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Abstract

A probabilistic interpretation of a modified Gegenbauer polynomial is supplied by its expression in terms
of a combinatorial probability defined on a compound urn model. Also, a combinatorial interpretation of
its coefficients is provided. In particular, probabilistic interpretations of a modified Chebyshev polynomial
of the second kind and a modified Legendre polynomial together with combinatorial interpretations of
their coefficients are deduced. Further, probabilistic interpretations of a modified Hermite and a modified
Chebyshev polynomial of the first kind are supplied by their expressions in terms of combinatorial
probability functions defined on two limiting forms of the compound urn model. Finally, combinatorial
interpretations of their coefficients are obtained.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

In Combinatorics, orthogonal polynomials have been used to express enumerating functions
of certain combinatorial configurations. Specifically, the mth Hermite polynomial may be
viewed as the generating function of the number of fixed points over the set of involutions of
{1,2,...,m} (see, e.g. [6, p. 62]). Foata [2] used this interpretation to give a combinatorial
proof of the Mehler formula. Also, Foata and Leroux [3] constructed a combinatorial model
for the Jacobi polynomials and deduced their classical generating function. Extending slightly
this model, Leroux and Strehl [9] obtained combinatorially many of the properties of the
Jacobi polynomials. Labelle and Yeh [7,8], using appropriate combinatorial models derived
combinatorial classical exact and asymptotic formulas for several orthogonal polynomials.
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In Probability, modified orthogonal polynomials have been used to express the probability
function of certain compound (generalized) discrete distributions. Precisely, Kemp and Kemp [5]
starting from the probability generating function of a compound Poisson distribution considered
the case in which the probability generating function of the compounding distribution is
a polynomial of order two. The probability function of this particular compound Poisson
distribution were expressed in terms of modified Hermite polynomials. Plunkett and Jain [10]
obtained the Hermite mixture, with mixing a gamma distribution, in terms of modified
Gegenbauer polynomials. Kemp [4] studied it as a convolution of a binomial with a
pseudo-binomial distribution. The Hermite and Gegenbauer distributions together with other
distributions that are expressed in terms of orthogonal polynomials, were discussed as compound
distributions in [1].

The Hermite, Legendre, Laguerre and Chebyshev polynomials were used by Watson [11] to
introduce five distributions on the nonnegative integers. His approach was based on the fact that
any nonnegative real function defined on a countable set with values summing to one represents a
probability (mass) function of a random variable. Watson remarked that “it would be interesting
to know classical probabilistic models which lead to such distributions” and added “although
combinatorialists are now associating orthogonal polynomials with problems of enumeration, I
have not been able to make a connection”.

In the present paper, which is prompted by Watson’s remarks, a combinatorial probability
defined on a compound urn model is expressed in terms of a modified orthogonal polynomial.
Note that this modification of an orthogonal polynomial is simply a transformation of it into
a polynomial with positive coefficients and values for positive values of its argument. Then, a
probabilistic interpretation of the modified orthogonal polynomial is supplied by its expression
in terms of the combinatorial probability. Also, a combinatorial interpretation of its coefficients
is provided. Section 2 is devoted to the Gegenbauer polynomials and their interesting particular
cases of the Chebyshev polynomials of the second kind and the Legendre polynomials. The
Hermite polynomials and the Chebyshev polynomials of the first kind are discussed in Sections 3
and 4, respectively.

2. Gegenbauer polynomials

The Gegenbauer polynomials g,(,f)(x), m=0,1,...,with—1/2 <s <0o0r0 < s < 00, may

be defined through their generating function by

o0
D e = (1 —2xt + 177"

m=0

Expanding the generating function into powers of ¢ and equating the coefficients of " on both
sides of the resulting expression, we get

[m/2]

g,Sf)(x)=Z(—l)j S+m_j._1 mfj A m=0,1, ...,
=0 m— J

where [m /2] denotes the integral part of m /2. A modified Gegenbauer polynomial, with positive
coefficients, that is positive for positive x is defined by

GWx) =igW(ix), m=0,1,....,i=+—I,

so that
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o0
> GW @ = (1 —2xt — 137
m=0

and
[m/2] . .
G;i)(x) — <S+m j > (m . ]>2m—2jxm—2j’ m20’17.“. (21)
jZ:O m—j j

A combinatorial probability interpretation of the modified Gegenbauer polynomial can be
given through the following stochastic model.

Compound urn model. Consider a finite or infinite set W of target and control urns, with
each target urn divided into two cells (compartments) of capacity limited to one ball. (a) Assume
that urns are randomly selected from W one after the other until s control urns are chosen, with
probability 6 of selecting a target urn at any trial. In the case of a finite set W, the sequential
selection of urns is made with replacement so that the proportion 0 of target urns in W remains
unchanged for all trials. (b) Further, assume that two balls are distributed into each selected
target urn, placing one ball in each cell, and that a ball has probability p of staying in it (and
probability g = 1 — p of falling through).

An urn containing at least one ball is referred to as occupied urn, while an urn containing two
balls is referred to as fully occupied urn.

Note that assumption (a) implies that the distribution of the number N of target urns selected
from W is negative binomial with the probability function

—1 ‘
cn:P(N:n):<S+Z >(1—9)A9", n=01,....0<6 <1.

Further, assumption (b) implies that the distribution of the number X of balls that stay in any
specific target urn is binomial with the probability function

2 x 2—x
gx=PX=x)= pg", x=0,1,2,g=1—-p,0<p<1.
X

Also, the distribution of the number S, of balls that stay in n target urns, which are selected from
W, is again binomial with the probability function

2
qm(n) = P(S, =m) =( n)pqun_m, m=0,1,...,2n
m

and
qnm = P(N =n, S, =m) =cpqun), m=0,1,...,2n,n=0,1,....

Then, the distribution of the number Sy of balls that stay in the target urns that are selected
from W, which is a compound negative binomial, with compounding a binomial, has probability
function

o0
pm = P(Sy=m)= chqm(n), m=0,1,...,
n=0

and so

= —1\ (2
pm=0=0"(p/9)" (s+n )(}:)(qu)”, m=0,1....

n=[m/2] n
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The probability p,, m = 0,1, ..., may be expressed in terms of a modified Gegenbauer
polynomial as follows. Suppose that n target urns are selected from W and 2# balls are distributed
into them according to the compound urn model. Then, the probability that ko urns are empty, ki
urns contain one ball each and k> urns contain two balls each, with kg + k1 4+ k> = n, is given by
the trinomial probability

k
n! gk = n!2% k1= 2k2 2k
kolkytkp! 70 1L 120 potk Vo !

Introducing the number of occupied urns k = n — k¢ and the number of balls that stay in them
m = ki + 2k, it follows that kg = n — k, ki = 2k —m and kp = m — k. Therefore the probability
that k of n selected target urns are occupied and m balls stay in them is given by

k
prnm = (7)) R g, 22)
’ k m—k
form =k, k+1,...,2kand k =0, 1, ..., n. Multiplying it by the probability c,, that n target
urns are selected from W, and summing for n = 0, 1, ..., it follows that, the probability that k

of the selected target urns are occupied and m balls stay in them is given by

k X nN [(s+n—1
— 22/{7111 m 2k—m 1 _ 6 Sek 9 2 nfk’
Prm (m_k> P (1~ 0) n;(k) A L)

form=k,k+1,...,2kandk =0, 1, .... Since
Sy [(s+n—1 ) sHk—1\a(s+n—1

9 l’L*k: 02)’!71(
Z(k)( n >(q) ( k );( n—k )“1)

n=k
s+k—1 1
k (1 _ 9q2)s+k ’
it reduces to

s+k—1 k _ p’”c]Zk_m
= 1— )k pU-m 1T 2.3
Phm ( k >( ) <m—k) (1—¢F @3
form=k,k+1,...,2kandk =0,1,...,withi =0 — g% /(1 —0g?).
A probability function interpretation of the indicated factors of py ,, analogous to that of the
factors of g,,,n = cnqm(n) can be given through the following stochastic model.

Modified compound urn model. Consider the same set W of target and control urns as in
the compound urn model and modify the assumptions as follows. (a) Assume that two balls are
distributed into each target urn of W by placing one ball into each cell. Let U be the subset of
W that contains the occupied and control urns. (b) Further, assume that urns are sequentially
selected from U one after the other until s control urns are chosen. In the case of a finite set W,
in which U is also finite, the sequential selection of urns is made with replacement so that the
proportion of target urns in U remains unchanged for all trials.

The probability A of selecting an occupied target urn from U at any trial may be expressed
in terms of the probabilities € and g of the initial compound urn model as follows. Let A be the
event of selecting a target urn from W and B, the event that a target urn remains empty after two
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balls are distributed in it by placing one ball in each cell. Clearly, A = P(A|A’ U B’) and so

_P(AN(A'UB))  P(ANB) _ PAPB) 0(1-q%)
~ P(AUB)  1—P(ANB) 1—-PAPB) 1-6¢4%"

Then, the distribution of the number K of occupied target urns selected from U is a negative
binomial with probability function

ck(x)zp(sz):(Hi_l)(l—)\)uk, k=0,1,...,

where 1 = (1 — ¢?)/(1 — 6g>). Also, the probability p,, (k) that m balls stay in k occupied
target urns, which are selected from U, equals the conditional probability py_, (k)/(1 — ¢?), that
m balls stay in k target urns, which are selected from W, given that all & target urns are occupied,
and so by (2.2),

k 3 pmqZk—m

k) = p#emZ L m=kk+1,...,2kk=0,1,....
Pt (m—k) a—gF "TEET

Consequently (2.3) is written as

Pim = kW pm®), m=kk+1,... 2k k=0,1,....

A reparametrization transforms the probability pi , to the general term of the modified
Gegenbauer polynomial. Specifically, set

a=py0/(1=0g%),  B=gq\0/(1-0g%).

Then
o B 5
= —, = y A= 20{ + o
P=4T B 7= at B P
and (2.3) is transformed into
. k—1 k
Prm = (1 =208 — a?)’ (S - L ) (m N k) Hmgm g, 24)

fork = [m/2],[m/2]+1,...,mand m = 0, 1, .... Note that the probability function of the
number Y of balls that stay in any specific occupied target urn is

2aB/Qap +a?), y=1,

py=PE=9= {a2/<zaﬁ tad), y=2.

Also, since 0 < 2o + a? <1, witha > 0, B > 0, the new parameter space is

1 —ao?
O<a<l, 0<p<

Further, replacing in (2.4) the number k of occupied target urns by the number j = m — k of
fully occupied target urns it follows that

Pim—jm = (1 _ 20[,3 _QZ)X <S +m J > (m J J) 2m—2]am13m—2]’ (25)

m-—j
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forj =0,1,...,[m/2],m =0,1,...,with0 <o < 1,0 < 8 < (1 —a2)/(2a). Summing
these probabilities for j = 0, 1, ..., [m/2] and using (2.1), the probability p,,, m = 0,1, ...,
that m balls stay in the target urns that are selected from W or U is expressed as

pm =1 =20 —a®’GP(B)a™, m=0,1,..., (2.6)

with0 <o < 1and0 < 8 < (1 —a?)/Qa).
A probabilistic interpretation of the mth modified Gegenbauer polynomial (2.1) is given by
its expression,

3 pm
G® — i
W=
in terms of the combinatorial probability p,, and the probability «> = Ap, of choosing a
fully occupied target urn from U. Further, the jth coefficient of the mth modified Gegenbauer
polynomial,

—i-1 — .
Gf;)j:(erm J )(m.J)zmzf, i=0,1,....[m/2,m=0,1,...,
’ j

is the number of different selections of m — j occupied target urns from U that include j fully
occupied urns and m — 2j urns each with one of its two cells occupied.

A generalization of the compound urn model is obtained by replacing assumption (a) by the
assumption that the distribution of the number N of target urns selected from W is a negative
binomial with parameters 6 € (0, 1) and s, not necessarily a positive integer but s € (0, 00).
The corresponding generalization of the modified compound urn model is obtained by replacing
assumption (b) by the assumption that the distribution of the number K of occupied target
urns selected from U is a negative binomial with parameters A € (0, 1) and s € (0, 00). The
probabilistic interpretation of the modified Gegenbauer polynomial in terms of the combinatorial
probability p,, is not affected by this generalization. As regards the combinatorial interpretation

of the jth coefficient of the mth modified Gegenbauer polynomial, GS) i the factor <S+::ll - § —1)
does not express any more the different selections of m — j occupied target urns from U; it can be
considered as a selection weight of the m — j occupied target urns. In this case the combinatorial

interpretation of G ’(7; ) j is modified as follows. The jth coefficient of the mth modified Gegenbauer

polynomial, G,(;) i is the number of different weighted selections of m — j occupied target urns

s+m—
m—

from U, with weight ( j._l ) that include j fully occupied urns and m — 2j urns each with
one of its two cells occupied.
Furthermore, the number of different selections (or the selection weight) of m — j occupied

target urns from U satisfies the recurrence relation
fst+m—j—1 . s+m—j—2
(m—J)< . )=(s+m—1—l)< . :
m—j m—j—1

forj=1,2,...,m—1,m = 2,3, .... Also, the number of distributions of the m balls stayed
in the m — j occupied target urns that include j fully occupied urns and m — 2 urns each with
one of its two cells occupied satisfies the recurrence relation

(m N j) 2 — (m -l j) 127y (m w2 (1j - D) i X))
J J I
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forj=1,2,...,[(m —1)/2],m = 2,3, .... Therefore

(m—j)(s+m_f_1)(mfj>zm—zf
m-—J J

_i_2 —1— .
=2(s+m_j_1)<s+m j )(m | J)2m—1—2]

m—j—1 j
Am— i) <S +m - 2) (m —2-0- 1)> m=2-2(-1),
m—j—1 j—1
for j = 1,2,...,[m/2], m = 2,3,.... After some algebraic manipulations, we get for the

coefficients of the modified Gegenbauer polynomials the recurrence relation

mGy, =2s+m—DGy | +Qs+m =Gy, |,

forj=1,2,...,[m/2],m = 2,3, ..., which implies for the modified Gegenbauer polynomials
the recurrence relation

mG®(B) = 2(s +m — DG () + 2s +m =G (), 2.8)

form =2,3,..., with G (8) = 1 and G\” (8) = 2s8.
In the particular case s = 1, the distribution of the number N of target urns selected from W
is geometric with the probability function

ch=P(N=n)=(1-6)0", n=0,1,...,0<6 < 1.

The distribution of the number K of occupied target urns selected from U is again geometric
with the probability function

aM)=PK=k=>0-0AK k=01,...,2=0(1—-4g>/1—-6¢>.

Also, the modified Gegenbauer polynomial reduces to the modified Chebyshev polynomial of
the second kind

Un(x) =Y _ < , )2'"—21xm—21, m=0,1,.... 2.9)
=0~
Further, the probability p,,, m = 0, 1, ..., that m balls stay in the occupied target urns selected

from U, until a control urn is chosen, is given by
pm=(1=2af —a®)Un(Ba™, m=01,..., (2.10)

with0 <« < 1,0 < B < (1 —a?)/(2w), and a probabilistic interpretation of the mth modified
Chebyshev polynomial of second kind is given by its expression,

Un(B) = 22,
14

oo™

in terms of the combinatorial probability p,, and the probability «> = Ap, of choosing a fully
occupied target urn from U.
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In the other particular case s = 1/2, the modified Gegenbauer polynomial reduces to the
modified Legendre polynomial

/2] . ,
124m—j—1\ (m— o
Pur)= > ( /24m=] ><m _ ])2’”—2fxm—2f, m=01,..., (.11
= m—j y

with the generating function

o0
Z P ()™ = (1 — 2xt — t2)~1/2,
m=0

The probability p,,, m = 0, 1, ..., that m balls stay in the occupied target urns selected from U,
is given by
pm=(0=2aB—aH'?P,(B)a™, m=0,1,..., (2.12)

with0 <o < 1,0 < B < (1 —a?)/(2a), and a probabilistic interpretation of the mth modified
Legendre polynomial is given by its expression,

P (B) =

Po am
in terms of the combinatorial probability p,, and the probability «®> = Ap, of choosing a fully
occupied target urn from U.

3. Hermite polynomials

The Hermite polynomials A,,(x), m = 0,1,..., can be defined through their generating
function by

Z I’l ()C)— — e2xt7t2

m=0
and so
[m/2]

1 _ . .
hp(x) = m! Z( 1)]( ! (m . ])szJxm2]7 m=0,1,....
m-—j J

A modified Hermite polynomial, with positive coefficients, that is positive for all positive x is
defined by

Hy(x)=1"h,G(x), m=0,1,...,i=+—1,

so that
o0 m
t 2
o 2xt+t
Z Hy () — =
m=0

and

[m/2]

1 _j o
Hpy(x)=m! ) ——— (m _ J)z’"‘sz’”—zf, m=01,.... G.1)
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Consider the following limiting form of the compound urn model. Assume that s — oo and
6 — 0 so that s& — . Then, the distribution of the number N of occupied urns that are
randomly selected from W is Poisson with the probability function
9}1
c,,:P(N:n):e_Q—', n=0,1,...,0 <6 < oo, (3.2)
n!

where the parameter p is replaced by 6. The probability that k of the selected urns from W are
occupied and m balls stay in them, on using (2.2) and (3.2), is obtained as

k 3 o 9/{ 00 (9q2)n—k
Prom = <m_k)22k mpmqZk me O_Z

k! — (n—k)!
and so
)\k k pmqZk—m
—A 2k—m
= —_. 2 L 33
Plm =€ k!(m—k) (1—g?F G-

form =k, k+1,...,2kandk = 0,1, ..., with A = 6(1 — qz). Clearly, the distribution of
the number K of occupied target urns selected from U, according to the modified compound urn
model, is Poisson with the probability function
)\'k
(W) = P(K = k) =e_)‘F, k=0,1,...,2=60(1 —g%).

Also, the probability p,, (k) that m balls stay in k occupied target urns, which are selected from
U, is given by

k 3 pmq2k—m
k) = p2k-mZ 4 =k k+1,....2k,k=0,1,....
pm(®) (m—k) i—gk "

Thus

Pkom = k(M) pmk), m=k,k+1,...,2k,k=0,1,....

Setting
a:p«/a, ﬂ:qx/g,
we get
o B 5
= —, = s )\,ZZ(X +a
P a+p i a+p p

and (3.3) is transformed into

Pim = ef2aﬁ*a2% ( k k) 22/<—mo‘mﬁ2k*m7
. n —

fork =[m/2],[m/2]+1,....m,m=0,1,...,witha > 0, 8 > 0. Replacing the number k of
occupied target urns by the number j = m — k of fully occupied target urns it follows that

Pr—jm = e—Zaﬁ—aZ( 1 5 <m — ]) 2m—2jamﬁm—2j, (3.4)
m-—=17): J
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forj =0,1,...,[m/2],m =0,1,..., witha > 0, 8 > 0. Summing these probabilities for
j=0,1,...,[m/2] and using (3.1), the probability p,,, m = 0, 1, ..., that m balls stay in the
target urns that are selected from U is expressed as

m
Dy = e—w—“sz(ﬁ)“—', m=0,1,.... (3.5)
m!

A probabilistic interpretation of the mth modified Hermite polynomial (3.1) is furnished by
its expression,

Dm
poa™/m!’
in terms of the combinatorial probability p,,. Also, the jth coefficient of the mth modified
Hermite polynomial

Hy, (ﬁ) =

m!
(m —j)!
is the number of different weighted selections of m — j occupied target urns from U, with weight
(m); = m!/(m — j)!, that include j fully occupied urns and m — 2j urns with one of its two

cells occupied. Further, multiplying recurrence relation (2.7) by the weight (m) ;, we get for the
coefficients of the modified Hermite polynomials the recurrence relation

Hyj = <m;1>2m—2/‘, J=0,1,...,m/2,m=0,1,...,

Hpy,j=2Hpu—1,j +2(m — DHp—2 j-1,

forj=1,2,...,[m/2],m =2,3, ..., which implies for the modified Hermite polynomials the
recurrence relation

Hu(B) =2B8Hp—1(B) +2(m — D) Hy2(B), (3.6)
form = 2,3, ..., with Hy(8) = 1 and H;(8) = 28.

4. Chebyshev polynomials of the first kind

The Chebyshev polynomials of the first kind #,,(x), m = 1,2, ..., may be defined through
their generating function by

o
D tw(u™ = —log(l — 2xu + u?)
m=1

and so
[m/2] .
-1 — . .
w0 = 3 0 (M e
j=0 m—j J
Note that #,,(x), m = 1,2, ..., are closely connected to the classical Chebyshev polynomials of

the first kind C,,(x), m =0, 1, ..., defined by

o
Z Co (0)u™ = l
— " 1 —2xu + u?’
m=0
with Co(x) = 1. Indeed, differentiating the generating function of #,(x), m = 1,2,..., it

readily follows that #,,(x) = (2/m)C,,(x). A modified Chebyshev polynomial, with positive
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coefficients, that is positive for all positive x is defined by
Tm(x)=1_mtm(1x)’ m=1527"'5i= V_l’

so that
o0
Z T (x)u" = —log(1 — 2xu — u?)
m=1

and

[m/2]

1 —j . .
Tu(x)= ) —(m . ]>2m‘21x’"‘21, m=12,.... (4.1)
j=0 M =J

J

Consider the following limiting form of the compound urn model. Assume that the number
of occupied urns that are randomly selected from W follows a zero truncated negative binomial
distribution, with
s+n—1

n

P(N:n):[(l—@)s—l]l( )9", n=12...,

where 0 < 0 < 1,5 > 0, and let s — 0. Clearly, the limiting distribution is a logarithmic with
the probability function

91‘1
en=[—log(l—O)] "', n=12..0<6<1. 4.2)
n

The probability that k of the selected urns from W are occupied and m balls stay in them, on
using (2.2) and (4.2), is obtained as

k 0F & (n—1
Piom =< )22k—’"p’"q2"—’"[—log(1 —9)1—1—2( _ )(ecﬁ)”"‘

m—k kn:k k—1
and since
X /n—1 9 1
0 n—k= ,
,;k(k—l)”) (I —6g2)F

it reduces to
)Lk k pmqZk—m
=[—log(1 — )] ' =— pk=mZ_1 4.3
form =k, k+1,...,2kandk =1,2,...,withx =60(1 — ¢*)/(1 — 6g?). Also,

0 2\k
pro = [—log(l — 9)]—1%, k=1,2,.... (4.4)
Further, the distribution of the number K of occupied target urns selected from U, according to

the modified compound urn model, is a modified logarithmic with the probability function
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k() =P(K =k =Y P(N=n)PK =kIN=n)

n=k
—[— _ 100 =) (”—1> 2yn—k
= [~log(1 - 6)] - ; P
2 _ n,2\1k
[~ log1 — g1 100 =4 )/k(l 041"
fork=1,2,...,and
co(r) = P(K =0) =) P(N=n)P(K =0[N =n)
n=1
L1 (Bgh)"
= [ log(1 — )] 127
= [~ log(1 — 6)]" [~ log(1 — 6g%)].
Setting
a=p/0/(1—06g%),  B=q\/0/(—06g,
we get
o« B _ @+ B)? 3 )
PEavp Tarp T iap MTPEE

and (4.3) and (4.4) are transformed into

_ (Ol+,3)2 _1] k 2k—m_m g2k—m
o= [ (1= 555 )| 2 (S ) 7o

form=k,k+1,...,2k,k=1,2,...,and

2\ 1~! 2/01 2\7k
Pk,0=[—log<l—%>} w k=1,2,....

Replacing the number k of occupied target urns by the number j = m — k of fully occupied
target urns it follows that

o @+B\T L (=i w2 mam2)
pm_j,m_|:—log<l— Tt A ):| m—j( i )2 Ja™ B I 4.5)

forj =0,1,...,[m/2l,m=1,2,...,with0 <o < 1,0 < B8 < (1 —012)/(205). Then, the
probability p,,, m = 0, 1, ..., that m balls stay in the target urns that are selected from U, on
using (4.1), is expressed as

o\ -1
Pm = |:_ log (1 a %)] Tm(ﬁ)am’ m=12,..., (4.6)
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with0 <o < 1,0 < B < (1 —a?)/(2), and

2 -1 1
o Lol el

A probabilistic interpretation of the mth modified Chebyshev polynomial of the first kind (4.1)
is given by its expression,

2Bpm

, m=1,2,...,
pia™

Tn(B) =
in terms of the combinatorial probability p,,. Also, the jth coefficient of the mth modified
Chebyshev polynomial of the first kind,

1 —J :
zm,z———f(m_])zmﬂk J=0.1,. . (m/2lm=1.2....,
Com—= J
is the number of different weighted selections of m — j occupied target urns from U, with
weight 1/(m — j), that includes j fully occupied urns and m — 2 j urns with one of its two cells
occupied. Further, multiplying recurrence relation (2.7) by the weight 1/(m — j), we get, after
a little algebra, the following recurrence relation for the coefficients of the modified Chebyshev
polynomials of the first kind

me,j =2(m — l)Tm—l,j + (m — 2)Tm—2,j—17

for j = 1,2,...,[(m — 1)/2], m = 3,4, ..., which implies for the modified Chebyshev
polynomials of the first kind the recurrence relation

mTyu(B) =2(m — DBTyu—1(B) + (m —2)Ty—2(B), (4.8)
form = 3,4, ..., with T{(8) = 28 and T»(B) = 28% + 1.

Acknowledgment

This research was partially supported by the University of Athens Research Special Account
under Grant 70/4/3406.

References

[1] Ch.A. Charalambides, Combinatorial Methods in Discrete Distributions, John Wiley & Sons, Hoboken, NJ, 2005.
[2] D. Foata, A combinatorial proof of the Mehler formula, J. Combin. Theory Ser. A 24 (1978) 367-376.
[3] D. Foata, P. Leroux, Polynémes de Jacobi, interprétation combinatoire et fonction génératrice, Proc. Amer. Math.
Soc. 87 (1983) 47-53.
[4] A. Kemp, Convolutions involving binomial pseudo variables, Sankhya, Ser. A 41 (1979) 230-243.
[5] C.D. Kemp, A. Kemp, Some properties of the Hermite distribution, Biometrika 52 (1965) 381-394.
[6] D.A. Knuth, The Art of Computer Programming, vol. 3, Addison-Wesley, Reading, MA, 1972.
[7] J. Labelle, Y.N. Yeh, The combinatorics of Laguerre, Charlier, and Hermite polynomials, Stud. Appl. Math. 80
(1989) 25-36.
[8] J. Labelle, Y.N. Yeh, Combinatorial proofs of some limit formulas involving orthogonal polynomials, Discrete
Math. 79 (1989) 77-93.
[9] P. Leroux, V. Strehl, Jacobi polynomials: Combinatorics of the basic identities, Discrete Math. 57 (1985) 167-187.
[10] I.G. Plunkett, G.C. Jain, Three generalized negative binomial distributions, Biom. Z. 17 (1975) 279-302.
[11] G.S. Watson, Some discrete distributions associated with orthogonal polynomials, J. Appl. Probab. 25A (1988)
167-171 (special issue).



	Combinatorial probability interpretation of certain modified orthogonal polynomials
	Introduction
	Gegenbauer polynomials
	Hermite polynomials
	Chebyshev polynomials of the first kind
	Acknowledgment
	References


