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1. Introduction

Heat and mass transfer in fibrous porous media attracts considerable attention since it can be found in a wide range
of industrial and engineering domains [1-5]. A typical application in textile industry is a clothing assembly, consisting
of a thick porous fibrous batting sandwiched by two thin fabrics. The outside cover of the assembly is exposed to a cold
environment with fixed temperature and relative humidity while the inside cover is exposed to a mixture of air and vapor
at higher temperature and relative humidity. Since the environment temperature is usually lower than freezing point, there
is an interface arising in the batting area of clothing assembly. Therefore, this model, in other words, can be viewed as a
two-phase Stefan type problem.

Numerical methods and simulations for heat and moisture transport in porous textile materials have been studied by
many authors [6,2,7-11] with various applications. In [7], a classical finite difference method was applied for solving a
single component model with thermal radiation, where the thermal radiation equation was solved analytically. A splitting
finite volume method was proposed in [10] for the multiphase air-vapor-heat system. Several practical cases of clothing
assemblies were studied in comparison with experimental data. The scheme used in [10] is semi-implicit in general. At
each splitting step, a single component equation was solved with a semi-implicit scheme for this component and an explicit
treatment for the other components. However, the interface was ignored in all these works, which resulted in the inaccuracy
of numerical approximations and serious time step restriction. Numerical results presented in [10] show that the scheme
requires the time step size to be smaller than 10 s.

In the past several decades, numerous efforts have been devoted to the study of numerical methods for moving interface
problems, such as front tracking method, adaptive mesh method, level set method and immersed interface method [12-16].
The front tracking method is an explicit method in general, in which the interface is determined by a numerical solution

* The work of the authors was supported in part by a grant from the Research Grants Council of the Hong Kong Special Administrative Region, China
(Project No. CityU 102409).
* Corresponding author.
E-mail addresses: mngq1118@yahoo.com.cn (Q. Zhang), maweiw@math.cityu.edu.hk (W. Sun).

0377-0427/$ - see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2011.05.022



https://core.ac.uk/display/82613433?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.cam.2011.05.022
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
mailto:mngq1118@yahoo.com.cn
mailto:maweiw@math.cityu.edu.hk
http://dx.doi.org/10.1016/j.cam.2011.05.022

820 Q. Zhang, W. Sun / Journal of Computational and Applied Mathematics 236 (2011) 819-833

Human Heat Conduction C.OId
Body _—> all
Th,RHh TLRHI

Heat Convection
>

m Vapor/Air Diffusion m
e

Vapor/Air Convection

>
Phase Change
E—
Inner Fabric,L1 Porous Batting,L Quter Fabric,L1

Fig. 1. Schematic diagram of the porous clothing assembly.

at an old time level and the heat (or other) equation is solved on a fixed mesh at a new time level. The adaptive moving
mesh method has been studied by many authors [17,18]. In this method, the mesh points are controlled continuously
and automatically by a mesh PDE which is employed to move the mesh to interfaces or singularities. The immersed
finite difference method (IIM) was first proposed by LeVeque and Li [13] for solving steady state problems on regular
meshes. The IIM method uses a standard finite difference approximation on mesh points away from interfaces while a
special approximation with the interface condition embedding on mesh points near interfaces. Later, the method was
extended to the Stefan problems with moving interfaces [ 19] and some other physical problems [ 14]. More recently, several
immersed finite element and finite volume methods were introduced in [20,12] for solving steady state interface problems.
Similarly, in the immersed FE methods, the standard FE basis functions are used in each of non-interface elements and in
an interface element, local basis functions are constructed according to the interface such that these functions can satisfy
jump conditions.

The main difficult from the classical Stefan problem is how to accurately determine the interface «(t), particularly for
problems with a sharp interface and problems in which the solution is very sensitive to the interface. All existing approaches
are based on either an explicit scheme and an implicit scheme with extra inner iterations for the interface equation since the
flux jump is unknown in the new time level. In this paper, we present numerical study for a system of nonlinear, degenerate
and strongly coupled parabolic equations with a moving interface, arising from air-vapor-heat transport in textile materials.
A splitting finite volume method is proposed for the system. A Dirichlet to Neumann map type interface method (DNMIM)
is applied for the interface equation of our model. We introduce an interface function, in terms of classical Dirichlet to
Neumann map. The interface achieves at the zero of the interface function. Similar concepts may be found in [21-23] for
some simple linear models. More important here is that the interface function at the new time level can be evaluated by a
direct algorithm, and the interface location at the new time level can be determined without any inner iteration and extra
cost. The computational complexity is almost same as that for solving the problem with a fixed boundary. Since the method
is based on an implicit schedule for the interface equation, it is more stable than those based on an explicit one.

The rest of the paper is organized as follows. In Section 2, we introduce the mathematical model of heat-vapor-air
transport in textile materials with a class of physical boundary conditions and an interface equation due to the temperature
gradient jump and the jump of heat capacity. The model is described by a system of nonlinear, degenerate and strongly
coupled parabolic equations. A new interface method then is introduced in Section 3 for the temperature equation and
related interface equation involved in the system. In this method, the interface location at a new time level is determined
by discrete Dirichlet to Neumann map. In Section 4, we present a splitting finite volume method with a semi-implicit Euler
scheme in time direction and a second-order approximation in spatial direction. Some special compact approximations
are introduced on the mesh points near the interface. In Section 5. we present an artificial example to test our algorithms,
compared with some existing algorithms, and to confirm the accuracy of the proposed method. Numerical results show
that the proposed method is much more stable than those methods with an explicit scheme for the interface equation.
Finally, we apply the proposed method for solving the heat-vapor-air system. Clothing assemblies with 10 piles polyester
batting and two different cover materials (nylon and laminated) are investigated numerically. The results are compared
with experimental observations [24]. Numerical experiments show that the proposed method is efficient and stable almost
unconditionally.

2. Mathematical model

Here we focus on heat and moisture transfer in a three-layer porous clothing assemblies as illustrated in Fig. 1, a thick
porous fibrous batting sandwiched by two thin covers. The mathematical modeling of the heat and moisture transport
has been studied by many authors and described usually by a multiphase and multi-component air-vapor-heat flow in the
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porous textile materials. The model studied here is mainly based on the work in [ 10], which can be viewed as a generalization
of models developed earlier in [1,2,7].

2.1. Mathematical equations

From the conservation of mass and energy, the physical process can be described by

9 e+ Liugecy - 2 [Dgéca (Cﬂ - T, @.1)
at 0x ox| . odx \ C

9 e+ L gecy - 2 [Dgeca (Ql)] —0, 22)
at ox ox | . dx \ C

3(CvtT) 42 (ugeCCygT) — a <K8—T) =AM, (2.3)
at ax ox ax

% [or(1—€HW] =MT. (2.4)

Here the generalized Fick’s law has been used for the binary multi-component gas mixture (vapor and air). C,, C; and
C = C, + (C, are the water vapor, air and total (molar) concentrations, W is the liquid water content (%) relative to the
fiber density, u, is the molar averaged mixture velocity, 7. is the tortuosity for the air-vapor diffusion, oy is the density of
fiber, M is the molecular weight of water and D, is the molecular diffusion coefficient for air/vapor. In wet zone, A is the
latent heat of evaporation/condensation while in frozen zone, X is the latent heat of sublimation.

The porosities with liquid water content (¢) and without liquid water content (¢’) are related by

c=¢ - Pwa-e¢) (2.5)

w

where p,, denotes the density of water.
The phase change rate due to the condensation/evaporation (molar rate) is defined by the Hertz-Knudsen equation [25]

E 1—€e)(1—¢€") [Psy — P,
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R 27RM VT

where R is the universal gas constant and Ry is the radius of fiber, the saturation pressure Ps; is determined from

experimental measurements [24] and the partial vapor pressure is given by

P, = RC,T. (2.7)

The effective heat conductivity for gas-fiber-water mixture depends upon the conductivities of gas, vapor and water/ice,
kg, K and «,,. A general form is given by

K = €ekg + (1 — €)k;s (2.8)

where
-1
Ks = (Kf + ﬁW/cw) (1 + ﬁW) . (2.9)
pw pw
In the same way, the effective volumetric heat capacity can be obtained by

Cor = €CgC 4 (1 — €)Cys (2.10)

where
-1
Cps = (cvf + ﬁwcvw> (1 4 ﬁw) 2.11)
w pw

and C,q, Cy5 and C,,, are the heat capacities of the mixture gas, fiber and water/ice, respectively.
The vapor-air mixture velocity (volumetric discharge) is given by the Darcy’s law

kkyg OPg
Mg 0X
where k is the permeability, k,; and u, are the relative permeability and the viscosity of the gas mixture, respectively.

P, = P, + P, is the total gas pressure. k;, can be obtained by the empirical relation k,; = (1 — s)3. Here, s is the volumetric
liquid saturation in the inter-fiber void space, which is related to the water content by s = (1 — €') oW /(€' py,).

Uy = (2.12)
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2.2. Boundary/initial conditions

Since the thickness of cover layers is much smaller than that of the batting layer, the properties of heat and moisture
transfer in the covers are often described by simple resistances to heat, vapor and air transfer. A class of commonly used
Robin type boundary conditions were introduced in [7] to approximate the experimental setup in [24], in which boundary
conditions are defined by a combined simulation of cover layers and ambient environment. We use these Robin type
boundary conditions in this paper.

At the outer boundary,

Dee 9 (G, 1 .

geC, — = (2 = .
c x=L v v

uec, — 2e€c 2 (9> 1 ¢ (2.13)
g-*a - a als .
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1
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where R), R) and R} are the resistances of the inner cover to vapor, air and heat. H and H? are the mass transfer coefficients
in the inner environment for vapor and air, respectively, and H{ is the heat transfer coefficient in the inner environment for
heat.

We assume that the background temperature is fixed at T° (e.g., —20 °C) with a relative humidity of RH® (e.g., 70%). The
background vapor and air concentrations can be calculated by

Py (T° P.
Cg — RH® Sat( )’ g — atm’ (214)
RT® RT®
respectively, where P, is the atmospheric pressure.
Similar to the outer boundary, we have the following boundary conditions on the inner boundary
Dge 0 (C, 1 ;
llgECU — C — = ﬁ(cv - Cv)’
. ax\C/|_, R +1/H
Dge 0 (C .
UgeCy— —C— = = ——(C,—C), (2.15)
. ox\CJ/|_, R,+1/H}
1 .
U €CCpeT — kK — =— —(T-T
gre 3% |,_p Ri + 1/H} ( )
where R, R\, R, H! H!, H! and H! are defined analogously. Also we assume a relative humidity at the inner environment is
100% due to a constant evaporation, i.e., RH' = 1. The vapor concentration can be computed by
; Poge (T
C! = RH! wae(T) (2.16)
RT!
where T! is the inner background temperature.
The initial conditions are given by
P (T P,
r=a5°c, =6 o Py o o (2.17)
RT RT

2.3. Interface equation

When the outer cover of the assembly is exposed to a cold environment under the freezing point and the inner cover is
exposed at a higher temperature (e.g., human skin), there are a wet zone and a frozen zone in the batting area. A moving
interface occurs at the position of the freezing temperature Ty = 273 K. Since the amount of the water content (sweat) in
assemblies is relative small, the difference between the densities of water and ice will be neglected. Therefore, the porosity
€ and the relative permeability k,, are continuous at the interface. The interface arises mainly due to the jump of the heat
capacity C,; (more precisely C,s), the heat conductivity « and latent heat A at the freezing point. In this case, the temperature
equation should be discretized with some special treatment around the moving interface. By classical formulas of two-phase
flow [26], the interface location «(t) satisfies the following interface equation

((l - e))‘wi:ofw - [Cvt]Tf)a[ = [kTy] (218)
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where [u] denotes the jump of u at the interface, oy denotes the density of fiber, W is the liquid water content, A, is the
phase change latent heat from water to ice. Finally we assume that the interface curve is smooth and satisfies the following
condition

l'(t)] =a >0 (2.19)

for some positive constant o.
With non-dimensionalization, we rewrite the system (2.1)-(2.4) by

9
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Eq. (2.21) is obtained by adding Eqgs. (2.1) and (2.2) together where we have introduced the pressure P = RCT as a main
variable as usual. Eq. (2.23) is obtained by combining the Egs. (2.3) and (2.21).
The corresponding boundary conditions are defined by

3P P 0 i 0 i
" C9XRT x=0 =B (G — C) + B, (G — G,
velle, —pecl (L) =0 —c)
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atx = L.

3. A numerical method for the temperature equation with a moving interface

Numerical study for problems with a moving interface has been studied by many authors [12,13,19,14]. Due to the high
nonlinearity of the model and the practical interest in a long time period, a stable scheme with less cost and large time step
is preferable. In this section, we shall combine the semi-implicit splitting finite volume method proposed in [10] with a
fast interface algorithm for the heat-air-vapor system. The fast interface algorithm can capture the interface more accurate
without any iteration and also make the scheme more stable.
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3.1. Numerical discretization

Let {xj}j"f(j1 be a uniform mesh on [0, L] with the mesh size h and {t, g:o be a uniform mesh in the time direction with

the step size 7. For any mesh function {u;}, we denote
U1z = (U + Uj11)/2, Sxlljy12 = (Ujp1 — uj) /h.

We assume that the interface o, € (xy,, Xk, +1)- Since the interface may cross several grid lines during one time step, with a
modified semi-implicit Euler scheme in time direction, the discrete temperature equations at regular points are defined by

T+ _ f}n Csn;rl(l _ Ejn+1)Tjn+1 _ Csnj(l _ Ejp)'fjn

CaGg L+ = F =L@ ) + I,
oIt n+1 n ;
Sl @ ST =120k = Lk 2 M =0 1N (3.1)
T=T"
J

where Vj” = (Pj”+1 - Pj’L])/(Zh) and

n+1 n+1
T jrn+1 o j+1 T -1 1 +1 +1
) = v,y (Kj"+1 ST — k8T /2> , (32)
f}” =T, T=1, forj>k, and j<ky1+1, ifag <ap,
« R i1 — Xj . .
T' =Ty, =1 T for kyyr 4+ 1 <j<ke if anr <o,
Uni1 — Oy
fj" =T, T=1, forj<k, and j>ky1+1, ifou > ap,
N R g1 — Xj . .
Tj”=Tf, t=r LY for kn+1<j<ky1, ifan>ay.
Opy1 — Oy

Since the source term (2.6) is nonlinear for temperature, a simple linearization of the source term has been used in (3.1).
The corresponding finite volume type boundary conditions are given by

€5CogCo Ty =T + (1 — e TEH — (1 — €g)CTy

_21

- (T =T + T I, (3.3)

o an
[v;j1 Gl 8Pl TI 4l 8 TI ! — B2, (T3 — T’)] 4T
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2T
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Iy

e (T =T + Tl (3.4)

—Tn
T=T},

_|_

atx = L.
3.2. Adirect algorithm for the interface location

From the interface equation (2.18), we have

t
a(t) = a(ty) + f Ak Teldt (3.5)

th

where A = (1 =€) AwiprWr — [C,,[]Tf)*‘. We define an interface function by

thy1 ~
J"@) =y — (a(tn) +/ A[KTx]dt> (3.6)
th

where y = y(t) denotes a curve connecting the points («(t,), t;) and (y, t;+1). Clearly, we have

J(e(tr11)) = 0.
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To approximate the interface function, we use the trapezoidal rule (Crank-Nicolson scheme) and the discrete scheme is
given by

.’;: =Xk —0p — % (X[KTX](Oln5 tn) + X[KTX](XIO tn-H)) . (37)

Under the assumption (2.19), J;' can be used to determine the location of the interface. If Jj = 0 for some k, the numerical
interface point at the new time step is o1 = Xi. In general, we need to find a subinterval (xy, Xx11) with],’}],?+1 < 0.

To calculate J by (3.7), one needs to evaluate the flux jump {X[KTX](X,“ tp+1)} by solving discrete temperature systems
defined in [0, x;] and [x, L], respectively, with the Dirichlet boundary condition
T Xk, thy1) = Tp :== 273 K.

Let {T“Jrl k- and {T"“}I 1 De the solution of the temperature equation in [0, x,] and [, L], respectively. We can

rewrite the correspondmg finite volume system by

AfyE =gt
or equivalently,

a T + by T 4 T =d, j=1,... k=1,

T 4+ bI T 4 T =dE j=k+ 1 k42, M (3.8)

where a; = ¢,_; = af; = ¢;; = 0. Using the backward and forward Gaussian eliminations for the left and right systems,
respectively, reduces these two tridiagonal systems to two systems of upper and lower bi-diagonal structures

PR T4+
by 9 bk+1 .
b, ¢ ak+2 bio
, and . ) (3.9)
by Go by O
biad gy ay by k-

n+1 Tn+1 Tn+1

from which we can calculate T, and T}/ +1> [y (notall components). An approximation to the flux at x, is given by

n+l 4T]?+]l 4 3Tf

(KT (X s t1) ~ k(X tn+1) oh (3.10)
and similarly,
(KT, tag1) ~ —k (%], th)T;j; 4;5:11 + 37 (3.11)
from which we can calculate the flux jump [« Ty ] (X, ta+1). Moreover, we evaluate the interface function J; by (3.7).
Finally, we can find an interval [(Kiy 1> Xy 1 +1] with
JeriJknsr41 < 0. (3.12)

By a simple linear interpolation, the flux jump at the interface x = «,, 1 can be calculated from the following formula,

U1 — Xikyyy

h

Xkpy1+1 — g1

n [ Tl Rk 1> s 1)- (3.13)

[KTX](aTH—l’ tn+l) ~ [KTX](an+1+17 tn-H) +

By (3.5), we get

Xkn 141 —

T~ On+1 =~ Xip1 >0 = +1~ =
Onpt1 — Op = 5 I:A'[KTX](aﬂ’ tn) + %)‘-[KTX](XMH+1; tn+l) + )\[KTX](anHa tn+l)] P

from which, we find the interface o, 1 by

o an + %X[KTX](O[,,, tn) — zlhxknﬂ [KTx](an+1+la th1) + thkn+1+1)¥[KTx](an+1 ) tn+1) (3.14)
+1= .
' 1= SE ATty 1. f) + 5 KT Gy )
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3.3. An algorithm for temperature equation

After the interface location is determined by (3.14), we need to solve the temperature equation att = t, in the intervals
[0, nt1] and [any1, L], respectively, with the Dirichlet boundary condition T (a1, tht1) = Tf.

Since oy,41 may not be a mesh point, we have to modify the finite difference system (3.1) at the mesh points near the
interface. A second-order approximation to Ty at X, = (Xk,, ,—1 + Xk, ; + nr1)/3 and X, = (o1 + Xk 41 + Xy +2)/3 18
defined by

2 2
T, try1) = ——————————T (K10 b)) — ———————
PRI (g = X T gy — xi,,)h
2 2
+ Tr + O(h?),
(@nr1 — Xiy 1) (@nt1 — Xk —1)

T(X"n+1 s tag1)

T (X, thy1) = ————————T(x s tag1) —
xx\Ars tn41 (Oln+1—Xk,,+1+1)h n+1+1s tnt+1

2

(nt1 — an+1+1)(0ln+1 - an+1+2)

— T(X 420 trs1)
(@1 — Xy, g2 12

Ty + O(h?), (3.15)

respectively. Also we construct an approximation to T, in terms of the values at these three points by

(X1 = Xy 1~ 1) (@011 — Xiy ) + Ky — XD (@1 — Xigyy —2)
h2 (i1 — Xiy—1)
X1 — Xk 1—1) @n1 — Xigoq+1) T Ky — XD (@it — Xy —1)
h2(any1 — Xi, )

2x — Xkpp1—1 — Xknyq

Te(x1, th1) = — T (XK, 115 tat1)

T(an+1 s tn+1)

Tr + O(h?).

(@ny1 — an+]—1)(0ln+1 - an+])
X — Xk 41) (@np1 — Xigpoq+2) T K2 — %) (@ng1 — Xk )
h?(any1 — Xipiq+1)

X — Xk +1) (g1 — Xipyq+3) + Kk 42 — %) (@n1 — Xigq+1)

h? (@ny1 — an+1+2)

T Xy, tay1) = — T Xk +1 =5 tnt1)

T (Xkyq+25 tas1)

N 2Xr = Xy 1+1 — Xy +2

T; + O(h?). (3.16)
(@nt1 — Xk,,+]+1)(0ln+1 - an+1+2) !

With these approximations we can obtain the discrete approximations to Lh(Tj"“, x) and Lh(Tj"“, x;). Finally two discrete
equations at (x;, t,+1) and (x;, t,1) are given by

Xy — Xi (Cvgc"e"Tan A e L e U e”)T”)
T

N

h T

X1 -1

1 T 1 1 1 T
X — Xy —1 (Cvgcnen T+ A_ " N Cs"+ a1- et )Tn+ — CS”(] — en)Tn)
T

h ’ xkn+1
Xy — X1 (017
= (T ) + 2 (—T (T T + FF)
h T |g—gn Xy q—1
X — X, I
LB M <7r (e _Tn)+1w711> (3.17)
h oT T=T" Xkny1
and
W (Cvgc"e” LA P 0 il GH)TH>
T
Xk pq+1

T

Xr = Xky 11 <C e T+l _ Tn N Csn+1(1 _ en+1)Tn+1 _ Csn(l _ en)fn
h * z

Xkpy1+2
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Xkpyp+2 — X (017
:LE(TJ_H—H’XT)_’_ ‘n+1+h T (aTT

(Tn+1 _ Tn) 4 F]p)

T=T" Xy 1+1

2 St (aFT (3.18)

h aT

(Tn+1 _ Tn) + F]II)

—Tn
T=T Xk i 1+2

which, in a simple form, are rewritten by

—— n+1 p
a’<n+1 kn+1 1 +b’<n+1T’<n+1 dknﬂ_]

n+1 n+1 _

bkn+1+1Tkn+1+1 + Ckn+1+1Tkn+1+2 - dkﬂﬂ‘”’
More important here is that we do not need to re-solve these two systems. By noting these two bi-diagonal systems in (3.9),
we obtain the following two almost bi-diagonal systems immediately

AT = g* (3.19)
where
s ~+
bkn+1 +1 (_:kn+1 +1
. . ar bt
A — - . At | ¥z Pkt
b’inJrl -1 Ckn+1 1 _

l b 5+

a
kn41 knt1 = kg xkng v M= (M—kn 1) x (M—kn1)

Solving these two system gives the finite volume solution of the temperature equation at t = t;1.
We present the interface algorithm below.

Algorithm 1.

o Step 1. Generate the tridiagonal system (3.8). Assume that a(t,11) € [Xk,4p,, Xk,+p,] fOr certain integers p; and p,.
Generate the upper bi-diagonal matrix in (3.9) until k = k,-+p, and the lower bi-diagonal matrix in (3.9) until k = k,+p1,
by the forward and backward Gaussian eliminations, respectively.

e Step 2. Evaluate the flux jump {A[«Tc](Xk, tt1)} and the interface function {J;}}. Then find an interval containing the
interface by using (3.12) and capture the locatlon of interface at new time step by (3.14).

e Step 3. Calculatea,  _, bkmq, banH and ¢ ck .1+110(3.17) and (3.18) and solve these two almost bi-diagonal systems

in (3.19) for the finite volume solution Tj”“.

4. Numerical discretization for other equations

In this section, we introduce a splitting semi-implicit finite volume method for Egs. (2.20)-(2.22). In each splitting step,
one only needs to solve a single component equation with a semi-implicit scheme for this component and an explicit
treatment for other components. After the interface is determined, the equations for other components can be viewed as
boundary value problems with a fixed interface.

Let P” c) e and Wj" the numerical solutions of the pressure, vapor concentration, and water/ice content at the control
volume (x], Xj+1) and t = t,, respectively. A regular finite volume discretization can be obtained on the basis of integral
form of the flux conservation in the spatial cell (xj_1,2, Xj+1,2) and the time interval (¢, t,+1) when the cell is not close to
the interface. The detailed derivation for general finite volume methods can be found in [10].

For the water equation (2.20), since the source is continuous, the discrete water system is given by

A
M(wj"“—vvj")—zwrn i=1,2,....M. (4.1)

c,j’
For the pressure equation (2.21), we have the interface condition
[PI(a(t), t) = [Px](a(t), t) = 0.

For simplicity, we assume that &, < oty 1 and o1 € (X, ;» Xk, +1)- The discrete pressure equations at regular points are
defined by

1 n+1 n

+1_°J P pn+1 .

r(ej” P ]“RTH FLPM ) = =T =12,k ke + 2, M (4.2)
J

where

1
P 1 ) +1
Lh(Pjn+ S Xj) = h [VG]+1/2 ;+1/2‘3 Pfluz ng 112G 1/2‘S P! 1/2] (4.3)
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When k, < kpy1, i.e., the interface crosses the spatial mesh line, we use the following implicit/explicit scheme on mesh

points around the interface

1 pr+l n+1y
n+1__J n_J Pepntl oy _ _ pn P — —
ﬁ(éj RTJ"‘H_ijTJ"_‘—TZ>+Lh(PJ ,X])— Fc,j’ ]—kn+1,...,kn+1 1

—_

Pn+t2 Pn

— e L _en FLPx) = T =k + 1 Kot — 1

o j RT,"+T2 ]RT" Vi) — c.j? J=kn s ooy K1
J

which further produces

1 nt1 n
T(GJF“R;M —ej”R—%n + Lh(P"+1 X)) + LP(P” X)=—T j=ki+1,... ko1 —1 (4.4)
j J

where 11 = tp 11— tj“, T, = t]?" —thandx; = a(tjf"). We apply the second-order approximation presented in (3.15) and (3.16)
to get two more discrete equations at the points x; and x,, which is defined in a simple form by

(VGPx)x(xlv tn+1) = J/quﬁﬂ,] + ]/22 kn+1 + V23Pn+] = LP(qu )
(VePo)x(%r, thy1) = Vz1P”+] + szP]?t]]_H + y23pl?,:rl1+2 LP(Pn+] Xr). (4.5)

Similarly, we can obtain a second-order approximation to P, ((xn +1> tnt1)

- L —pntl +1
Py(otyy 1, thy1) = V11P;:n+1 1+ viP k,,_H + V13Pn

1 1 1
Pu(tyfy tast) = VIPFT + vPet L+ VP
where Pf”+1 = P((ty+1), tn1). With the interface condition [P,] = 0, we further have
+1 +pntl +pr+l
prtl — V1P kn+1 1t ]/121)1? w1 V12 l?n+1+1 — Vi3 l?n+1+2
d Y13 Vn

Combining the last five equations leads to a second-order approximation to L (P”+1 x) and LP (P"“ X;), respectively, and
consequently, two discrete equations at (x;, t,11) and (x,, t,41) are given by

Xknp1 — X entl pr! _ Pn + Xl — Xy g1 entl Pt n p"
ht RTH1 RT”

S
n+1 n
x“nJr]*1 hT RT RT x"n+1
T1.p +1 T2 p Xxj—kn1 Xl — Xkyyq—1
+ ?Lh (Pjn , X]) + ?Lh (P]n’ X,) = 7]1 Fctjkn+171 — 7}1 Cokng (46)
and
Xkp1+2 — Xr EH_H pr+l e P
ht RT™+1 RT" /|,
k141
Xr = Xkny1+1 n+1 prt n P" T1,p pntl 2.p pn
T € Rpt € R . + ?Lh(Pj s X)) + ?Lh(Pj s Xr)
kn+1+2
o Xk t2 — X Xr = Xkpy1+1 g
- h FC”"‘nHH B ht FC’X“nﬂ“' (4.7)
The corresponding boundary conditions are defined by
+1
O pt =D gy 2Ty P — Ty — 2 B (Clo = €+ Gy — O]
RTy RT} h ’ h ’ ’
n+1
EM+1 n+1 EMH n — 2t Zyn 5 P —
RT,&ﬂ M+1 RTICH—] M+1 R GM+1/2 M+1/2 M+1/2 c.M+1
27
7 (€ = Cli) + Bia(C = G| (48)

An almost tridiagonal finite volume system of the pressure equation is defined by (4.2)-(4.8).



Q. Zhang, W. Sun / Journal of Computational and Applied Mathematics 236 (2011) 819-833 829

For the vapor equation, we have the interface condition

C
|:VGPXCU + DgC (—”) } =0. (4.9)
C X
Let
1 Cn+1 Cn{ﬂ
Cn+1 — +1 +1 v,j+1/2 +1 +1 v,j
Ly (C:)],j X)) = h (D?},jJrl/ZCerl/Zax ( cl - Dg,jfl/zcjﬁ/fs" cntt
j+1/2 J
1 .
+ h <V3j+]1/2vjn++11/2cﬁr+]1/z - Vg.}r—]1/2‘/jﬁ}2cﬂjj1/2> s J=12 ke = Lk +2,., M. (4.10)
The discrete vapor equations are defined by
et _encn
e = LT ) T J= 12k ke 2,0 M, @11
at regular mesh points and
emIcmt —ench. ¢ T
L T et x) L (Chx) = — T =k 1 kg — 1, (4.12)
T T j T j j

around the interface. By taking the same approach as used for the pressure equation, we obtain two more discrete equations
at (x;, tp+1) and (x;, t;11) defined by

X1 XU 0 i1 gt nen X1 = Xknj1=1 [ g1 ntl nen 1 ,c mntl T2.C rn
e (e™rertt —ench) o T e (e"1CitT — € cv)|an+1 + L (€T ) + LG )
o Xk T X Xl = Xkp1—1 g
- h Fc,kn+1—1 - h . knt1 (4.13)
and
Xknp1+2 — Xr 0 niq ~nt nen Xr = Xknp1+1 ( n1 ~nt nen
ht (6 G ¢ Cu)|x’<n+1Jrl ht (6 G ¢ CU)|X’<n+1+2
T1c o rntl Q2. c
+ ?Lh (C:}J X)) + ?Lh (CS,]-, Xr)
_ X142 — Xr Xr = X141
= Fc,xr<,,+1+1 TR F”"<n+1+2' (4.14)
The corresponding boundary conditions are given by
27 Cn+1
n+1,-n+1 _ n+1 n41,~n+1 n+1 n+1 ~nt1 v,1/2
€ Cpo —€Cho= m |:VC,1/28XP1/2 (C1 +Co) +D¢ 2G5 0 (Cn+1 >:|
1/2
213, n+1 i n
— T(CU-O — Cv) — trc,O’ (4]5)
atx = 0, and
2t
+1 i1 _ +1 +1 +1 +1
611\1/I+1CS,M+1 - 61’\1/1+1C1r},1\/1+1 = TV3$M+1/283,M+1/2(C3,M+1 + CS,M+1)
+1 L
27 n+1 n+1 CSJVH—l 2Tﬂ21 0 n+1 n
+ TDG,MH/ZCMH/ZSX crt T (G CU,M+1) =TI (4.16)
M+1

at x = L. An almost tridiagonal finite volume system for the vapor equation is obtained from (4.11)-(4.16).
We present the splitting algorithm below.

Algorithm II. At each time step,
e Step 1. The free water content Wj”“ is first obtained by solving the discrete water equation (4.1). Then the parameters
are updated by e}”l = e(Wj"H), KM = KS(an+1) and C*! = Cy(W™) using (2.5), (2.9) and (2.11), respectively.

Consequently, Di*' and V" are updated.
e Step 2. Apply Algorithm I for solving the discrete temperature system in (3.1), (3.17) and (3.18) with a moving interface
to get the finite volume solution Tj"“ and the interface location o 1.
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Fig. 2. The comparison of interface locations.

e Step 3. The discrete pressure system (4.2)-(4.8). is solved for the pressure Pj”+1 and the mixture gas concentration is
updated by C].”Jrl = [J]T‘“/(RT]_”H),
e Step 4. Finally, the discrete vapor system (4.11)-(4.16) is solved to obtain CL‘;”. The air concentration is updated by
CnJ'rl — Cn+1 _ Cn«!»l
a.j j vj e

5. Numerical results

In this section, we present two numerical examples. One is an artificial Stefan problem and other one is a practical
clothing assembly model with 10 pile polyester batting and two different covers, laminated and nylon. All computations
are performed with Matlab.

5.1. Asimple example

Consider a classical two-phase Stefan problem in one dimensional space [27], defined by

8u1 82u1
— =01———, O0<x<a(t),0<t<T, 5.1
or 152 (t) (5.1)
8”2 82U2

= a(t) <x<L 0<t<T, (5.2)

E = OZWH
with the initial and boundary condition

ur1(0,t) =g1(t),  ur(e(®),t)=0, 0<t=T,

Up(L, ) =g (),  ux(a(),t)=0, 0<t=T,

a(0)=b, 0<b<I,

ui(x,0) =fi(x), 0<x=<b, w0 =, b=<x=<L

o Juq dauy

— = —k1—(x(t),t) + ko—(ax(t),t), O0<t<T. (5.3)

at X X
Here we take

L=2 T=5  b=1
o1 =5, oy = 10, K1=—, Ky = —,

g1t =1, i) =L& =1-—x;
—0.25, 0<t<1

- 3 5
82(H) ~3 (cosnt+3), 1<t<5.
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Table 1
Numerical errors for u and «(t).
M Ep(u) Ratio Ey () Ratio
30 6.1010e—003 null 4.9011e—003 null
60 1.5021e—003 3.9620 1.4000e—003 3.4353
120 2.8280e—004 5.4749 2.7296e—004 5.1740
240 7.0080e—005 4.0353 6.7672e—005 4.0337
480 1.7502e—005 4.0042 1.6914e—005 4.0010
3 3
o N
E 2 E 2
g g
< 1 s 1
O O
0 0
0 1 2 3 4 5 0 1 2 3 4 5
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Fig. 3. Numerical results for 10 piles polyester batting sandwiched by two layers of nylon fabric.

We apply Algorithm [ (DNMIM) proposed in Section 3 for solving the above Stefan problem. For comparison, an
explicit/implicit interface method (EIM) is also tested, in which the explicit Euler scheme
D2 P ) 41 2 1) (5.4)
T ox X
is used for the interface equation and the implicit Euler scheme is used for the discretization of the Stefan equation.

We present in Fig. 2 the moving interface locations with different mesh size h and time step 7. Clearly the interface
location obtained by the proposed algorithm with h = L/50 and t = T/50 is as good as the result obtained by the
explicit/implicit method with h = L/1000 and T = T/1000, while the interface location obtained by the explicit/implicit
method with h = L/50 and = = T /50 is less accurate. The inaccuracy of the scheme EIM in (5.4) is mainly due to its explicit,
which fails to well predicate the speed of propagation. We define two error functions by

Ey(u) = max max |u(x;, t,) — u?,
1<n<N j J

Eu(@) = max la(t) — ol

where (u(x, t), «(t)) is a solution obtained by the proposed method with a finer mesh, t = T/10000 and h = L/3840, and
(u}‘, o) is the corresponding numerical solution by the proposed numerical method with t = T /5000 and different mesh
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size h. We present in Table 1 numerical errors for both the solution u and the interface location «. We can see clearly from
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Fig. 4. Numerical results for 10 piles polyester batting sandwiched by two layers of laminated fabric.

The case of polyester batting with nylon cover
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Fig. 5. The location of moving interface in 24 h.
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The case of polyester batting with laminated cover
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Table 1 the second-order convergence of the method for both u and « in spatial direction.

5.2. Clothing assemblies

two covering layers. Two cases to be considered are:

The second example is to study the air-vapor-heat transfer in a clothing assembly with a porous batting sandwiched by
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e Case I: 10 pile polyester batting with laminated cover;
e Case II: 10 pile polyester batting with nylon cover;

The values of physical parameters can be found in [7,8]. Experimental measurements for water accumulated in the cloth
assembly were given in [24]. Here all numerical results are obtained by the splitting finite volume method with t = 20s,
h = L/100. To confirm our numerical results, the splitting finite volume method with smaller time and spatial steps was
also tested. Our numerical experiments show that the scheme is stable when the time step is smaller than 20 s.

We present in Fig. 3 numerical results of the vapor concentration C,, air concentration Cg, temperature T, water content W
for Case I at 8 h and 24 h. The comparison between numerical results of water content and experimental measurements [24]
are also given in the last subfigures. The corresponding numerical results for Case II are presented in Fig. 4. The moving
interface locations for both Case I and case II are given in Fig. 5. Some observations are made below.

Due to the discontinuity of the conductivity «, more precisely «,, = 0.57 for water (T > Tf) and «,, = 2.13 for ice
(T < Ty), the temperature is not smooth (T is discontinuous). Since the amount of water content (W) at 24 h is much larger
than the amount at 8 h, the discontinuity of T, at 24 h is clearer in both cases. Physically, the gradient of the pressure Py is
continuous. Therefore, by noting the fact P = RCT, the mixture gas concentration C is not smooth at the interface. So we
can see from the second subfigures of Figs. 3 and 4 for 24 h the slightly non-smoothness of the air concentration (C,) at the
interface since C, < Czand C = C, + C, ~ C,.

Numerical simulations for both cases were done by a splitting finite difference method [8] and finite volume method [10]
without any approximation to the interface. It has been noted that such schemes are not only less accurate around the
interface, and also are more restrictive at time step. Numerical simulations in [8,10] show that schemes are stable only
when the time steps are less than 5 s and 10 s, respectively, while the proposed methods shows almost unconditionally
stable.

We also see from Fig. 5 that the interface is moving monotonically from right to left in bath cases and compared with the
nylon cover, the interface for the case with the laminated cover goes a little more far away. This is mainly because the nylon
cover provides a higher resistance to vapor moving out, which leads to more water accumulated and higher temperature in
the batting area, particularly near the outer cover.
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