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Abstract 

Steel, J.R., Inner models with many Woodin cardinals, Annals of Pure and Applied Logic 65 

(1993) 185-209. 

We extend the theory of “Fine structure and iteration trees” to models having more than one 

Woodin cardinal. 

0. Introduction 

We shall extend the theory of “Fine structure and iteration trees” [4] to more 

powerful mice. The mice which do not completely overpower us we call ‘tame’. 

Definition 0.1, A premouse ~2 is tame iff whenever E is a (K, A)-extender of the 

A-sequence, and K =S 6 < A, then 

$f k “6 is not Woodin”. 

We use the notion of premouse of [4]. We shall henceforth use freely the 

notions and results of that paper. 

A tame premouse can have many Woodin cardinals; it can satisfy “There is a 

strong cardinal K such that K is a limit of Woodin cardinals”. Tame premice 

cannot satisfy “There is a Woodin cardinal K such that K is a limit of Woodin 

cardinals”, or even the weaker “There is a K which is 6 + l-strong, for some 

Woodin cardinal 6 3 K". 

‘Wild’ premice are beyond our control because we cannot show that V is 

iterable in the way it (seemingly) must be in order to compare such premice. We 

seem to need, at a minimum, a proof that player II wins the length CO, + 1 
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iteration game %(.M, w, + 1) on JU, whenever Ju is a countable elementary 

submodel of V (cf. [l, Section 51). Our inability to prove this is the main obstacle 

blocking the progress of inner model theory toward larger cardinals. What makes 

tame premice manageable is that the iteration trees which arise in comparing 

them can be realized as plays of the weak iteration game IV&*(.& wi), and (by 

[l, Section 51) we do know that II wins this game on countable JU < V. 
In Section 1 of this paper we describe the fine structural version of I+%*(.&, 0) 

appropriate to premice. We also describe how II can win this game in case & is 

countable, I3 < o,, and .& is elementarily embeddable in an L[,!?]-model having 

background extenders. (We describe L[,!?] in more detail in Section 1.) We then 

show that if JU and X are countable, embeddable in such an L[E], and tame, then 

there are iteration trees comparing Jll and N. 

Although we have enough iterability for comparison, we do not know how to 

extend the full theory of [4] to backgrounded L[E] models all of whose levels are 

tame. The problem lies in the strong uniqueness theorem, [4, Theorem 6.21. 

Although this problem seems less serious than the iterability problem, we shall 

retreat again. 

Definition 0.2. A premouse JU is meek iff whenever K is the critical point of an 

extender on the d-sequence, then 

9: # “there are arbitrarily large Woodin cardinals”. 

A meek premouse can have arbitrarily large Woodin cardinals; it cannot have a 

measurable cardinal which is a limit of Woodin cardinals. In Section 2 we shall 

prove an extension of the strong uniqueness theorem appropriate to meek 

premice. We shall show elsewhere that there are tame mice for which the strong 

uniqueness theorem fails. 

In Section 3 we describe briefly how to extend the remainder of [4] to meek 

mice. This extension involves no new ideas. 

The results of the first three sections of this paper can be regarded as a proof of 

the following theorem. 

Theorem 0.3. Assume there are (in order type ) O-many Woodin cardinals. Then 
there is a good extender sequence I? such that 

(1) ,!,[_I?] k “there pre 8 Woodin cardinals”, 
(2) every level 9: of L[E] is an o-sound, meek premouse, 
(3) @‘I L GCH. 

The real meaning of clause (2) is that LIE] has a fine structure theory. Clause (3) 

actually follows from (2). 

We devote Section 4 to additional descriptive set-theoretic information 

concerning the minimal model L[E] as in 0.3 satisfying “there are o Woodin 
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cardinals”. We compute the complexity of the natural wellorder of R in L[i’] (it 

is !3”ITIi in L[E]) and show R n L[E:] = R fl HODL”‘. These results were 

proved independently by Hugh Woodin. In a sequel we shall obtain analogous 

results for the minimal model having n Woodin cardinals, where it < o (see [2]). 

We do not have such sharp information for models having more than w Woodin 

cardinals. 

1. Iterability and comparison for tame mice 

We now describe a slight variant of the construction of [4, Section 111. We 

define tame premice .& and _& by induction in g as follows. Set 

& = (K, E). 

Now suppose NE is given. If the oth core of A$, cCCO(JfE), does not exist, then we 

stop the construction. Otherwise, set 

J% = %(J$), 

and continue. (cS,(&) exists just in case the standard parameters entering into its 

definition are all solid and universal; cf. [4].) 

Now suppose A& is given. 

Case 1. .AE = (Jf, E, ,J?) is passive, and there are an extender F* over V, an 

extender F over A&., and an ordinal Y < y such that 

V ,,+w G Ult(V, F*) and F r Y = F* cl ([Y]‘” x J$) 

and NE+, = (J$, E, .I!?, P) is a tame premouse, with Y = v~~+I. 

In this case we choose F*, F, Y and A$+, as above, with Y minimal among all 

such F*. 

Case 2. Otherwise. 

Let oy = OR II J&, and set 

E la-i hiE 
“Q+, = (J,+, ) E, pq%q. 

Finally, suppose A is a limit ordinal. Let ov = lim inf,, (p:)“‘. Then _& is the 

unique passive premouse P such that 2: = 9 and V/3 < r] (2; is the eventual 

value of J$+ as E--+ A). 

If the construction just described never stops, then the definition of JV” makes 

sense also when A = OR = 00. We have then OR 5 N__; that is, it is a proper class 

model. 

Definition 1.1. I!?’ is the good extender sequence such that JV~ = $JE. We call it 

the maximal tame sequence. C’ = (_A$ 1 NE is defined). 
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The construction just described differs from that of [4] in just two respects. 

First, we allow arbitrary tame NE’s, rather than just l-small ones. Second, we do 

not stop the construction because of a failure of iterability. We do, however, 

demand the fine structural consequences of iterability (solidity and universality) 

which guarantee that the construction converges to a model of height OR. 
We now make some definitions which will enable us to state an iterability 

theorem for countable Q < .A$. 

Definition 1.2. Let n: 9+ Q where Pi’ and Q are ppm, and let X c 19). We say 

n is a (k, X)-embedding iff n is a weak k-embedding which is r&+, elementary 

on parameters from X. 

Weak k-embeddings are defined in [4, Section 121; they are weaker than 

k-embeddings in that they need only be r& elementary (rather than r&+,), and 

in that sup ~+‘p: may be strictly less than pf. 

The (k, X)-embeddings n: P-t Q which arise in practice are such that there is 

a k-embedding o: A-t P with X = ran u. Such maps n are called ‘almost r&+,‘ 
embeddings (cf. [5]). 

Definition 1.3. Let y be an iteration tree, a < lh 5, and X G ].@rl. Then we set 

Y(y, X, a) = Y, where 

1 

:F,, 
10 N X if (~9” U {/3 ( deg”(P) # deg,T( T-pred(@))}) 

Y= .r 
n [O, C+ = 0, 

lq~Oi~“(A~)* if r) is largest in (DTTU {p ( deg,T(p) 

# deg”(T-pred(@))}) rl [0, aIT. 

Definition 1.4. Let 3 be a k-maximal iteration tree, X G I&T], LY < Ih 9, and 

n:Az+Q. We say n is a (y, X)-embedding just in case JG is a 

(deg’r(a), Y(g, X, a))-embedding. 

Embeddings into models of C’ we call realizations. 

Definition 1.5. Let n: A+ G,(.A$) be a (k, X)-embedding, where X is cofinal in 

pt. Then we say Al is (k, X)-rehzable (in NC, via JG). JA is k-realizable if At is 

(k, X)-realizable for some X cofinal in p;;“. 

Definition 1.6. Let AI be (k, X)-realizable in .NC via it. Let 9 be a k-maximal 

iteration tree on JR, (Y < Ih 3, and CT: AZ -+ E,(A$) be a (3, X)-embedding. Then 

we say At: is (n, 9, X)-realizable (in CIi(.&), via a) just in case 

(a) D:‘n[O, a],#0 + ~(5, and 

In the situation of 1.6, if b is a maximal well-founded branch of 9, then we 

shall say A: is (n, .7, x)-realizable in Gj(&) via u if, letting 19 = Ih 9 and 9’ be 
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the one-model extension of 9 such that b = [0, 0],, JAB’ is (n, F’, X)-realizable 

in CSj(.NY) via 0. 

We can now state precisely our iterability theorem. Recall that a putative 

iteration tree is just like an ordinary iteration tree, except that its last model (if it 

has one) may be ill-founded. 

Theorem 1.7. Let G be V-generic/P, where P has size less than the least 
measurable cardinal. Working in V[G], let .A be countable and (k, X)-realizable 
via JC in some model of (42’)“. Let Y be a k-maximal putative iteration tree on At 
of countable length. Then either 

(a) 5 has a maximal branch b such that A%: is (n, 3, X)-realizable (in a model 

of (C?“), or 
(b) lh F = 8 + 1 for some 8, and .&T is well-founded and, in fact, (JT, T, X)- 

realizable in a model of (C)l’. 

Let us emphasize that in 1.7, JU, Y, b, and the realizing maps may not be in V. 
However, we do require that the realizations map into models of (C’)“. 

The proof of iterability in the union of [l] and [4] adapts easily to yield 1.7. The 

fact that _44, .Y and JC may not be in V is not a problem because p represents small 

forcing. The background extenders for the (C) construction all lift to extenders 

with the appropriate strength in V[G]. We can then run the proofs of [l] and [4] 

in V[G], using these fattened background extenders. We omit further detail 

concerning the proof of 1.7. 

Theorem 1.7 implies immediately that player II wins the weak iteration game 

on a countable At < NE. This game is defined in [l] in the case A% is a ‘coarse 

premouse’; we now describe its obvious adaptation to the fine structure setting. 

Let A be a k-sound premouse, where k s w, and let 8 be an ordinal. 

W%~(.Al, 0) is played in 0 rounds; before beginning round cy< 8 we have fine 

premice JUT, for p s IX, an ordinal ym s CX, and an ordinal n, s w such that Ju, is 

n,-sound. We also have n,-embeddings ipb : .I& - JI& defined for ya c /3 < 6 c 

CX, and these embeddings commute. We shall have: 

We set At,, = A, y. = 0, and no = k. If (Y is a limit ordinal < 8, then player II loses 

WY&(Ju, 0) unless yli is eventually constant as /3-+ (Y. If player II does not lose 

for this reason, we set yU = eventual value of ylj as p-+ CY. We set n, = 
inf{n, 1 y,i = ya A p < a}. Player II loses unless the direct limit of the A$, for 

ym c/3< cy, under the ip6 ‘s is well-founded. If player II does not lose for this 

reason, we let .A!, be the direct limit in question. 

Round (Y of WS~(Ju, 0) is played as follows. Player I begins by playing a 

countable putative n,-maximal iteration tree 3 on .A&. (This is a system satisfying 

all the requirements of n,-maximal iteration trees, except that in the case it has a 

last model, that model is allowed to be ill founded.) Player II can then either 
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accept 9 or play a maximal well-founded branch b of 3, with the proviso that 

he cannot accept 9 if it has a last, ill-founded model. If II accepts 3, then we let 

J/t a+, = JUT, where ,Uq is the last model of Y. If DF n [0, q]r = 0 (i.e., there’s no 

dropping along the branch of F leading to AC)), then we set ya+r = ‘ya and 

i a,a+l = hp. .F Otherwise, we let ya+, = a + 1. In either case, we let n,,, = 

deg”(n). If II plays a maximal well-founded branch b of 5, we proceed similarly. 

We let J&&+, =.4X:. If D”n b =0, then we set yn+, = ye and ia,or+l =i$. 

Otherwise, ya+, = cy + 1. In either case, n,,, = deg”(b). 

The first player to violate the rules of W%~(Ju, 0) loses. If neither player 

violates the rules at any round cv < 8, then II wins iff ye is eventually constant as 

(Y-+ 8, and the direct limit of the Ju,, a, < 8 sufficiently large, under the i13y for 

/I < y < 8 sufficiently large, is well-founded. 

Definition 1.8. Let JX be k-sound. Then ~2 is weakly (k, B)-iteruble iff player II 

has a winning strategy in IV&(.& 0). 

Corollary 1.9. Let G be V-generic/P, where P has size less than the least 
measurable cardinal. Working in V[G], let .A be countable and (k, X)-realizable 
in some model of(C)“. Then (in V[G]) JU is weakly (k, w,)-iterable. 

Corollary 1.9 is an immediate consequence of 1.7. Player II’s winning strategy 

in W%~(J& w,) is just to maintain at round (Y the existence of a realization 

na: A&+ cS,J.&). (We adopt here the notation from our description of 

WY&(& w,).) Player II should also maintain that ( ya s p < (Y 3 & = 5, A 5 = 

its oipa) and that (/3 < yol + & > &). Clearly, 1.7 says that II can always play 

this way. Clearly, he wins by doing so. We shall give no further detail on the 

proof of 1.9. 

A winning strategy for II in W&(.A, w,) of the sort described in the previous 

paragraph we call a realization strategy. 
We now prove a comparison theorem for countable mice which are realizable 

in 62. The proof of the theorem is more important than its statement. 

Theorem 1.10. Let A be countable and (k, X)-realizable, and let X be countable 
and (j, Y)-realizable. Then there is a k-maximal iteration tree y on At of length 
8 + 1 < w,, and a j-maximal iteration tree % on X of length t + 1 < w,, such that 

either 
(1) JZY~ is an initial segment of .A:, and D F tl [0, 61, = 0, or 
(2) .A> is an initial segment of A.:, and Dou fl [0, z]o = 0. 

Remark. We can prove the theorem under the weaker hypothesis that JU and X 

are countable and tame, Ju is weakly (k, w,)-iterable, and X is weakly 

(j, w,)-iterable. H owever, in order to do so we seem to need the existence of a 

measurable Woodin cardinal in V. We shall present the proof of 1.10 in the 
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language of iteration strategies in order to make clear how it also yields this 

other result. 

Proof of 1.10. We first sketch the main new idea. Fix a realization strategy 2 for 

II in W%~(& wr), and its associate JC:JCI + cS,(.&). We shall build Y so that it 

can be regarded as coming from a play according to 2. (We shall simultaneously 

construct %! on X in parallel fashion.) At successor steps we ‘iterate the least 

disagreement’, as in [4]. At limit steps we use 2, but we must be careful about 

going one move deeper into 2. So long as at each limit stage h there is a unique 

(JC, Y, X)-realizable cofinal branch b of 3 r A, we can choose this branch b as 

[0, A)], and continue the construction. Notice that if 9 1 q + 1 arises in this initial 

segment of the construction, then 2 must accept 3 1 q + 1 if I plays it as his first 

move in W%~(Ju, or) as otherwise E would play a maximal b witnessing that 

some [0, A], was not the unique cofinal (n, 3, X)-realizable branch of 9 1 il. So 

we don’t encounter ill-founded ultrapowers at successor steps so long as we have 

unique realizable cofinal branches at limit steps. Now suppose we reach a limit 

step h at which either the existence or uniqueness of a cofinal (JC, 3, X)- 

realizable branch fails. If I plays Y 1 A as his first move of W%k(.A, to,), then 2 

must respond with a cofinal branch b of Y 1 A; otherwise we get non-uniqueness 

at a stage earlier than il. Thus it was uniqueness that failed at A, and we have a 

cofinal (n, F, X)-realizable branch c # b of 3 1 A. 

We now go one move deep in Z: set [0, A], = b, A: = JUT, and use 2 on plays 

extending (3 1 A, b) to continue building Y. Our problem, and the reason we 

haven’t done something similar before il, is that iterating the least disagreement 

may later lead us to apply an extender to some JUT with q < A, and this cannot be 

done in plays of WYSk(.d, IS,) extending (Y r A, b). (I’s next move must be a 

tree on ~2: ‘“.) H owever, we can use the existence of c to arrange that this 

problem doesn’t arise. For let A be a realization strategy for II witnessing that 

&g is (deg9(c), w,)-iterable. We now start simultaneously comparing .&r 
(=A,” t A), Jq I*, and whatever we had at stage il on the X side. We use 2 on 

plays extending (9 r A., b) to continue building .Y, and A to start building an 

iteration tree Y on ,Ug r *. Suppose ou r p otential problem arises at stage 5 > 3L: 

we have a (K, y)-extender E on the .MF sequence which is part of a least 

disagreement, and in order to avoid moving generators on F we must apply it to 

,Uq, where q < A. Thus K < Ih ET. Let 6 = sup{lh Ez 1 (Y < A}. So K < 6 < y. Let 

9 be the last model of Y at stage Zj. Since .!?P 1 y = l?“c 1 y, P(S) fl J$‘c 9, so 

P(S)nJ~~JUpn&? . IA But then 6.1 of [4] implies that 6 is Woodin in Jf< 

so that $?F’is not tame, a contradiction. 

In sum, when more than one cofinal realizable branch appears, we dovetail in a 

new comparison which guarantees that a certain 6 is Woodin in the common 

‘lined up part’ of the family of models we are comparing. Because we are dealing 

with tame mice, this means we won’t have to backtrack ‘past 6’ in the future, 

and so can build out iteration trees using strategies in the weak game. 
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We proceed to the details of the construction. Let Z:,, be a realization strategy 

for II in W%~(A, w,) and 2, a realization strategy for II in WC&(.&-, w,). 

If 2 is any winning strategy for 11 in the weak game on Pi?, and p is a position 

consistent with 2 with I to move, then by the last model of p we mean the model 

on which, according to the rules, I must play his next iteration tree. (This is % if 

p is the empty position.) We let deg(p), the degree of p, be the unique II < o 

such that the rules require that I’s next tree be n-maximal. Finally, if ,VZ is a 

realization strategy, we let ~(2, p) be the realization of the last model of p being 

employed by 2, and X(Z: p) the subset of the last model of p on which ~(2, p) 
must be r&eso,j+l elementary. 

We shall define by induction on y < oi an ordinal vv, and for LY < v,,: (i) a 

model CPa, and a realization strategy 2, in W?+(P~, w,), for some i = i,, (ii) a 

partial play pZ; of W%J Pm, w ,) according to Z,, with I to move and having last 

model Q& and (iii) a deg(pY,)-maximal iteration tree 011: on QY, having last model 

R& We maintain by induction 

(I) Y < 6 + (q s vc, A Va < vr (pl: =p”, 1 Ih(pll))), 

(2) (y< 6 ql;=p:) + WC= Q: P WWk), 

(3) if A<lh(%U1;) and A is a limit, then [0, A), is the unique cofinal 

(n(&, pL), %21y, 1 A, X(&, pl;))-realizable branch of %‘, 1 A (where ZJ is the tree 

order of a’,), 

(4) If a,p<v,andy<6andpll#p~, thenpl;#pg. 

For y = 0, we set v,, = 2 and PC, = A4 and 9, = K. We have already fixed &,, and 

2,. So i,) = ii = k. We let pii =p:‘= 0, the empty position. (So Qii = 9$ and 

Q:’ = P?,.) We let “uli be the empty tree on PC:, and @,’ the empty tree on 9,. (So 

?ii$= P$:, and By= Pi.) 

Now let y = rl + 1. If there is an CY < V~ such that for all p < Y,,, 322 is an initial 

segment of 92, then we stop the construction. We shall argue later that the 

comparison is finished in this case. If there is no such (Y, let o be least such that 

for some (Y,/I<v,, Ly >ltV disagrees with %J below o + 1. Notice CJ c OR II 92: for 

all (Y<Y,. (Equality is possible as the least disagreement might involve the last 

extender predicate of %z.) Now fix any C_Y < vY, and let t + 1 = lh(%z). (Here 

At? = %!z is the last model of %g; thus the empty tree has length 1.) If CT is the 

index of an extender E on the PA?: sequence, then we set 

%z = unique deg(pz)-maximal putative iteration tree %! on Qa 

of length r + 2 extending %z and such that EF = E. 

Otherwise, if o is not such an index, we set %‘,= %z. 

Induction hypotheses (3) implies that Z’,(pz-%Y,) = accept, and therefore OUY, is 

a real iteration tree. It is clear that our induction hypotheses continue to hold at 

stage y. 

Now let y < w, be a limit ordinal. Let Y = U {Y, ( q < y}. 

Case 1. For some (Y < Y, pz is not eventually constant as n -+ y. 
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In this case, by (4), no pz is eventually constant as tl+ Y. We set v,, = Y, and 

for a<~,, PL=U{PZI rl<Y) and %L = the empty tree on the last model of 

p;. Clearly, induction hypotheses (l)-(4) still hold. 

Case 2. For all cr < Y, pz is eventually constant as q + y. 

Let qn be the eventual value of pz as r] + y. Let .9’, be the deg(q,)-maximal 

iteration tree of minimal length extending all %z such that p; = qw. 

BY (3) if 9, has limit length then &(qnr‘Ya) = b, is a cofinal 

(x(&, qa), Ym, X(&, q,))-realizable branch of 9’@. 

Subcase 2A. For no lXY<Y does Sp, have distinct cofinal 

(n(&, qm), Y,, X(&, q,))-realizable branches. 

We let v,, = Y, and p’, = qa for cr < Y. If 9a has successor length (and so is the 

eventual value of %I as q-+ y), we let %L= .Zfa. If 9e has limit length il, we let 

%i be the iteration tree 9 of length A + 1 extending 9, such that b, = [0, h)T. It 

is easy to check the induction hypotheses. 

Subcase 2B. Otherwise. 

Weletv,,=v+l.Fora<<,welet 

pL= 
1 

qn-(ya, b,) if lh Y’, is a limit, 

qar‘( .Y,, accept) otherwise. 

(For notational convenience, we are allowing I to play the empty tree as a move 

in WS; if he does, then II must accept.) We let %L be the empty tree on the last 

model of p& Finally, fix an (Y < Y such that 9a has limit length and a cofinal 

appropriately realizable branch c # b,. We let S!?,, = J+@, and Z,, be a realization 

strategy for II witnessing that 9?V is (degym(c), w,)-iterable. We let ~1: be the 

empty position in the iteration game on gV:, and %1: the empty tree on ??,,. (So 

??V = Q: = 9?,;.) Once again, it is easy to check the induction hypothesis. 

This completes the construction. 

Claim. The construction stops at some y < w, . 

Proof. Assume not. For y < wI let a,, be the least o such that for some (Y, p < vu, 

%;II: disagrees with %!J below CT + 1. Note av is the common length of all 

extenders used at stage y in forming the %:+I’ s. By induction on 6 we have that 

y<6 3 u,<a,. 

Case 1. sup{ vu 1 y < w,} = WI. 

Let y E S iff subcase 2B applied at stage y. These are the stages at which we 

begin new comparisons: y E S iff vv # lJscv vfi. For y E S, we set 

6, = sup{% I P < Y>. 

Now if y E S, then there is an iteration tree % having distinct cofinal realizable 
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branches b and c such that 6, is the sup of the lengths of the extenders used along 

b and c. Moreover, letting Y = Y,, - 1, we have an a < Y such that &F = 22: and 

Ju,” = 2:. Applying 6.1 of [4], we have that for all rl< y and all (Y < v,, , letting 

o = oq and %! = 9?:, 2: k “&, is Woodin”. (There is a small point here: (T = 6, is 

impossible, because 8;: k “there is a largest cardinal” since o indexes an extender 

on the sequence of some 9’22.) Notice also that for y, rl E S with y < r~, 6, < 6,. 

Since all our mice are tame, if y E S and E is an extender used after stage y in 

the construction, then 6, < crit E. In particular, if E is used on %z and F is used 

on one of the trees played by I in p 2, then lh F < crit E. For letting y be least 

such that F is used on one of the trees in p:, we have y E S and 

lh F < 6, < crit E. It follows that we can ‘concatenate’ all of the iteration trees 

certified by II in lJ,,<o, pz, and thereby obtain an iteration tree Tm. (If I plays Y 

in some round of W%, and II accepts, then II certifies 9’. If II rejects and plays b, 

then II certifies the iteration tree extending Y 1 (sup b) whose last model is A:.) 

We shall not give a formal definition of Fe, since it is clear what we mean. 3e is a 

k-maximal iteration tree of length w, on one of JU and JK Moreover, 3a has a 

unique cofinal branch b,; b, is the branch on which the models %!L occur 

whenever y E S or y is a limit of ordinals in S. 

Let Pm be the largest ordinal in D,Tu n b,. For /3, y E b, such that fia < /3 < y, 

we let i&= i;;, and we let i&,, = iz$*. Notice here that ~~ is well-founded 

because b, has order type w,. A simple closure argument shows that w, E ~22. 

Noting that each b, is club in w,, we can now find a set C club in o, such that for 

all p E C 

(a) Va<P (oU<<), 

(b) VP = P, 

(c) Va<D(PEb,AD,<P), 
(d) V’LY < /l (/3 = crit i&,, A i&,,(p) = CO,). 

Now let PEC, and let a<p. Let E>p be such that E+lEb, and 

7”-pred( 5 + 1) = /3. So E = Ep has critical point /?. Notice that E is used before 

any new comparisons are started; that is, if y E S - p, then In E = a, for some 

r < y. For otherwise, crit E = /3 6 6, < lh E, contrary to tameness. Let us write 

E = E(/?, a). 
Let f : C-+ o, be such that v(E(P, f(P))) =S v(E(P, a)), for all (Y < /I. (Here by 

v(E) we mean the sup of the generators of E; cf. [4, 1.0.71.) As f is regressive, 

we can fix cyO and a stationary X G C such that f(P) = LY() for all p E X. We claim 

that there is a stationary Y G X such that for all p E Y, 

Assume not. Then we have a stationary Y G X and a fixed (Y, such hat for p E Y, 

there is an A, E [PI” and aa E [v(E(P, ao))lcw so that A, E (E(/3, w,)),~ n 
(E(P, (Y,))~~. By the standard regressive function argument, we have p, y E Y 

such that p < y and A, = iT;(Ap) and A,, = i$,(AB). Since up E i$(Ag) LI $$;(A,,), 
this is a contradiction. [We use here that ‘generators are not moved’ along the 



Inner models with many Woodin cardinals 195 

branches of a k-maximal iteration tree. Letting T,,,-pred(E + 1) = /3 and T,,- 

pred(q + 1) = /3, this implies iT!,,,(afi) = up and, since v(E(P, a;,)) G v(E(P, a,)), 

i;&G+3) = aa. Then A, E E(P, cue), iff aa E iz;E+l(uP) iff ug E iT;(A,), and 
similarly on the &,-side.] 

Now fix /? E C such that 

Let lh E(& LY”) = a,,, so that E(P, o$) is used at stage y to go from %L,, to %!~~‘. 
As we observed earlier, v,, = vp. We claim that V~Y < Y,~ (lh E(/3, o) = a,,). For au 
is a cardinal of J$, whenever o = a,, and 3 = 92 for some r~ > y and (Y < v,,. If 
lh E(P, (u) = Us > au, then the initial segment condition on premise implies that 
E(/?, LY(J EJ~, for u = oq and %! = 3:. (As ou is a cardinal of j:, v(E(P, (w)) 3 

ou ’ v(E(P, 4) in this case.) But E(P, ao) collapses a,; card(o,,) < v(E(P, a(,)) 
in any rud closed structure M such that E(P, a()) E M. This is a contradiction. 

Thus Vo < Y,,, E(P, a) is the extender used to go from %!L to %L+‘. The initial 
segment condition on premise implies that if v(E(/3, (Y(J) < Y(E(/~, a)), then 
lh E(P, a(,) < lh E(/3, (t’); thus Y(E(P, (yg)) = Y(E(P, 1~)) for all a < Y,,. So 

%I, (yo) = E(P, a ) f or all a < Y,,, and there was no disagreement below o,, + 1 at 
stage y. This is the desired contradiction. 0 

Case 2. sup{ vv 1 y < or} < ol. 
Fix y such that Ye = vy for all n > y; set Y = vv. For a: < Y, let au, be the 

unique iteration tree 9’ of length ol on QY, such that Y r lh %z for all n > y. 
Notice that for all limit A. < wI, %“, has exactly one cofinal appropriately 
realizable branch. If we can find cofinal branches b, of %&, for all (Y < Y, then the 
argument of Case 1 yields the desired contradiction. 

Fix cy < Y. Let n = ~d(&, p:) be the realizing map for QL used by Z,, and let 
X=X(&, p:) be the set on which n must be r&+, elementary, for 
k = deg(pL). Let % = Ou,. It will be enough to show 

VcO’(O,wl) L “Ou has exactly one cofinal (Ed, %, X)-realizable-in-(@‘)’ branch”. 

(For then, the homogeneity of Col(w, 0,) gives us such a branch in V, and we 
can take it as b,.) Now 1.7 implies that in V cO’(wswi) there is at least one such 
branch, so assume that there are two. We shall reflect this to V for our 
contradiction. 

Let r+!~ :M-+ V, be elementary, where M is countable transitive, 0 is large 
enough that (C’)““= (Cl)” r 13, and %m, QL, n, and X are all in ran W. We have 

~((n, QL -0) = (T QL X) since these are countable, and ~(021, 1 I$“) = %,. 
Since IJJ is elementary 

Mc”‘(w.wO) k “there are distinct, cofinal, (E, %, 1 07, X)-realizable- 

in-((P)” branches of Ou, 1 a$“‘. 
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As M is countable, we can choose G which is M-generic/Col(w, o,), and let b 
and c be the distinct (,7~, %a r or, X)-realizable-in-(@‘)M branches of 5!L, 1 of” we 

get in M[G]. If u witnesses the realizability of JllF in (@‘)“, then q 0 o witnesses 

the realizability of Jup in (C)r”‘1 = (cl)” 1 0. Thus b and c are distinct, 

(Jr, 3, 1 UP, X)-realizable-in-(@‘)” branches of aI, 1 WY, a contradiction. 

This completes the proof that the construction stops at some stage y < 0,. Cl 

Now fix y so that for some q < vu, 3; is an initial segment of %!J for all p < vv. 

For any a < vu, P.3: is clearly a model of an iteration tree on either .& or X; for 

the sake of completeness we describe this tree. 

Let LY(, = (Y. Given ak ~2,let8~Sbesuchthat~~=v~-l.For~<~~,let.Y~, 

be as in Case 2 of the construction at stage 8. Then we let ~yk+, be the /3 < ak 

such that !ZPm, = Jtzyfi for some cofinal realizable branch c of YL3. Set also ck = some 

such c. 

Now fix j such that ~yi < 2. If ‘ye = 0, our tree will be on JH, and if a; = 1, it will 

be on X. By symmetry we may assume q = 0. Fix i such that 1 <i d j, and let 

8 = 0, be such that 8, E S and ai_, = vH - 1. Notice that pz, has a last round. Let 

q come from ~2‘ by changing II’s move in the last round to c,_,, and let ^u/; be the 

result of concatenating all iteration trees cerified by II in q. Finally, let “w;, be the 

result of concatenating all iteration trees certified by II in p&,. Then we set 

3-m = Yq-Y4_,- ’ ’ . “w;,“%l;. 

It is not hard to see that 9m is a k-maximal iteration tree on &. The main 

point is that the concatenations leading to Ya do not cause ‘moving generators’, 

and thereby violate k-maximality. This is true by the argument of Case 1 in the 

proof of the claim: otherwise we get an extender overlapping a Woodin cardinal, 

contrary to tameness. 

Now fix (Y < vu so that V/I < yy (3: is an initial segment of %!J). Suppose first 

that .%z is a proper initial segment of some %!$. & is a tree on either Jlk or X; by 

symmetry, we may assume Ym is on JR. Let 8 + 1 = lh Ya and r + 1 = lh 9,. Since 

3: is a proper initial segment of %!J, 32 is w-sound, so [0, 01” U DFa = 0 (and 

deg.Tu(q) = k for all n E [0, 131,). Since %?L is an initial segment of %!r, we can 

take Y = 9a and % = 9, and we have alternative (1) of Theorem 1.10. 

Suppose then that %z is not a proper initial segment of any 33; that is, 

9?:= 9?$ for all p < vu. For /3 < v,,, let lh Yf3 = 0,3 + 1. If Dr@ f~ [0, 60]7E = 0, then 

we can replace 3: b y %J in the argument of the last paragraph (perhaps 

exchanging %?r for %$, and obtain the conclusion of 1.10. So assume that this 

fails for all p < vu, toward a contradiction. 

For PC v,,, let & be the site of the last drop along [0, e,<],,; that is, & is the 

largest ordinal c E [0, eP]T, such that E E D.Tfl or deg9fl(E) < deg,Tfi(q) for 

q = Tfi - pred(Q. For any 6, 6 < Y,, we have 

deg3fi(Eti) = least i E w such that 3; is not i + l-sound 

= least i E w such that 3.: is not i + l-sound 

= deg.Yc>( &). 
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So let e be the common value of deg”p(&) for all p < v,,. Let, for /3 < vu, 

s = 
1 

(J@)* if & E DYfl, 
B JU$,red(S8) otherwise. 

Then for p, 6 < vY, the ‘preservation of standard parameters and cores’ proved in 

[4] yields 

s, = cr,+,(%$) = G,+,(9?21;) = s,. 

Moreover, if we let iP : S, + 9?$ be the canonical embedding given by FP(iO = 

i&oi$,) if cfi E Drfiir, and i,$ = i20, for q= Tfi-pred(&) otherwise, then i, is just 

the natural embedding from cc+, (%j;) into (I,(%!$) = ?A!$. Thus ifi = ib for all 

P, 6 < vy. From this we get that Eg 1 Y = E.2 1 Y, for Y = inf(v(E$), v(E.2)). 

The argument concluding the proof that the construction stops in Case 1 now 

yields the desired contradiction. (Fix /3 with v(E,$) minimal, let lh(E$) = o,,, 

and argue that at stage q of the construction all 3:‘s agree below a,, + 1.) 

This completes the proof of 1.10. 0 

2. Unique branches and meek mice 

Let 9 be an iteration tree of limit length 8 on a fine premouse. We set 

6(Y) = u lh Es, 
LI<H 

L?(F) = ayO (I?” 1 lh E:). 

Notice that I?(Y) = i?‘@ r 6(T), for any cofinal branch 6 of 9. 

We say that 6 is Woodin with respect to f (where f : 6 - 6) just in case 

3~ < 6 (f”~ c K A iij : V+ AC! (crit(i) = K A VjCfjCkj E M)). 

From [l, Section 41, as adapted in [4, Theorem 6. l] to fine premice, we have 

Theorem 2.1. Let 3 be an iteration tree of limit length 8 having distinct cofinal 

branches b and c. Suppose f: 6+ 6, where 6 = 6(T), and f, 6 E wfp(.@) n 

wfp(AT). Then 

At: in “~3 is Woodin with respect to f ". 

(This is not the literal statement of [4, Theorem 6.11, but what is shown in its 

proof .) 

We now extend the strong uniqueness theorem, [4, Theorem 6.21, to the 

context of meek mice. 

Theorem 2.2. Let & be countable, meek, and k-realizable. Let 3 be a countable, 

k-maximal iteration tree on .M such that pk+,(&) G lh E;:. Then 9 has at most one 

cofinal well-founded branch b such that JUT is deg,T(b)-realizable. 
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Remark. We mean to include the case k = w, with the convention that 

Po+*(J4 = PClJ(JG 

We shall need some elementary facts concerning supports in an iteration tree 
for the proof of 2.3. We now digress a bit in order to describe them. Mitchell [3] 
has independently investigated the notion of support for iteration trees. 

Let 3 be a k-maximal iteration tree on a fine premouse A. We set Ju, = _Nz 
and E, = Ez, etc. We define by induction on & < lh 9: (a) X is an a-support, 
and (b) (~‘4~)~. We shall have, by induction, that if X is an cu-support then a! E X, 
and Vy < (Y (y E X 3 X is a y-support). Also, X is an cY-support iff X II (cr + 1) 
is an a-support. 

(Y = 0: X is a O-support if 0 E X. If 0 E X, then (J&)~ = 4,. 
cu=p+l: Let y=T-pred(P+l). If /3+1~D~, let ,n be such that A$+,= 

$$, and otherwise let p= 0. We say X is a p + l-support iff { y, /I, /3 + l} c X, X 
is a P-support (hence a y-support), ~1 E (.44,,)x, and if El3 E J$$ (that is, Efi # P.4) 
then Ep E (JH~)~. 

If X is a p + l-support, then 

2 E (J&+,)~ iff 2 = [a, f&]$p+‘, for some a E (.&), 

and q E (AL,,), and r E Sk,,, 

if II = degy(/? + 1) > 0. If degr(P + 1) = 0, objects of the form [a,f]$$+t, for 

a E (A& and f E C&)X, go into (J$+I>x. 
a = A., A limit: X is a A-support iff A. E X and either (a) or (b) below holds. 
(a) There is a ETA such that X fl A G 5, (& A], fl D 3 = 0, and X U {c} is a 

c-support. In this case we set 

(J&)x = i$@&J,,,. 

(b) X is cofinal in [0, jl)T, and Vy E X (X is a y-support). In this case, we set 

(.4)x = U {i;i(&)x 1 E E X A ETA A Dy r-~ (~5, h)T = 0}. 
This completes our inductive definition. We call X a support iff 

Vy E X (X is a y-support). 
Suppose Y G lh 5 is finite, and we are given z, E 4, for each LY E Y. Then there 

is a finite support X z Y such that z, E (&,), for all a E Y. The proof is a tedious 
induction on Ih y which we omit. 

Let X G lh y be a support, and h : q +X be the increasing enumeration of X. 
Let 9, be the transitive collapse of (.&,,,),, and Ed : iFa -+ J&(~) the inverse of 
the collapse. Then there is a unique k-maximal iteration tree Y of length 7,~ on & 
with the following properties: .&z= CPe for all (Y < n and Ez= n;‘(E$,J for 
cu+l<n, and asp iff h(a)Th(@ f or LY<~<T]. Moreover if rz<p<n, then 
~tn agrees with z,, through Ih (Eg. Also, if crSp, then izP is defined iff izC,,,,,, is 
defined, and 5 oizo = i~ajhcBj~na when defined. Finally, deg”(cu) = degF(h(a)), 
and JC, is a deg5(a)-embedding. 
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The existence of such an Y can be proved by an easy but tedious induction on 

n, which we omit. We shall actually need only the following consequence of the 

existence of Y. Recall that V(E) is the strict sup of the generators of E. 

Lemma 2.3. Let 9 be a k-maximal iteration tree, X a Y-support, and a, /3 E X 
with cx < /3. Then (.46)X is the range of a k-embedding into Jll,, where 
k = degY(/3). M oreover, letting ,u = v(E~) if y(Ez) is a limit ordinal, and 
p = lh Ez otherwise, we have 

(J&)x fl P = W/3)x r-l P. 

Proof. We show by induction on /3 that 2.3 is true for all X and & < p. The 

elementarity claim is easy to check, so we prove only the agreement claim. 

Consider first the case that /3 is a limit ordinal. If (.4tfi),,, is defined by clause (b), 

pick q E [0, /31T such that 17 E X and (Y < n and crit(i+) > p. Then (JJ$)~ n p = 

(4), fl ,U = (A,), n p by induction. Now suppose (J&)~ is defined by clause 

(a), and let ETp b e as in (a). Then a < 5, so Y(E,) c crit(i,,) because 5 always 

goes back to the earliest possible model. Since ,u # Y(E~) + p is the least 

cardinal of JUT which is MY, we have ,U G crit(iEp). But then (.&), fl ,U = 

(~&)~o~~, tl p = (J&)~ n ,U by induction. 

Next, let p = t + 1. Thus LY G t and t E X. Since p 2 lh E,, it is enough to show 

that (.&), tl lh E, = (AI,), fl lh E,. If y < lh E,, then y = [{y}, id]$!, so y E 

(J&)~ 3 y E (./u,),. On the other hand, let y< lh E, and y E (.&,),. Let 

Y = [a, fu.,li? wh ere a E (A,), and q E (.A&,), for 8 = T-pred(P). (Assume here 

degY(/3) > 0; det”(P) = 0 is similar.) Let K = crit(E,); since K < Y(E@) and 

K E (J&)~, K E (.a%,), by induction. For ii E [K]'~', set f (ii) = fO,,(ii) if fO,,(U) < K 
and f(C) = 0 otherwise. So f(C) =fO,,(U) for (ES)0 a.e. U. Also, f E (At,), n 4;. 
[Let n = deg.T(/3). S’ mce K < pn(.A$) and o E Sk,,, f E .A$. Let ?r: P?+ 4, be the 

inverse of the collapse of (J&)~, so that it is an n-embedding by induction 

hypothesis. Since ~d-‘( K) < p,, (9)) we can find g E 9” defined in 9’ from T'(K), 

n-‘(q), and possibly n-‘(.&z), as f was defined in .&, from K, q, and possibly 

4;. Then Jt(g) = f, so f E (A&)~.] 0 ur induction hypothesis implies f E (A&),. 
[For let f be the 71th element of Ju,, where rl< (K')"$. We may assume 8 < z. 

Let p* = y(E,) if Y(E~) is a limit, and let ,u* = lh(E@) otherwise. Then K < ,u* 

and ,U * is a cardinal of J&, so (~')"fi s p*. So as n E (A,),, n E (J&)~ by 

induction, so f E (A,),.] As (.&), is r_Z, elementary in J&, there is an n E (J&)~ 

such that f (6) = ui for (E,),,I,, a.e. ii (where ti is the appropriate subsequence, 

and ui the appropriate term, of U). Clearly r] = y, so y E (&), as desired. 0 

Proof of 2.2. Let 9, Ju, and k be as in the hypotheses. We assume k < o; the 

case k = w is similar but simpler. Let 8 = lh 9 and 6 = 6(T). Suppose toward a 

contradiction that b and c are distinct cofinal branches of .Y such that JU,” is 

degF(b)-realizable and JZ~ is degY(c)-realizable. 
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We now compare &d and ,Ug, as is done in 1.10. We obtain a deg,T(b)- 

maximal tree 9” on J@’ with last model 9 and a degF(c)-maximal tree %’ on JUT 

with last model Q such that P? is an initial segment of Q or vice-versa. It is 

possible here that one of Y’ and %’ is empty. As in the proof of 1.10, no 

extender used in 9” of %’ has critical point ~6; otherwise our mice are not tame. 

Thus Y = Y-9” and % = YOU’ are n-maximal iteration trees. Let lh Y = h. + 1 

and lh % = q + 1, so that 9’= .Mr and Q = A:. By symmetry, we may assume 9 

is an initial segment of Q. 

We now follow the proof of [4, Theorem 6.21. 

Claim 1. If 9 is a proper initial segment of Q, then there is no dropping of any 
kind along [0, A],; that is, D” fl [0, AIs = 0 and deg”(a) = k for all (Y E [0, A],. 

Proof. The hypothesis implies P is o-sound, which in turn implies the conclu- 

sion. See the proof of [4, Claim 3 in 6.21. 

Claim 2. If 9 = Q, then on one of [0, AIs and [0, q]” there’s no dropping of any 
kind. 

Proof. The same as for [4, Claim 4 of 6.21. Here [0, AIs and [0, qlo play the roles 

of the b and c of that proof. 0 

In view of these claims, we may assume there is no dropping of any kind along 

[OY AIS. 

Claim 3. pETI = pr+, < 6. 

Proof. The proof of [4, Claim 5 of 6.21 shows that p$, ~i$,(pf+~). Now if 

6 = OR f~ AZ, then .@ is an initial segment of .I@ (in that case JUT cannot be 

active because it would have no largest cardinal), so .Mc = 9’ and our claim is 

true. So suppose S E J@. So 6 E 9, so 6 E Q, so 6 E JXB. Also 

p(g) n A:= P(6) n 9 G p(o) n Q E p(a) n ~2:. 
It follows from 2.1 that 6 is Woodin in JUT and in 9’. 

Let (Y + 1 E b be such that T-pred(a + 1) = 0. Let ,u < crit Ez be such that if 

JUF~ “K is Woodin and K < crit(Ez)“, then K > p. There is such a p because &s 

is meek. We can choose p so that p < crit(EiT) as well, because J&T is meek. We 

have then that for ,U =Z K C lh ET, .@k “K is not Woodin”. 

Since ,U < crit(Ez), I’$@) = y and p < 6. Since i& is sufficiently elementary, 

whenever i;%(p) S K 6 i$(lh E(T) we have Judb “K is not Woodin”. Thus 

i,$,(lh ET) < 6. Since ~f+~ =G lh EiT by hypothesis, and p$, s i&f+,), we have 

pf{I G 6 as desired. But now crit(izA) > 6 (in the case F# 9) and ij%$ is an 

k-embedding because there’s no dropping along [0, AIs. [4, Lemma 4.71 implies 

then that pf$, = pr+,. 0 
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Let p = p[+, , and let q E P? be such that Thr+ , (p U {q}) $ 9’. Let X be a finite 

9’-support such that q E LPx. We also assume that 8 E X, and 6 E Px if 6 E 9’. Let 

Y be a finite %-support such that q E Q, and, if B = $f where w,u E OR”, then 

also p E Q,. We also assume that 8 E Y, and 6 E Q, if 6 E Q. 

Let quo E b be so large that (X U Y) fl 13 c cqj, b fl c G mo, and crit(EF) > p 

whenever y + 1 E (b U c) - cyo. Set, for i < co, 

/I; = least /3 E c such that p > q 

q+,=leastcuEbsuchthatcu>/-Ii 

Xi = X U T-pred( a;), Y = Y U T-pred(P;). 

It is easy to see that Xi is a T-support and Y a %-support, for all i 2 1. Further, 

9X8 and Q, fl P are r& + , elementary substructures of 9. 

Claim 4. Let i s 1. Then 

(a) 9%, 17 v&-J = cri@,,-J, 

(b) Q, n 4-&-J = crW~,-d. 

Proof. We prove (a); the proof of (b) is the same. Now (.Mc)x, is defined by 

clause (a) in the limit case of the definition of ‘support’, with E = t-pred(q). So 

(J&)X, = GA&),,,,,. 

But crit(i&) = crit(E,_,), and irO(crit(E,_,)) > y(E,_,). So 

(&ax, n v(E,_,) = crit(E,_,). 

But v(E,-i) < v(Ez) if 8 < A; so by Lemma 2.3 

(Ju%, n v(E,,-i) = (Ju%, n v&-i), 

and we are done. 0 

Claim 5. .Yx, n Qy, fl 6 = crit(E,,_,). 

Proof. Let ~1 E Px, n Qx, fl 6. Now 6 = sup{crit(E,_,) 1 i 2 l}, so we can fix 

i 2 1 least such that ,u < crit(E,_,). Suppose i > 1 toward a contradiction; let 

i = k + 1. Now T-pred( cq) < Pk because cwi is the least element of b which is >Pk. 

The definition of ‘iteration tree’ and the fact that the v(ET)‘s increase with y 

yields 

crit(E,-i) < v(~%~~~~(~,j) c v(Efi,-i). 

Thus ~1 < v(EP,-i). But now p E Qy, c Q,, so Claim 4 implies p < crit(&_,). 

We now repeat the argument with b and c interchanged. Since Pk is the least 

element of c which is >ak, T-pred(j3,) < ak. So 

crit(&-i) < v(Gpred(& c Y(&-i). 
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Thus ,u < Y(E,~-,). But ,U E PX, and 6PX, E P,+ so p <crit(E,,_,). This 

contradicts the minimality of i. So i = 1. So 6PX, n QY, fl 6 c crit(E,,_,). 

For the reverse inclusion it is enough by Claim 4 to show that crit(E,,_,) < 

crit(E,+,). Now 

T-pred(cu,) < /IO G T-pred(P,). 

Since crit(E,,_,) < Y(E~_,,~~~(~,)), if crit(Ea,_,) G crit(E,,_,), then crit(Eg,_,) < 

v(E*) for some E < T-pred(P,), which contradicts the fact that iteration trees ‘go 

back to the earliest possible model’. 0 

Now PPX, and Q,, n 9’ are (the universes of) generalized rZ,+, elementary 

substructures of 9, and therefore so is PX, fl QY,. (Note here that we have 

appropriately definable Skolem functions.) Let %! be the transitive collapse of the 

substructure of 9 with universe PX, n QY,, and r/~ : SC!+- 9 the collapse map. Let 

K =crit (Em,-,). We have p <K, and q E ran($). If K$ dam(q), then 2% is a 

proper initial segment of 9, so Thr+r(p U {q}) =Thf+,(p U {v-‘(q)}) is a 

member of P?‘, a contradiction. So let K E dam(v). 

We now compare 92 with 9’ as in Lemma 1.10, using k-maximal trees. We 

obtain k-maximal iteration trees “Ir on 3 and W on 8 with lengths o + 1 and 

t + 1 respectively such that A,” is an initial segment of A,” or vice versa. Notice 

that E* 1 K = 8” 1 K, and K is Woodin in 2. Since our mice are tame, no 

extenders with critical point SK are used in either 7’” or W. Thus K is Woodin in 

Al:. 

We claim K is measurable in 9. Since K = crit(E,,_,), it is enough to see that 

Em,_, has generators other than K, for then E,,_1 1 lg’ is in 9’ for some 

E< v(E,,_J, and witnesses the measurability of K in 9. (Note Em,_, is a total 

measure on PP.) But K < crit(EP,-i) < v(E,,_,), and crit(E,,,_,) is inaccessible in 

9, so v(E,,-,) # (K+)9, so v(E,,_J # (K+)“a:-l, so K is not the only generator of 

Em,-,. 
Since B is tame, it has no measurable Woodin cardinals, and so K is not 

Woodin in 9. 

Now suppose D w n [0, tlw = 0, so that i(z exists, and &E(K) = K, and K is not 

Woodin in A?. Since K is Woodin in AZ, A,” is a proper initial segment of Ay. 

It follows that .A,” is w-sound, and hence D' fl [0, a]” = 0 and ii; is an 

n-embedding. But then 

Th?+l(p U {V’(q))) = Thf?i(p U {i,%+-‘(q)))), 

so Thp+,(p U {I+!-‘(4))) E Air”. But the theory in question is essentially a subset 

of p, so must be in 9. That is, 

Th:+P,l(p u 14)) = Th?+i(p U {+-r(q))) E 9, 

contrary to our choice of q. 
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So we may assume DWn[O, z],#O. By 1.10, D”n[O, a]” =0 and 
degY(a) = II for all (Y E [0, 01”; moreover _Mr is an initial segment of Ay. If AX,” 
is a proper initial segment of AT, we get the contradiction of the last paragraph, 
so suppose .A:= _JU~. Let N be largest in [0, tlW n Dw, and /3 = W-pred(cr). 
Since (AZ)* E JUT, and K is a cardinal of .&r and K E (./uy)*, K =Z &((.d~)*). 

But pm((.Ar)*) = pw(.My) by the results of [4, Section 41. On the other hand, AZ 
is n-sound and Thf{,(,(p U {ir&q-l(q))}) is not a member of A,“, so pO(.&y) = 
p,(MT) < p < K, a contradiction. 

This completes the proof of 2.2. 0 

3. Solidity and condensation of meek mice 

We begin by stating a version of the Dodd-Jensen lemma [4, Lemma 5.31. 

Definition 3.1. Let At be countable, and let 9 be a countable k-maximal 
iteration tree on A. We say F is t-simple iff whenever b is a maximal branch of 
9 such that b is deg’T(b)-realizable, then b is cofinal. 

This is a notion of simplicity appropriate to trees on tame mice. Notice that if 
.A% is k-realizable and 5 on ~9 is k-maximal and t-simple, then Va < lh .Y(.&z is 
deg5(a)-realizable) (cf. 1.7). 

Theorem 3.2 (Dodd-Jensen). Let 3 be a countable, k-maximal, t-simple iteration 
tree on a countable, k-realizable premouse A?,,. Suppose lh 9 = 0 + 1, and 

a:h,+Q 

is a (k, X)-embedding, where X is cofinal in pk(&,) and Q is an initial segment of 
Al;. Then 

(1) Q=At;. 

Moreover, if deg(y + 1) 2 k for all suficiently large y + 1 E [0, e],, then 

(2) D”n [0, 61, =0, 

and 

(3) ize( 7) =S a(v) for all q E OR n A&,. 

This is proved just as in [4]. 
We can now prove 

Theorem 3.3. Let .nI be countable, meek, and k-realizable, where k < o. Let r be 
the k + 1st standard parameter of (A, t+(A)). Then r is (k + 1)-solid and 
(k + l)-universal over (4, &(A)). 
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This is an analog of [4, Theorem 8.11, the central fine structural result of that 

paper. It is proved in exactly the same way. By Lowenheim-Skolem, we can 

replace “A4 is countable and k-realizable” by “At = ak(NY), for some y” in the 

hypothesis of 3.3. Thus, 

Corollary 3.4. Let X be a model on the C’ sequence, and let X be meek. Then 

cFw (X) exists. 

Proof. We must show that (s,(N) exists for all k < o. The proof is by induction 

on k; k = 0 is trivial. Suppose K,(X) exists, and &+,(A’) does not. This means 

that the k + 1st standard parameter of (6,(K), U&~(N))) fails to be k + l-solid 

and k + l-universal. This is a first-order property of 6,(X). Let then n : A%-, 

Es,(X) be fully elementary, where .A? is countable. Since .A is k-realizable via rr, 

we have a counterexample to 3.3. 0 

The remaining theorems of [4, Sections 8, 9, and IO] extend similarly. In each 

case, what was proved for arbitrary iterable (in the sense of [4]) l-small mice, we 

prove for countable, realizable, meek mice with the same proof. We then use 

Lowenheim-Skolem to conclude that the models occurring in the ‘meek initial 

segment’ of C’ have the property in question. 

Consider, for example, [4, Theorem 9.21, which states that every l-small 

iterable bicephalus is trivial. There is an obvious notion of ‘nontrivial bicephalus 

of C”: it is just the structure we get if, in Case 1 of the definition of NE+,, we 

have distinct F and G meeting the conditions for addition to J& as the last 

extender predicate of .A$+, , and instead of choosing one, we add both. If \% is 

such a structure, then countable Yl< ‘Xs satisfy an obvious analog of 1.7, our 

iterability result. Thus we can compare such an ‘Ix with itself and reach a 

contradiction, as in [4, Theorem 9.21. It follows that there are no nontrivial 

bicephali of C’. (In this case, we need not restrict ourselves to the meek models 

of Cl.) This is important in showing that ,!? has enough extenders on it that 

certain large cardinal hypotheses true in V hold also in ,!,[,!?“I. 

Finally, to complete the proof of Theorem 0.3, we argue as follows. Suppose 

first that some X in C’ is not meek; let B be the first such .N, P is active, and we 

can iterate its last extender fiP through all the ordinals to get it: P’-t Pm. Let 

l? = n(EP) be the extender sequence of length OR left behind; L[E] b “there are 

arbitrarily large Woodin cardinals”, and so witnesses the truth of 0.3. Suppose 

next that all X in C’ are meek. Then by 3.4, the C’ sequence has length OR = 00. 

in this case, JK = L[f?] is the desired model. The proof of [4, Theorem 11.31 

adapts easily to show that if there are 8 Woodin cardinals in V, then there are 0 

Woodin cardinals in L[,!?]. 

This completes the proof of Theorem 0.3. Cl 
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4. o-small mice 

We shall characterize R n L[E], where L[,!?] is the minimal model for o 

Woodin cardinals. The results of this section are due independently to Hugh 

Woodin. 

Definition 4.1. A ppm Jt is w-small iff whenever K = crit E for some E on the 

A-sequence, then $;f” f “there are o Woodin cardinals”. 

We shall obtain our characterization under the hypothesis that there is an X on 

the @’ sequence which is not o-small. This follows from the existence of o 

Woodins with a P”(K)-measurable above them all. (One can easily eliminate the 

P”(K)-measurable in favor of a measurable.) We don’t know how to make do 

with just w Woodins. 

Let X be the first model on the C’ sequence which is not o-small. It is not hard 

to see that p.l”= o. Thus Jt = &(N) = Cr,(X) is countable. 4 is essentially the 

‘sharp’ of the minimal iterable model with w Woodins. If we iterate the last 

extender predicate fi’” of Ju through the ordinals, and let EU = E& be the 

extender sequence left behind, then we obtain L[E”], the minimal iterable 

proper class inner model having o Woodins. L[E”] is minimal in the sense that it 

elementarily embeds into every other proper class iterable inner model having w 

Woodins. 

Definition 4.2. If .N, Ju, and _!?I0 are as above, then we write & = (i:“)#. 

We shall use heavily an important unpublished result of Woodin concerning 

genericity over L[i] models. We state it here in the form in which we shall need 

it. 

Theorem 4.3 (Woodin). Let JR be countable and (k, X)-realizable via ;n, and 
suppose At b “8 is Woodin”. Let G be At-generic over some poset P E V:, where 
K < 6. Let x c w. Then there is a poset Q E Vf+, and an iteration tree F on .A2 of 
countable length 8 + 1 such that 

(a) Jur is (n, Y, X)-realizable, and 
(b) D” = 0 (so that i& is defined), and 
(c) crit Ez> K for all cy< lh 57 (so that G is 4;. -generic/P), and x is 

.&z[G]-generic/i&(Q). 

Let s’=(&In<w) b e an increasing sequence of cardinals of a transitive 

model N of ZFC. Let (G,, ( rz < w) be N-generic over the finite support product 

n n<w Col(w, 6,). Let R* = U,,, (R II N[( Gk ( k s n)]). We say that R* is the 

set of reals in a symmetric &collapse of N. Woodin’s theorem yields the 

following absoluteness result for symmetric &collapses. 
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Theorem 4.4. Let .A be countable and (k, X) realizable. Let s’ = (6, 1 n < w) be 
an increasing sequence of Woodin cardinals of JU, and suppose there is an extender 
E on the &-sequence such that crit(E) > sup{ 6, 1 n < w}. Let 03 * be the set of 
reals in a symmetric &collapse of 4. Then 

(L@ *)r x)x&* = (L(R), x),,Iw*. 

Proof. Let ( Gk ) k < n ) be &-generic for nkGn Col(w, 6,), and let x E R fl 

.A[( Gk 1 k sn)], and suppose L([w) k ~[x]. it is enough to see that “L@*) 1 
@I” is forced in the symmetric (Sk 1 n < k < o)-collapse over .A[ ( Gk 1 k < n)]. 

We shall show this working in V[H], whee H is V-generic for Col( co, 2”(b). By 

absoluteness, this is enough. Let us fix an enumeration {xk I n <k < o} of [WV. 

We shall construct, in V[H], a sequence ( Gk ) n <k < w) and an iteration map 

i: Al+ & having critical point > 6, so that ( Gk 1 k < o) is a symmetric 

i(8)-collapse of & whose set of reals is R “. We shall also have OR E .I&,. This 

is clearly enough. [Let P = nksn Col(w, 6,) and Q = rIInck Col(m, 6,). Let 

r G Vz be such that rG =x, where G = ( Gk 1 k c n). Since L([w*)~~~(‘;*lk<‘O)l = 

L([w”), we have p E G such that & kp z (lilt-, L(Lw*) k cp[Z]). Since crit(i) > 6,,, 

.A[G] k 1 lto L(K! *) k c@], as desired.] 

Let JU,, = Al. By induction on k > n we define Gk, along with an iteration tree 

& on A,_, having last model Ju,. We shall have that Gkr .Yklk, and .A& are all in 

V, and countable there. The concatenation 5 of the .Y;, for n <i < k, will be an 

iteration tree on A; we let iit: JU,- .M, be the map given by 5. We shall also 

have that Jllk is (n, 9, X)-realizable via a map nk, where n is the given 

realization of A. Finally, we shall have that (Gj ( j 2 k) is A&-generic for 

njsk Col(o, ink(aj)), and that xk E .A&[( G, I j < k)]. ( Gj I j c k) will be appropri- 

ately Ak+,-generic because we shall also have crit(&+,) > in,k(8k). 
Since it is obvious how to use 4.3 to produce Gk, Fkkr etc., we give no further 

detail here. The only point to notice is that Col(w, 6) is universal for size 6 

forcing. 

Let 9 be the direct limit of the Ju,‘s under the i,,-‘s, and iko : .A&+ 9 the 

natural map. 9’ is O-realizable via u, where o(&(a)) = Jtk(a). Thus 9’ is 

internally iterable. Let Q be the result of iterating 9 by i,,(E) and its images OR 

times, and let & = $&. It is easy to check that & is as desired. 0 

Corollary 4.5. Suppose (I?‘“)# exists. Let iQ* be the reals of a symmetric 

S-collapse of L[lZ’], where s’ enumerates the Woodin cardinals of L[l?“]. Then 

(L@*), x),,[w* = (L(R), x),,(w*. 

The existence of (E”)# implies that the theory of L([w) is absolute for small 

forcing. 
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Corollary 4.6. Suppose there is a model on the C-sequence which is not o-small, 
Let G be V-generic/P, where P has size < the least measurable cardinal. Then 

(L(P), x),&v= (L(WG’), X),,R”. 

Proof. Our hypothesis implies that there is an JH, s’ satisfying the hypotheses of 

4.4. Without loss of generality, we may assume R ” is countable in V[G]. Work in 

V[G]. Inspecting the proof of 4.4, we can find a countable iterate 9 of .M, with 

map i:Jt+ 9, so that [WV is the set of reals of a symmetric i(8) collapse of 9 

satisfies in V[G] the hypotheses of 4.4, so by (the proof of) 4.4, 

(I(lR”), x),&v= (L(W’“‘), x),,[wv. [One must take the realizability hypothesis of 

4.4 to mean, in V[G], that 9J’ is realizable in (C)l’. By 1.7, this is not a problem. 

It is, however, the reason for our hypothesis on the size of $.I 0 

With more care, one can weaken somewhat the hypothesis on the size of P in 

4.6. 

We also get an absoluteness result for L[_&“] itself. 

Corollary 4.7. Suppose (iW”># exists. Let L(R)b C+J[X, R], where Q, is 2, and 
x E R f~ L[r?‘“]. Then 

L(R)L’E’“’ k Q7[x, R n L[E’]]. 

Proof. Let R* be the reals of a symmetric &collapse of L[,??‘], where s’ 

enumerates the Woodin cardinals of L[t!?‘“]. We can arrange that R* is also the 

set of reals of M, where it4 is the generic ultrapower of L[t?“] associated to G 

which is L[l?‘] generic for Woodin’s stationary tower forcing Q._,,~~~. By 4.5, fix 

IX such that L,(R*) k &, R *]. N ow M may be ill-founded, but we can arrange 

that (Y E wfp(M). (Note LY is independent of R*.) Thus L,(R*) = L,(R’)“, and 

Lo k ~[x, R”]. Pulling back via the generic j: L[L?“]+M, we reach the 

desired conclusion. 0 

Another way to express 4.7 is to say that E>“fl statements true in V are true in 

L[i’], provided (i”)# exists. If (i’“)# exists, then L(R) LAD but L(lR)L’“‘“‘!= 
iAD, so there is a !3”fl statement true in L[L?‘“] but not in V. 

We now show that R fl L[l?‘“] = R fl HODL@‘. This follows at once from 

Theorem 4.8. Assume (I!?“‘)’ exists, and let Jt = (I?“)#. Let X be the result of 
iterating ~2 by the first total-on-_& extender on the &-sequence w , times. Then 

v& n x = VW, n HODL’“‘. 

Proof. We show 2 first. Let A E V,, n HODL’“‘. Since (.@)# exists, L(R) kAD. 
(This follows from 4.5 and Woodin’s result that, if R* is as in 4.5, then 

L(R*) EAD.) AD implies or is measurable in HOD, so we may assume A E a, 
where cx < ol. Let 9 be the LY + 1st iterate of JU by its first toal extender; it will 

be enough to see that A E 9. 
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The proof of 4.4 applies here. Let H be V-generic for Col(o, 2”‘(j), and work in 

V[H]. We can find an iteration map i: P+ Pm and a symmetric &collapse of PX 

whose set of reals is R ” ; moreover we can arrange crit(i) > (Y. Since A is 

definable over L(R”) from ordinal parameters, and the collapse is homogeneous, 

A E CP_. Since crit(i) > LY, A E 8. 
The following claim shows that 2 z, is definable over L(R), which is what we 

need in the other direction. 

Claim. Let K < w, and suppose x!= "K is a cardinal”. The foilowing are 
equivalent: 

(a) B = $” for some p < (K+)N, and p,,,(P) = K, 
(b) ?? is m-small and o-sound, 8: = ,$f, p,,,(p) = K, crit(l?T) > K whenever 

y > K, and 11 wins W%,,,( P’, IX). 

Proof. (a) clearly implies (b). Assume ?P satisfies (b). Let Q be the K + 1st iterate 

of (.!?U)# by its first total measure, so that Q agrees with K through (K+)-'? We 

now compare 9 with Q. This can be done as in the proof of 1.10 and the remark 

following its statement. In the present case, since “II wins W$$(P~, m)” is a 

!3”fl, assertion about reals coding Y and b, we do not need full ,J$ absoluteness 

or a measurable Woodin cardinal. It is enough that 

(L(R), XLtlR = (L(R “‘9, X),,R, 

where G is V-generic for Col(w, u,). Since we are assuming (,!?“)” exists, 4.6 

gives this. Thus our comparison terminates. 

Let F be the comparison tree on 9, with last model PT, and let % on Q have 

last model QF. If D%fl [0, tlU #@, then since 9 is w-sound, 9: must be a 

proper initial segment of QF. If DQ rl [0, zlu = 0, then QF is not o-small, so 

again Pr is a proper initial segment of QF. So PP.: is a proper initial segment of 

QL and hence Sz is w-sound. Since 2: = 2:, all extenders used in 5 have 

index >K, and hence by hypothesis critical point >K. Since ~~~(9’) = K and P? is 

o-sound, this means no extenders are used at all; that is, $3” = Pf. Since 19’) = K 

in Q$, and all extenders in %! have index >K, CP is an initial segment of Q. Thus 

9 = 9; for some p < (K+)? 0 

The claim permits us to define the relation “K is a cardinal of X and 
Q=gp in L(R), by induction on K. Notice here that “II wins WY$,,(P’, CB)” is 
gnKZ:, hence 2, definable over L(R) from parameters in {R }. 0 

Corollary 4.9. If (Bw)# exists, then R fl L[I!?“‘] = 54 fl HODLCR’. 

On very appealing conjecture is that HODL’“’ is in fact an iterate of L[.@‘“], at 

least below @(n). This would clarify the internal theory of HODLCR), and in 

particular settle GCH. With a little more work, one can show that the model X 
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of 4.8 has the same subsets of w1 as HODLcRB’; moreover its total measure on w, 

is just the club filter restricted to these sets, hence is in HODL’“‘. We do not 

know whether X and HODL’“’ have the same subsets of P(w,), as must be the 

case if the appealing conjecture is true. 
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