k)<r,, k>ky, A=¢g/2.
Hence by Theorem 2.3
Ko (B[ k1)Z2IZ2Q2+e)k—1, k>ky,
and

RO (B¥)21+4, ©>0,

Qi1

Theorem 7.1 in the case p = oo follows from this inequality.
When 1< p < oo the proof is similar. First, suppose ve V satisfies

Ilvll,,, [—k k]S L
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Then
T 14
IQ(X)[S(E) (v(x)], —k<x<k,

and

—k

m\! rk n\* ,
ol cxn<(5) [ 6o ar<(5) @00 ol e
T\ 1 1
<l5) K7, —-+==1
(2>( pp
Define a new polynomial

=2

zZ(x)=3 (j+1) laxitl
j=0

It is clear that g(x)=2z'(x), and

k k
201 = 12x) = 20) < | 12 du= [ lq(u)] de

—k

e !
< (2k)V7 (§> —k<x<k
By Theorem 7.2

A\ (2+¢)

a;| <(j+1)(2k)" (—) ——  0<gj</-2

WISUFDEOT2) armr 0

Moreover, reasoning as above we obtain
Ol < B 1x| 7 (IxI"+ 2% [x|'72),  —k<x<k k>k,

where f§, 4, and &, are some positive constants depending only on p.
Put 1= (/—a)p— 1. Thus we have

I/p
{f lo(x)|? dx} SPHFI{(x k)P o H(2p— 1) P 2+ VP
x| >k
<pkkk“+£/2)k, k>k2,
where the positive constants p, x, and k, depend only on p.

Now the proof of Theorem 7.1 in the case 1< p < oo can be completed
along the same lines as the proof for p= co.
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