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1. Introduction

Let C be a closed convex subset of a real Hilbert space H. Let ¢ be a bifunction of C x C into R, where R is the set of real
numbers. The equilibrium problem for ¢ : C x C — R is to find x € C such that

o(x,y) =0, VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(¢). Numerous problems in physics, optimization, and economics are reduced
to find a solution of (1.1). Some methods have been proposed to solve the equilibrium problem (see [1-3,24-26]). In 2005,
Combettes and Hirstoaga [4] introduced an iterative scheme of finding the best approximation to the initial data when EP(¢)
is nonempty and they also proved a strong convergence theorem.

Recall thatamapping T : C — Cis said to be asymptotically k-strictly pseudo-contractive (the class of asymptotically k-
strictly pseudo-contractive maps was first introduced in Hilbert spaces by Qihou [5]) if there exists a sequence {k,} C [1, c0)
with lim,__, o, k, = 1 such that there exists k € [0, 1) such that

IT" = T"yI1* < knllx = ylI* + kIl — TMx — (I = T"yll?, (1.2)

forallx,y € C and n € N. Note that the class of asymptotically k-strict pseudo-contractions strictly includes the class of
asymptotically nonexpansive mappings [6] which are mappings T on C such that

IT" = T"y|1> < kallx = yIl,  ¥x,y € C, (1.3)
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where the sequence {k,} C [1, co) is such that lim,__, », k, = 1. That s, T is asymptotically nonexpansive if and only if T is
asymptotically 0-strictly pseudo-contractive.

Recall that a mapping T : C — C is called a k-strict pseudo-contraction mapping if there exists a constant0 < k < 1
such that

ITx = Tyll* < lx = ylI> + kild = T)x — (I = Ty|?, Vx,y €C. (1.4)

Note that the class of k-strict pseudo-contractions strictly includes the class of nonexpansive mappings which are mappings
T on C such that

ITx = Tyl < lx =yl

forallx,y € C.Thatis, T is nonexpansive if and only if T is 0-strict pseudo-contractive. Note that the class of strict pseudo-
contraction mappings strictly includes the class of nonexpansive mappings. Clearly, T is nonexpansive if and only if T is a
0-strict pseudo-contraction. Construction of fixed points of nonexpansive mappings via Mann’s algorithm [7] has extensively
been investigated in the literature; See, for example [8,7,9-12] and references therein. If T is a nonexpansive self-mapping
of C, then Mann'’s algorithm generates, initializing with an arbitrary x; € C, a sequence according to the recursive manner

Xnp1 = apXp + (1 — )Ty, VN> 1, (1.5)

where {«,} is a real control sequence in the interval (0, 1).

IfT : C — C is a nonexpansive mapping with a fixed point and if the control sequence {«,} is chosen so that
Z;’i] an(1 — ) = oo, then the sequence {x,} generated by Mann'’s algorithm converges weakly to a fixed point of T.
Reich [13] showed that the conclusion also holds good in the setting of uniformly convex Banach spaces with a Fréchet
differentiable norm. It is well known that Reich’s result is one of the fundamental convergence results. Very recently, Marino
and Xu [14] extended Reich’s result [13] to strict pseudo-contraction mappings in the setting of Hilbert spaces.

Very recently, Motivated and inspired by the research work of Marino and Xu [14] and Takahashi and Takahashi [15],
Ceng, Homidan, Ansari and Yao [16], introduced a new implicit iterative scheme for finding a common element of the set of
solutions of equilibrium problems and the set of fixed points of a strict pseudo-contraction mapping defined in the setting
of real Hilbert spaces. They gave some weak and strong convergence theorems for such iterative scheme. More precisely,
they proved the following theorems.

Theorem 1.1 (Ceng, Homidan, Ansari and Yao [16]). Let C be a closed convex subset of a Hilbert space H, ¢ : C x C —> R be
a bifunction satisfying (A1) — (A4) and T : C —> C be a k-strict pseudo-contraction mapping for some 0 < k < 1 such that
F(T) N EP(¢) # @. Let {x,,} and {u,} be sequences generated initially by arbitrary element x, € H and then by

1
¢(un7‘lay) + (y — Up—1, Up—1 — Xn71> = 05 vy ecC
-1 (1.6)

Xn = ap_qUp—1+ (1 —op_)Tup_1; Vn=1,
where {a,} and {r,} satisfy the following conditions:

(1) {on} C [, B], forsome«, B € (k, 1), and
(2) {rn} C (0, 00) and liminf, 1, > 0.

Then, the sequences {x,} and {u,} converge weakly to an element of F(T) N EP(¢).
Theorem 1.2 (Ceng, Homidan, Ansari and Yao [16]). Let C,H, T, ¢, {x,}, {u,} and {a,}, {r,} be as in Theorem 1.1. Then, the

sequences {x,} and {u,} converge strongly to an element of F if and only if liminf,__, . d(x,, F) = 0, where d(x,,, F) denotes
the metric distance from the point x, to F.

On the other hand, motivate and inspired in [ 17,14], very recently, Qin, Cho, Kang and Shang [ 18] introduced the following
algorithm for a finite family of asymptotically k-strict pseudo-contractions. Let xo € C and {«,};2, be a sequence in (0, 1).
The sequence {x,} generated by the following way:

X1 = agXp + (1 — ag) T1Xo,
X2 = a1x1 + (1 — o) Trxy

Xy = ay_1Xn—1 + (1 —an_1)TnXn—1
Xn41 = anxy + (1 — o) Tixy

2
Xon = don—1Xon—1 + (1 — oon—1)TyXan—1

3
Xon+1 = oonXoy + (1 — aon) T7 XN
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is called the explicit iterative sequence of a finite family of asymptotically k-strict pseudo-contractions {Ty, Ty, ..., Ty}.
Since, for each n > 1, it can be writtenasn = (h — 1)N + i, wherei = i(n) € {1,2,...,N}, h = h(n) > 1is a positive
integer and h(n) — oo as n —> 0. Hence the above table can be written in the following form:

Xn = ap_1Xp—1 + (1 — anfl)T,"(l,(;)l)xnfl» vn> 1. (1.7)

Then they proved some weak convergence theorems for a finite family of asymptotically k-strict pseudo-contractions by
algorithm (1.7). More precisely, they proved the following theorem.

Theorem 1.3. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer. Let, for each
1 <i<N,T;:C — C bean asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1 and a sequence {kj ;}
such that Z;io(kn,i —1) < oo.letk =max{k; : 1 <i < N}and k, = max{k,; : 1 < i < N}. Assume that ﬂﬁ\’:lF(Ti) is
nonempty. For any xo € C, let {x,,} be a sequence generated by (1.7). Assume that the control sequence {c,} is chosen such that
k+e <o, <1—c¢foralln > 0andsome ¢ € (0, 1). Then {x,} converges weakly to a common fixed point of the family {Ti}?’:1.

On the other hand, recently Takahashi, Takeuchi and Kubota [19] introduced the new iterative methods for approximating
the common fixed point of a family of nonexpansive mappings {T, : C — C} by using the hybrid method as follows: Let
x € H, for o = C and xy = P,x, they define a sequence {x,} as follows:

Yno1 = an1Xp—1 + (1 — oy 1) TpXy 1,
Co=1{z € Co1: lyn-1 —zll < IXn—1 — 2|1}, (1.8)
Xy =Pc,x, Vn>1

where 0 < «, < o < 1foralln > 0. Then, under appropriate conditions on {T,}, they obtained a strong convergence
theorem for the iterative scheme (1.8) in the setting of a real Hilbert space.

In this paper, inspired and motivated by the above researches, we suggest and analyze an iterative scheme for finding a
common element of the set of common fixed points of a finite family of asymptotically k-strict pseudo-contraction and the
set of solutions of an equilibrium problem in the framework of Hilbert spaces. Then we modify our iterative scheme to get
strong convergence theorems by the hybrid algorithms. Our results extend and improve the corresponding recent results of
Ceng, Homidan, Ansari and Yao [16] and Qin, Cho, Kang and Shang [18] and some others.

2. Preliminaries

Throughout the paper, we write x, —> x (x, — x, resp.) if {x,,} converges strongly (weakly, resp.) to x, and w,, (x;,) =
{x : xp, — x for some subsequence {x, } of {x,}} denotes the weak w-limit set of {x,}.

Lemma 2.1 ([14, Lemma 1.1]). Let H be a real Hilbert space. There hold the following identities

(i) X —yI> = [x]2 — IyI* ~ 2(x =y ), Vx.y € H, )
(ii) [lx + (1 = OylI* = tllx* + (1 = OllylI* — t(1 = O)lx —ylI*, Vt € [0, 1], Vx,y € H,
(iii) If {xn} is a sequence in H weakly converging to z, then

limsup [|x, — y|I* = limsup [|x, — z[|* + |z = y|>, Vy € H.
n—- 00 n—oo

Let C be a closed convex subset of H. For every point x € H, there exists a unique nearest point in C, denoted by Pcx such
that

lx — Pex|| < |lx —y|| forally e C.

Pc is called the metric projection of H onto C. It is well known that P¢ is a nonexpansive mapping.
It is also known that H satisfies Opial’s condition [20], i.e., for any sequence {x,} with x,, — x, the inequality

liminf||x, — x|| < liminf||x, — y||
n—oo n—oo
holds for everyy € H with y # x.

Lemma 2.2 ([21]). Let H be a real Hilbert space. Given a closed convex subset C C H and point x,y,z € H. Given also a real
number a € R the set

fveC:ly—vl* <lx—vl*+ (z,v) + a},
is convex and closed.

Lemma 2.3 ([14, Lemma 1.3]). Let C be a closed convex subset of H. Given x € H and z € C. Then z = Pcx if and only if there
holds the relation

x—z,y—2z)>0, VyeCcC.

Lemma 2.4 ([21, Lemma 1.5]). Let C be a closed convex subset of H. Let {x,} be a sequencein H and u € H. Let ¢ = Pcu. If {x,}
is such that wy, (x,) C C and satisfies the condition ||x, — u|| < ||u — q|| for all n. Then x, — q.
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Lemma 2.5 (Kim and Xu [22]). Let H be a real Hilbert space. Let C be a nonempty closed convex subsetof Hand T : C —> C be
an asymptotically k-strictly pseudo-contractive mapping for some 0 < k < 1 with a sequence {k,} such that Zﬁil (kn—1) < 00
and the fixed point set of T is nonempty. Then (I — T) is demiclosed at zero.

Lemma 2.6 ([23, Lemma 2]). Let the sequences of numbers {a,} and {b,} be satisfy that
o0
apt1 < (1+by)a,, a,>0,b, >0, and an <oo, Vn>1.
n=1

If liminf, . a, =0, thenlim,__,  a, = 0.

Lemma 2.7 ([9]). Let {r,,}, {sn} and {t,} be the three nonnegative sequences satisfying the following condition:
g1 < (1 +s)rm+t,, VneN.
IFY 02 sp<ooand > oty < 0o, then limy—, o 1y exists.

Lemma 2.8 (Kim and Xu [22]). Let H be a real Hilbert space, C a nonempty subset of Hand T : C —> C be an asymptotically
k-strictly pseudo-contractive mapping. Then T is uniformly L-Lipschitzian.

Lemma 2.9 (Qin, Cho, Kang, and Shang [18]). Let H be a real Hilbert space, C a nonempty subsetof Hand T : C —> C be a k-
strictly asymptotically pseudo-contractive mapping. Then the fixed point set F(T) of T is closed and convex so that the projection
Pr(ry is well defined.

For solving the equilibrium problem, let us assume that the bifunction ¢ satisfies the following conditions:

(A1) ¢(x,x) =0forallx € C;
(A2) ¢ is monotone, i.e., ¢(x,y) + ¢(y,x) < O0foranyx,y € C;
(A3) ¢ is upper-hemicontinuous, i.e., for each x, y, z € C,

limsup, _,o+¢(tz + (1 = 0)x,y) < ¢(x,y);
(A4) ¢(x, -) is convex and lower semicontinuous for each x € C.
The following lemma appears implicitly in [1].

Lemma 2.10 ([1]). Let C be a nonempty closed convex subset of H and let ¢ be a bifunction of C x C into R satisfying (A1)-(A4).
Let r > 0 and x € H. Then, there exists z € C such that

1
oz, N+ -(y—2z,z—x)>0 forallyeC.
r

The following lemma was also given in [4].

Lemma 2.11 ([4]). Assume that ¢ : C x C —> R satisfies (A1)-(A4). For r > 0 and x € H, define a mapping S, : H —> C as
follows:

S (x) = {zeC:¢(z,y)+:(y—z,z—x) >0, VyeC},

forall z € H. Then, the following hold:

i) S, is single-valued;

(i) S, is firmly nonexpansive, i.e, forany x,y € H, ||S;x — S,y||> < (S:x — S;y, x — y);
(iii) F(S;) = EP(¢);

(iv) EP(¢) is closed and convex.

—_—

3. Weak convergence theorems
We are now in a position to prove some weak convergence theorems.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
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mapping for some 0 < k; < 1 and a sequence {ky, ;} such that Zﬁio(km’ —1) < oo letk =max{ki : 1 <i < N}and
kn, = max{k,; : 1 < i < N}. Assume that F = ﬂf’;l F(T;) N EP(¢) is nonempty. Let {x,} and {u,} be sequences generated
initially by arbitrary element xo € C and then by

1
¢ (Up—1,y) + (Y —Up—1, Up—1 — X—1) = 0; VyeC,
-1 (31)

h
Xn = op_qUp_1 + (1 — an71)Ti(r(S)un—l; vn=>1,

where {a,} and {r,} satisfy the following conditions:

(C1) {an} C [, B], forsome x, B € (k, 1), and
(C2) {ry} C (0, 00) and liminf,_, 1y > 0.

Then, the sequences {x,} and {u,} converge weakly to an element of F.

Proof. We divide the proof into five steps.
Step 1. We claim that lim,__, o [|x, — q|| exists, Vq € F.

Indeed, Letq € F = ﬂf’:1 F(T;) N EP(¢). Thus from the definition of S; in Lemma 2.11, we have u,_y = S,,_,X,—1 and
therefore
lun—1 —qll = ISr,_Xn—1 — Sr,_, 4l
< ||xn—1 —q||, foralln > 1.
Since eachi € {1, 2,...,N}, T; : C —> C is an asymptotically k;-strictly pseudo-contractive mapping, we have
%0 = qlI* = llom—1(un—1 — @) + (1 — o) Ty -1 — @)1
= ntlltun—1 — qlII* + (1 = o)) [ T gt — ql1* — ctn1 (1 — @) [ Ty o1 — Un1 1>
< atnotlltn_t — gl — ot (1 = @) [Ty a1 — U1 1>
+ (1= otn 1) [k ltn1 — G117 + kI T tn—1 — 1 [1°]
< K lltn-1 = 1> = (1 = &n_1) (@1 — O I T -1 — U1 1>
< K llxn—1 = I = (1 = otn1) (@1 — KT U1 — ttpy)?
< (1 + Ky — D)lIxa—1 — qlI>. (32)
It follows from Lemma 2.7 that lim,__, », ||x, — q|| exists.
Step 2. We claim that lim, o [|uy — unyjll = 0; Vj = 1,2, ..., N. Observing (3.2) again, we have
(1= on-1) @1 — OIT tny — tn_1]? < Ko lIxnr — ql* = l1xa — qlI%.
It follows from our assumptions that
(1= B) (e — BT a1 — tn—1]? < Kooy %=1 — qII* = lIxa — qlI>.
Taking the limit as n — oo yields that
im T g — g | = 0. (3.3)
This implies that
%0 — tn—1ll = (1 = et ) I Tie) Un—1 — Un_1[| —> O asn —> 0. (34)

Let g € F. Thus as above u,_1 = S; . x,_1 and we have

-1
2 2
lup—1 —qll” = ||Srn,1xn71 - SrHQII
=< (Srn,lxn - Srn,1q, Xn—1 — Q)

= (Up—1 — 4, Xp—1 — q)

1
= 5 (lun—y = qal? + a1 = qll* = a1 — una[1?),

and hence

2 2 2
lun—1 —qll” = X1 — qlI” — IXn—1 — Un—1lI".
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Using (3.2), (C1), and the last inequality, we have

%0 — qlI* = lletn—1(n—1 — @) + (1 — otn—1) (T tn—1 — Q)1
< Ky llun—1 = gll* = (1 = atn1) @1 — BTy un—1 — tin 11>
< ki lun—y — ql®
= Koy (Ixn=1 = qll* = [Ixn1 — un111)
and hence

ki(n)”xnfl —up|* < ki(n) 01 — qll* = lIxa — qlI*.
The existence of lim,_,  [|x, — q|| and lim,_, » kn;y = 1imply that
lim (IXp—1 — Uyl = 0. (35)
n—oo
Using (3.4) and (3.5), we obtain
lun — un—1ll < llup — Xnll + [Xa — Up—1ll — O asn —> oo. (3.6)
It follows that
lim flup —unpll =0, Vi=1,2,...,N. (3.7)
n—oo
Applying (3.5) and (3.6), we obtain that
I — Xp—11l < l1%7 — nll + ltn — Up—1ll + llttn—1 — Xp—1]l — 0 asn — oc.

This also implies that lim;_—,  [|Xn — X5l =0; Vi =1,2,..., N.
Step 3. We claim that lim,__, o, ||uy — Tyuy|| = 0, lim,__  ||x, — Tixy]] = Oforalll = 1,2, ..., N. Since, for any positive
integer n > N, it can be written as n = (k(n) — 1)N + i(n), where i(n) € {1, 2, ..., N}. Observe that

ltn—1 = Tuttn—1ll < lltn—1 — Tger tnal| + 1 Te) Un—1 — Tall1 |
= llun—1 — T} tun—1 | + 1Ty a1 — Tign)Un—1]l
< unet = T ||+ LIy tney — s |
< lunmy = Ty ot || 4 LTy et — Tyt
H T tnen — U=t ]l + [ony—1 — un—1 1. (38)

Since, foreachn > N,n = (n — N)(mod N) and n = (k(n) — 1)N + i(n), we have
n—N = (k(n) — )N +i(n) = (k(n — N) — )N +i(n — N).

That is
k(n —N) =k(n) — 1, iln —N) =i(n).

Observe that

h(n)—1 h(n)—1 h(n)—1 h(n)—1
”T,‘(,(]r)l) Up—1 — Ti(r(:L)N) Up_n| = ”Ti(,?;) Up_1 — T,‘(;r)l) Up_n||
=< L”un—l - un—N”s (39)
and
h(n)—1 h(n—N)
”Ti(nn,)N) Up—N — Umn-N)—1 I = ”T,'(,T,N) Up—N — Umn-N)—1 I

h(n—N) h(n)—N h(n—N
= ||T,'(,(1n_N) Up-N — Ti(nn_N) u(an)fl ” + ”T,'(nn_N))u(n—N)fl — Up—N-—1 ”
h(n—N
< Lltg-ny—1 — tn-n | + 1Ty Uin—ny—1 — Un—n—1]l- (3.10)
It follows from (3.8)-(3.10) that
h
lun—1 = Tattn1ll < lun—1 — Ty 1]l + L(LlIttn—1 — tn—nl| + Liltnony—1 — tn_n]|

h(n—N
T U1 — Unn—1 | + ltn-n)—1 — tn_1]))- (3.11)
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Applying (3.7) and (3.3) to (3.11), we obtain

lim (Jup—q — Tptip— || = 0.
n—00

Notice that

lun — Tounll < llttn — Up—qll + llun—1 — Tottp—1 |l + 1 Tattn—1 — Tattall.
< (P +Dllug — tp—qll + lltn—1 — Tpttp_1ll.

From (3.6) and (3.12), one can easily see that
lim |lu, — Thu,| = 0.
n—oo
We also have

lu, — n+jun” < |lup — un+j|| + ||un+j - n+jun+j|| + ||Tn+jun+j - n+jun||
< (14 Dllug — tpill + ungy — Togjtinsgll —> 0 asn —> oo,

foranyj=1,2,..., N, which give that
lim |juy — Tl =0; VI=1,2,...,N.
n—oo

Moreover, foreachl € {1, 2, ..., N}, we obtain that

”Xn - Tan” = ”Xn - un” + ”un - Tlun” + ”Tlun - Tan”
< (1 + Dllxp — unll + ltg — Titp]| — 0 asn —> oo.

Step 4. We claim that
@y (%s) C F := (L, F(Ty) NEP(¢),

where w,, (x,) = {x € H : x,, — x for some subsequence {x;,} of {x,}}.

2019

(3.12)

(3.13)

(3.14)

Indeed, since {x,} is bounded and H is reflexive, w,, (x;) is nonempty. Let w € w, (x;) be an arbitrary element. Then there
exists a subsequence {x,,} of {x,} converging weakly to w. Applying (3.5), we can obtain that u,; — w asi —> oc. It follows

from ||u, — Tju,|| — O that
Tiup, = w, foralll=1,2,...,N.

Let us show w € EP(¢). Since u, = T;,u,, we have

1
¢(un’}})+?0}_una un_xn> ZO» VyEC.
n

From (A2), we also have

1
— (Y — Un, Uy — Xp) > P, Uy)

Tn
and hence

Up; — Xp;
y - unia ri e ¢(ys uﬁ,‘)'

nj

Since ™ _, 0and up, — w, from (A4) have

T i

0=¢W,w), VyeC.

Fort € (0,1]andy € C,lety; =ty + (1 — t)w.Sincey € C and w € C, we have y; € C and hence ¢(y;, w) < 0. So, from

(A1) and (A4) we have

0=9Uey) <t y) + (1 =PV, w) < tPVt,y)
and hence 0 < ¢(y;, y). From (A3), we have

0<¢w,y), WeC
and hence w € EP(¢).
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Next, we prove that w € ﬂ?’;l F(T;). Assume that w ¢ ﬁf’zl F(T;). Thus there exists | € {1, ..., N} such that w & F(T)).
From (3.13) and Opial’s condition,

liminf||x,, — w|l < liminf|x,, — Tiwl|
i—> 00 1—>00

IA

1lflgiogf{|lxn,- — Tixo | + I Tixn; — Tiw |}

IA

dim L|xy, — w|,
i—> 00

which derives a contradiction. This implies that w € ﬂf’:] F(T;).
Step 5. We show that {x,} and {u,} converge weakly to an element of ﬂf"=1 F(T;) N EP(¢).

Indeed, to verify that the assertion is valid, it is sufficient to show that w, (x,) is a single-point set. We take w1,
wy € wy(Xy) arbitrarily and let {x;,} and {xm].} be subsequences of {x,} such that x,, — w; and Xmp — w2, respectively.

Since lim,__, , ||, — q|| exists foreach q € ﬂf-\’:] F(T;) NEP(¢) and wq, w; € ﬂyzl F(T;) NEP(¢), by Lemma 2.1(iii), we obtain
lim_ X, — wi])* = lim [[xg — wi]?
n—> 00 j—o0
= lim [[Xpn — wa® + lwy — wq|
j*}OO
= lim [x, — wall* + lwz — wq|
j—>00
= lim (X — wi ]+ 2[lwa — wy|?
j—> 00
= lim_ X, — wi]* 4 2[lwz — wq .
n—oo
Hence wi = w,. This shows that w,, (x,) is a single-point set. This completes the proof. O

Remark 3.2. Theorem 3.1 mainly improve Theorem 3.1 of Ceng, Homidan, Ansari and Yao [16], from a k-strictly pseudo-
contractive mapping to an finite family of the asymptotically k;-strictly pseudo-contractive mappings.

A direct consequence of Theorem 3.1, we derive the following theorem of Qin, Cho, Kang and Shang [18].

Theorem 3.3 ([18, Theorem 2.1]). Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer.
Let, foreach1 < i < N, T; : C — C be an asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1and a
sequence {ky ;} such that Zﬁio(kmi — 1) < oo.Let k =max{k; : 1 <i < N}andk, = max{k,; : 1 < i < N}. Assume that
ﬁf’z 1 E(Ty) is nonempty. Let {x,} be a sequence generated initially by arbitrary element X, € C and then by

Xn = Op_1Xp—1 + (1 — an—1)Ti’z$)xn—l; vn>1,
where {«,} is a sequence in [«, B] for some «, B € (k, 1). Then, the sequences {x,} converges weakly to a common fixed point of
the family {T;}Y,.

Proof. Put ¢(x,y) = Oforallx,y € C,r, = 1foralln > 0in Theorem 3.1. Thus, we have u, = x,. Then the sequence {x,}
generated in Theorem 3.3 converges weakly to a common fixed point of the family {T;}},. O

4. Strong convergence theorems

Theorem 4.1. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
mapping for some 0 < k; < 1 and a sequence {ky;} such that Z,fio(knj —1) < oo letk =max{ki : 1 <i < N}and
kn, = max{k,; : 1 < i < N}. Assume that F := ﬂﬁ";l F(T;) N EP(¢) is nonempty. Let {x,} and {u,} be sequences generated
initially by arbitrary element xo € C and

d)(un—l,y) + (y — Up—1, Up—1 — Xn—]) > O! Vy ecC
'n—1 (41)

h
Xn = oy qlUp—1 + (1 — an—l)T,‘(,(:;)un—l, vn>1,
where {a,} and {r,} satisfy the following conditions:

(1) {on} C [, Bl for some «, B € (k, 1), and
(2) {rn} C (0, 00) and liminf,_, r, > 0.

Then, the sequences {x,} and {u, } converge strongly to an element of F if and only if liminf,__, o, d(x,,, F) = 0, where d(x,, F)
denotes the metric distance from the point x, to F.
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Proof. From the proof of Theorem 3.1, we know that lim,,__, o, ||x, — q|| exists for each g € F and lim,_, », [|X, — u,|| = 0.
Hence {x,} is bounded. The necessity is apparent. We show the sufficiency. Indeed we suppose that lim inf,__, o, d(x,,, F) = 0.

Since X, = op_q1Up_1 + (1 — an_l)Ti'(l,(f)')u,,_l, from (3.2), we have
2 = qll* < (1 + (Kpy — D) [1Xn—1 — gl
From the fact that x > 0, 1 + x < e*, we can calculate

%ntm = a1 = 1+ Kegupmy — D Xrm-1 — all®

2
< eem ™ |Ixpmy—1 — gl
n+m
> (K= 1) )
< e 1%, — qll
o0
Y kg =D
< = llx, —qlI?, foralln,m e N. (4.2)

o0 2 .
Let ezfﬂ(kh(i) D _m , for some nonnegative number M. Thus,
IXnm — qll* < My — qll>, foralln,m e N.

This gives that

[%nsm — qll < vM|1x, — qll, foralln, m € N. (4.3)
From Lemma 2.6, we have
lim d(x,, F) =0.
n—s00
Here after, we will prove that {x,} is a Cauchy sequence. For any ¢ > 0 there exists N; € N such that,
d(x,, F) < % Vn > Ni.

&

In particular, we obtain that d(xy,, F) < S This implies that there exists q; € F such that

&
”XN] _q1|| = d(prF) =—.

3vM

It follows from (4.3) that n > Ny,

2
1Xn+m — Xl 1X04m — qill + 1% — qall

< VMlixy, — qill + vVMllxy, — qull
& &
< VM——+ VM = (4.4)
2vM 27/M

Thus {x,} is a Cauchy sequence. Suppose that x, —> x* € H. Then

d(x*,F) = lim d(x,,F) =0.

Since foreachi = 1, 2, ..., N, T; is an asymptotically k;-strictly pseudo-contractive mapping, we know form Lemma 2.9 that
ﬁf’:] F(T;) is closed and convex. Note that EP(¢) is closed and convex according to Lemma 2.11. Thus F := ﬂf’:1 F(T;)) NEP(¢)
is closed and convex. Consequently, x* € F. By using ||u, — x,|| —> 0 asn —> oo, we conclude that both {x,} and {u,}
converge strongly to an element x* of F. O

Remark 4.2. Theorem 4.1 mainly improve Theorem 3.2 of Ceng, Homidan, Ansari and Yao [16], from a k-strictly pseudo-
contractive mapping to an finite family of the asymptotically k;-strictly pseudo-contractive mappings.

Theorem 4.3. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
mapping for some 0 < k; < 1 and a sequence {ky;}. Let k = max{k; : 1 < i < N} and k, = max{k,; : 1 < i < N}. Assume
that F .= ﬁf’zl F(T;) N EP(¢) is nonempty and let x € H. For Cy = C, let {x,} and {u,} be sequences generated the following
algorithm:
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X0 = PCOX,

Up—1 € C such that ¢(up—1,y) +

Y —Up—1,Up—1 —X,-1) =0, VyeC,
n—1

h
Yn-1 = opqp_q + (1 — Oln—l)T,'(S;)un—la
Co=1{veC_1:lyn1— v||2 < lIXn-1 — U||2 + On_1},
Xy =Pc,x, Vn>1,

(4.5)

where 6,1 = (kj ., —1)(1—an_1)p;_; —> 0oasn —> oo, where p,_1 = sup{||x,_1—v|| : v € F} < o0, and {an} C [ar, B]
forsome«, B € (k, 1) and {r,} C (0, c0) such that liminf,__, o, r, > 0. Then {x,} converges strongly to Pgx.

Proof. We first show by induction that F := NI, F(T;)NEP(¢) C G, foralln > 0.Itis obvious that F := NI, F(T,)NEP(¢) C
C = Co. Suppose that F := N, F(T;) N EP(¢)) C Cj—; for some j € N. Hence, for any q € F := NY_, F(T;) N EP(¢) C G4
and by uj_; = Sr_1Xj—1, We have

1 = qll = 1Sy Xa1 — Syl
< llxi—1 — qll.
Hence
it = al? = g o1 — ) + (1 — @) Ty — g
= i lyor — al + (1 — o DI, — gl

h(j 2
— a1 (1 — o) Ty g — ujo |

< aj_illyior — ql* = @1 (1 — -0 T i1 — wjq|l?
+ (1= )k 11 — I + KT iy — i [1%]
< o1 = ql® + 61 — (1 — 1) (-1 — RIT w1 — ujq|l?
< -1 — qlI* + 6-1. (4.6)

Therefore, q € C;. This implies that
F:=nNY,F(T) NEP(¢) C C=C,, foralln> 0.

Next, we prove that C, is closed and convex for all n > 0. It is obvious that Cy = C is closed and convex. Suppose that C;,_;
is closed and convex for some k € N. For v € Cy_1, we know that ||y,_; — v||? < [|xe—1 — v||* + 61 is equivalent to

2(xk—1 — Vi1, V) < X1 l1® = 1Vt ll® + Ot

So, Ci is closed and convex. Then, for any n > 0, C, is closed and convex. This implies that {x,} is well defined. From
Lemma 2.10, the sequence {u,} is also well defined. From x, = P, x, we have

(X=X, Xa —y) 2 0,
for eachy € C,. Using F C C,, we also have

(X —Xn, X, —p) >0 foreachp € Fandn € N.
Hence, for p € F, we have

0 < (x—xp, X, — D)

= (X —Xp, Xy —X+X—D)

—{(Xn — X, Xy — X) + (X — X, X — D)
= —llxa = xII> + lIx = X, llllx = p]|.

This implies that

lx —xp|l < lIx —pl|l, forall pe Fandn e N. (4.7)
Hence {x,} is bounded. It follows that {y,} is also bounded. From x,_1 = P¢, ,x and x;, = P¢,x € C; C C,_1, we obtain

(X — Xpn—1, Xp—1 — Xn) > 0. (48)
It follow that, forn € N,

0 =< (X — Xpn—1, Xn—1 — Xn>
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(X — Xn_1, Xn—1 — X+ X — X)

2
—lIx = X117 4 (X = X1, X — Xn)
2
—lIx = X117 41X = X1 [[lIx = Xall,

IA

and hence
X — X0—1ll < [Ix — Xl

Hence {||x, — x||} is nondecreasing, so lim,__, o, ||X, — x|| exists.
Next we can show that lim,,_, « ||X, — X;,—1|| = 0. Indeed, from (4.8) we get
X1 — Xn”2 = [lxp—1 —x+x— Xn”2
IX1—1 — X”Z + 201 — X, X — Xp) + [IX — Xn||2
—lxp—1 — X||2 +2(Xn_1 — X, X — Xn_1+ Xn1 +Xp) + X — Xn”Z
—[lxa—1 = x[1* + X — xa|*.

IA

Since lim,__, » ||X — X, || exists, we have
lim [Xp—1 — x|l = 0. (4.9)

n—oo
On the other hand, x, € C,, we have

lyn—1 — Xn”Z < llxp—1 — Xn||2 + On_1. (4.10)
So, we have lim;__, o ||¥n—1 — X»|| = O. It follows that

V-1 — Xn—1ll < I¥n—1 — Xall + [1Xn — X1l — 0 asn —> oo. (4.11)

Next, we claim that lim, ., [|X;, — u,|| = 0. Indeed, let q € F. Thus as above u,_; = S, _,x,—1 and we have
a1 = qll* = ISr,_,Xn—1 — Sr,_,qlI?

<srn_1xn71 - Srn_1Qv Xn—1 — q)
= (Un—1— ¢, Xn-1— Q)

IA

1
= 5l = qal? + llans — all* = %1 — taa[1?).

and hence

A

2 2 2
ltun—1 = qll” = lXa—1 — qll* = [IXn—1 — U1 [I".

This implies that

Iyn-1 = qli* = llom—1(un_1 — @) + (1 = otu 1) (T U1 — @1
= ot lltn-1 = l* + (1 = - DT ot — g1 = @1 (1 — ane ) [Ty tUn1 — U1
< anotlltn—1 — ql1* — otn1 (1 — @) [Ty thno1 — U1 1>
+ (1 = ot )[R tn1 — 1% + kI tn—1 — 1 ]1°]
< Nunet = gl + On1 — (1= 1) (@1 — R I Tey g — 1|2
< Ntn—1 — ql1* + 6nsy
< Mxnet = ql* = I%n—1 = Un—1]® + On_1. (4.12)

Hence
%01 = tUn—11* < a1 = qI* = [lyn—1 — qlI* + 6.
< lxn—1 = Yn—1l{lixn—1 — qll = l¥n—1 — qll} + On—1. (4.13)
It follows from (4.11) and the boundedness of the sequences {x,} and {y,} that

lim [[Xp_1 — Un_1] = O. (4.14)
n—oo

From (4.9) and (4.14), we have

lup — un—1ll < g — Xall + X0 — Xoqll + IX0—1 — Up—qll — 0 asn —> oo.
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This implies that

lim |ju, —unyll =0, forallje({1,2,...,N}.
n—o00o
Form yp_1 = otn_qln—1 + (1 — an_l)Tilgfq';)un_h Vn > 1, we have

h(n)
1- an—l)”Ti(n) Up—1 — Xn—1ll = [IYn—1 — on—qlp—1 — (1 — &p—1)Xn_1l|
< yn—1 — Xn—1ll + an—1llxn—1 — tn—1].

Applying (4.11) and (4.14) to the last inequality, we obtain
lim T tn—1 — Xn_1]| = 0. (4.15)
n—oo
From (4.14) and (4.15), we have
1Tt a1 — | < T a1 = Xaa |l + a1 — tp || —> 0. (4.16)

By using the same method as in the proof of the Theorem 3.1, we easily obtain

lim ||Tu, —uy|| =0 foralll e {1,2,...,N} (4.17)
n—oo
and
wy (%) C F =N F(T;) NEP(¢). (4.18)

This, together with (4.7) and Lemma 2.4 guarantees the strong convergence of {x,} to p = Prx. From (4.14), we also have
the strong convergence of {u,} to p = Pgx. This completes the proof. O

5. The CQ method for asymptotically k-strictly pseudo-contractive mappings

Theorem 5.1. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
mapping for some 0 < k; < 1and a sequence {ky ;}. Let k = max{k; : 1 <i < N} and k, = max{k,; : 1 < i < N}. Assume that
F .= ﬁf’z 1 E(Ty) N EP(¢) is nonempty. Let {x,} and {u,} be sequences generated the following algorithm:

Xo = u € C chosen arbitrarily ,

1
U, € Csuch that ¢ (u,_1,y) + . Y —Up_1,Up—1 —Xp—1) 2 0; VyeC,

n—1
Yn—1 = Qp_qlp_1 + (1 — an—l)T,‘lz,(:;)un—la (5.1)
Coo1 ={v € C: lyn—1 — vl < IXa—1 — v[I* + Ot}
Qu-1={v e C: {xo—X4_1, X;—1 — v) > 0},
Xn = Pc,_,nq,_1%0, Yn =1,

where 6,1 = (kj ., = 1)(1—an_1)p;_; —> 0oasn —> oo, where p,_1 = sup{||x,_1—v|| : v € F} < o0, and {an} C [ar, B]
forsome«, B € (k, 1) and {r,} C (0, c0) such that liminf, ., r, > 0. Then {x,} converges strongly to Prxo.

Proof. We show first that the sequence {x,} is well defined. From the definition of C;,_; and Q,_1, it is obvious that C,_1 is
closed and Q,_ is closed and convex for eachn € NU{0}. We prove that C,_, is convex. For any v,, v, € C,_;andt € (0, 1),
put v = tvy + (1 — t)vy. It is sufficient to show that v € C,_. Since

2 2
lyn—1 —vlI” < IXa—1 — || + 011

is equivalent to
2<Xn—1 — Yn—-1, U) = ”Xn—l”2 - ”yn—l”z + 9n—l~

One can easily see that v € C,_1. Therefore we can obtain that C,_ is convex. So, C;,_1 N Q,_1 is a closed convex subset of
H foranyn € N.

Next, we show that ﬂf’zl F(T;)) NEP(¢) C Cy—1.Indeed, letqg € ﬂ?’:l F(S;)) NEP(¢) and let {S;, } be a sequence of mappings
defined as in Lemma 2.11. Then q = S;,q. From u,_q = S, _,Xn—1, we have

”un—l - Q|| = ”srn,lxn—l - Sr,,,llel
1X0—1 — qll. (5.2)

IA
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By our assumptions, we have

1Yn-1 = ql* = llen—1@n—1 — @) + (1 = o) (T tn_1 — @)1
(n

h
= a1 lltn—1 — qlI* + (1 — - | Ty st — qII2

h 2
— a1 (1— anfl)”T,'(,(lr)l)unfl — Up_1]|

IA

2 h 2
ap—qllun—1 —qlI” —op—1 (1 — an—])”Ti(S;)unfl — U1l
h
+ (1= otn1) [k ltn1 — G117 + kI T tn—1 — 1 1°]

h
%n—1 = qlI* + 6=t — (1 — an_1)(@n—1 — )| Tj tn—1 — 1>

IXn—1 — qll* + On_1 (5.3)

Therefore, g € C,_q foralln > 1.
Next, we show that

IA

IA

N, F(T) NEP(¢) € Quq, Vn > 1. (5.4)

We prove this by induction. For n = 1, we have ﬂf’zl F(T;) NEP(¢) C C = Qp. Assume that ﬂf’=1 F(T;) NEP(¢) C Qu—1.Since
Xy, is the projection of X onto C;,_1 N Q,,_1, by Lemma 2.3, we have

(X0 — X, Xy —v) >0, VYveCG_1NQu.

In particular, we have
(X0 — Xn, Xn —q) >0

foreachq € ﬂyzl F(T;) N EP(¢) and hence q € Q,. Hence (5.4) holds for all n > 1. Therefore, we obtain that
NN, F(T) NEP(¢) C Cou1 NQuy, Vn> 1.

Next, we show that lim,_, , ||x, — x,—1]| = 0.
Since ﬂ?’:] F(T;) NEP(¢) is a nonempty closed convex subset of H, there exists a unique z’ € ﬂfvzl F(T;) NEP(¢) such that

7= Pn,N:l F(TpnEP(¢)X0-
From x, = P¢,_,nq,_, X0, We have
|%: — xoll < ||z —xo|| forallz € C;_1NQu—; andalln € N.
Since z/ € N, F(T}) N EP(¢) C Cy—1 N Qq—1 we have
IXn — x0ll < IZ/ — %ol alln € N. (5.5)

Therefore, {x,} is bounded, so are {u,} and {y,}. From the definition of Q,_1, we have x,_; = Py, ,Xo, Which together with
the fact that x, € C,_1 N Q,_1 C Qu_; implies that

lIxo — Xn—1ll =< lixo — Xnll. (5.6)
This show that the sequence {x, — X} is nondecreasing. So, we have lim,_, », ||x, — Xo|| exists. Notice again that x,_; =
Py, ,Xo and x, € Qu_1, which give that (X, — X,_1, X,—1 — Xo) > 0. Therefore, we have
2 2
1% — xn—111* = [[(xn — X0) — (Xn—1 — X0) ||
2 2
IXn — Xoll” — llXn—1 — Xoll* — 2(Xn — Xn—1, Xn—1 — Xo)

%2 = XoI? = lIXa—1 — Xol*. (5.7)

A

This together with the existence of lim,__, » ||X; — Xo|| implies that lim,_, o, ||x, — X,—1]| = 0. Since x,, € C,_1, we have

1yn-1 = %al* < 1Xn—1 = Xall* + 1. (5.8)
So, we have lim,,__, » ||[yn—1 — Xx|| = 0. It follows that

1Yn—1 — Xn—1ll < I¥n—1 — Xnll + [IX0 — Xp—1]| — O asn —> oo. (5.9)
Similar to the proof of Theorem 4.1, we have

Jim flxg—q — | =0 (5.10)

and w,, (x,) C F.This, together with (5.5) and Lemma 2.4 guarantees the strong convergence of {x,,} to P = Pgx. From (5.10),
we also have the strong convergence of {u,} to p = Pgx. This completes the proof. O
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