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Abstract

We consider the ground state of an atom in the framework of non-relativistic ged. We assume that the ul-
traviolet cutoff is of the order of the Rydberg energy and that the atomic Hamiltonian has a non-degenerate
ground state. We show that the ground state energy and the ground state are k-times continuously differen-
tiable functions of the fine structure constant and respectively the square root of the fine structure constant
on some nonempty interval [0, cg).
© 2011 Published by Elsevier Inc.
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1. Introduction

Non-relativistic quantum electrodynamics (qed) is the theory describing the interactions be-
tween electrically charged non-relativistic quantum mechanical matter and the quantized elec-
tromagnetic field. Existence of ground states has been established under various physically
reasonable assumptions [6,7,11]. In this paper we investigate expansions of the ground state
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and the ground state energy of an atom as functions of the fine structure constant ¢, as « tends
to zero. In [3,4] it was proven that there exists an asymptotic expansion involving coefficients
which depend on the coupling parameter ¢ and have at most mild singularities. In [8,13,14] re-
lated expansions of the ground state energy were obtained and it was shown that logarithmic
divergences can occur in non-relativistic ged. On the other hand it was shown that an atom in a
dipole approximation of ged (which effectively leads to an infrared regularization) has a ground
state and ground state energy which are analytic functions of the coupling constant [10].

This paper can be viewed as a continuation of [17], where it was shown that the ground state
as well as the ground state energy of the atom are analytic functions of the coupling constant,
g, which couples to the vector potential. Moreover in [17] it was shown that in an expansion in
powers of g, the corresponding expansion coefficients are bounded as functions of a coupling
constant, 8, which originates from the coupling to the electrostatic potential. The main result of
this paper states that these expansions coefficients are C* functions of 8, and we obtain satis-
factory bounds on the first k derivatives with respect to 8. We consider an atom which is coupled
to the quantized radiation field in a scaling limit where the ultraviolet cutoff is measured in units
of Rydberg. This scaling limit is a reasonable limit to study the properties of atoms. For example
in this scaling limit estimates on the lifetimes of metastable states [20,7] were proven, which
agree with experiment, see also [1]. Moreover, it was shown [12] that the ionization probabil-
ity agrees with calculations done by physicists. As a corollary of the main result of this paper,
we show that the ground state and the ground state energy have convergent power series expan-
sions, with o dependent coefficients which are C* functions of & > 0. We show that the ground
state energy as well as the ground state are k-times continuously differentiable functions of «
respectively o!'/? on some nonempty interval [0, cx). Moreover, it follows that the ground state
as well as the ground state energy are given as an asymptotic series in powers of «!/2 and «, re-
spectively, with constant coefficients. These coefficients can be calculated by means of ordinary
perturbation theory in a straightforward manner. As a consequence of our result it follows that
in the scaling limit where the ultraviolet cutoff is of the order of the Rydberg energy no loga-
rithmic terms occur. This clarifies an issue which was raised in [4], see the remark on page 1031
therein.

Let us now address the proof of the main result. It is well known that the ground state energy is
embedded in the continuous spectrum. In such a situation regular perturbation theory is typically
not applicable and other methods have to be employed. To prove the existence result as well as the
analyticity result we use a variant of the operator theoretic renormalization analysis as introduced
in [5]. An important ingredient of the proof is that by rotation invariance one can infer that in
the renormalization analysis, terms which are linear in creation and annihilation operators do
not occur. This is explained in [17] and [18]. In that case it follows that the renormalization
transformation is a contraction even without infrared regularization. A similar idea was used in a
paper to prove existence and analyticity of the ground state and ground state energy in the spin-
boson model [16]. In the proof we will use results obtained in [16] and [17]. We note that similar
ideas were used also in [10]. The main new ingredient in the proof is the control of derivatives
with respect to the parameter 8. The main estimates which control these derivatives are contained
in Theorem 6.3 and Lemma 6.4 for the initial Feshbach transformation and in Lemma 7.10,
Theorem 7.7, and Theorem 7.12(d) for the renormalization transformation. The most delicate
estimates are used in the proof of Lemma 6.4 and Theorem 7.7, and can be considered as the key
ingredients of the proof.
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2. Model and statement of results

Let (b, (-, -)p) be a Hilbert space. We introduce the direct sum of the n-fold tensor product
of b and set

Fo):=PF"®), FwO)=p*,

n=0

where we have set h®o := C. We introduce the vacuum vector §2 := (1,0,0,...) € F(h). The
space F(h) is an inner product space where the inner product is induced from the inner product
in h. That is, on vectors 7] ® -+ @ 7, 91 ® - - - @ @, € F™ () we have

n

M @M1 @ ®py) 2=l_[<ni,</)i>h-
i=1

This definition extends to all of () by bilinearity and continuity. We introduce the bosonic
Fock space

[e.e]

Fs)=PF®), Fb)=5F" W),

n=0

where S, denotes the orthogonal projection onto the subspace of totally symmetric tensors in
Fm (). For h € h we introduce the so-called creation operator a*(h) in F;(h) which is defined
on vectors 1 € ]—"S(")(b) by

a*(h)n:=~vn+18,11(h ®n). 2.1

The operator a*(h) extends by linearity to a densely defined linear operator on F(f). One can
show that a*(h) is closable, cf. [23], and we denote its closure by the same symbol. We introduce
the annihilation operator by a(h) := (a*(h))*. For a closed operator A € ) with domain D(A) we
introduce the operator I"(A) and dI"(A) in F(h) defined on vectors n =11 Q --- Qn, € ]:(”)(b),
with n; € D(A), by

FrAn=An®- - An,

and

n
Ar(An=) " m®  @n 1®AL N1 ® @
i=1

and extended by linearity to a densely defined linear operator on F (h). One can show that dI"(A)
and I"(A) are closable, cf. [23], and we denote their closure by the same symbol. The operators
I'(A) and dI"(A) leave the subspace F;(h) invariant, that is, their restriction to F;(h) is densely
defined, closed, and has range contained in F; (f). To define qed, we fix
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hi=L*(R® x Z»)
and set F := F;(h). We define the operator of the free field energy by
Hp:=dI'(M,),

where w(k, 1) := w (k) := |k| and M, denotes the operator of multiplication with the function ¢.
For f € b we write

=3 [renawn.  an=Y [FEDa @,

r=1,2 A=1,2

where a(k, 1) and a*(k, 1) are operator-valued distributions. They satisfy the following commu-
tation relations, which are to be understood in the sense of distributions,

[atk, 2),a* (K, M) =88k —K),  [a**k, 1), a* (K, 2)]=0,
where a* stands for a or a*. For A = 1, 2 we introduce the so-called polarization vectors
e(\A): 8=k eR | k| =1} - R?
to be measurable maps such that for each k € $2 the vectors e(k, 1), e(k, 2), k form an orthonor-

mal basis of R3. We extend &(-, A) to R3\ {0} by setting e(k, 1) := e(k/|k|, A) for all nonzero k.
For x € R? we define the field operator

dkKA(k) —ik-x * ik-x
Ar= Y / e(k, Na*(k, ) + e* ek, a(k, 1)), 2.2)
r=1,2 2|k

where the function k 4 serves as a cutoff, which satisfies x4 (k) = 1 if |k| < A and which is zero
otherwise. A > 0 is an ultraviolet cutoff, which we assume to be finite. Next we introduce the
atomic Hilbert space, which describes the configuration of N electrons, by

Hat = {Iﬂ € LZ(R3N) | Y (Xo(1)s - s XoN)) =sgn(O)Y (X1, ..., XN), O € GN},

where Gy denotes the group of permutations of N elements, sgn denotes the signum of the per-
mutation, and x; € R3 denotes the coordinate of the j-th electron. We will consider the following
operator in H :=Hy @ F,

N

=3 (pj +8AaBx)):+V + Hy, 2.3)
)
=1

where pj = —idy T V =V(x1,...,xy) denotes the potential, and :(-): stands for the Wick prod-
uct. We will make the following assumptions on the potential V', which are related to the atomic
Hamiltonian

Hat =—A+4 V,

which acts in H,. We introduced the Laplacian — A := Z;-V:] p?.
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Hypothesis (H). The potential V satisfies the following properties:

(1) V is symmetric under permutations and invariant under rotations.
(i) V is infinitesimally operator bounded with respect to —A.
(iii) Ey :=info (Hy) is a non-degenerate isolated eigenvalue of Hy;.

Note that for the hydrogen, N = 1, the potential V (x1) = —|x | =1 satisfies Hypothesis (H).
Moreover (ii) of Hypothesis (H) implies that Hg g is a self-adjoint operator with domain
D(—A+ Hy) and that H, g is essentially self-adjoint on any operator core for —A + H ¢, see for
example [21,15]. For a precise definition of the operator in (2.3), see Appendix A. We will use
the notation D, (w) :={z € C ||z — w| <r} and D, := D,(0). Let us now state the main result
of the paper.

Theorem 2.1. Assume Hypothesis (H) and let k € No. Then there exists a positive constant gg
such that for all g € Dg, and B € R the operator Hq g has an eigenvalue Eg(g) with eigenvector
Y(g) and eigen-projection Pg(g) satisfying the following properties.

(i) For g e RN Dy, we have Eg(g) = info (Hy g), and for all g € Dg, we have Pg(g)* =
Py (®).
(i) g E)(g), g+ ¥(y(g), and g — P()(g) are analytic functions on Dg, with values in
Cg (R), Cg (R; H), and CI;; (R; B(H)), respectively.
(iii) There exists a finite and positive C such that for all g € Dg, we have

9!

IEc)(9) ”Ck(]R) <G, | v (@) ”Ck(R;H) <G, | Pey(e) ”Ck(]R;B(H)) s¢C.
Remark 2.2. Under the hypotheses of Theorem 2.1, non-degeneracy of Eg(g) is known for
g € RN Dyg,. This is shown in for example [6,24]; see also [19].

The next result states that the expansions coefficients of the eigenvalue, eigenfunction, and
the corresponding eigen-projection are C* as functions of .

Corollary 2.3. Assume Hypothesis (H) and let k € Ny. Then there exists a positive constant g
such that for all g € Dg, and B € R the operator Hg g has an eigenvalue Eg(g) with eigenvec-
tor Yg(g) and eigen-projection Pg(g) satisfying the following properties. On Dg, we have the
convergent expansions

o0 o0 o
2
Ep(®) =Y ESVg™. Y@= uig".  Pae)=) P{Ug". (24
n=0 n=0 n=0

There exist finite and positive constants C and r such that

” E((~2)n) ”C"(R) < Cr2n, ” 1//((’;) ”C"(R;H) scert, ” P((~r)l) HC"(R;B(H)) <t

The expansion coefficients are as functions of f in C*(R), C*°(R; H), and C*(R; B(H)),
respectively.
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Various conclusions can be drawn from Theorem 2.1. For instance, if we set 8 =« > 0 and
g = /2 then we obtain the following corollary. It states that the ground state and the ground
state energy of an atom in ged, in a scaling limit where the ultraviolet cutoff is of the order
of the Rydberg energy, can be differentiated arbitrarily many times as functions of « and «!/?,
respectively, provided one chooses « sufficiently small (depending on the number of derivatives).
As a conclusion it follows that no logarithmic terms appear in this scaling limit.

Corollary 2.4. Assume Hypothesis (H). There exists a positive o such that for 0 < o < ag the
operator Hysp , has a ground state ¥ (a'/?) with ground state energy E(a) such that we have
the convergent expansions on [0, o)

o0 [e9]
E@=Y_ Eo™,  y@'?) =)yl (2.5)
n=0

n=0

The coefficients Eén) and wén) are as functions of o in C*°([0, 00)) and C*([0, c0); H), re-
spectively. For every k € Ny there exists a positive ot(()k) such that () and E(-) are k-times

continuously differentiable on [0, oz(()k)).

In [3,4] it was shown that there exist coefficients of the type (2.5) which have slower growth
than o~ for any ¢ > 0. Corollary 2.4 states that the coefficients Eé") and 1//5(") are in fact smooth.
Let us note that Corollary 2.4 implies the following corollary which states that the ground state
and the ground state energy can be written in terms of an asymptotic series with constant coeffi-
cients in the sense of [22].

Corollary 2.5. Assume Hypothesis (H). There exist formal power series with constant coefficients
Yoo c™a"? and Yoo e™a" which are asymptotic to the ground state and the ground state
energy of Hyp , as a | 0, respectively.

In view of Corollary 2.4 and the continuity in the infrared cutoff which has been established
in [17] one can calculate ¢ and e™ of Corollary 2.5 using for example ordinary Rayleigh
Schrodinger perturbation theory to determine first 1//0(1") and Eo(lzn), in Eq. (2.5), and then using a
Taylor expansion of these coefficients.

3. Outline of the proof

The main method used in the proof of Theorem 2.1 is operator theoretic renormalization [5,2]
and the fact that renormalization preserves analyticity [10,16]. The renormalization procedure
is an iterated application of the so-called smooth Feshbach map. The smooth Feshbach map is
reviewed in Appendix B and necessary properties of it are summarized. In this paper we will use
many results stated in the previous papers [16] and [17]. The generalization from the Fock space
over L2(R3), as considered in [16], to a Fock space over L2(R3 x Z) is straightforward. To be
able to show that the renormalization transformation is a suitable contraction we use a rotation
invariance argument, as explained in [17]. This is used in Lemma 5.5. For a careful treatment of
this issue, see [18]. The main new ingredient in this paper is to control derivatives with respect
to B. The subtleties originate from the reparameterization of the spectral parameter. In Section 4
we define an SO(3) action on the atomic Hilbert space and the Fock space, which leaves the
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Hamiltonian invariant. In Section 5 we introduce spaces which are needed to define the renor-
malization transformation. In Section 6 we show that after an initial Feshbach transformation
the Feshbach map is in a suitable Banach space. This allows us to perform a renormalization
analysis, which is the content of Section 7. We use results from [16] and complement it with new
estimates needed to control differentiation with respect to 8. In Section 8 we prove the contrac-
tion property of the renormalization transformation. In Section 9 we put the pieces together and
prove Theorem 2.1. The proof is based on Theorems 6.1 and 7.12.

We use the notation R4 = [0, o). For a multi-index m € Né we use the usual convention
|m| = Zﬁ:l m; and m! = ]_[ﬁ=1 (m;!). We shall make repeated use of the so-called pull-through
formula which is given in Lemma A.1, in Appendix A. We refer the reader to Appendix A for
notation of function spaces and will use Lemma C.1. Finally, let us note that using an appropriate
scaling we can assume without loss of generality that the distance between the lowest eigenvalue
of Hy and the rest of the spectrum is one, i.e.,

Eat,l_Eatzl’ (3'1)
where Ey 1 :=inf{o (Hy) \ { Eac}}. Any Hamiltonian of the form (2.3) satisfying Hypothesis (H)
is up to a positive multiple unitarily equivalent to an operator satisfying (3.1) and Hypothesis (H),
but with a rescaled potential and with different values for A, 8, and g, see [17].

4. Symmetries

Let us introduce a representation of SO(3) on Hy and . For details see [17]. For R € SO(3)
and Y € Hy we define

Ut (R)Y (X1, ..., xN) = W(R_lxl, e, R_lxN).
To define an SO(3) action on Fock space it is convenient to consider a different but equivalent

representation of the Hilbert space ). We introduce the Hilbert space ho := L2(R3; C3). We
consider the subspace of transversal vector fields

br:={f €bo|k- fk)=0}.

It is straightforward to verify that the map ¢ : h — hr defined by

@NK) ==Y [k, Vek, 1)

r=1,2

establishes a unitary isomorphism with inverse

(07" f)k,2) = f(k) - ek, 2).

We define the action of SO(3) on hr by

Ur (R f) (k)= Rf (R™'k).
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The function R ¢_1L{T(R)¢> defines a representation of SO(3) on f) which we denote by Uy .
This yields a representation on Fock space which we denote by /. It is characterized by

Ur(R)a" (HUF(R* =d"(Uy(R)f),  UFr(R)Q=12.
It is straightforward to show that the Hamiltonian Hg g is SO(3) invariant.
5. Banach spaces of Hamiltonians

In this section we introduce Banach spaces of integral kernels, which parameterize certain
subspaces of the space of bounded operators on Fock space. These spaces are used to control
the renormalization transformation. Then we introduce Banach spaces, which we call extended
Banach spaces, which are used to control derivatives with respect to .

The renormalization transformation will be defined on operators acting on the reduced Fock
space Hred := Preq, where we introduced the notation Preq := x(0,1)(H ). We will investigate
bounded operators in B(H;eq) of the form

Hw):= Y Hpnw), (5.1)
m+n2=0

with

Hm,n(w) = Hm,n(wm,n)s

dp (K mm) ~
Hy (Wi n) := Pred / Wa*(l((m))wm,n (Hf7 K(m’n))a(K(n))Pred, m-+n=1,
Eiiﬂ+n
Ho,0(wo,0) := wo,0(Hy), (5.2)

where wy, , € L([0, 1] x BY' x BY) is an integral kernel for m +n > 1, wo,0 € L*([0, 1]), and

w denotes the sequence of integral kernels (wy,4),, , N2 We have used and will henceforth use

the following notation. We set K = (k, A) € R3 x Z,, and write
X:=XxZ, Bi:={xeR||x]<1},
K™ :=(Ky,....,Kn) € (R*x Zo)", K" :=(K\,...,K») € (R} x Z,)",
Kmn . (K<m), E(”))’

dK ™ = > dk™ dE™,
XnH»n Xm+tn ()\.1,..,,}.”1 ,3:1 ,,,,, X,,)EZ’ZWJHI
m n
dk"™ =T]d’ki,  dk™:=]]d’k;,  dk™ :=dk™?,  dK"™ :=dK*",
i=1 j=1

m+n

d(K™m) = @)~ 2 dK™",
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m
*(K™) . Ha (K, a(K™) =] Ta(K).
j=1
|k = K [R®], (K™ =1kl kel R = 1R R,

n

(K] =Y k-

i=1
Note that in view of the pull-through formula (5.2) is equal to

/ dp(K ")

ey (K™)x(Hy + [k ] <1)

ErlflJrn
X W (Hps K™) x (Hp + Z[KP] < 1)a(K™). (5.3)
Thus we can restrict attention to integral kernels w,, , which are essentially supported on the sets
O ={(r. K™™) €10, 1] x B | r <1-max(S[K™], Z[K™])}, m+n>1.

Moreover, note that integral kernels can always be assumed to be symmetric. That is, they lie in
the range of the symmetrization operator, which is defined as follows,

. 1 ~ ~
w;;y,m)( ;KM N))- NM Z Z wm, N Ky, -5 Knvy, Kz, -+ Kzony). (5.4)
JTESMJ?ESN

Note that (5.2) is understood in the sense of forms. It defines a densely defined form which
can be seen to be bounded using Lemma A.2. Thus it uniquely determines a bounded operator
which we denote by Hy, ,(wy,.,). This is explained in more detail in Appendix A. We have the
following lemma.

Lemma 5.1. For wy, , € L*([0, 1] x B x B) we have
| Hon o i) | < 1 lloo (2tim ) =12 (5.5)

The proof follows using Lemma A.2 and the estimate

dK(m,n) (87.[)m+n

[Kmm12 = pim)
§m‘n

(5.6)

where S, , := {(K™, K™y e §’1"+” | T[K™] < 1, £[K™] < 1}. The renormalization pro-
cedure will involve kernels which lie in the following Banach spaces. We denote the norm of the
Banach space L°°(§§"+"; C[0,1]) by || - lleo- We shall identify the space LOO(EI"J“"; C[0,1))
with a subspace of L>([0, 1] x B]'*™") by setting

Wi, (1, K(’”’")) = Wpop (K(’"’"))(r).

This identification is used for example in (i) and (ii) of Definition 5.2.
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Definition 5.2. We define W,ﬁ,n to be the Banach space consisting of functions w,, , €

Lo°(B'"™"; €110, 1]) satisfying the following properties:

(1) wmp(l— Xgm‘n) =0,form+n=>1,
(1) wma(r, K m) K () is totally symmetric in the variables K ) and K™,
(iii) the following norm is finite

”wm,n”# = lwm,n ”@ + ||3rwm,n||@-
For 0 < £ < 1, we define the Banach space
# . #
W= @B Wi
(m,n)eN(z)

to consist of all sequences w = (W, 1) m,neN, satisfying

# — #
lwif = Y & fwyu* < oo
(m,n)EN%

Given w € Wg , we write w3, for the vector in Wg given by

W, fm4nz=r,

(Wer)mtn = .
o 0, otherwise.

For w € Wg, it is easy to see using (5.5) that H(w) := Zmn Hy, o (w) converges in operator
norm with bounds

|H s | <& lwsI1f (5.7)

‘We shall use the notation

Wiwli= > Hya(w).

m+n>1

We will use the following theorem, which is a straightforward generalization of a theorem proven
in [2]. A proof can also be found in [16].

Theorem 5.3. The map H:Wg — B(Hred) is injective and bounded. Moreover
I1H )| < [lwllf.

The integral kernels depend on the spectral parameter. To accommodate for this we introduce
the Banach space WS = Cg(D1y2; Wg) with norm

#
[w|e:= su w(2) |-
£ zeDII)/z I ”g
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Moreover, the integral kernels depend on the coupling constants. We introduce the following
Banach space

W () = Cyk (s < Ry W),

with the norm

(k) —m—n 1 #
lwl| = sup & max | d w(IB7S)m,n
£.s (S,ﬁ)GSXR% [max, 3 ||

Observe that this norm is different but equivalent to the natural norm,

2 : —m—n || ql # (k)
oglaék(s,ﬁsiigxugm,,lg [95w B, $hmal” < hwlls
<k max sup E gmn ||3fgw(,3,s)m,n||#

0<l<k(s,ﬂ)e5me’n

For notational compactness we will use an abbreviation for the case S = D/, and set Wg(k) =

Ws(w’k)(Dl/z) and || - ||ék) = - ||g%. We introduce the Banach space
#k) . k (mo. WH (#,k)
Wg = CB(R, Wg)a Il ”g >

with the norm

@k

(= ¥

—m—n I
g™ . [95w(Bln

m,n

sup
BeR

For w € W we will use the notation wy, »(z, -) := (W, (2))(-). We extend the definition of
H () to Wt in the natural way: for w € Wk, we set

(Hw))(2) == H(w(2))

and likewise for H, ,(-) and W[-]. We say that a kernel w € W is symmetric if wy, ,(2) =
Wy, m(2) for all z € Dy 2. Note that because of Theorem 5.3 we have the following lemma.

Lemma 5.4. Let w € We. Then w is symmetric if and only if H(w(z)) = H(w(2))* for all
z€ Dy

We define on the space of kernels W,ﬁﬂ a natural representation of SO(3), U, which is
uniquely determined by
H(UR) Wn,n) =UR)H (W) U*(R), VR €SOQ), (5.8)

[17]. The representation on Wlﬁl,n yields a natural representation on Wg , which is given by
UR)W)mn = UR)Wy,, for all R € SO3). It lifts to a representation on We by setting



3260 D. Hasler, 1. Herbst / Advances in Mathematics 228 (2011) 3249-3299

UR)w)(z) = U(R)w(z) for all w € We. We say that a kernel w,, , € W;ﬁ,n is rotation in-
variant if U(R)wm n = wm,» and we say a kernel w € Wg is rotation invariant if U/ (R)w = w.
We will use the following lemma which is proven in [17].

Lemma 5.5. (i) Let wy, , € Wﬁ, - Then H(w,y, ) is rotation invariant if and only if wy, , is
rotation invariant. Let w € Wg . Then H(w) is rotation invariant if and only if w is rotation
invariant. (ii) If Wy, € W,ﬁ’n with m 4+ n =1 is rotation invariant, then wy, , = 0.

We will use the following polydiscs to define the renormalization transformation.

B, B.y) = {w e W} | 8,wo.0 — 1o <,

wo,0(0)] < B, w1l <y},

sup |9, wo,0(2) — 1|, <e,
ZED1/2

B(a, B, y) = {w € Ws

sup [wo,0(2,0) +2| <. lws1lle <y},
Z€D1/2

Bo(a, B,y) := {w € B(a, B,y) | w(z) is rotation invariant for all z € Dl/z}.

To control the derivatives with respect to 8, we introduce the following extended polydisc.

#,k
B*D (@, B.y) = {w e WP | 18,w0.0 — Ul ek cpr0.1p) < @

[w0.00) ] iy < B, w1 IEH < v},

k
B®(a, B, y) = [w € Wg( ) ‘ esgp |97 wo,0(2) — 1||C’<(R;CB[0,I]) Sa,
z€D

sup [w0,0(2,0) + 2] gy < B Nwz11 <y},

ZGD]/Z

B(()k) (@, B.y)={we B®(a, B, y) | w(z) is rotation invariant for all z € Dy 2 }.
6. Initial Feshbach transformation

In this section we shall assume that the assumptions of Hypothesis (H) hold. Without loss of
generality, see Section 3, we assume that the distance between the lowest eigenvalue of Hy and
the rest of the spectrum is one, that is

inf(o (Ha) \ {Eat}) — Eat = 1. (6.1)

Let x1 and X be two functions in C®°(Ry; [0, 11) with x7 + x7 =1, x1 = 1 on [0,3/4), and
supp x1 C [0, 1]. We use the abbreviations x; = x1(Hy) and x| = X1(Hy). It should be clear
from the context whether x; or x1 denotes a function or an operator. By ¢, we denote a fix
choice for a normalized eigenstate of H, with eigenvalue E, and by P, we denote the eigen-
projection of Hy corresponding to the eigenvalue E,. By Hypothesis (H) the range of Py is
one dimensional. Thus to every ¥ € Ran Py ® Preq there exists a unique t(y) € Hreg such that
Y = @u @ t(¥). It follows that ¢ : Ran Py ® Preq — Hreq is unitary and commutes with the SO(3)
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action. We will use ¢ to identify the range of Py ® Preq With Hreq. We define x D) =Py ®
x1(r) and XD (r) = Py ® 1 + Py @ X1(r), with Py =1 — Py. We set xD := xD(Hy) and

X :=xD(Hy). It follows directly from the definition that x (% 4 X(I)z = 1. We use an initial
transformation based on the smooth Feshbach map and its associated auxiliary operator, see
Appendix B.

Theorem 6.1. Assume Hypothesis (H). Let k € N. For any 0 < & < 1 and any positive numbers
81, 82, 83 there exists a positive number go such that the following is satisfied. For all (g, B, z) €
Dy, x R x Dy the pair of operators (Hg g — z — Ea, Hy — z — Ey) is a Feshbach pair for 0,
The operator-valued map

Q,n (8 B,2) =0y (Hgp —2— Ear, Ho— 2 — Eat)

is uniformly bounded in (g, B,z) and the function (g,z) — QX(” (g, 2) is in C;‘;(Dgo X
D1 2; Cg (R; B(Hyed, H))). There exists a unique kernel w©® (g,B8,2) € Wg such that

H(w(o) (g, B, Z)) = L(FX(I)(Hg’/S —2z2—Ey, Hy—2z— Ea) [ Ran Py ® Pred)Lil . (62)
Moreover, w'? satisfies the following properties.

(a) We have w©@(g):=w©(g,-, ) e B(()k)(Sl, 82,83) forall g € Dy,
) w (g, B, ) is a symmetric kernel for all (g, B) € (Dgy NR) x R.
(¢) The function (g, z, B) w(o)(g, B.z)isin Cg‘k(DgO x Dy x R; Wg).

The remaining part of this section is devoted to the proof of Theorem 6.1. Throughout this
section we assume that

z2=§¢— Ey € Dip. (6.3)

To prove Theorem (6.1), we write the interaction part of the Hamiltonian in terms of integral
kernels as follows,

Hy p=Hy+ Hf +:W, g,

Wepi= Y. Wunls.B), (6.4)

m+n=1,2
where Wy, (g, B) := Hpn(win (g, B)) with

dK mm

Hpn (Wi ) == / W

(R?’ )m+n

a* (K™ Ywy, (K ™M)a (K ™), (6.5)

and
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kca(k)eiPer

N
wii(e. BIK) :==2¢ ) pj -k, 1) A

Jj=1
KA (k)e—iﬁk-xj KA ('E)eiﬁz-x]-

V2 V2o

N

wi) (g, BY(K. K) :=g>> ek, 1) - e®k.T)
j=1

Kk p(ky)e PRI e o (ky)e PR

V2 V2o

wio(g, BY(K1, K2) i=g> Y e(ki, A1) - £(ka, 22)
j=1

(6.6)

wi' 1 (g, BY(K) :=w() (&, BY(K)*, and wi) (g, B) (K1, K2) :=wil{ (&, B)(K1, K2). We note that
(6.5) is understood in the sense of forms, cf. Appendix A. We set

w0 ()(r) i= Hy — 2 +7.

By w'!) we denote the vector consisting of the components w w1th m+n=0,1,2.

The next theorem establishes the Feshbach property. To state 1t, we denote by Py the orthogo-
nal projection onto the closure of Ran X” ). We will use the convention that (Hy—z) ™! X” ) stands
for ((Hy —z) | Ran Y“))_l Y(I), and that (Hy — z)_1 Py stands for ((Hgp —z) | Ran Po)_1 Py. The
proof of the Feshbach property is based on the fact that

3
info (Ho | Ran Po) > Ea + 5. 6.7)

which follows directly from the definition, and the fact that the interaction part of the Hamiltonian
is bounded with respect to the free Hamiltonian. A proof can be found in [17].

Theorem 6.2. Let |Ey — C| < 5. Then

—1
[((Ho—¢) IRan Py) ™ | < 4. (6.8)
There is a C < 0o and go > 0 such that for all B and |g| < go,
[ (Ho =)' x P We | <Clgl,  [Wep(Ho—0) "%V <Clgl, 6.9)
and (Hg g — ¢, Hy — ¢) is a Feshbach pair for x .
Theorem 6.3. For gg sufficiently small
&2~ Q,w(g,2) (6.10)

is in C§(Dgy x D1y2; Cly(R; B(Hirea, H))).
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‘We write

N 1/2
(x) 1= (1 +Z|x,»|2> .
j=1

We will use the Leibniz rule for higher derivatives

I
B f= 3 A 6.11)
neNg: |nl=I

Proof of Theorem 6.3. For notational simplicity we set W = W, g and Q, ) = Qi1 (g, B, 2)-
We have

o
Qi =x" =Y =" xD(Ho— )" xPWx D) (Ho— )" x P wy P
n=0

o0
=x D =30 (@O H = o) X P w) D, (6.12)
n=0

Formally differentiating / times with respect to §, the n-th term under the summation sign gen-
erates (n + 1) terms, each of the form

—_ A —(I) aln _ 1=
(" (Ho— )~ x Py w) - (x D (Ho — )~ x Dag w)x D, (6.13)
where I1 + - - +[,,41 = 1. We write
—_ 11— —_ 2 _
xD(Ho— )" 'x P =x D) (Ho+2-0)7"
+2(Hy— ) (x D) (Ho+2—¢) 7. (6.14)

It is well known that [|e” ) Py|| < oo for some y; > 0 [22]. Define

j
Vit = (1 -k a —5,,‘0));/1; j=1,....n.
t=1

Since Z?Zl(l —81;.0) <k, Yut1 = 0. With
Gj= ("W 5D (Hy — ;)—1y(’)e"’1+1<x>)(e7’-f+l<x>ag We Vit (6.15)
the expression in (6.13) can be written as
e_y"+'<x>(Gn+1~~G1)e7/1<x>x(1). (6.16)

We claim that for small enough y; > 0 (chosen independent of n), for |g| < 1, and for ¢ €
Dy + Ey
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Gl < Clgl, (6.17)

where C is independent of j, ¢, B, and n. It is clear that
=1 pYitt () gli py =7 ()
[ (Ho +i)~le?im1™ 9] we™ Vi | < Cylgl,
since if [; > 0, y; — ¥j+1 = y1/k. (There is a slight subtlety here with the term Wéll) which
contains (eP¥¥i)(p j - €(k,1)). But note that the two terms in parentheses commute so that the
bound is indeed independent of 8.) It remains to show
e}'(x)i(l)(HO _ {)*1y(1)e*y(x)(Ho +1i)

is bounded with bound independent of y for small y and ¢ € D12 + E. We have

Ho(y) := e Hye V™) = Hy(y) + Hy,

2
Hy(y) = HeriJ/(i -p+p- i) - J/zﬁ
(x) (x)

and thus for all small y
| (o) +2=¢) " (Ho+ D < Ca.

For ¢ € D12 + Ey. Clearly lle? @ (G D)2e=v &) || < ¢3 for y small so from (6.14) it remains to
bound

e’ (Hy — g)—l(y(”)ze—”x).
Since (x1)? = Py ® X1(Hy)* + Py ® 1 and
(Ho— ) 'Pu®1=(1Q@Hy +Eq— ) 'Py®1
we must only control
e’ (Hy — £) 7' (Pu ® De ™.

We write

(Hu 41 =) Py = % /(w +1— ) Nw — Hy) ' duw, (6.18)
l
r

where I is the contour I — I} with
[i(s) = Eq+3/4+ ™4, 0<s < 0.

Thus (using an analytic continuation argument)
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e (Ho — )7 (P ® De™ "™

1 _
= (w—Hy(y)) ™ ® (w+Hp — ) " dw. (6.19)
r

The expression (6.19) is bounded using a numerical range argument for large w and a perturba-
tion argument for small w. These estimates require y to be small. We have thus shown (6.17).
Moreover, it follows from the estimates above and Taylor’s theorem with remainder that the
derivative with respect to § in (6.15) and thus (6.13) exists with respect to the operator norm
topology. It follows that for [ < k,

o0
[85(0, 0 — x D) <Y+ 1Y (Clgl)" @ Py (6.20)
n=0

for all B € R and ¢ € D1y + Ey. If go > 0 is sufficiently small, then (6.20) converges for
lgl < go. The expression in (6.13) is complex differentiable in ¢ € Dy + Ey and in g with
respect to the operator norm topology. The bounds (6.17) and (6.20) imply uniform convergence
and that (g,2) = Q1) (g, 2) isin CZ(Dg, X D12; Cg (R; B(Hred, H))). O

Next we want to show that there exists a w@ (g, 8, 2) € Wg such that (6.2) holds. Uniqueness
will follow from Theorem 5.3. In view of Theorem 6.2 for z = { — E € Dy and g sufficiently
small we can define the Feshbach map and express it in terms of a Neumann series.

FX(1>(Hg,/3 -, Hy —f) rXat®Hred
— e\ —1_
=(T+xWx —xWx(T+xWx) xWx) | Xa ® Hred
o0
= (T +xWx - XWXZ(—T_IXWX)"T_IXWX> [ Xat ® Mred:
n=0

where here we used the abbreviations T = Hy — ¢, W = quﬁ, x=xD, x=x"D and Xy =
Ran P,. We normal order above expression, using the pull-through formula. To this end we use
a generalized version of the Wick theorem, see [7], see also [17, Appendix B]. Moreover we will
use the definition

axwa ~ o~ ~
W ) (K ) = / |X4(p’q)|]/2a*(X(”))wm+p,n+q(K(m),X(P),K(”),X(q))a(X(q)).

(R3)PF1

We obtain a sequence of integral kernels @O which are given as follows. For M + N > 1,

i (8- B K M)

— 87) 5" i(—l)L+1 3 ﬁ{(ml+p’) ("’+q’)}
~ pi a

(m.p.n.g)eNgt: =1
|m|=M,|n|=N,
L<my+pr+qi+n <2



3266 D. Hasler, 1. Herbst / Advances in Mathematics 228 (2011) 3249-3299

X V(m,gﬂ_u@[wl(g’ B. O] (r. kM), (6.21)
Furthermore,
o0
0
B8, B. () = —z+r+ Y (~DEF! > Vopop[w” @ 8, 0]0).
L=2 (p.)eNZE: pr+qi=1.2

Above we have used the definition

o pglw](r, K2 2DY

< P ® §2, Folw](Hy +71)

L
x [ T{Wsestwl (K ") Filw)(Hy +r +71) }pa ® 9> (6.22)
=1

where for [ =0, L we set Fi{w](r) := x1(r),and for/=1,..., L — 1 we set

. _xPw)?
Filw]() := Flw](r) := .
wo,0(r)
Moreover, we used the notation
no= SRV 4 B[RO SR+ K] 629)
7o=2[K")+ -+ 3[R ]+ 5[] 4+ -+ S[K]. (6.24)

We have w© (g, B,2) = (@)™ (g, B, z). So far we have determined w® on a formal level
only.

Lemma 64. Let k € No. The function (3.¢.8) = Vi puglw®(g.B.0)] is in C*(C x

Dyj2(Ea) x R; W|m\ Inl) There exists a finite constant C such that for all (g, 8,¢) € C x R x
D1/2(Ey) we have

w® # k+1 Ly (lml+lnl+ pl+g]
Orgfgkﬂa,g mpnglw (@ B, O <LCHgl - (6.25)

Proof. For compactness we shall drop the { and B8 dependence in the notation. We show

|85 Vi pong [0 ()] (r, K2HDY| < 13 CL gl inrIpial, (6.26)

’arag Vm‘g»ﬂ,g[w(l)(g)](r’ Klmhl’l\)‘ < LS+1CL|g|\ﬂ|+|ﬂ|+\£|+|gl. (6.27)

Consider



D. Hasler, 1. Herbst / Advances in Mathematics 228 (2011) 3249-3299 3267

32 . p. g[ (I)](r’K(\ml,Ial))

s!
J,<¢at ® 2, Fo[w ](Hf +r)

—l=.
1=
Il Z
« S~

~

< [ T{oj woem| <’>](K<"”’"'>)ﬂ[w<”](Hf+r+?1)}¢at®9>. (6.28)
=1

To estimate (6.28) we will use the same technique as in Theorem 6.3. For [ =1,...,L — 1

define
A — n1tx 3”W’"’ "I[ (1)](K(ml,nl))Fl[w(I)](Hf_i_r_i_’;.’l)e*}/l(x) (6.29)

and similarly for AJ* except that we replace F[wD1(Hy +r +7) by (Hy — Eo + 1)~ Here

1
Vl+1=<1—k12(1_5j,,0)))/1; l=1,...,L.

t=1

Note again that since s < k, yr41 = 0. It follows that

(1Tt 1) et

agvm’g”l’z[ (1)](,. K (ml, |”|) ‘< Z
1€NL —.
ljl=s

We will show the bound

HAljl ” < C|g|fm+m+nz+41’ (6.30)
which gives (6.26). We write for / < L
Al = eV!+1(X>3jlwm1,n1[ (1)](K(fm "”)(Ho —Ey+ 1) lent
(6.31)

x " (Hy — Eq+ DE[w P (Hy +r +7)e7%

First we estimate the second factor. To this end we write

FwP](Hy +r+7) = (Hyo— Ex —2+7+7) " (Pu® 1 + Pu ® x{(Hy +71+7))

Since ") Pye=7¢) is bounded for y1 small, it is clear that

le"™) (Ho — Eo + DF[wP](Hf +r +7)e 7|

<Cr+ (r +7) " (Ho = Ea — 2+ 7 +7) 7 Py ® 1770,
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For u > 0 we write

— 1
(Hu— Ea 24w Pu=5 /(w CEu—z4w w—Ho ldw  (632)
r

where I is the contour I" = I_ — [} with
Fi(t)=Ey+3/4+ ™71, 0<1t < o0,
and obtain for A small
M) (Hat — Ex— 24 u)" Pye W
= / (W= B — 240" (w = Hy(3) (6.33)
where Hy()) is given as in the proof of Theorem 6.3. As in that proof we estimate (6.33) for

large w € I using a numerical range estimate to bound || (w — Hy (1))~ !|| while for small w € I”
the resolvent can be bounded using

|(Ha ) — Hu)(—=A + D7 = 0(12))

for small A. Then using the spectral theorem, which allows us to substitute u = Hy +r +7;, we
obtain for small y;

y[[e" W (Hy — Ea — 2+ y) " Pu® 17| < C
independent of y > 0. In order to show (6.30) for 1 </ < L it remains to bound the first factor

on the right-hand side of (6.31). Using ||(<jc‘—> p+p- &—))(—A +1)~!|| < oo and Hypothesis (H)
we see that

|(—A®1+1® Hy + e ™) (Hy — Ey + 1) le™ 79|

is bounded uniformly in L for small y;. Thus to prove (6.30) we need only bound

eV x 3# Wg/ ;l]/[ (1)](K(m””’))e_”’(x>(—A ®1+1®Hs+ !

or carrying out the differentiations with respect to 8 (if any) we need to bound
E;’ll”tgl(e}’lﬂ( X doJD) g=vifx )(K(ml "1))( AR1+1®Hy+ 1)

where w70 .= Bglw(’). Referring to (6.6) we have

Jer=1 @i (K)e S (—a+ 17V, L <eilgleath), (6.34)

¢ Jl)

and similarly for w ;"°, while form +n =2
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,jn) , - o
”e)’1+1(x)wm”{1 (K(m ")) vi(x ”Hm—>'Ha( < 02|g| KA (K(m))KA (K(”)), (6.35)

where k4 (K™) = [T/ ka(k;j). Given (6.34) and (6.35) we need only consider W Whial with
pit+q = 1.FromLemmaA2 ifm+n <1, pp=1,q9 =0,

m1+l nj

2
H/ |;;|)1(/2a*(x)ew+1< . jn) (K(ml)’X’E(nl)) —vi{x ( A+1)~ 1/2®(H 1)—1/2

X Lj) ~ _ _ r+|X|
suplle?”+1) 4 . ji K(ml)’ X, K@ e~ (A +1 172
|X|2 r>%|| ml—‘rl nl( ) ( ) ||Hat—>7‘{m r+ 1

g C|g|m1+nl+l ,

and similarly if p; =0, =1.If py=¢q; =1

2

dx-D L o B
H/ e Ko Ol o, Roe  DaxoHy + 1

r 4 1X11)(r + | X2])

dx(h |
Pz (r 4+ 1X2])?

PRULIES SuP”eV’“ " (X1, Xp)e 1™

<clgl,

and similarly if p; =2, ¢; =0 or p; =0, g; = 2. Since

l—Aa+ D)2 H;+ DV (—A1+1@H + 1) =1,
[1® Hp+ DA +10H + D7 | =1

we have proven (6.26). A similar argument gives (6.27)

|3 3/3 . pt g[ <1>](,,,K|m|,\m)| gLk+1CL|g|\m|+|4|+\g|+\g\_ (6.36)

One can use the same estimates as above to show that the S derivative in (6.29) exists in
Loo(ﬁ(llm"lﬂl); CL([0, 11; B(H))). To show this one replaces w0 by its difference from the
differential quotient, i.e., (AB)~'(wHi=D (B + AB) — wl-i=D(B)) — w-i)(B) and using
the explicit expressions for w) it is straightforward to verify using Taylor’s theorem with
remainder that the right-hand side in the corresponding estimates converge to zero as Ap
tends to zero. Likewise one shows continuity in 8. It now follows that the 8 derivative in

(6.28) exists in L(B{™"™"; C1[0, 11) The mapping (g.2) > Vi, pun.q[w? (8. Ea +2)] is in
C“’((C x Dy 2; C (R; W|m| In
g with coefficients in C%’ B (R wh

))- To this end, observe that for fixed z, Viu, p.n. 13 @ polynomial in

). For fixed g it is straightforward to verify that Vi, p n.g

lm|,|n

is differentiable with respect to z. To this end observe that only w depends onz. O

Using Lemma 6.4 the proof of Theorem 6.1(a) is analogous to the proof of [17, Theo-
rem 7.1(a)]. Below we summarize the main estimates of the proof. Let ij,l’ y denote the set
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of tuples (m, p,n,q) € Ngl‘ with |m| =M, |n| =N, and 1 <m; + p; + q; + n; < 2. We find,
withg:z (8m)~1/%¢,

[

= sup Z %-(M+N)

BER prinN>1

Y yYy Feeva sup max, |3V p..g [ e. 8. O]

MANZIL=1 (m, p.n.q)eSk; v

o
< Z Z Z é;*l’ﬂl*\ﬂlLkJrl(4C)Lg|m\+|11|+|£|+|g|

L=1M+N2>1 (m,gﬁl,g)eS,@ N

Jnax, |84 @ (g, B. 2|

3

<Y LR (acgg)) (6.37)
L=1

for all (g, z) € D1 x Dy/2. A similar but simpler estimate yields

sup (3 wg(s.90) = rey

re

o0
SRR DR N A A
== (p.)eNG™: pr+qi=1.2
o
< Z3LLk+l (C|g|)L, (638)
L=2

for all (g, z) € D1 x Dj/2. Analogously we have for all (g, z) € D1 x Dy2,

o0
Hw(o)(g Z)(0)+Z’|CL(R) Z Z suporélax Haﬁ 0.0.0 z[w”)(g,{)]”#
L=2 (p.g)eN3t: prqr=1.27F
o0
<Y st (clg))t. (6.39)
L=2

The right-hand sides in (6.37)—(6.39) can be made arbitrarily small for sufficiently small |g]|.
This implies that w(©® (g) is in BX) (81, 85, 83). Rotation invariance and the symmetry property
have already been shown in [17, Theorem 7.1]. Theorem 6.1(c) follows from Lemma 6.4 and the
convergence for small g established in (6.37)—(6.39).

7. Renormalization transformation

In this section we define the renormalization transformation as in [2]. It is a combination of
the Feshbach transformation which cuts out higher photon energies, a rescaling of the resulting
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operator so that it acts on the fixed subspace H.q and a conformal transformation of the spectral
parameter. Let 0 <& < 1 and 0 < p < 1. For w € W we define the analytic function

E[wl(z) = p 'E[wl() = —p {2, H(w(2))2)
and the set
Ulwl:={z € Dip | |Elwl@)| < p/2}.

Lemma 7.1. Let 0 < p < 1/2. Then for all w € B(p/8, p/8, p/8), the function E,[w]:U[w] —
D1 3 is an analytic bijection, D3,/8 C U[w] C Dsp /8, and for all z € Ds, /8 we have

4p
(4—5p)

Ifwe B(p/32, p/32, p/32), then D1s,5/32 C U[w] C D17/32 and for all z € Dy7,/32 we have

|0 E[w](z) — 1] < (7.1)

16p

[3: Ew)@) = 1 < o757

(7.2)

For a proof of the lemma we apply following lemma with r = p/2 and € = p/8 respectively
€ = p/32. For a proof of Lemma 7.2 see [16, Lemma 6.2] or [2].

Lemma 7.2. Let 0 < € < 1/2, and let E : D13 — C be an analytic function which satisfies

sup |E(z) —z| <e.
ZED1/2

Then for any r > Q with r + € < 1/2 the following are true.

(a) For w € D, there exists a unique z € D13 such that E(z) = w.

(b) The map E :U, :={z € D12 | |E(2)| <r}— D, is biholomorphic.
(c) We have Dy_¢ C U, C Dy 4.

(d) Ifz € Dyye, then |9,E(z) — 1] < §(1/2 — (r + €))%

If 0 < p < 1/4, then for w € B(p/32, p/32, p/32) we find using (7.2), that for all z € D17,/32

1 15
|81Ep[w]|>;(l—|81E—1|)>E. (7.3)

Let I,[w] denote the inverse of E,[w]: U[w] — Dy . It satisfies
E [w](Ip[wl(2) =z, (7.4)

for all z € Dy/;. For notational compactness we shall occasionally drop the dependence on w
and write E, and /,. In the previous section we introduced smooth functions x; and ¥ 1. We set

Xp () =x1(-/p), Xp()=x1(¢/p),
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and use the abbreviation x, = x,(Hy) and X, = X ,(Hy). It should be clear from the context
whether x, or X, denotes a function or an operator. The following theorem is proven in [2,16].

Lemma 7.3. Let 0 < p < 1/2. Then for all w € B(p/8, p/8, p/8), and all z € D the pair of
operators (H(w(E;1 ), Ho,o(w(E;1 (2)))) is a Feshbach pair for x,.

The definition of the renormalization transformation involves a scaling transformation S,
which scales the energy value p to the value 1. For operators A € B(F) we define

Sp(A)=p ' TLATY,
where I, is the unitary dilation on F which is uniquely determined by
Lya*(kyry =p=a*(p7 k), r,2=%.

It is easy to check that I, Hy F;‘ = pHy and hence I, x, 1"; = x1. We are now ready to define
the renormalization transformation, which in view of Lemmas 7.1 and 7.3 is well defined.

Definition 7.4. Let 0 < p < 1/2. For w € B(p/8, p/8, p/8) we define the renormalization trans-
formation

(RoH () (@) := Sp Fy, (H (w(E; " 2))). Hoo(w(E;" 2)))) [ Hrea:
where z € Dy 2.

Theorem 7.5. Let 0 < p < 1/2 and 0 < &€ < 1/2. Forw € B(p/8, p/8, p/8) there exists a unique
integral kernel R,(w) € Wk

(RpH(w)) ()= H(R,o(w)(Z))

If w is symmetric then also R,(w) is symmetric. If w(z) is invariant under rotations for all
z € Dy then also R, (w)(z) is invariant under rotations for all z € Dy ;.

A proof of the existence of the integral kernel as stated in Theorem 7.5 can be found in [2]
or [16, Theorem 8.1]. The uniqueness follows from Theorem 5.3. The statement about the
symmetry and the rotation invariance follows from Lemmas 5.4 and 5.5 and the fact that the
renormalization transformation preserves symmetry and rotation invariance, respectively. This is
explained in detail in [17]. The renormalized kernels are given as follows. For w € W# Fp.ntq
we define

Wt w(r, Kmm)

axea o~ -
= Prea [ e (6P on (Hy 7K FOE)a(59) P

rtq
Bl
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which defines an operator for a.e. K" ¢ Bi”+”. In the case m =n =0 we set W,(,){,(,)l[w](r) =
Wi nlwl(r). For w € B(p/8, p/8, p/8) we have

Rpw)(2) = RE (w(l,[w](2))).
For w € Wg we define
RY (w) == ™™,

where the kernels w are given as follows. For M + N > 1,

(0.¢]
-~ M,N)Y ._ L—1 M+N-1
wM,N(r,K( )) .—Z(—l) 0 Z
L=l (m,p,n,q)eNG":
|m|=M,|n|=N,
mi+pi+ni+q 21

L
x 1_[{ (ml , pl) <nl . ‘”) }”m,m»q[w](f’ K(M’N))v (7.5)
=1

i qi
and
o0
Wo.0(r) = p " "woo(or) + o7 D (=DET YT wg poglwlr). (7.6)
L=2 (p.g)eNG":
pitq =1

Moreover, we have introduced the expressions

Uy

n.qw](r, K 2D

s

= <9 Folwl(Hy + p(r +70))

=

< [T{wmmwl(p(r + ), pK™ ") Filwl(Hy + p(r +’r7>)}9>, (7.7)

=1

where Fo[w](r) := x,(r) and Fy[w](r) := x,(r),and for [ =1,..., L — 1

x5 ()

Filw](r) := Flw](r) .= 200’

(7.8)

We used the notation introduced in (6.23) and (6.24). The next theorem states the contraction
property.
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Theorem 7.6. For any positive numbers py < 1/4 and &y < 1/2 there exist numbers p, &, €
satisfying p € (0, pol, § € (0, &p], and 0 < €9 < p/8 such that the following property holds,

Ry :Bo(e, 81,82) — Bo(e +82/2,82/2,82/2), Ve, 81,82 €0, ). (7.9)

A proof of Theorem 7.6 can be found in [16, Theorem 9.1]. The proof given there relies on
the fact that there are no terms which are linear in creation or annihilation operators. Since by
rotation invariance and Lemma 5.5 there are no terms which are linear in creation and annihila-
tion operators, Theorem 7.6 follows from the same proof. The contraction property allows us to

iterate the renormalization transformation. To this end we introduce the following hypothesis.

(R) Let p, &, ¢ be positive numbers such that the contraction property (7.9) holds and p < 1/4,
E<1/4and ey < p/8.

Now we extend the renormalization transformation to B (p/8, p/8, p/8) by setting
Rp(w)(B) =R, (w(B))
for w € B (p/8, p/8, p/8) and
REw)(B) =RE (w(B))
for w € B#9(p/8, p/8, p/8). That is we have
Row)(B.2) =R (w(B. I,(B.2))).

The next theorem states that the extended renormalization transformation preserves the B(()k) -
balls and acts as a contraction on these balls in all but one dimension.

Theorem 7.7. For k € Ny and positive numbers po < 1/4 and &y < 1/4 there exist numbers
0, &, € satisfying p € (0, pol, & € (0, &p], and 0 < €y < p/32 such that

Rp: B (e.81.82) > B (e +62/4+81/4.62/2.8,/2). Ve, 81.8,€[0.€0). (7.10)

Theorem 7.7 will be shown below. The next theorem states that the extended renormalization
transformation preserves analyticity.

Theorem 7.8. Let 0 < p < 1/2 and 0 < & < 1/2. Let S be an open subset of C” with v € N.

Suppose the map w(-,-): S xR — Wg isin COK(S x R; Wg) and forall s € S we have w(s, -) €
B#0 (p/32,5p/8, p/32). Then

(s, B) > R (wis, B))

is in C* (S x Ry W)
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Theorem 7.9. Let 0 < p < 1/2 and 0 < &€ < 1/2. Let S be an open subset of C. Suppose
w(,-):Sx Dy ><]R—>VV§qe
(5.2, B) = w(s, z, B)

is in C2*(S§ x D1 x R; W?) and for all s € S we have w(s, -,-) € B®(p/32, p/32, p/32).
Then

(5,2, 8) > (Rp(w(s, -, B))) (@)
is in C;‘;’k(S x Dyjp x R; Wg).

To show Theorems 7.7, 7.8, and 7.9 we will use the explicit expression for the renormalized
integral kernels introduced above. For w € B (p/8, p/8, p/8) we define

Ey(B,2) = Ey[w(B)](2), I,(B, 2) = I, [w(B)] (@)

The crucial point of that following estimate is that the constant C7, grows at most polynomially
in L and that p~! occurs to a power of at most L — 1.

Lemma 7.10. Let 0 < p < 1/4 and let w € B#X (p/32,5p/8, ). Then for (m, p,n, q) € (N})*
we have

L-1 L I #

# 1 maxoi<k ||8/3wm1+p1,n1+q1 Bl
max | dhv w <Cr| - , 7.11
i [0 g [w))|" < o ;) [ —_ @.11)

where t :=3p/32 and Cy is a constant which satisfies a bound

k
Cr <c(l+19:x1lloo)” (14 L5),
where c is a finite numerical constant.

Proof. First we consider the case k = 0. Since in that case the 8 dependence is not relevant we
drop the 8 dependence in the notation. Using

[(2, A1Ay - A, 2)| <A1 llopll A2llop - - [ An llop, (7.12)
we find

esssup Sup | v, po,q[wl(r, K 2H12D)|
K (mlIn]) re[0,1] - T

L

L1
<[ ]esssup sup [ Wi twl(r, Km) | [TIx2 /w00l cro,4-
=1 K mp.np) ref0,1] =1 ,

To estimate the right-hand side we use
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< ” Wp+m,q+ns ”LOO(B{""’";C[O’I])

Wy wl(r, K)o < : 7.13
esssup sup [ Wy Twl(r ) op it (7.13)
”X /wOO”C[O s/ (7.14)

Inequality (7.13) can be shown using Lemma A.2 and (5.6). Inequality (7.14) can be shown as
follows. For r > p3/4 we have

3
lwo,0(r)| = r = |r — (wo,0(r) — wo,0(0))| — |wo,0(0)| >r — FB% —5p/82 P35
and thus
[ inf o(r)y] <1/t (7.15)

relp3.1l

Next we calculate the derivative with respect to r. To this end first observe that using
Lemma A.2 and dominated convergence one can show that for a.e. K" the partial deriva-
tive 9, Wp.q [wl(r, K (mmy exists with respect to the operator norm topology and equals
Wyl 18, wl(r, K ™™). Thus

10y wp-m.q-+ns | oo grtn. cr0.17)

esssup sup |9, W™ [w](r, K™M)| < (7.16)
K ref0,1] oWy twl( )HOP Nl
Furthermore,
=2 =2 —
X Xp )
D, = — 2L (Bowo ) + 2Xp0rXp
wo,0 wO 0 wo,0
and thus for s + pr € [0, 1] we have
-2 1
X 3 20 x|
‘Dr—p<s+pr> e (7.17)
wo,0 2t t

where we used ||9, wo,0llc[o,1] < 3/2. Calculating the derivative with respect to » using Leibniz
and estimating the resulting expression with the help of (7.12), (7.13) (7.14), (7.16), and (7.17)
the inequality (7.11) follows for k = 0.

-2
Next we show (7.11) for k£ > 1. It follows from Lemma F.1(b) that 8 — ﬁ?ﬁ) is in
CrR, Wg o). We use (D.1) to calculate the derivative of X% Jwo,0(B) with respect to 8,
X) X5 N
o ——L = Y XD —ZL e [ ] 85 wo.0(8). (7.18)
P wo.0(8) 2 (wo,0(B)) X1+ 1_}[( pe

XeP

The derivative in (7.18) is with respect to the C[0, 1] norm. To estimate the right-hand side of

(7.18) we use (7.15) that by assumption ||8é wo,0(B)lcro,11 < 5p/8. It follows that there exists a
finite constant, Cr ;, independent of p such that
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=2
X Cri
’afg 2 <-H (7.19)
wo,0(8) |l cro,11 t
and Cro=1. Using (D.1) we find
=2
5l Xo
P wo0(B)
= 2 IXIM=DM e (ﬁ))m“ D(wo.0(B). 1X1. x1.p) [ 85" wo.0(B)
XeP xeX
+ ) IXIN- 1)"“( (ﬂ))|X|+l > (@05 woo®) ] 95 weoB). (7.20)
Xep xeX x'eX,x'#x
where we wrote
_ 20, x1(-/p)
D(wo g m, 71, 0) i= 2 TLLD) 1y X2,
P wo,0
We estimate
_ 2 8
| D(wo,0.m. %1.p)|, < S0 Tlloo + m + 1), (7.21)

where we used that by assumption it follows that |9, wo,0(lcc < 3/2. The derivative in (7.20) is
with respect to the C[0, 1] norm. Inserting (7.21) into (7.20) we find for s + pr € [0, 1]

-2

Xp

‘D,ag< (ﬁ)(s—i—pr))‘ t7 Cri218, T 1lloe + U+ 1D8) + 171 CE,.  (7.22)
wo,0

Next observe that vy, pang [-]is given as a multilinear expression of kernels (W, n)m+n>1 and
7— . It follows from Lemma F.1 that 8 +— vy, pan q[w(,B)] isin Ck(]R Wim|,|n)) and that Leibniz

rule for higher derivatives (6.11) is applicable to calculate derivatives D! 8V, paglw(B)]. We
thus apply (6.11) and estimate the resulting expression using (7.12). To this end we use

||3 Wp+m, +n||
§ aswr[al Kmmy| g PTmaTT
et resﬁ)pl] ” [Bpe](r Mop < Nl

which follows from (7.13) and (7.16). Using (7.19), (7.22), and (7.23) inequality (7.11) now
follows from the following observation. The right-hand side of (6.11) contains L¥ terms. Each
term contains at most k factors involving a derivative. O

(7.23)

Proof of Theorem 7.8. First observe that by Lemma F.1(b)
=2

%
[(S“B) ~ wo,0(s, B)

} e CUk(S xR, W ). (7.24)
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It now follows from part (a) of the same lemma that the map (s, 8) — v, pn,q[w(s, B)] is in
Cok (S x R; Wlﬁ:n\,lnl)' Using the estimate of Lemma 7.10 one can show the same way as in [16,

Theorem 8.1] that Rﬁ(w(s, B)) is given as a sum which is uniformly convergent on subsets
which constitute an open covering of R x § and that the sum is uniformly bounded. This is done
in Appendix F. O

Lemma 7.11. Let 0 < p < 1/4 and assume w € B (-, 8, -), with 8 < p/32. Then 1, € c’g‘*’(R x
D1y2) and

16p
sup  |d:1,(B,2)| < T (7.25)
(B:2)€Rx Dy 2

Moreover, there exists a finite constant Cy depending only on k, such that

max  sup  |951,(B.2)| < Cys. (7.26)
1§S<k(ﬂ,z)€RxD|/2| ﬂ P |

Proof. The assumption w € BX (-, §,-) implies that E, e ckoR x D 2). By this and in-
equality (7.3) it follows from the inverse function theorem that /, is in Ck®[R x D; s2). Let
(B,2) € R x Dy3. From (7.4) we have

Ep(B.1,(B.2)) =z. (7.27)
Differentiating (7.27) with respect to z we find

1

azlp(ﬂvz) = _m’

where 9; denotes the derivative with respect to the i-th argument (note that 9 is a real derivative
and 0, is a complex derivative). By this and (7.3) we obtain the bound (7.25). Now we show the
remaining bounds. Differentiating (7.27) with respect to 8, we find

_ , 7.28
REB, I,(B.2) 728

aﬂlp(ﬂ,z) =

with E(B,z) = pE,(B, z). This and (7.3) show (7.26) for k = 1. To show (7.26) for k > 2 we
proceed by induction and use that the assumption w € B*)(-, 8, -) implies

|0fE(B.2)| <8 (7.29)

for all 1 < s < k. Suppose (7.26) holds for k = n. We then show that it holds for k =n 4 1. We
differentiate (7.28) with respect to 8. Using Leibniz we obtain

n
n
91t 1,(8.2) = > (p)A,,Bn_p,

p=0
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where

Ap = DgaE(B, 1,(B,2),

By, := Dyi(RE (B, 1,(B,2))),
with i (z) ;== —z~!. Now using (D.1), we find

" (p I+p—q ,|X] x|
Ap=Z( ) > oM E (B, 1,(8,2) [T 05 10(8. 2.
q=0 4 XePy xeX

Using (7.29), analyticity of E, in the second argument, and the induction hypothesis it follows
that |A,| < C§ for some finite constant, C, depending only on p. To this end we note that

derivatives d, can be estimated using Cauchy’s formula and Ran /, C D17,/32, which follows
from Lemma 7.1. Using (D.1) we find that

By= Y (=D X(02E(B. 1,(8.2)) "' T [] D0 E(B. 1,(B.2)).

XePy xeX

By (7.3) and (7.29) we now see, similarly as for A, that |B,| < C for some finite constant C
depending only on p. O

Proof of Theorem 7.9. By assumption it follows that £, € C @k(S x Dy ,2 x R). By the inverse
function theorem and (7.3) it follows that /, € C ‘”*k(S x D12 x R). Moreover by Lemma 7.1

Ran/, C Di7,/32. (7.30)

For ¢ € D17,/32 we have

5
Jwis, ¢ B kg < lwis 6B + ¢ cx gy 1Sl ok < P (7.31)

?.
Thus we can apply Theorem 7.8 for w|sx p,;,/3, xRk and conclude that
(5.¢.B) > RE(w(s. 2. B))
isin C®K(S x D17p/32 x R; Wf). By (7.30) it follows from the chain rule that
#
(5.2 B) = Rp(w(s. ) (@) = Ry (ws. &. B)) |,y (s p)
isin C*¥(S x Dijp x R;WE). O

Theorem 7.7, which is proven in Section 8, allows us to iterate the extended renormalization
transformation on the extended balls. Let us introduce the following hypothesis.
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(R(k)) Let p, &, € be positive numbers such that the contraction property (7.10) holds and p <
1/4,& < 1/4 and ¢p < p/32.

Recall that by Theorem 7.7 and Theorem 7.6 there exists a nonempty set of parameters for
which Hypotheses (R) and (R®) are satisfied.

Theorem 7.12. Let k € Ny. Assume Hypotheses (R) and (R®). Then for eg >0 and p > 0
sufficiently small there exist functions
eol-]: Boleo/2, €0/2, €0/2) — D12,
Yoyl-1: Bo(eo/2, €0/2, €0/2) — F

such that the following hold.

(a) Forall w e By(ep/2,€0/2,€0/2),
dimker{H(w (e(o)[w]))} > 1,

and Y(ec)[w] is a nonzero element in the kernel of H (w(e(,00)[w])).
(b) If w is symmetric and —1/2 < z < e)[w], then H(w(z)) is bounded invertible.
(c) The function vr()[-] is uniformly bounded with bound

sup Hw(o)[w]H < 4¢*,
weBy(eo/2,€0/2,€0/2)
If H(w(2)) = Hy — z, then o) [w] = £2.

(d) Suppose w € B(()k)(eo/2,eo/2, €0/2). Then B — e)lw(B)] and B — Yoylw(B)] are in
Clé (R) and C]g. (R; F), respectively.

(e) Let S be an open subset of C. Suppose we are given a mapping (s, z, B) — w(s, z, B) in
Ci*(S x D1y x ReWY) such that for all s € S we have w(s, -, -) € By (€0/2. €0/2. €0/2).
Then s — (B eq[w(s)(B)]) and s — (B +— Yo)[w(s)(B)]) are in C;‘;(S; CZ(R)) and
C3(S; Clk9 (R; F)), respectively.

Assumption (R) allows us to iterate the renormalization transformation as follows,

1 1 1 R 1 1 1 1 R
30(5607 5 €o- §€0> — BO([E + Z}O’ 70 Z€0> —5

R "1 1 1 R
—0)80(2560,2760,2—”6())—0)"'.
=1

For w € By(eg/2, €0/2, €9/2) and n € Ny, we define

1 1
w™ = RZ(w) € Bo<eo, z—neo, z—ne()).
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We introduce the definitions

E, plw] = Ep[w(")] =p 'E[w],

U,lw]:= U[w(”)] ={zeDip| |E[w(”)](z)| <p/2}.
By Lemma 7.1 the map
Jnlw] = Ey plw]: Up[w] = D1y, 2> Ep p[w](z)
is an analytic bijection and J[wl™t: D12 — Uy[w] C D1y2. For 0 < n < m we define
emmwl = Jy[w] ™" o0 Jp[w] ™' (0).
It has been shown in [2], see also [16], that the following limit exists
en,o0)[wl = lim e@ mlwl. (7.32)
m-—00
‘We define the vectors in F, of
1p(n,m)[w] = Qn[w]F;Qn-ﬁ—l[w]F;< - Om—152,
with
_ —1_
Onlwl=xp = Xp(Halwl)y X p WalwlXp,
where

Hn[U)] = H(w(n) (e(n,oo) [U)])),

T lw] == wi') (ewm.o0)[w]) (Hy),
Walw] == Hy[w] — T, [w].

It has been shown in [2], see also [16], that the following limit exists

Voo [wli= 1M g mw] (7.33)

and that H,[w]y(;,00)[w] = 0. This implies part (a) of Theorem 7.12, with e(g)[w] = e(0,00)[w]
and Yr)[w] = ¥ (0,00)[w]. Part (b) has been shown in [16]. Moreover, in [16], the bound
SUPy e By (e0/2,c0/2,€0/2) 1P O W] < 4¢* was shown. The second part of (c) is a direct conse-
quence of the definition of (). Now let us show (d). Assumption (R™M)Y allows us to iterate the
renormalization transformation as follows,
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1 1 1 R 1 1 1 1 R
(k) 0 (k) 0
Bo (560’ EGO’ 560> —) BO ([E + Z}O’ 160, ZGO> o

R, wof—1 1 1 R

_p) B(() )(Z 560, 2—n€0, 2—n€0> _p)
=1

We view w € B(()k)(%eo, %eo, %eo) as a function of B. Now e(, n)[w(B)] and ¥ m)[w(B)] are

functions of B as well as their limits as m tends to infinity. First we show that e, ;) [w(8)] —

e(n.00)[w(B)] converges uniformly in C¥(R) for any n. This will then imply that e(, o) is in C¥.

We introduce for y, § > 0 the balls

. km. /
£(y.8):= {1 € C®O) [ I <. max o] 1], <5].
Let w € BO (. ¢, ) with € < p/32. We define a mapping K [w] on £(1/2, §) by

(K[wl(N))(B) :==1,(B, f(B)).

From Lemma 7.1 it follows that K [w](E(1/2,68)) C £(3/8, 00). Using Faa di Bruno’s formula
we find

(B f(B) = Z( ) > a8 £ ) [T 95" £ 8.

p=0 XePy xeX

We use this to estimate the following difference

S1,(B. £(B) — DL, (B. 8(B))
=S 0o, (8. £ (B) - 1,(B. 8B [ 25 1B

xeX
+3 001, (8.5 (B [1_[ o' r ) - [] a')‘g(m} (7.34)
xeX xeX
where we used the abbreviation } ' =37 _ ( )Y xe p,- To estimate (7.34) we use that
[10(B. £(B) ~ Lo (8- 8(B)| < sup [21,(B.2)[| £ (B) ~5(B)] (7.35)
€D /2

and that for f, g € £(1/2, 1) we have

[Ta5's®) -1 Bx'f(ﬂ)‘ <Cixil f = gllckmys (7.36)

xeX xeX

for some constant depending only on the number of elements of the partition X. On the other
hand by Lemma 7.11 there exists a constant C such that for all (8, z) € R x Dj3/g, we have
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v L ar
max [3;1,(B,2)| <Cp,  max max [d,9;1,(B.2)| < Ce, 7.37
1<1/§k+1| < p(ﬂ Z)| S &P 1<l<k0§1/<k+1‘ Bz P(ﬂ Z)’ S ( )

where we used the analyticity of /, in its second argument. Using (7.37)—(7.35) to estimate (7.34)
it follows that for € and p sufficiently small we have

1
K[wl(EG/8, D) CEG/8, D, [Klwlf — K(wlg|exy < 51f —gllevw  (7:38)

forall f, g € £(3/8, 1). For the sequence of kernels w® B(()k)(~, 27 lep, ) define K; := K[w®].
By definition we have

emm =KnoKyr10---0Kp(0),

where 0 denotes the zero function. Thus if we choose p and ¢ sufficiently small, then it follows
from (7.38) that

lew,my — emm+n ek <2771

and thus e, ;) —> €(1,00) uniformly in CK(R) as m — oo for any n. Since e, ,) = 0 it follows
that

lle(n,00) ”Ck(R) <2. (7.39)

Thus e m)[w(B)] = emn,o0)[w(B)] converges uniformly in Ck(R) for any n. Next we
show that the ground state eigenvector Vo, o0)[w(B)] is ck in B. For notational compact-
ness we write ;. m)(B) for V¥ my[w(B)] and similarly e, ,,)(B) for e m)[w(B)]. We set
Wa (B, 2) := Ww™(B,2)] with w™(B,z) = w™(B)(z). Observe that with this notation
Wn(B) := W,[w(B)] = W, (B, €0,00)(B)). We use analogous definitions for 7,,, W,, and Q,.
Let (B,z) € R x Dy,. We estimate the derivatives with respect to 8 of

W(n,m+l) - w(n,m) = QnF/;anJrl ce melF;(Qm - Xp)-Q'
Let
Ay =T, + XanYpHRan)?p‘
Observe that

1A, < 16/p. (7.40)

This can be seen using || W, || <27"~!

estimates of the form

€0 < p/16, see [2,16] for details. We have already proven

|3,lge(n,oo)| <

for n € Ng which we will use without comment. We also have estimates of the form
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w1 < = (741)

1 3
” (n)|(k) o +2+60+] 2604_5_ (7.42)

By the inequality given in Theorem 5.3 and the differentiability of the integral kernels it fol-
lows that 7,, and W,, are differentiable functions of 8 (w.r.t. the operator norm topology) with
uniformly bounded derivatives, and hence also Q, and ¥, »). We have

Al

[ l

Dy(Qn—xp)=— Y AL Ko [ D4 Ay 170 DG Waxp-
li+h=l

It is straightforward to verify that for all / <k,
|Dga, | <C

To see this we note that taking inverses is a differentiable mapping with respect to the operator
norm topology, the first k derivatives of 7, and W,, with respect to  are uniformly bounded,
and (7.40). Since

aw, -
DgWylg = | —5 + 9 Wrigen, )
p (B0 (B))

it is clear that if we can show that for /, !’ <k
Mﬁl(ﬁmwwﬂ\—n (7.43)
it will follow that for [ <k,
D! <4 7.44
” IB(Qn_Xp)||\2_n~ ( . )

The Cauchy integral formula gives

I / I Wa (B, )
2mi (¢ —7)I'+1
[g1=1/2—€

359! W, (B.2) =

If |z] < 1/2 — €. Since ey, ) € Dsp/8 We obtain from (7.41)

e < c
2112 — 5,0/8)1/"‘1 Soon”

(3505 W) (B. e(n.00)(B)) ]| <

Thus we have shown (7.44). Using this inequality we find for [ <k, with p=m —n + 1,
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“ D/lg Y om+1) — Ym)) ”

= | DEOuT Qut1 -+ Qa1 T (O — xp)R2||
! -
= > ,—,(DQ Q)T+ (D™ Quet) T (DY Qs — 1)) 2
LeN: |l|=l =

m—1 00
Cc\C .
<m-n+1']] (1 + §>2—m <m+Dlca™ exp<c > 2/). (7.45)

j=n j=1

This implies that ¥, m) [w(B)] — ¥ (n.c0)[w(B)] converges uniformly in C¥(R) for any n. Since
Y(n,n) = £2, it follows that

o
1¥m.00 ok < 1+Ce*C Y " (m+ 1DF27. (7.46)

m=0

Now (d) follows.

To show (e) first observe by Theorem 7.9 (s, z, B) — w (s, z, B) = R’;(w(s, B))(z) is in
cg”‘ (S x Dijp x R; Wg). It follows by (7.3) that J! € Cg*k(s x D12 x R). Thus e, m) €
C%”k(S xR)y=Cy(S; C g (R)). It follows from the uniform convergence established in (d) that
emn,00) € CH(S; C ’;3 (R)). It now follows from the bound in Theorem 5.3 and the chain rule that
H,[w], W, [w] are in C‘g’k(S X R; B(Hreq)). Since H,[w] is bounded invertible on the range
of X, it follows from the bound (7.40) that Q,[w] € Cg’k(S X R; B(Hreq)). Thus ¥ my €
C;‘;’k(S X R; Hrea) = CR(S; CH(R; Hieq)). By the uniform convergence established in (7.45) it
follows that ¥(,,00) € C2(S; CK (R; Hrea))-

8. Contraction estimate

In this section we prove Theorem 7.7. By Lemma 7.10 we know that there exists a constant Cy
which is greater than 1 such that for w € B#X (p/32,50/8, p/32). We have

L-1 L , 9l #
ma"kHstvm,,n,[w(ﬂ)]ll#d@(E) G TR

OIS B p =1 vpilq!

The crucial point of Eq. (8.1) is that p~! occurs to a power of at most L — 1. This allows us

to prove Theorem 7.7 using similar estimates as in the proof of [16, Theorem 9.1] or [2, Theo-
rem 3.8]. There is an additional complication due to the 8 dependence of the reparameterization
of the spectral parameter. We introduce the constant Dy = Zf:o (1;) Y xe p Ll

Let 0 < p < (k!16Co Dy CH™!, 0 < & < min(1/2, (§47CED)~1/4), and 0 < €p < min(4,
1
).

Dy 8k+1kICK
We assume that w € B®) (¢, §;, 8,) with €, 81, 8> € [0, €p). Then the following estimates hold.
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Step 1. We have

1
[Ro@)z2 [ < Shwsal?.

By definition (R,w)(B, 2) = Rf,(w(ﬁ, 1,(B, z))). Taking the derivative with respect to 8 we
obtain
I I
Dy(Row)(B.2) =85 Ry (w(B. O,y 5.
I

[ — x
+y (p) Y oy PoMIRE (w(B. ) [] 951, (B. ety 0y (82)
p=1

XeP, xeX

Let us first estimate the first term on the right-hand side. To this end let u € Dj9,/32. Then
w(B, u) € B#9 (p/32,5p/8, p/32) as the following estimate shows

” U)O’()(', I/t) ”Ck(R) < || U)()’()(', M) + u”Ck(R) + |u| < 510/8

By (7.5) we find for M + N > 2,
[95RE (w(B.w),, y]*

< i Z p|m|+lrz\71

L=1 (m,p.n.q)eNGE:

lm|=M,|n|=N ,m+pj+n+q =1

L
T 5 ) (" 0 Yehon L.l

=1 Pl qi

Inserting this below and using (8.1), we find with 7 := 16/ p,

lopRA (w(B. 1)) <, |z

= > &MY max [ah R (w(B.w),, |

M+N2>2 PSSt
o

< > P~ @p)lmHinl g~ (ImiHiaD ¢y g L1
L=1 (m,p.n,q)eNGE:

lm|+1n| > 2.m;+pr+ng+q > 1

ﬁ{ <ml + p[) (nl + q1> maxogr <k ||3/13 Wiy +pyni+q (B, M)”# }
X
il pi q Vil

C o
0 2 L
<Sppye ¥
L=l (m.p.n.q)eNg":
mi+pi+ni+q 21
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L
x 1_[{ (ml + Pl) (nl + q’)épﬁqz2—(rn/+n/)$—(m1+171+n/+q1)

=1 pi qi

A r—ranTy

Co 251 MAPY(MF G\ e pran—nin) g—ntping)
R > grsa-imeng-inspins

m+p+n+q>1 p q

#
x OrgflékH AWt pntg(Bow) ]

Co 5 L
_Q,OZZTL[ Z g_—*(l+k)og1ax Haﬁwlk(ﬁ u)” :|

L=1 I+k>1

Co .- (k)
< p Z (lhwsallg
<8Copllwsal, (8.3)

where i 1n the third last inequality we used the binomial formula and 0 < £ < 1/2 and we used
t||w>2|| S < 1/2 in the last inequality. Now we estimate the terms involving derivatives with
respect to ¢. By Cauchy we have for ¢ € U[w] C Dy7,/32

st / OpRE(w(B. 1)

HoRR] (w(p.2) = o

lul=18p/32

Using this and (8.3), we obtain the bound

0 (REw)o, | < (22 s8Coplwsal®
>2 X IO . 0p 22 é: .

Now by Lemma 7.11 we know that for 1 </ < k there exists a finite constant Cy such that

!
sup dg1,(B,2) Ck—
(ﬂ,z)eRxD1/2| e < 32

This and (8.2) imply that the p’s cancel out. Collecting the above estimates we arrive at the bound

| (Ryw)za]l < K18Cop DiClllwa 1.
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Step 2.

sup [|3,(R,w)o,0(2) — luck(m;cg[o,l])
ZED1/2

Q)

1 1
< sup [ d,wo,0(2) — 1||Ck(1R;CB[0,1]) + = sup [wo,000,2) +Z||Ck(]R) + Z||w>1 lle -
ZED[/Z

ZED]/Z 4

By (7.6) we have
8r(7—\)4,0w(,8))0’0(z’ r)—1=0w0,0)(B. 1p(B.2), pr) — 1+ 0, T[w(B, I,(B,2))](r), (84
where we defined

Twl:=p'=D*'>" > v 04wl

L=2 (p,q)eNgt:
prtq=1

We need to estimate the derivative with respect to 8. For the first term in (8.4) we find for
1 <1< k,using (D.1)

DY (8,w0,0)(B. 1,(B. 2), pr)
= 82(3,11)0,0)(,3, 1,(B, 2), ,Or)

!
! _ x
+) (p) > 0 "0 @wo.0) (B¢ o) e=1, 8.0 [ | 95 10(B. ). (8.5)
p=1

XeP, xeX

We use analyticity, Cauchy, and that { = 1,(B, z) € D33 to estimate the derivatives with respect
to the spectral parameter. We have

sl (8rwo,0) (B, , pr) — 1
97 ((d e —1)=1lm— . du.
;(( rwo,())(/3 é‘ ,or) ) nlf(} i / (/’L _ é-)s+l H
lul=1/2-n
This yields for | </ <korO0O<I<kand1<s,

9505 (0, w0,0)(B,¢, pr)| < 8'sla, V¢ € Dayg, (8.6)
where a := |9, wo,0 — 1l ckr.cp0.17)- Using estimate (8.6) and the estimate of Lemma 7.11 to
bound the last line of (8.5) we find

sup | Dy ((0,w0.0)(B. 1, (B, 2), pr) — 1)
0<I<k
< N8,wo0,0 = Ulek@scyro.1y) + k8 kICEa]wo,0(0, 2) + 2| i - (8.7)

The second term in (8.4) is estimated as follows. For u € Dj9,,32 and 0 </ < k we estimate
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maxo<r < 10w p.q (B, w1*
050, T [w(B, )] (r)] < ]ZCG‘L'L ! Z l_[ OISk T qjl a

(p.g)eNZE: I=1

pit+q =2
Cy , #1F
T LT X e s [funaceol’
L=2 p+g>2 ~
oo
Z [tlws200]"
—s s (8.8)

where in the last estimate we used 7w ||§k) < 1/2. Now using a contour estimate as in Step 1
one can show that

| D53, T[w(B, 1B, )]l co.1y < s TCf Dellwsal. (8.9)
Now estimates (8.7) and (8.9) yield Step 2.

Step 3.

k
sup [[(R,w)0,0(z, 0) + 2] ey < ||w>1||( g
ZED]/Z

By (7.6) we have

(Row(B)) (2, 0) +2z=T[w(B, I,(8,2)](0).

We estimate for u € D19p32 and 0 </ < k the same way as (8.8)

|94 T[w(B.w)]©O)] < —s el .

As above one calculates the derivative with respect to 8 and estimates the derivatives with respect
to the spectral parameter using a contour integral as in Step 1. As a result

Cy k
sup [|(Rpw)o.0(z. 0) + 2 ey < K &4 TCE Dillwzall
Z€D1/2

Step 3 now follows.
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9. Main theorem

In this section, we prove Theorem 2.1, the main result of this paper. Its proof is based on
Theorems 6.1 and 7.12.

Proof of Theorem 2.1. Choose p, &, € such that the assertions of Theorem 7.12 hold. Choose
go such that the conclusions of Theorem 6.1 hold for §; = 8, = 83 = €0/2. Let g € Dy,.
It follows from Theorem 7.12(a) that w(o)[w(o) (g, B)] is a nonzero element in the kernel of

H ;% (e(0) [w©® (g, B)]). From the Feshbach property, Theorem B.2, it follows that

Vp(8) = Q0,1 (3. B. ey [w?(g. B v [w?(s. B)] ©.1)

is nonzero and an eigenvector of H, g with eigenvalue Eg(g) := Eqa + e(o)[w(o) (g, B)].
By Theorem 6.1, we know that g +— w©® (g,-,+) is an analytic Wék)—valued function,

with values in the ball B® (e9/2, €9/2, €0/2). By Theorem 7.12(d) it follows that the func-
tions g — Yo [w®(g, )] and g = E(,(g) are in CL(Dgy; CA(R; F)) and CE(Dy,; CE(R)),
respectively. From Theorem 6.1 we know that the function (g,z) — QX<1> (g,-,2) is in
C3(Dgy X Dl/g;Clé(R; B(Hred; H))). It now follows from (9.1) that g — ¥()(g) is in
CE(Dgy; Cg (R; H)). By possibly restricting to a smaller ball than Dy, we can ensure that the
projection operator

Py(g) = 1V5(2)) (V58] ©92)

(p(2). ¥p(2))

is well defined for all (g, B8) € Dg, x R, which is shown as follows. First observe that the denom-
inator of (9.2) is for each B an analytic complex-valued function of g. By Theorem 7.12(c) we
have (¥5(0), ¥5(0)) = 1. If we estimate the remainder of the Taylor expansion of the denomina-
tor of (9.2) using analyticity and the uniform bound on (., it follows, by possibly choosing g
smaller but still positive, that there exists a positive constant ¢ such that [(¥5(g), ¥5(g))| = co
for all |g| < go. Using already established properties of ¥g(g), it follows from (9.2) that
g Py(g) isin C{(Dyy; C%(R; B(H))). If g € Dgy N R, then by definition (9.2) we see that
Pg(g)* = Pg(g). The kernel w©® (g, B) is symmetric for g € Dy, NR, see Theorem 6.1. Exactly
the same way as in the proof of [17, Theorem 2.1] one can show that Eg(g) = info (H, g) for
realge Doy, NR. O

Proof of Corollary 2.4. We use Cauchy’s formula. For any positive » which is less than gg, we

have
1 Eg(2) 1 Vp(2)
my _ * B n)y _ _~ B
Elg - 27i Zn+1 dz, wﬁ - i Zn+l dz,
|z|=r |z|=r
1 Pg(2)
(n) _ B
P/S =5 / s dz. 9.3)

lzl=r
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The first equation of (9.3) implies that B > E§” is in C%(R) and that |E’}lcem) <
_ . (n) (n)

r "||E(.)||C§(DgO;C§(R)). Similarly we conclude by (9.3) that wﬂ and Pﬂ are as func-
tions of B in Cg(R; ‘H) and les (R; B(H)), respectively, and that there exists a finite con-
stant C such that ||I/f((.';) ki) < Cr™" and ||P((.')1) llckr:B(H)) < Cr™". Finally observe that
(—1)NHg,ﬂ(—1)N = H 4 g where N is the linear operator on F with N I F®(h) = n. This

implies that the ground state energy Eg(g) cannot depend on odd powers of g. O
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Appendix A. Elementary estimates and the pull-through formula

To give a precise meaning to expressions which occur in (5.2) and (6.5), we introduce the
following. For ¢ € F having finitely many particles we have

!
[a(KD) (¥ ], Kt oK) = | Py (K1, K, (AL

forall Ky,..., Kyy4n € I&3 :=R3 x 7, and using Fubini’s theorem it is elementary to see that
the vector-valued map (K1, ..., K;,) = a(Ky)---a(K,,)Y is an element of L2((R*™; F). The
following lemma states the well-known pull-through formula. For a proof see for example [5,16].

Lemma A.1. Let f:R, — C be a bounded measurable function. Then for all K € R3 x Z,

f(Hpa*(K)=a*(K)f(Hf +o(K)),  a(K)f(Hf)=f(Hs+o(K))a(K).

Let wy, , be function on R4 x (K3)"+m with values in the linear operators of Hy or the

complex numbers. To such a function we associate the quadratic form

dK ™ (m) (m.n) , (F @)
dunso. )= [l (K)o w7 K )a(R 7)),
(K3)m+n

defined for all ¢ and v in H respectively F, for which the right-hand side is defined as a complex
number. To associate an operator to the quadratic form we will use the following lemma.

Lemma A.2. Let X = R? x Z,. Then

|Gwn (@ | < Nlwn sl 1, (A2)
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where

5 dK(m,") 2 m ] n ~
lwmnllz = / i S| e (K" T+ =K OBT T+ S[KO} |
=1 7

Xern
Proof. We set P[K™]:= ]_[f’zl (Hf + S[K'])Y/? and insert 1°s to obtain the trivial identity
dK " K(m) Pl -1 Km 172 K Hs. K@M

|qwmn((p '(ﬂ)| |K(m n)| ] [ ] | | Cl( )(P,wm,n( I )

Xxm+n
« PLROP[ROT R R

The lemma now follows using the Cauchy—Schwarz inequality and the following well-known
identity forn > 1 and ¢ € F,

/dl(<”)\l<<”>|

Xﬂ

n 2

[Tl +=[K O] a(k™)e

(A3)

where P_é 1= [£2)(82]. A proof of (A.3) can for example be found in [16, Appendix A]. O

Provided the form gy, , is densely defined and ||wy, »||¢ is a finite real number, then the form
qu,,, determines uniquely a bounded linear operator H,, (W ») such that

Gy, (p,¥) = (‘Pa Em,n(wm,n)w),

for all ¢, ¥ in the form domain of gy, ,. Moreover, || H (W )|l < [|Wim,nllg. Using the pull-
through formula and Lemma A2 it is easy to see that for w"), defined in (6.6), withm +n =1, 2,
the form

1 1
G0 W) =, (@, (Hy + 1720 (A 4 1)720meny)

is densely defined and bounded. Thus we can associate a bounded linear operator L( such that
Qn(& (0, ¥) = (o, (1) ). This allows us to define

ﬁm,n( () ) _L(I) ) (Hj + 1)2(m+n)( A+ 1)281m+n
as an operator in H.
Appendix B. Smooth Feshbach property
In this appendix we follow [2,9]. We introduce the Feshbach map and its auxiliary operator

and state basic isospectrality properties. Let x and ¥ be commuting, nonzero bounded operators,
acting on a separable Hilbert space H and satisfying x2 + X2 = 1. A Feshbach pair (H, T) for x
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is a pair of closed operators with the same domain,
HT:-DH)=D(T)CH—>H
such that H, T, W := H — T, and the operators
W, = xWyx, Wy =XxWx,
Hy =T+ W,, Hyz =T + Wy,
defined on D(T) satisfy the following assumptions:
(@ xT CTyand xT C TY,

(b) T, Hy: D(T) NRan ¥ — Ran ) are bijections with bounded inverse,
(©) YH;_lXWX :D(T) C 'H — 'H is a bounded operator.

Remark B.1. By abuse of notation we write He IX for (Hy | Ran %) ~'x and likewise 7~ for
(T [Ran¥)~'%.

We call an operator A : D(A) C H — 'H bounded invertible in a subspace V C H (V not
necessarily closed), if A: D(A) NV — V is a bijection with bounded inverse. Given a Feshbach
pair (H, T) for x, the operator

F,(H,T):=H, —XWXH;XWX (B.1)
on D(T) is called the Feshbach map of H. The auxiliary operator
Qy = Qy(H,T):=x —XHy'XWx (B.2)

is by conditions (a), (c) bounded, and Q, leaves D(T) invariant. The Feshbach map is isospectral
in the sense of the following theorem.

Theorem B.2. Let (H, T) be a Feshbach pair for x on a Hilbert space H. Then the following
holds. xy ker H C ker Fyy(H,T) and Qy ker Fy (H, T) C ker H. The mappings

x:kerH — ker Fy, (H,T), Qy:kerF,(H,T)— kerH
are linear isomorphisms and inverse to each other.

The proof of Theorem B.2 can be found in [2,9]. The next lemma gives sufficient conditions
for two operators to be a Feshbach pair. It follows from a Neumann expansion [9].

Lemma B.3. Conditions (a), (b), and (c) on Feshbach pairs are satisfied if:
@) xTCTyand xXT CTY,

(b") T is bounded invertible in Rany,
) T '%Wxll <L, IXWT~ x|l <1, and T~'Xx W x is a bounded operator.
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Appendix C. Function spaces

Let (X, || - llx) and (Y, || - ||y) be Banach spaces. By B(X, Y) we denote the Banach space of
bounded linear operators from X to Y. We set B(X) := B(X, X). Let (M, ) be a measure space.
We say that a function f: M — X is measurable if there exists a sequence (f})jen, of simple
functions from M to X, such that || f;(m) — f(m)||x — O as j — oo, for a.e. m € M. We define
L*°(M; X) to be the Banach space of measurable functions from M to X with norm

£ 1l oe s x) 2= esssup | £ ()] -
meM

Let [a, b] be a closed interval of R. For p € Ny we define the space C”[a, b] to be the space of
functions f:(a,b) — C such that for all ¢ =0, ..., p the partial derivatives 8? f exist and are
uniformly continuous on bounded subsets of (a, b). We define the norm

I fllceriap; == max sup |3 f(r)|. (C.1)
0<9<P re(a,b)

By C Z [a, b] we denote the Banach space with norm || - |[cr4,5) Which consists of elements in
CP[a, b] for which the norm || - [|cr[q,s) is finite. We denote by C KR; X) the space of strongly
(w.r.t. the norm in X) k-times continuously differentiable functions. The norm is given by

I fllckr.x) : omax SuPHa Oy

Let Cg (R; X) denote the set of functions f in C*¥(R; X) for which the norm Il fllckw:x) 18
finite. Let U C C" be a domain. We define the space C”(U; X) to consist of all strongly analytic
functions f:U — X. We define the norm

I fllcow:x) := Su5||f(z) ”x

By C4(U; X) we denote the Banach space with norm | - [|ce(y.x) which consists of elements
in C®(U; X) for which the norm || - [[ce (v, x) is finite. We define the space C?k(U x R; X) to
consist of all functions f:U x R — X such that all partial derivatives ai 821, f,withl € Ny, l <k,
i=1,...,n,and t =0, 1, exist and are continuous. We define the norm

I fllcokwxr:x) —sup maxksupHB x|y

eU OISk xR
By Cg’k(U x R; X) we denote the Banach space with norm || - ||ce(y xR;x) Which consists of
elements in C®(U x R; X) for which the norm || - [|cew.x) is finite. In the case where X = C

we will drop the X dependence in the notation. We introduce the polydiscs D, = []'_; D, with
r€(0,00)".

Lemma C.1. We have the canonical isomorphism of Banach spaces

CoM (D, x R; X) = C(Dy; CER; X)). (C2)
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Proof. Let f € Cg’k(DZ x R; X). Then for every x € R the function z — f(z, x) is analytic
on D, and bounded. Thus for € > 0 sufficiently small

fz,x)= Z cn(x)2%

with
1 f&x) -
Cn(X) = Qi) §11+l 1_[ dgj,
Dy —¢ J=1
where the integral is a strong Riemann integral in X and we used the notation 1 = (1, ..., 1) and

§A= el. It follows that |[cy || ok . x) < I—[?=1 rj_nj I 1l ook D, xR:X)- This implies that the function
[z f(z,))isin CE(Dy; Cg(R; X)). Moreover,

sup [ 7@ et e = SUp (max, sup 10570 | = 1 lcok(p, xmix)-

Now suppose g € Cg(Dy; Cg(R; X)). Then
g)=) ay"
n

with

_ 1 g0 1.,
“= @iy / Uﬂledgf’

r—e

where the integral is a strong Riemann integral in C]g (R; X). It follows that

n
.
lanllerex < [ 177" 18l coqp,:ch @ x- (C.3)
j=1

We define

g(x,z2) = Zaﬂ(x)z'l.

It follows from (C.3) that g € C(g’k(DE x R; X). Moreover,

I8llcok(p, xr;x) = SUp max supnaig(z,x)”X = sup | g(2) ”ck(R-X)' o
- z€Dy <k xeR zeDy ]

<IS
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Appendix D. Faa di Bruno’s formula

Let P, denote the set of all partitions of {1, ..., n}. Then

(fog)(")z Z f(|X|)0g~ Hg(lxl)’ (D.1)

XeP, xeX

where | X| and |x| stand for the cardinality of the sets X and x, respectively.
Appendix E. Uniform convergence

Let (so, Bo) € S x R. Then for every € > 0 there is an open set U C S x R containing (sg, Bo)
such that

I I #
sup max |[dgw(B,s) — dgw(so, Bo)|. <e€.
(,s,x>euo<1<k” 5 s I

This implies

# #
S oo [0 B "< max [0 Go- foma |+ =: Enn

By Lemma 7.10,

L
I # —L+1 Emi+prma
(;;EUOrglangB,svm,_@,g[w(ﬂ,s)]H <Cri Eipﬂqz! : (E.1)

where we used the notation introduced in that lemma. We estimate

Z i Z g lml=lnl lml+ln]

— 4L
MANZ0L=1" (m,p.n.q)eN}
lm|=M,|n|=N

my+pi+n+q =1

L
y l—[{ (ml + pz> <n1 + qz)} sup max | aévm’_”l‘g[w(ﬁ’ o] ”#

=1 pi qi (B.5)eU OISk

o0
< ZCLtl_LGL, (E.2)
L=1

where we used Eq. (E.1) and the definition

G:= Z (m + p) (n + Q>;§P+q(1/2)m+nsmpnq Em+1’;”"f‘q .
miptntgz1 N P 4 Vvrlq!

Below we will show that
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G < [weso, )z1]{ +e16e" (E.3)

Since t~'G < 1 for € sufficiently small inequality (E.3) implies the convergence of (E.2), for
small €. To show (E.3), we will use the following estimate

3 (mﬂ’)s/’(l/z) = < 3 (m:p>(1/4)t’(1/2)me852=4e8§2<4e2, (E.4)

m+p>0 T m+p>=0
where in the first inequality we used the trivial estimate (16£2)? / p! < 1967 Now (E.3) is seen
by inserting the definition of E,, , into the definition of G. This yields two terms, which one has

to estimate. The second term, involving €, is estimated using (E.4), and the first term, involving
Wi (S0, Po), is estimated using the binomial formula, i.e.,

> (m+p>(nj]_q>5p+q(l/2)m+"§_m P74 max Haﬂw(ﬁOvSO)m+p -

0<I<
m+p+n+q>1 p

= 2 E+1/2'E+1/276 max [9w(Bo.so)i -

i+j>1

Appendix F. Differentiability
Lemma F.1.
(a) The mapping

U, ponql]: (W?)L X (Wg,o)L+l = Wil

(w1,...,wL,G0,...,GL) Hsm,g,n,g[wlv--~svaG0’~--’GL]
defined by

U pnglwr, ..., wr, Go,..., GL](r, K2H1D)
= <S2,G0(Hf+p(r +70))
L
x [ T{wptttwi p(r+rz>,pKf’”“"”)Gz(Hf+p(r+?z>)}sz>
=1

is continuous and multilinear.
(b) The following mapping is in C*°.

{tew(*io 1nf |t(r)| >e} —>Wg’0
fE[ﬂ- 1]
b3

> —.
t
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Proof. (a) Using (7.12) we find

ess sup sup| .o q[wl,---,wL,Go,-..,GL](r,K(|ﬂ‘>|’1|))|
K(mlnh ref0,1] — — 7

L

< Hess sup sup | Wy "[w](r K(m”’”))”()p, 1_[||G1||C[0,1].
I=1 K mp.np) ref0,1]

To estimate the right-hand side we use

”w s ,” oo pm+tn.
esssup sup Wi [w](r, K" ptm.q+ns L oo (B 7:C[0,1])

X
K ref0,1] P Jplg!

Inequality (F.1) can be shown using Lemma A.2 and (5.6). Next we calculate the derivative
with respect to r. To this end first observe that using Lemma A.2 and dominated convergence
one can show that for a.e. K™ the partial derivative o, W;,'f’qn[w](r, K ™M)y exists and equals
Wy [0, w](r, K™™). Using Leibniz we obtain

(F.1)

O m, png Wi, .., wr, Go, ..., G1(r, K220

+
81, Sr, ) 1 i
Z mopg[Or w8 w8, G, L 0T G (v KDY,

Using again (7.12) and (F.1) to estimate this we find

L L
|9 panglwn. ... wr. Go. ... G| <[ T hwnlE [T1GuI".
=1 =

This yields (a).
(b) It is straightforward to verify that the mapping 7 X% /t is differentiable with derivative

—X% /1%, see [16, Lemma 8.6(b)]. Using the product rule one can now show iteratively that the
functionisin C*®°. 0O
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