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Abstract

Multiple orthogonality is considered in the realm of a Gauss—Borel factorization problem for a semi-
infinite moment matrix. Perfect combinations of weights and a finite Borel measure are constructed in terms
of M-Nikishin systems. These perfect combinations ensure that the problem of mixed multiple orthogonal-
ity has a unique solution, that can be obtained from the solution of a Gauss—Borel factorization problem for
a semi-infinite matrix, which plays the role of a moment matrix. This leads to sequences of multiple orthog-
onal polynomials, their duals and second kind functions. It also gives the corresponding linear forms that
are bi-orthogonal to the dual linear forms. Expressions for these objects in terms of determinants from the
moment matrix are given, recursion relations are found, which imply a multi-diagonal Jacobi type matrix
with snake shape, and results like the ABC theorem or the Christoffel-Darboux formula are re-derived in
this context (using the factorization problem and the generalized Hankel symmetry of the moment matrix).
The connection between this description of multiple orthogonality and the multi-component 2D Toda hier-
archy, which can be also understood and studied through a Gauss—Borel factorization problem, is discussed.
Deformations of the weights, natural for M-Nikishin systems, are considered and the correspondence with
solutions to the integrable hierarchy, represented as a collection of Lax equations, is explored. Correspond-
ing Lax and Zakharov—Shabat matrices as well as wave functions and their adjoints are determined. The
construction of discrete flows is discussed in terms of Miwa transformations which involve Darboux trans-
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formations for the multiple orthogonality conditions. The bilinear equations are derived and the 7-function
representation of the multiple orthogonality is given.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

The topic of multiple orthogonality of polynomials is very close to that of simultaneous ra-
tional approximation (simultaneous Padé approximants) of systems of Cauchy transforms of
measures. The history of simultaneous rational approximation starts in 1873 with the well-known
article [21] in which Ch. Hermite proved the transcendence of the Euler number e. Later, around
the years 1934-1935, K. Mahler delivered at the University of Groningen several lectures [26]
where he settled down the foundations of this theory. Meanwhile, two of Malher’s students,
J. Coates and H. Jager, made important contributions in this respect (see [12] and [22]). In the
case of Cauchy transforms, the simultaneous rational approximation definition may be written in
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terms of multiple orthogonality of polynomials as follows. Given an interval A C R of the real
line, let M(A) denote all the finite Borel measures which have support, supp(-) with infinitely
many points in A, where they do not change sign. Fix u € M(A), and let us consider a system

of weights w = (wr,...,wp) on A, with p € N. (In this paper a “weight” on an interval A is
meant to be a real integrable function defined on A which does not change its sign on A.) Fix
a multi-index v = (vq, ..., vp) € zr, Z,=1{0,1,2,...}, and denote |V| =v; +--- + vy,. There
exist polynomials, Ay, ..., Ap, not all identically equal to zero which satisfy the following or-

thogonality relations

p
/ijAa(x)wa(x)du(x):O, degAq <va—1, j=0,... [V -2 (1)
A a=1

Analogously, there exists a polynomial B not identically equal to zero, such that

/ij(x)wb(x)d,u(x)zo, degB< B, j=0,...,v5—1,b=1,....p. (2
A

The resulting polynomials are said to be of type I and type II, respectively, with respect to
the combination (i, W, V) of the measure , the systems of weights @ and the multi-index .
When p = 1 both definitions coincide with that of the standard orthogonal polynomials on the
real line. The existence of a system of polynomials (Ay,..., A,) and a polynomial B defined
from (1) and (2) respectively, are ensured because in both cases finding the coefficients of the
polynomials is equivalent to solving a system of |V| linear homogeneous equations with |v| + 1
unknown coefficients. From the theory of orthogonal polynomials we know that when p =1
each polynomial A| = B has exactly degree |v| = v1; unfortunately if p > 1 that is not true
in general. For instance, let us take a system of weights @ = (w1, wy, ..., w;), in this case the
solution vector space has dimension bigger than one, and we can find two solutions which are
linearly independent. Hence, there is at least an a € {1, ..., p} such that degA, < v, — 1 and
deg B < |V|. Given a measure it € M(A) and a system of weights v on A a multi-index V is
called type I or type Il normal if deg A, mustequaltov, — 1,a =1, ..., p, or deg B must equal
to |v| — 1, respectively. When for a pair (u, w) all the multi-indices are type I or type 1I normal,
then the pair is called type I perfect or type II perfect, respectively. The concepts of normality and
perfectness were introduced by Malher (see Malher’s, Coates’ and Jager’s articles cited above).

Multiple orthogonal of polynomials have been employed in several proofs of irrationality of
numbers. For example, in [10], F. Beukers shows that Apery’s proof (see [8]) of the irrationality
of £(3) can be placed in the context of a combination of type I and type II multiple orthogo-
nality, which is called mixed type multiple orthogonality of polynomials. More recently, mixed
type approximation has appeared in random matrix and non-intersecting Brownian motion the-
ories (see, for example, [11,14,24]). A formalization of this kind of orthogonality was initiated
by V.N. Sorokin [35]. He studied a simultaneous rational approximation construction which is
closely connected with multiple orthogonal polynomials of mixed type. Surprisingly, in [20] a
Riemann—Hilbert problem was found for the theory of orthogonal polynomials, and later [38] this
result was largely extended to type I and II multiple orthogonality. In [14] mixed type multiple
orthogonality was analyzed from this perspective.

In order to introduce multiple orthogonal polynomials of mixed type we need two systems of
weights w; = (wy,1,...,wi,p,) and Wy = (wa,1, ..., w2 p,) Where pi, p» € N (as we said a set
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of functions which do not change their sign in A), and two multi-indices v = W11, ..., v1,p) €
Z_{' and vy = (V2,1,...,V2,p,) € Zf_z with V| = [V2| + 1. There exist polynomials Ay, ..., Ap,,
not all identically zero, such that deg A; < v ;¢ which satisfy the following relations

P1
[ A aunp 0 du) =0, j=0. vy~ L b=l O
Aa:l

They are called mixed multiple-orthogonal polynomials with respect to the combination
(i, W1, Wy, V1, Vo) of the measure u, the systems of weights w; and W, and the multi-indices vy
and vs. It is easy to show that finding the polynomials A1, ..., A, is equivalent to solving a sys-
tem of || homogeneous linear equations for the |V;| unknown coefficients of the polynomials.
Since |V;| = |V2| + 1 the system always has a non-trivial solution. The matrix of this system of
equations is the so called moment matrix, and the study of its Gauss—Borel factorization will be
the cornerstone of this paper. Observe that when p; = 1 we are in the type Il case and if p =1 in
type I case. Hence in general we can find a solution of (3) where thereis ana € {1, ..., p1} such
that deg A, < vi,, — 1. When given a combination (u, W, wz) of a measure u € M(A) and
systems of weights w; and W, on A if for each pair of multi-indices (v1, V) the conditions (3)
determine that deg A, =vi, — 1,a=1,..., pj, then we say that the combination (u, W1, W;)
is perfect. The concept of perfectness will be rigorously introduced in Definition 2.

The seminal paper of M. Sato [32], and further developments performed by the Kyoto school
through the use of the bilinear equation and the t-function formalism [15-17], settled the basis
for the Lie group theoretical description of integrable hierarchies, in this direction we have the
relevant contribution by M. Mulase [29] in which the factorization problems, dressing procedure,
and linear systems were the key for integrability. In this dressing setting the multicomponent
integrable hierarchies of Toda type were analyzed in depth by K. Ueno and T. Takasaki [37].
See also the papers [9] and [23] on the multi-component KP hierarchy and [28] on the multi-
component Toda lattice hierarchy. In a series of papers M. Adler and P. van Moerbeke showed
how the Gauss—Borel factorization problem appears in the theory of the 2D Toda hierarchy and
what they called the discrete KP hierarchy [1-5]. In these papers it becomes clear—from a
group-theoretical setup—why standard orthogonality of polynomials and integrability of nonlin-
ear equations of Toda type where so close. In fact, the Gauss—Borel factorization of the moment
matrix may be understood as the Gauss—Borel factorization of the initial condition for the inte-
grable hierarchy. To see the connection between the work of Mulase and that of Adler and van
Moerbeke see [18]. Later on, in the recent paper [6], it is shown that the multiple orthogonal
construction described in previous paragraphs was linked with the multi-component KP hier-
archy. In fact, for a given set of weights (w1, W,) and degrees (v1, D2) the authors constructed
a finite matrix that plays the role of the moment matrix and, using the Riemann—Hilbert prob-
lem of [14], where able to show that determinants constructed from the moment matrix were
t-functions solving the bilinear equation for the multi-component KP hierarchy. However, there
is no mention in that paper to any Gauss—Borel factorization in spite of being the multicomponent
integrable hierarchies connected with different factorization problems of these type. For further
developments on the Gauss—Borel factorization and multi-component 2D Toda hierarchy see [7]
and [27].

This motivated our initial research in relation with this paper; i.e., the construction of an ap-
propriate Gauss—Borel factorization in the group of semi-infinite matrices leading to multiple
orthogonality and integrability in a simultaneous manner. The main advantage of this approach
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lies in the application of different techniques based on the factorization problem used frequently
in the theory of integrable systems. The key finding of this paper is, therefore, the characteriza-
tion of a semi-infinite moment matrix whose Gauss—Borel factorization leads directly to multiple
orthogonality. This makes sense when factorization can be performed, which is the case for per-
fect combinations (i, Wi, W2), which allows us to consider some sets of multiple orthogonal
polynomials (called ladders) very much in the same manner as in the (non-multiple) orthogo-
nal polynomial setting. The Gauss—Borel factorization of this moment matrix leads, when one
takes into account the Hankel type symmetry of the moment matrix, to results like: 1. Recursion
relations, 2. ABC theorems and 3. Christoffel-Darboux formulas. The first two are new results
while the third is not new, as it was derived from the Riemann—Hilbert problem in [14]. How-
ever, our derivation of the Christoffel-Darboux formula is based exclusively on the Gauss—Borel
factorization, and its uniqueness and existence for the multiple orthogonality problem are the
only requirements. Thus, it is sufficient to have a perfect combination (u, Wy, w;), and there are
examples of this type which do not have a well defined Riemann-Hilbert problem in the spirit
of [14].

When we seek for the appropriate integrable hierarchy linked with multiple orthogonality we
are lead to the multicomponent 2D Toda lattice hierarchy which extends the construction of the
multicomponent KP hierarchy considered by M.J. Bergvelt and A.P.E. ten Kroode in [9]; not
to the multicomponent 2D Toda lattice hierarchy as described in [37] or [28]. In the spirit of
this last mentioned articles, and complementing the continuous flows of the integrable hierarchy,
we also introduce discrete flows, that could be viewed as Darboux transformations, and which
correspond to Miwa transformations implying the addition of a zero/pole to the set of weights.
Moreover, the Hankel type symmetry is related to an invariance under a number of flows, and to
string equations. Bilinear equations can be derived from the Gauss—Borel factorization problem
and moreover the 7-function representation is available leading to a bridge to the results of [6] in
which no semi-infinite matrix or Gauss—Borel factorization was used.

This paper is divided into three sections, Section 1 is this introduction which contains Sec-
tion 1.1 in where we review the application of the LU factorization of the moment matrix to
the theory of orthogonal polynomials in the real line. Next, Section 2 is devoted to the presenta-
tion of the moment matrix and the discussion of the Gauss—Borel factorization. In this form we
obtain perfect systems in terms of Nikishin systems, determinantal expressions for the multiple
orthogonal polynomials, their duals and second type functions, bi-orthogonality for the associ-
ated linear forms, recursion relations, ABC type theorems and the Christoffel-Darboux formula.
Flows and the integrable hierarchy are studied in Section 3 in which an integrable hierarchy
a la Bergvelt—ten Kroode is linked with the multiple orthogonality problem. We not only derive
from the Gauss—Borel factorization the Lax and Zakharov—Shabat equations, but also we intro-
duce discrete integrable flows, described by Miwa shifts, or Darboux transformations, and also
construct an appropriate bilinear equation. Finally, we find the T functions corresponding to the
multiple orthogonality and link them to those of [6]. At the end of the paper, we have added
two appendices: the first one collects the more technical proofs of the results in this paper. In
Appendix B we consider discrete flows for the case of a measure p with unbounded support

supp /4.

1.1. The Gauss—Borel factorization of the moment matrix and orthogonal polynomials

Here we discuss how the LU factorization of the standard moment matrix g = ( f xitidp)
of a constant sign finite Borel measure p leads to traditional results in the theory of orthogonal
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polynomials, namely recursion relation and Christoffel-Darboux formula. In spite that these re-
sults are well established we repeat them here because in their derivation is encoded the set of
arguments we will use in the multiple orthogonality setting. In the forthcoming exposition it will
become clear the LU factorization approach is just a compact way of using the orthogonality
relations.

The moment matrix can be written as the following Grammian matrix

g= / X)) xx) " du(x)

in terms of the monomial string x (x) := (1, x, X2, )T,

The Borel-Gauss factorization of g is

1 0o o0 - 50.0 56,1 56,2
= Sio 10 - _— 0 S S
§=5"5, S=1%0 S0 1 | =1 o 0o 5,

The reader should notice that
e It makes sense whenever the truncated moment matrix g[l] = (&i,j)0<i, j<! 1S an invertible
matrix for any / =1, 2, .. .. If the factorization exists it is unique.
e Although the truncated matrices gl’! are invertible it can be shown that g itself is not invert-
ible. B
e The matrix product of S—! with S involves only finite sums, but if we reverse the order of
the factors we get series (with an infinite number of summands).
Given the factors S and S we consider the following polynomial strings, the semi-infinite vectors,

—_ - T —_ —_
P:=Sx=(Py, Pi,...)", P=(S" x=P, Pp..0".

The families of polynomials { P;}7°, and {f’k},fio are biorthogonal:
P( 13 T d _ To—1 d _ T o—1
X)Px) dux)= [ Sx(x)x(x) S dux)=S [ x(x)x(x) du(x)S

RN sz(x>Pk<x)du(x>=az,k.

In this simple proof relies the basic connection between orthogonality and the LU factorization,
which we consider as the very same thing dressed in different manners. From the above orthog-
onality we conclude that

/Pl(x)xjdu(x)zo, j=0,...,01—1,

/ﬁl(x)xjdu(x)zo, j=0,...,1—1, 4)
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and we also have that P;(x) and P; are [-th degree polynomials where P; is monic and P; satisfies
i x!Py(x)du(x) = 1, i.e. we have type II and type I normalizations. Given that the moment
matrix is symmetric, g = g and the uniqueness of the LU factorization we deduce that S =
H(S’I)T, with H = diag(hg, h1,...);1.e., g = s-1 H(S’l)T and the factorization is a Cholesky
factorization (but this does not extend to the multiple orthogonal case). Therefore P; = hl_l Py so
that f Py (x) Pr(x)dp(x) = hyd; ., and {P;}j’io is a family of monic orthogonal polynomials with
respect to the measure (.

Considering the orthogonality relations as a linear system for the coefficients of the polyno-
mials one concludes that polynomials and their duals can be expressed as

—1
P=x"— (g0 a1 - - (g X1
=Sl,l(0 0 --- 0 1)(g[l+1])—1x[l+1]
£0,0 go1 -+ gou-1 | 1
81,0 81,1 e 81,01 X
= —det : : : : , 1>1,
det 7] : : : :
81-1,0 81—-11 - 8l-1,1-1 ¥
go &1 o gi-1 | x

and similar expressions for the dual polynomials. We are now ready to get the recursion relations
for orthogonal polynomials:

e First, we notice that the moment matrix g is a Hankel matrix, g; +1,; = gi, j+1, which in terms
0100 -
_ . 0010 - , T
of the shift matrix A:=| ;,, | ~. ] canbe writtenas Ag =gA".

e Second, we observe the eigehivalué property Ax (x) =xx(x). B
e Third, we introduce the LU factorization to get ASTIS = $71SAT = sAS™!
a1 00 -
- byay 1 0 -
SATS~! =: J. From this last relation we deduce that the matrix J = 01 Z; a1 |18

a tridiagonal matrix, i.e. a Jacobi matrix.

e Finally, we notice that the polynomial strings are eigenvectors of the Jacobi matrix: J P (x) =
SASTISx(x) = SAx(x) = Sxx(x) = xP(x); ie., the recursion relations xPy(x) =
Piy1(x) + ag Pr(x) + b Pr—1(x), k > 0, hold.

We now consider the Aitken—Berg—Collar (ABC) theorem (here we follow the nomenclature
used [34]) for orthogonal polynomials. First we introduce the Christoffel-Darboux kernel and
therefore we consider

1" From this symmetry property it follows, by contradiction, that the moment matrix is not invertible; i.e. the assumption
of the existence of g_l leads to g_l A=AT g_l, and therefore the first row and column of g_1
that g*] is not invertible.

are identically zero, so
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’H[l]zR{O,...,xl_l}, 7—(:{ Z axt, C[ER},

0<I< 00
(H[l])J— = { Z C[Pl(x), c] € R}
1<k 00

and the resolution of the identity H = H!'l @ (H!!)*, with the corresponding orthogonal pro-
jector 7 such that kerm® = (KL and Ran7® = H!. Then, the Christoffel-Darboux is
defined as

-1 -1

KW, y) =) PO Pex) =) Pi(y) Pel),

k=0 k=0

which, according to the bi-orthogonality property, gives the following integral representation of
the projection operator

(® F)(y) = / KU, y) f () du(x), Vf eH.

Any semi-infinite vector v can be written in block form as follows

Wl
v (le])

vl is the finite vector formed with the first / coefficients of v and v!Z!! the semi-infinite vector
formed with the remaining coefficients. This decomposition induces the following block structure

for any semi-infinite matrix.
- gl | glt-21
g[>l,ll gl>ll

Given a factorizable moment matrix g we have
1 m—1gr —1\[] -1 -1\ (=1 > —1
(S =T P )
The Christoffel-Darboux kernel is related to the moment matrix in the following way
11 — (v T (1, 10
KW, = (") (") x"»
which is a consequence of the following identities
K, y)y = (AP ) (AP (y))

=x @S sy ()
— XT(X)(HU]S**lH[l])(n[l]sn[l])x(y)

= (x"0) (") A M.
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The relations

(g[l])—lA[l] _ (A[l])T(g[l])—l - (g[l])—l(g[l,>l](A[l,>l])T _ A[l,>l]g[>l,l])(g[l])—1

follow from the block equation

Al ALLZ1 G [>L1] :glll(A[ll)T+g|l,>n(Au,>ll)T_
We also have
A[I]X[l](x) =xx[l](x) _ A[l’>l]x[>l](x), A2 61—1(3(}
where {e;}72, is the canonical linear basis of H. With all these at hand we deduce
(X[ll(x))T((g[l])—lA[l] _ (Au])T(g[l])—l)X[l](y)
— (X[l](x))—'—(g[l])_l(g[lél](/‘[lél])—r _ A[l'>l]g[>l’l])(g[l])_lx[l](y)
so that,

(x — y)K[l](x, y) = ((X[>l](x))T _ (X[l](x))T(g[l])_lg[l’>l])€0€lT_l (g[l])_lx[l](y)

(1) (@) e red (1100 — g (&) ).

That using the determinantal expressions for the polynomials presented before leads to the
Christoffel-Darboux formula

@ =K@ y) =1 (PP () = P RI()).
2. Multiple orthogonal polynomials and Gauss—Borel factorization
2.1. The moment matrix
In this section we define the moment matrix in terms of a measure . € M(A) and two systems
of weights w0 and W, on A C R, as well as corresponding compositions (the order matters) 71y =
(n1,1,...,n1,p) € NPl and ny=ma1,-.., n2,p,) € NP2 [36]. We will consider multi-indices of
positive integers 7i = (n1,...,n,), where p € Nand n, € Ny, a=1,..., p and define |i] :=

ny +---+n,. Following [9,36] we observe that any i € Z, :={0, 1,2, ...} determines unique
non-negative integers ¢q (i), a(i), r (i), such that the composition

i=q@)|+ni+-- +ngi-1+r@), 0<rd) <nap, 4)
holds. Hence, given i there is a unique k(i) with

k(@) =q@ngey +r@), 0<r@) <ngg- (6)
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Let us introduce the function integer part function [-] : Ry — Z4, [x] = max{y € Z;,
y < x}. Combining (5) and (6) we can obtain a formula which expresses explicitly the de-
pendence between the quantities i, k and a

. k.
t=|:—i|(|n|—na)+n1+-~~+na_1+k. @)

Ng

Let R* denote the vector space of all sequences with elements in R. An element A € R>* may
be interpreted as a column semi-infinity vector as follows

a=(O@20 )T ADeRr, j=0,1,....
We consider the set {e;} >0 C R* with

J
o T
e;=1(0,0,...,0,1,0,0,...)".
Here (-) " denotes the transposition function on vectors and matrices. Analogously, we denote

by (R?”)*° the set of all sequences of vectors with p components and observe that each sequence
which belongs to (IR”)° can also be understood as semi-infinity column vector: given the vector

sequence (o, Uy, ...) with U; = (vj 1,..., vj,p)—r we have the corresponding sequence in R®

given by (vo,1,...,v0,p, V1,15 ..., V1, p, --.); i.e., R® = (RP)*>. Therefore, we consider also the

set {eq(k)}a=1,....p C (RP)* where for each pair (a,k) € {1,..., p} X Z; eq(k) = ejk,q) and
k=0,1,...

the function i (a ,’k) € Z. satisfies the equality (7).
Now, we are ready to introduce the monomial strings

- k W 0, a=a(), % ~1 —1
Xa =) eak)zt, “ =10 o £ alD) Xa=2""xa(z7"). (8)
k=0 ’ .

These vectors may be understood as sequences of monomials according to the composition 7
introduced previously. We also define the following weighted monomial string

p
£:=) tawar  EV=way?"?, )
a=1

which is a sequence of weighted monomials for each given composition 7. Sometimes, when we
what to stress the dependence in the composition we write x; 4, xi and &;. Given the weighted
monomials &;, and &;,, associated to the compositions 7i; and 72, we introduce the moment
matrix in the following manner

Definition 1. The moment matrix is given by

Gty = / &, (D&, (1) T dp(x). (10)
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In terms of the canonical basis {E; ;} of the linear space of semi-infinite matrices and for
each pair (i, j) € Zi we consider the binary permutations or transpositions 7; ; = E; j + Ej ;.
Observe that nfj =1 and therefore nl.fjl = m;, j. Given two transpositions 7; ; and my ; the per-
mutation endomorphism corresponding to its product is well defined 7; jmx; = 7 y7v; ;. Taking
a sequence of pairs I = {(is, js)}sez,, is, js € Zy, we introduce the permutation endomorphism
77 as the infinite product 7; = ]_[SGZ+ T, js» With mn,T = n,—rm = I. Given two compositions,
1’, 11, there exists a permutation 7 ; such that & = 77 7&; through a permutation semi-infinite
matrix as just described.

The change in the compositions is modeled as follows

Proposition 1. Given two set of weights wy = (wy.1, ..., we,p,) and compositions ny and 1,
£ =1,2, there exist permutation matrices it iy such that

-
8.ty = Ty ity 8in,iia i) iy (1)
Proof. For any set of weights w = wy, ..., w, and two compositions 7 and 71 we have that the

corresponding vectors of weighted monomials are connected,

& =i ii

trough a permutation semi-infinite matrix; i.e., n; 5= r{;l_,lﬁ Therefore, the announced result
follows. O

For the sake of notation simplicity and when the context is clear enough we will drop
the subindex indicating the two compositions and just write g for the moment matrix. Let
us discuss in more detail the block Hankel structure of the moment matrix. For each pair
i j) e Zi there exists a unique combination of three others pairs (g1, g2) € Zi, (a1,ar) €
{1,....,p1} x{1,..., pa}and (r1,m2) €{0,...,n1,4, — 1} x {0, ..., n2 4, — 1}, such that

i=qilil+ni1+-+nia-1+r and j=qliz|+no1+---+n24-1+71.

Hence taking k; = qeng q, + 1¢, £ = 1,2, the coefficients g; ; € R of the moment matrix g =
(gi, ;) have the following explicit form

g = / A (wne (6) dpx). (12)

Observe that pairs (k1, a1) and (k2, ap) are univocally determined by i and j respectively.

Before we continue with the study of this moment matrix it is necessary to introduce
some auxiliary objects associated with the vector space R*°. First, we have the unity ma-
trix I =Y 22 exe] and the shift matrix A := Y 22 ere, . We also define the projections
.= 2;10 ekekT, and with the help of the set {e, (k)}tl,(:(l),_l“, p we construct the projections
M, =Y 7 eq(k)e (k)" with Y-P_, 1T, =1, and
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Py :=diag(Il,,, 0y,, ..., Onp), Py :=diag(0,,, I,, ..., O,,p),
Py :=diag(0y,, 0py. ..., 1), (13)
where I, is the ny x ng identity matrix. Finally we introduce the notation
XM= xMPy 4 X" Py = diag (X" Ty, XL, ) s R — RIXL (14)

For a better insight of the moment matrix let us introduce the following 11 , X 1y matrices

1 x yh2.b—1
2 nap
X X xTe a=1,...,pi1,
Map(®) = wiaWwap) [ : : oyl as)
xMa—l ynia L0 yMLatnop—2

in terms of which we build up the following |7i|| x |7i2|-matrix

mip o mip e Mip,
m m m . .
T e i ||
m=| . 2 l.RSR . (16)
Mpy, 1 Mp2 o Mpypy

Then, the moment matrix g has the following block structure
g:=(Gi)ij20 ER®*® G; ;= / XM ()™ dp(x) e RIIRL (17

Fix now a number / € N and consider the pair (/,/ + 1). There exists a unique combination
of pairs (q1,¢2) € Z2, (a1, a2) € {1,..., p1} x {1,..., pa} and (r1,72) €{0,....n14 — 1} x
{0,...,n2,4, — 1}, such that

I=qilni|+ni1++nig-1+r and [+1=glisl+no1+-+n2e-1+nr.

Given the compositions 71; and 7, we introduce the degree multi-indices v; € Zf{_‘ and vy €
ZF? [9] where for each £ = 1, 2, we have
+ 9 b

Ve =(Ve,1, s Ve,ap—1s Ve,ags Veag+1s - - - s Ve, pg)
=((qe+ Dneis. .., (qe+ Dngay—1. qenea, +re. qeneag+1s - - 4ene,p,) (18)
which satisfy
ke(i 4+ 1) = vg 4,y (D), Ve =i +1, V(i +11igl) = Ve (i) + Inig, 19
and consider the [ x (I + 1) block matrix I7 from g
800 8.1 - 80
81,0 &1 - &l
) ) i (20)

81-1,0 8i-1,1 - 8i-1,1
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Let us study the homogeneous system Ijx;;1 = 0;, where x;;1 € R/*! and 0, is the null
vector in RIFL, Taking into account I7’s structure (12), we see that such equation is exactly the
expression of the orthogonality relations (3). We can see now that for each / € N the existence of
a system of mixed multiple orthogonal polynomials (A(l), ey Ag])) is ensured; that is because
I7in (20) is an / x (I 4+ 1) matrix, and the homogeneous matrix equation /7x;4; = 0;, which is
satisfied by the coefficients of the polynomials corresponds to a system of / homogeneous linear
equations for / + 1 unknown coefficients. Thus, the system always has a non-trivial solution.
Obviously, (A(l) s Ag,)) is not univocally determined by the matrix equation I7x;4+; = 0; or
equivalently by the orthogonality relations (3), because its solution space has at least dimension 1.
Hence, the appropriate question to consider is the uniqueness question without counting constant
factors, or equivalently if the solution space has exactly dimension 1. In terms of I the question
becomes: Does I have rank /? In order to have a positive answer it is sufficient to ensure that
the / x [ square matrix

80,0 80,1 o 80,11

1 81,0 81,1 o 81,01
g = . ) ) , 121, 21

81-1,0 8i—-1,1 -+ 8i-1,1-1

is invertible, where gl!! results from I after removing its last column. It is easy to prove that such
condition is equivalent to require that all possible solutions of (3) satisfy deg A, = vy p, — 1.
Obviously this requirement is ensured when the polynomials (Ail), e Agl)) fulfill degA; =
vi,j—1Lj=1,...,p1.

2.2. Perfect combinations and Nikishin systems
We introduce the concept of a perfect combination.

Definition 2. A combination (i, W1, Ww7) of a measure u € M(A) and two systems of weights
w; and Wy on A C R is said to be perfect if for each pair of multi-indices (Vy, V2), with V1| =
|V2| + 1 the orthogonality relations (3) imply that deg A, = Vie—l,a=1,...,p1.

For a perfect combination (i, W1, w) and any given [ € Z, the solution space of the equation
Iix;41 = 07 is one-dimensional. Then, we can determine a unique system of mixed type or-
thogonal polynomials (A1, ..., Aj,) satisfying (3) requiring for a; € {1, ... p} that A,, monic.
Following [14] we say that we have a type II normalization and denote the corresponding system
of polynomials by AE,H"”), j=1,..., p1. Alternatively, we can proceed as follows, since the
system of weights is perfect from (3) we deduce that

Pl
f 2720237 Ag (0wt a () wap, (x) die(x) # 0.

a=1

Then, we can determine a unique system of mixed type of multi-orthogonal polynomials
(Ail’lm, e Agin)) imposing that

P1
/ 22023 " AL (oywy 4 (0w p () dp(x) =1,

a=1
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which is a type I normalization. We will use the notation Ag}l aU1 )] . and A(II) bfj)] u
multiple orthogonal polynomials with type II and I normalizations, respectively.

A known illustration of perfect combinations (i, Wi, W7) can be constructed with an arbitrary
positive finite Borel measure p and systems of weights formed with exponentials:

to denote these

(e*,....e"), yi#y, i#j i j=1..p, (22)

or by binomial functions

(L=2,...,(1=2%), ai—a;¢Z, i#j i j=1,...,p. (23)

or combining both classes, see [30]. Recently a wide class of systems of weights where proven
to be perfect [19]; these systems of functions, now called Nikishin systems, were introduced by
E.M. Nikishin [30] and initially named MT-systems (after Markov and Tchebycheff).

Given a closed interval A let A be the interior set of A. Let us take two intervals Ay and
Ap whose interior sets are disjoint, i.e. Ay N Aﬁ = (). Set two measures uy € M(Ay) and
ng € M(Ag) such that the measure iy, tg) with the following differential form

At 1) () = / Sep) D () = () dta (v),

is a finite measure, that implies that (uq, ptg) € M(Ay). The function fig denotes the Cauchy
transform corresponding to pg. Let us consider then a system of p intervals Ay, ..., A, such
that ﬁj N ﬁjH =0, jell,...,p—1}. Take p measures u; € M(A;), which for each j =
1,..., p—1,the measure (1 ;, 0j 1) belongs to M(A ;). So the system of measures (£, ..., &)
where

a=mp1, o=(upu2), B=(w (2, u3))= (w1, m2, 143), ... Cp={(U1,.... hp),

is the Nikishin system of measures generated by the system (o1,...,05,). So we denote
155 8p) =N(O‘1,...,O'p).

Actually, in [19] the authors shown perfectness for combinations of Nikishin systems where
intervals Ay, ..., A, are bounded and for each j € {1, ..., p— 1} the intervals A; and A4 are
disjoint. The same authors have communicated to us that they were able to prove a generalization
of this result to unbounded intervals such that A ; N A ;1 # #. Consequently, in what follows we
assume such generalization.

As we have seen, general Nikishin systems have an intricate structure; therefore, in order to
make easy the reader we focus on a “simple” class of Nikishin systems which we call M-Nikishin
systems. Set the interval A} = [0, 1] and let My(A) C M(A) denote the set of measures in
M(A1) such that if 0 € Mo(A1) then, the function

o(x) :=/ do (1) satisfies hm ‘/ do (1) |do ()] <

1—1tx 1—1tx x%l 1—1tx
Ay xeAl Al x€A1A1

where A = (0, 1). (24)
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The constraint (24) guarantees that the function ¢ is a weight in compact intervals in (—oo, 1].
As (1 — tx) does not vanish for (¢,x) € Ay x (C\ [1,4+00)) we deduce that 1/(1 — tx) is a
continuous function in x for ¢ € Aj. Therefore, we conclude that ¢ is a holomorphic function on
C\ (1, +00), having a continuation as continuous function in 1. Taking into account that & does
not vanish in C \ (1, +00) and that it takes real values on R \ (1, 400) = (—o00, 1], we deduce
that it is a continuous weight on (—oo, 1]. Observe that

sy [ [ HoUD [ 40 05
1—1tx x—¢ x—¢

Ay [1,400) [1,400)

is the Cauchy transform of another measure u € M([1, +00)), such that | (1)| = |6 (1)| < +o0.
Given two measures o, € Mo(A1), 0 € Mo(A1) we define a third one as follows (using the
differential notation)

d
Aq

As 6g is a continuous weight on A we conclude that [0y, 0g] € Mo(A1). If we take a sys-
tem of measures (o7, ...,0,) such that 6; € Mo(Ay), j=1,..., p, we say that (s1,...,s,) =
MN (o1, ..., 0p,), where

si=o1, s2=lo1,02], s3=|o1,[02,03]]=l01,02,03], ...,

sp=lo1,00,...,0p] (26)
is the M-Nikishin system of measures generated by (o1, ..., o)), with corresponding M-Nikishin
system of functions given by w = (wy, ..., w,) = (51, ...,5,) = ./\/U\A/(m, sy Op).

Notice that s; € M(A1) which implies that for each arbitrary compact subinterval of
(—00, 1] the system of functions w conforms a system of continuous weights. M-Nikishin sys-
tems are included in the class of Nikishin systems. Taking into account the identity (25) we see
that the M-Nikishin system defined in (26) can be written as a classical Nikishin system. Let us
take a system (i1, ..., 1p) where

du,l(x)zxzal(l/x), Uy = —07, du,3(x)=x2do3(l/x), e

duzpp/21-1(x) = x? dop/21-1.  M2[p/2] = —02[p/2]>

and if p isodd du,(x) = x2 do,(x). Notice then

si=81=01, s2=0={(11,12), ..., Sp=Cp={(U1,U2,..., Up).

Hence (s1,...,5p) = MN(oy,...,0p) = N(u1,...,1up) = (1,...,¢p). Fixing two
M-Nikishin systems of functions w¢(x) = (5¢,1(x), ...5¢,»(x)) whose elements are weights on
Ag = [—1,1], and a measure u € M(Ag) we have at our disposal the perfect combination
(i, W1, W2). We can also obtain a perfect combination (i, W1, W2) choosing w; and w; between
two different of the classes mentioned in (22) and (23) (not necessarily the same).
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Proposition 2. The Taylor series at { = 0 corresponding to the functions 5;(¢) and f;(¢) :=
log5s;(¢) converge uniformly to 5; and f; respectively on Ay, i.e.

o0
50 =Y hijxl =eX=0h  xe g, j=1.....p. Q7
i=0

where A; j and t; j are constants.

Proof. For each j € {1, ..., p}, §; is a holomorphic function on the open unitary disc centered
on the origin. That implies that

oo
3:/('x) :Z)\‘i,j‘xi :ezgonij: X € {|{| < 1}9 ]: 11 Ry
i=0

Notice that

So ail= lim 200 aoxt| = tim | [ 9]~ oo
£ BT S £ nJ Tl 1 —xt
i=0 xe[0,1) I i=0 xeA,

So the first equality in (27) is proved. The second one comes immediately from the fact that the
functions §; do not vanish on Ag. That implies that ) 7° 7 ;x' are also bounded and therefore
continuous. Hence we can proceed analogously as in the first equality. O

2.2.1. The inverse problem
Given the series

o0
wi() =Y hijxl =eX=0nY xe Ny, j=1,....p, (28)
i=0

we consider the problem of finding conditions over {A; ;} such that the set of series {w j};’:]

form a M-Nikishin system of functions. The reader should notice that A; ; = S; (t; 0, ti 1, ..., %, j)
where §; is the i-th elementary Schur polynomial. Elementary Schur polynomials S;(#1, ..., ;)
are defined by the follpwing generating relation exp(Z?il tjz)) = Z?io Sit, to, ..., t))2,
and therefore S; = 2221 Zj]+,__+jp=j tj, ---tj,. Given a partition n=(ny,...,n) €L, we

have the Schur function s;; (#) = det(Sy; —i+ (¢))1<i, j<r- For more on the relation of these Schur
functions and those in [25], see [31].

In order to state sufficient conditions in this direction we need some preliminary definitions
and results.

Definition 3. Given a sequence C = {¢;}{°, C R its Hausdorff moment problem consists in
finding a measure o € M(A) such that

ci:/g‘ido(g), ieZ,.

Moreover, if we further impose the constraint o € Mp(A) we say that we have a restricted
Hausdorff moment problem.
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Here we have made a variation in the classical definition of a Hausdorff problem, where
the solutions are positive measures. In our Hausdorff problem we look for measures in a wider
class where they do not change their sign. Obviously, since M(A) C M(A) each solution of a
restricted Hausdorff problem is also a solution of a Hausdorff problem. In pages 8 and 9 in [33]
J.A. Shohat and J.D. Tamarkin study Hausdorff problems and give a sufficient and necessary
condition over the sequences to have solution. Using this result we deduce the following lemma.

Lemma 1. The Hausdorff moment problem for a sequence C = {c;}7°, C R has a solution if and
only if
"\ (n ; "\ (n ;
> (i>(—1)’c,~+k >0 Y.k eZi or Y. <i>(—1)’c,~+k <0 V(n,k)eZi. (29)
i=0 i=0

When (29) holds a necessary and sufficient condition that ensures solution for the restricted
Hausdorff moment problem of C is

i| < +00. (30)

Proof. Theorem 1.5 in [33] states that the first set of inequalities in (29) is a necessary and suffi-
cient condition to have a positive measure o solving the classical Hausdorff problem. Following
their proof it is not hard to conclude that adding the second set of inequalities leads to a solution
in M(A). Let us take a measure o € M(A) and observe that f (11‘1()2 is a holomorphic function

on C \ [1, +00), then if C is its moment sequence we deduce

do (1)
fl_xt—z axl, xellel<1).

A

Thus, since all the ¢;’s have the same sign, by Lebesgue’s dominated convergence theorem we

have
do (1) ad ad
lim = -
x—1 /l—xt x—>1 Z Z i
xel0,1) " A xel0,1) | i=0 i=0

Thus o € Mo(A) if and only if (30) takes place. O

Given the series

o0
wj(x) =Y Aijax’, xeAp, j=1....p, (31)
i=0
we introduce a set of semi-infinite matrices ®; and semi-infinite vectors 64, j =k, ..., p,

k=1,..., pin the following recursive way. First, we define
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Ao Al A2 e A0, j1
Al A1 A3 e Aljd ]
O1r:=\ 211 A1 rig - | Ojp:=1 21 |> =L P
20,72
. A2 . .
Then, we seek solutions 0 > := kz,j‘.z of ©®10;,=0;1,for j =2,..., p, and if these solu-
2022 A122 A222 20,73
. . A122 4222 2322 AlLj3 .
tions exist we define @ := | 3,,, 43,5 rsn, - |- Then, we look for 6;3 = 2203 which
solves ®,0;3 = 0;,, for j =3,..., p, and when such solutions exist we introduce @3 =
20,33 A1,33 22,33 -
A133 A233 4333 - . .
M233 2333 Aaas - |- In this way we get for k € {1, ..., p} the matrices © and vectors 6; x,
J=k,..., p,linked by ©;0; y+1 = 0; ; with expressions
AOK+1,k+1  ALA+Lk+] A2 k41 k41 o A0,j k+1
ALk+Lk+1  A2k+Lk+1 A3 k+lh+1 - AL, jk+1
Okt = | g ikl ABhdlhktl Adkilhksl oo | 0jk+1= A2, k+1
Here we understand ©0; x1+1 =0, x as
o
ZMJri,k,kli,j,kH =Mk l€Zy.
i=0
We now consider the sequences
Crk = {rikk)i2o Cik=A{hijrli2y. J=k ....p, k=1,...,p. (32)
Later, we will prove that none of the semi-infinite Hankel matrices ®, k =1, ..., p, are invert-
ible. Hence such infinite linear systems are either undetermined or incompatible. In this last case

we say that the systems of sequences (Cxx,...,Cpi), k=1,..., p, donot exist.
First we need the following preliminary

Lemma 2. The series

o0
wx) = Z)L,-xi, x € Ay,
i=0

converges uniformly on Ag to a function &(x) = [do (1)/(1 — tx) corresponding to a measure
o € Mo(Ay1) on Ay if and only if the restricted Hausdorff moment problem corresponding to the
sequence {A;: i € Z+} has a solution.

Proof. Let us assume that the restricted Hausdorff moment problem of a sequence {A;: i € Z}
has a solution. That means that there exists a measure o € M(A) such that
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A fdo(t), ieZ li do(t) i}\ 4
;= o (1), , im = | < 4o00.
! ! + x—>1 1—1tx £ !

Aq xel0,1) Ay i=0

Since |A;x'| < [Ail, |x] < 1 and Y {2 |A;| < 400, by Weirestrass” Theorem Y ;o4 A;x' con-
verges uniformly on A(. This proves the if implication in Lemma 2. On the other hand

i | [ 40 i | 3oaw| =52
im = i i = )
x—1 1—1x x—>1 |4 i* 4 !
xe[0,1) " A xe[0,1) | i=0 i=0

because | Z?io Aix'| must be continuous on Ag. A; coincides with the i-th moment correspond-
ing to the measure o which completes the proof. O

Theorem 1. The system of weights {wlvj}i‘):l’ as in (31), converges uniformly in Ay to an M-

Nikishin system of functions {3 JP: | ifand only if for each k =1, ..., p — 1, there exists a system
of sequences (Cy i, ..., Cp k) as in (32), such that their restricted Hausdorff moment problems
have solutions.

Proof. The proof of this theorem goes as follows. From Lemma 2 we have that for each j =
1,...,p,

o0
wj1(x) = Z)»i,j,lxl, x € Ay,
i=0

converges in Ag to a function §;(x) = f ds;(t)/(1 — tx) if and only if the restricted Haus-
dorff moment problem corresponding to {A; j1: i € Z} has a solution. We assume that wj 1
converges uniformly on Ag to the function 5; corresponding to the s; € M(Ay). In order to

prove the necessity in theorem’s statement we suppose that (sq,...,sp) = MN (o, ..., op)
is an M-Nikishin system of measures as it was defined in Section 2.2. Fixed k € {1,..., p}
we define another M-Nikishin system (sgk, ..., Sk, p) = MN (o, ..., 0p). Let us observe that
(sl,lv'-'ssl,p) = (sl,...,sp).

By construction for each k € {1,..., p}, we have that dsg ; = §ky1,jdskx, j =k, ..., p.
When j= k we understand 5; 1 x = 1. Fixed j € {k +1, ..., p}, 5x41,; is a holomorphic func-

tion on C \ (—o0, 1); hence, its Taylor’s series

oo
wjkp1 () =Y dijipit’, 1€AIC A
i=0

converges uniformly to 5x 1, ; on Ay. Then, for each x € A

o o
. . dsg k(1) ; dsg x(§)
I k. k k,k
sk,j(x)zz:)tl’j,kx :/sk“,j(t)m:/;ki,]‘,kﬁt’f

tx
1=0
[colmNe ) o 0
i+ I
= ki,j,k+1ft’+ dsex(®) =Y  hijusihipikix’,
1=0 i=0 1=0 i=0
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which proves one implication of the equivalence. The other implication comes immediately from
Lemma2. O

We remark from the statements of Lemma 1 that the conditions in Theorem 1 are equivalent to
the inequalities in (29). Hence, by continuity criteria, such conditions are stable under perturba-
tions of the coefficients A; 1 1, i € Z. We will come to this later in Section 3, when we consider
deformations of the weights leading to the multicomponent 2D Toda flows in the precise form
discussed in this section.

2.3. The Gauss—Borel factorization and multiple orthogonal polynomials
Given a perfect combination (u, w1, wy) we consider [2]

Definition 4. The Gauss—Borel factorization (also known as LU factorization) of a semi-infinite
moment matrix g, determined by (u, w1, W2), is the problem of finding the solution of

1 0O 0
B Sio 10 -
g=S8"5¢, S=1580 SH1 1 - |

S0 So1 S0
_ 0 Sy S, o _
S'=1 0o o gé’z oSS er (33)

In terms of these matrices we construct the polynomials

D . ! ki G
AD = Zis,,,-x 1), (34)
where the sum Z’ is taken for a fixed a =1, ..., p; over those i such thata = a;(i) and i < /.

We also construct the dual polynomials

= / o =

AP = ij"ﬂ-/)s;, - (35)
where the sum )" is taken for a given b over those j such that b = a,(j) and j < 1.

This factorization makes sense whenever all the principal minors of g do not vanish, i.e., if
detg”] #0,l=1,2,..., and in our case it is true because (u, W, W2) is a perfect combination.
It can be shown that the following sets

1 0 0

Sio 10 -
G_=1{8= S0 S 1 , SijeRy,
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So0 Soi So2
0 S Si2

G+ = S = 0 0 52’2 s S‘i,j € R, S',',i ;éO

are groups. Indeed, the multiplication of two arbitrary semi-infinite matrices is, in general, not
well defined as it involves, for each coefficient of the product, a series; however if the two ma-
trices lie on G_, the mentioned series collapses into a finite sum, and the same holds for G .
Moreover, the inverse of a matrix in § € G_ can be found to be in G_ in a recursive way: first
weexpress S=1+) ", S; (AT with S; = diag(S; (0), S;(1), ...) a diagonal matrix, then we
assume S~ =1+ Zi>0 Si(AT)i to have the same form, and finally we find that the diagonal
matrix unknown coefficients S,- are expressed in terms of Sp, ..., S; in a unique way; the same
holds in G.. Given, two elements S € G_ and S € G the coefficients of the product SS are
finite sums. However, this is not the case for SS, where the coefficients are series. Therefore,
given an LU factorizable element g = S!S we can not ensure that g has an inverse, observe that
in spite of the existence of S and S~!, the existence of S~!§ = ¢! is not ensured as this product
involves the evaluation of series instead of finite sums.

With the use of the coefficients of the matrices S and S we construct multiple orthogonal
polynomials of mixed type with normalizations of types I and II.

Proposition 3. We have the following identifications

) _ 4, Iai ) AD _ p@ar)
Ag _A[T)l(l);ﬁz(l—l)],a’ Ab _A[ﬁz(l):ﬁl(l—l)],b’
in terms of multiple orthogonal polynomials of mixed type with two normalizations 1 and 11,
respectively.

Proof. From the LU factorization we deduce
I
Zsl,igi,j=0, j=0,1,....,1—1, Si; = 1. (36)
i=0

With the aid of (18) and (34) we express (36) as follows

p1
/ ( > oAy (x)wl,a(x)> wyp()x du(x) =0,  deg A <vil) 1,

a=1

0<k<vpl—1)—1. (37)

We recognize these equations as those defining a set of multiple orthogonal polynomials of mixed
type as discussed in [14]. This fact leads to Ay,.5,1.4 1= AE,[) where vy =V (!) and Vo = V(I — 1).
Observe that for a given / each polynomial Ap;,.3,1,, has at much vy (/) coefficients, and there-
fore we have |v;(/)| = + 1 unknowns, while we have |V2(I — 1)| = [ equations. Moreover,
from the normalization condition S;; = 1 we get that the polynomial A,.3,1,4,¢) 1s monic with
deg A, :350.ai () = V1,ay () — 1 =k (I + 1) — 1, so that we are dealing with a type II normal-

,a (1))

ization and therefore we can write A} = AEVI Bola”
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Dual equations to (36) are

l

> iS5 =0, i=0,1,....I-1, (38)
j=0

[
> 8iSi=1 (39)
j=0

Now, using again (18) and (35), (38) becomes

P2
/ ( ZA,i”(x)wz,b(m)wl,a(x>x" du(x) =0,  degAy <va,()—1,

b=1
0<k <l —1)—1, (40)
while (39) reads
P2 g
/ ( ZA;)(x)wz,b<x)>wl,m(z)(x)xkl(” du) =1, (41)
b=1

where using (19) we obtain

ki) =via @l —1). (42)

As above we are dealing with multiple orthogonal polynomials and therefore Al(’l) = A[ﬁz;ﬁll,bv

with ¥y = V(I — 1) and vV, = V,(/), which now happens to have a normalization of type I and
A Lai (1)
=A: O

consequently we write Al(f) (D291 .b°

Given a definite sign finite Borel measure the corresponding set of monic orthogonal poly-
nomials {p;}7°, deg p; = [, can be viewed as a ladder of polynomials, in which to get up to
a given degree one needs to ascend / steps in the ladder. For multiple orthogonality the situa-
tion is different as we have, instead of a chain, a multi-dimensional lattice of degrees. Let us
consider a perfect combination (i, w1, W) and the corresponding set of multiple orthogonal
polynomials {A[3,5,].4}",, with degree vectors such that [vj| = |V3| 4 1. There always exist
compositions 71,7 and an integer [ with |v;| =1 + 1 and |V;| = [ such that the polynomials
{A;’)}fj;l coincides with {Apg, ;gz]ﬂ};":l. Therefore, the set of sets of multiple orthogonal poly-

nomials {{Aék)}l‘f':l, k=0,...,1}, can be understood as a ladder leading to the desired set of
multiple orthogonal polynomials {A[ﬁl;ﬁz],a}fz”:l after ascending [ steps in the ladder, very much
in same style as in standard orthogonality (non-multiple) setting. The ladder can be identified
with the compositions (71, 712). However, by no means there is always a unique ladder to achieve
this, in general there are several compositions that do the job. A particular ladder, which we refer
to as the simplest [Vy; V»] ladder, is given by the choice 711 = vy and 7ip =V + €5, p,. Many of
the expressions that will be derived later on in this paper for multiple orthogonal polynomials
and second kind functions only depend on the integers (v1, V) and not on the particular ladder

chosen, and therefore compositions, one uses to reach to it.
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2.4. Linear forms and multiple bi-orthogonality
We introduce linear forms associated with multiple orthogonal polynomials as follows

Definition 5. Strings of linear forms and dual linear forms associated with multiple orthogonal
polynomials and their duals are defined by

Q(O) Q(O)
0= Q(l) = Sg), Q:: Q(l) =(S_1)T§2. (43)

It can be immediately checked that

Proposition 4. The linear forms and their duals, introduced in Definition 5, are given by

P1 P2
00 =Y AL @wiax),  0V) =) AP ()wyp(x). (44)
a=1 b=1

Sometimes we use the alternative notation Q) = O3, and oW = ngz; 7,1- Itis also trivial
to check the following

Proposition 5. The orthogonality relations
[ @@t ) =0, 0<k<umpt D=1 b= pa,

/Q(Z)(x)wl,a(x)xkdu(x)zo, O<k<svial—1D-—-1,a=1,...,pi, 45)

are fulfilled.
Moreover, we have that these linear forms are bi-orthogonal.

Proposition 6. The following multiple bi-orthogonality relations among linear forms and their
duals

/ 0V 0®P )y dux) =8k, 1 k>0, (46)
hold.

Proof. Observe that
/ 00 du(x) = / SE1(0)E(0) TS du(x)  from (43)

= S( / E1(0)E () du(x))S_l
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=8gS~!  from (10)
=1 from (33). O

Definition 6. Denote by Ei[l], i = 1,2 the truncated vector formed with the first / components
of Ei .

We are ready to give different expressions for these linear forms and their duals

Proposition 7. The linear forms can be expressed in terms of the moment matrix in the following
different ways

I —1 0
Q(1>=§1()—(g1,0 g1 - gz,z—l)(g[”) 51[]
=85,0 0 -+ 0 ])(g[l+l])_l‘§1[l+l]
0
800 80,1 - £01-1 51()
1
1 g0 811 ot &Li-1 51()
= ——det : : : , 1>1, 47
gi-10 &-11 - &-11-1|§
1
81,0 g1 8Li-1 3;'1()
and the dual linear forms as
80,1
5 S \— ! T -1 8
00 =S ™! 52()—(52[]) (gm) )
8i-1,
0
0
_ (lHINT o+ =1 -
=& ) |
0
1
800 g1 -+ 8o0i-1 | &o.
. g0 &1 o gLi-1 | &l
:Wdet . : : : s 120 (48)
8i-1,0 8i—-1,1 - 8l-1,1-1|8I-1,1
©0) (1) (=1 O]
g ) g g

Proof. See Appendix A. O

As a consequence we get different expressions for the multiple orthogonal polynomials and
their duals



C. Alvarez-Ferndndez et al. / Advances in Mathematics 227 (2011) 1451-1525 1475

Corollary 1. The multiple orthogonal polynomials and their duals have the following alternative
expressions

1 —1_1
AV =5 — (g0 g1 - g (8™
P —1_[I+1
=8,0 0 --- 0 1)(g[1+1]) Xl[,j]
(V]
80,0 80,1 - 800-1 | Xig4
1
| 81,0 81,1 o 811-1 Xl(;
= ———det : : : : , 1>1, 49
det gl!! : : : “n Z (49)
81-1,0 8i-1,1 "+ 8l-11-1|X|4
1
81,0 81,1 o 8Li-1 Xfl
and
80,1
A0 _ 5 01,0 _ iy Tyt |8 50
b =(S,0) X2.b (Xz’b) (g ) . (50)
8i-1,1
0
0
— (yUHFINT (11 ] -
_(X2,h ) (g ) :
0
1
80,0 80,1 - 80,4-1 | 80,1
81,0 81,1 e 81i-1 | 811
1 . . . .
:Wdet : : : : , 1=0. (5D
81-1,0 8l-1,1 - 8l-1,1—1|8I-1,
) (D (-1) @)
X2.b Xop 0 Ko X2,b
Observe that (208), Appendix A, implies
} det gli+11

detglll ~

2.5. Functions of the second kind

The Cauchy transforms of the linear forms (44) play a crucial role in the Riemann—Hilbert
problem associated with the multiple orthogonal polynomials of mixed type [14]. Following the
approach of Adler and van Moerbeke we will show that these Cauchy transforms are also related
to the LU factorization considered in this paper.

Observe that the construction of multiple orthogonal polynomials performed so far is synthe-
sized in the following strings of multiple orthogonal polynomials and their duals
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AO A
(1) = 1) -1\ T
Ay = Aq =SX1)a, = Ah =(S l) X2.,bs

a=1,....,p1,b=1,..., pa. (53)
In order to complete these formulae and in terms of x* as in (8) we consider

Definition 7. Let us introduce the following formal semi-infinite vectors
) =
Gy ¢
I STl B > e |
G=|C | =51, Gu=|C |=(") s,

b:13~‘«7p2»a=1,~--,p17 (54)
that we call strings of second kind functions.

These objects are actually Cauchy transforms of the linear forms Q)| I € Z.,, whenever the
series converge and outside the support of the measures involved. Notice that fixed z € C the
entries in each string %. and 6}, are series not necessarily convergent. In the non-convergent case
we obviously understand the definition only formally. For each / € Z we denote by l_)[(f) and
Dl(,l) on C the domains where the series Cé” and C;[) are uniform convergent, respectively, and
we understand them as their corresponding limits. From properties of Taylor’s series, we know
that uniform convergence of these series holds only on l_)f(ll) and Dl(j) when they are the biggest
open disks around z = oo which do not contain the respectively supports, supp(wz,,du) and

0}

supp(w2 pdu). Outside the sets D, and D( ) the series diverges at every point. Hence to have

non-empty sets in l_)[(,l) and D,g) the corresponding supports supp(wz,, du) and supp(waz,p du)
must be bounded.

Proposition 8. For each | € Z the second kind functions can be expressed as follows

O]
Cl(,l)(z) = f % du(x), ze Dl()l)\supp(wl,;, du(x)),
i 5) i
CP @)= / W du(x), ze€ DY\ supp(wa,q dpe(x)). (55)

Proof. The Gauss—Borel factorization leads to

oo I
V@ =3"3" Sugm(Msxi @),

n=0k=0

- Z/ZSHJ Oy () Sy ) wse (12)

n=0

1
:ZZnJrl /an(l)(x)wlb(x)dM(X) use (44).
n=0
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When Dl(;l) \ supp(wz,, diu) = @ the proof is trivial. Given a non-empty compact set K C Dg) \
supp(w2,, dit) # @ and recalling the closed character of supp(w» , dit), we have that the distance

between them dl()l)(K) := distance(/C, supp(w2,p di)) > 0 is positive and that sup{|z|: z € K} =:
My < +o0. Taking into account that the series

=1
'@ =3 s [ 50 s )
n=0

converges uniformly on X we can ensure

1
prEe / X" QD (xywa p (x) du(x)

lim sup { } =0. (56)

n—00 oK

Hence, we have the bound

1 PN o 1
Zzi“ /x Q (x)wz,b(X)du(x)—/Q (x)wz,b(x)z_xdu(x)
i=0
1
= 2 TaF /x”Q(l)(x)wz,b(X)dM(x)
Z Z—X
My 1 1 A0
<d(l)(,c) \s|u5)<: | /x OV wap(x)dux)| ¢, Vzelk. (57)
b zZle

Taking into account (56) we deduce from (57) the first equality for any compact set K. Therefore,
we get the first claim of the proposition; the second equality can be proved analogously. O

Given/ > 1anda =1, ..., p the 4+ (—) associated integer is the smallest (largest) integer /4
(I_g)suchthatli, 21 (I, <I)and a(l4+,) =a (a(l—-,) = a). It can be shown that

gD+ =1, a<a®),
=11, a=a(),
g =YF yni—1, a>al—1,

@+ DIl + Y niy a<a),
lig:i=11, a=a(l), (58)
G+ Dal =" n;, a>a().

i=q'"l>

To give a determinantal expression for these second kind formal series we need
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Definition 8. We introduce

o0 oo
1 k(K- = koK) —
r= 3" geaz 187, 40 0 0= w0 S0 (59)

K'=liq K=lyp

Here [, is the + associated integer within the 77; composition, while I_H, is the + associated
integer for the 71, composition.

With these definitions we can state

Proposition 9. The following determinantal expressions for the functions of the second kind hold

=
80,0 80,1 -t &o-1 1“0(,;3
=
1 81,0  &L1 o 8li-1 1“1(,,3
@) . . . .
C;/ = det : : : : , 1>1, 60
b7 et gl : : : " (60)
gi-1,0 8gi-1,1 - g-1i-1|17,
=
81,0 g1 8Li-1 1“1(,,)
80,0 80,1 o0 80,-1 | 80,1
: 81,0 81,1 e 811-1 | 81,1
(l) _ . . . .
a _detg[H_l] et . . . ) l? 1. (61)
8i-1,0 &i—-1,1 - 8i-1,1-1|8I-1,
0) ) @) @)
FO,a Fl,a Fl—l,a Fl,a

Proof. See Appendix A. O

Following [19] we consider the Markov—Stieltjes functions and polynomials of the second
type.

Definition 9. The Markov—Stieltjes functions are defined by

fab(@) 1= / PRI 4 ), (62)

in terms of which we define

P
H @)=Y AP @)ias(2) - €} ().

a=1
- p2 - -
AP @) =" fap@Ay (@) — CP (). (63)
b=1

Proposition 10. The functions Hb(l) and I-_Ia(l) are polynomials in z.
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Proof. The reader should notice that the functions Hlfl) and ﬁél) are

AD () — AD (x
HP (@) = / Zwl 0 PR ) do,

) AV (@) - AV (x
AP @) = / Zwl o(x )M w, () dpa (),

and as z = x is a zero of the polynomials A,(ll) (z) — Ag)(x) and A}(,l) (z) — /i,(f) (x) from the above
formulae we conclude that they are indeed polynomialsin z. O
2.6. Recursion relations

The moment matrix has a Hankel type symmetry that implies the recursion relations and the
Christoffel-Darboux formula. We consider the shift operators defined by
o0
Agi=) esk)ea(k+ 1T, (64)
k=0

notice that

o A, leaves invariant the subspaces 17 /R, fora’=1,...,p,and [Ty A, = A T, .
p 1s commutative.

.....

e We have the eigenvalue property

Aaxa = 8a,a’ZXa- (65)

Definition 10. We define the following multiple shift matrices

P1 P2
Y=Y A, Tai=) Ay (66)

and we also introduce the integers

Nig:=ni|l—niqa+1= Z nmag+1, a=1,...,p;, Ny:= max Ni.a,

a=l1,...pi
a'=1,...,p
a'#a
Ny p = |ﬁ2|—n2,b+1= Z nypy+1, b=1,...,p2, No:= max Np,.
b=1,....p>
b'=l,...p2
b/ b

A careful but straightforward computation leads to
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Proposition 11. We have the following structure for 11 and 1>

Ti=DigA+ Dy AN 4o 4 Dy AV

T =DyoA+ Dz,lANz’l + -+ Dy p, ANz

where Dy 4, a=1,...,p1, and Drp, b =1,..., p2, are the following semi-infinite diagonal
matrices:

Dl,a = diag(Dl,a(O)a Dl,a(l)a .. ~)s

1, n=kli|+Y%_ na—1, keZy, i
Dia(n) := o ZZ =1 i Dig=T-) Dia,
0, n#kli|+Y% nia—1, keZy, o
Dy, =diag(D2,5(0), Dap(1),...),
1, n=klil+3Y % _nopy—1, keZyg, i
Dy p(n) := |q | 22 =17 i Dyo=T1-Y Dy
O, n ;ék|n2| + Zb’:l nyp — 1, k e Z+, =1

In terms of these shift matrices we can describe the particular Hankel symmetries for the
moment matrix.

Proposition 12. The moment matrix g satisfies the Hankel type symmetry
_ T
Tig=2g87, . (67)
Proof. With the use of (19) and (12) we get
Avagllyp =111 48 Ay, (68)
and summingupina=1,...,pyandb=1, ..., py we get the desired result. O
Observe that from (67) we deduce that in spite of being all the truncated moment matrices
g, 1 =1,2,... invertible, the moment matrix g = lim;_, o, g/l is not invertible. Suppose that
the inverse g_1 = (&i,j)1,j=0.1,... of g exists so that (67) implies g_1T1 = TzTg_l, and therefore
gio=_go,j=0foralli, j=0,1,..., which is contradictory with the invertibility of g.
Proposition 13. From the symmetry of the moment matrix one derives
STis~' =871, 57L (69)

Proof. If we introduce (33) into (67) we get

1is7IS=571sr, = smsT'=857'SsT. o
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Definition 11. We define the matrices

Ji=Jp+J-, Jp=(sms7h Jo=(S71 87,

+ 9
where the sub-indices + and — denote the upper triangular and strictly lower triangular projec-
tions.

Thus, J4 is an upper triangular matrix and J_ a strictly lower triangular matrix. Moreover,
from the string Eq. (69) we have the alternative expressions

J=Sns' =875

We now analyze the structure of Jy := (SD;0AS™y + (SDy ANIS™H . + o 4
(SDl,plANL/’l S’1)+. It is clear that we need to evaluate expressions of the form SE,"jS’l
with i =« (k,a) — 1 and j =k (k+ 1,a — 1) being k1 (k, a) := k|| + Y 4_; n1,«. Given the
form of S, see (33), we have

(SEijS™"), =Eij+ Z sLrEr,
l,lE]L,',j

Lij={(L1) ez |1 <i. I'<j. I'>1},

for some numbers s; € R depending on the coefficients of S and on i, j; this matrix has zeroes
everywhere but on a region of it that can be represented as a right triangle with hypotenuse lying
on the main diagonal, this hypotenuse has its opposite vertex precisely on the (i, j) position.
Therefore

p1 o0
Jy=(SD1oAS™"), + ZZ(EKI(k,a)l,Kl(k+l,al) + Z Sz,z/Ez,z/),

a=1k=0 LU€ly ka

Ly k0 = Lo, tk,a)— 1.6 (h+1,a—1) -

We see that J; can be schematically represented as a staircase, the 7i;-staircase, descending
over the main diagonal with steps—which are built with right triangles with hypotenuse ly-
ing on the main diagonal and opposite vertex (and therefore corner of the step) located at the
(k1(k,a) — 1,k1(k + 1,a — 1)) position of the matrix—having width and height given by the

integers in the composition 7;. For example, the j-th step has width ny iy and height

Pl Pl

My ity A similar description holds for J ' but replacing the composition 721 by 7i5. There-
TPl r1
fore, the matrix J is a generalized Jacobi matrix and, in contrast with the non-multiple case, now

is multi-diagonal (having in general more than three diagonals) and has a diagonal band of length
N1 + N, + 1. Moreover, this band has a number of zeroes on it, according to the 71-stair on the
upper part and to the 7;-stair in the lower part, we refer to this as a double (i1, 71;)-staircase
shape. To illustrate this snake shape let us write for the case 71 = (4, 3,2) and 71 = (3, 2) the
corresponding truncated, [ = 27, Jacobi type matrix
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OO O OO DO DO DO OO DO OO % % ¥ ¥
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OO OO OO % % % ¥ ¥ % % ¥ ¥ OO
QOO OO0 OO™ % % % ¥ ¥ ¥ ¥ ¥ OO0 OCO
OO O DO ODOODOO % % ¥ ¥ ¥ ¥ % % ¥ OO OO0
OO ODOOO™ % % % % ¥ ¥ ¥ ¥ ¥ # OO0 O0COCO
SO OO OO % ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ OO OOCOCOO
OO ODODOO % ¥ ¥ ¥ %¥ ¥ ¥ % % ¥ ¥ OO OO OCOO
OO OO™ % % ¥ ¥ ¥ ¥ ¥ ¥ ¥ OO O OO0 O0OCO
SO OO % % ¥ ¥ ¥ ¥ ¥ % ¥ ¥ OO OO0 OOO
SO OO % % ¥ ¥ ¥ ¥ ¥ # OO0 00000000
O OO OO % % ¥ ¥ ¥ ¥ ¥ #$¥ OO OO0 OOC
OO % % % X ¥ ¥ % % ¥ ¥ OO O OO ODODOOOCOO
OO % ¥ ¥ ¥ ¥ ¥ ¥ ¥ OO OO OO0 O0OCO
OO % ¥ ¥ ¥ ¥ ¥ ¥ ¥ OO O OO0 O0ODOOC
OO % ¥ ¥ ¥ ¥ $¥ OO0 OO DO OO OO0 OO OO
OO % ¥ ¥ ¥ ¥ #$ OO0 OO0 OCOoOOoO0OoOCOC
OO % % % ¥ ¥ ¥ OO OO O OO0 OoOOoOOcOoOOCcOoOO
O™ % ¥ ¥ OO OO DO oOCOO
- %k Kk FEOODODODODOIDODODODOIODOODOOOoOOOCO
* C OO OO OO0 OO oo CcC oo ocoo0o
SO DO DO DO DO oo ooOCoOCO0O
I
=
[ak
J

(71)
(72)
(73)
(74)

* %

*

s Pl
Iy (2) = 299,(2),

~,P2,

Go= (S "e1400), a=1,..

=1,..
JT
JTC,(2) = 2%,(2) — Ca.

Sl,i12,1+~-~+n2,b—lels

b

(Sil)nl,l—&-m—&-nl,a—l,lel'

2

l

2

cp := Sez 5(0),

.). For convenience we extend the notation with J,(s) = 0 when-
ny 1 4-+n p—1

ever r +s5 < 0 ors < 0. We introduce
nyttnga—1

cp=
J A, (2) = 29,4(2),

J=In AN o b A+ To+ T AT o Ty, (AT,
J €y (2) = 26p(2) — cps

0000000O0O0O0O0O0OOO0O0O0O0O0O0O0O0O00
where * denotes a non-necessarily null real number. We can write
Definition 12. The semi-infinite vectors ¢, and ¢, are given by

It is not difficult to show that

The semi-infinite matrices J and J T have the following important property

Proposition 14. The following equations are fulfilled

where J; = diag(J; (0), J; (1), ..



C. Alvarez-Ferndndez et al. / Advances in Mathematics 227 (2011) 1451-1525 1483
Proof. From (53) and (54)

Jo(2) = ST1S7 ' Sx1.0(2) = 2Sx1.0 = 2 (2),
J6(2) =87, §7'5x3 ,(2) = 8(2x3 , (2) — e5(0)) = 2% (2) — co.

where we have taken into account that TzT X5 (@) =2x5 ,(2) — ep(0). For J T we proceed simi-
larly:

I =E"N"15T (") x2p@ =253 x20 = 295 (2),

I =17 ST(™) xa@= (5D (xfa@ —eu®) =2%u(@) —é0. D

l,a

Theorem 2. The multiple orthogonal polynomials and their associated second kind functions
fulfill the following recursion relations

2AD @) = Iy, DAL (@) + -+ Ty (AT (),
20 @) = =IO @) 4+ Iy T (), (75)

while the dual relations are

ZAP () = J_py (U4 N AT () 4 - Iy, (= NDAT (),
2CO(2) =y = J Ny + N)CUTNI () oo Ty, (1 = N)CU=ND (). (76)

We see that given integers (v, V;) there are several recursion relations associated with
A[3,:5,1,a- In fact they are as many as different ladders exists leading to this set of degrees. For the
simplest ladder, i.e. 711 = vy and 715 = Vs + €2 p,, we get the longest recursion, in the sense that
we have more polynomials contributing in the recursion relation, as smaller are the integers in
the compositions shorter is the recursion. Observe also that the multiple orthogonal polynomials
involved in each case are different.

Attending to (70) we get that the recursion relations corresponding to [ = 8 an [ = 14 are of
the form

AP @) =+AP @) + -+ AP @D + Al (D), a=1,2,3,
A @) =AY @)+ + x4 (), a=1,2,3.
We see that the first recursion has 13 terms while the second one only 7 terms.

In order to identify these polynomials with mops of the form A3, .5, 41 We use the following
table of degrees for the compositions 71 = (4, 3,2) and 71, = (3, 2) is

1 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

v 4,000 410 420 430 @31 @32 (532 (632 (732 832 842 52 862 (8,63 (8,64)
-1 20 (3,0) 3.1 3.2) 4.2) (5,2) (6,2) (6,3) (6,4) (7.4) 8.4) 9.4) 9.5) 9,6) (10,6)
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2.7. Christoffel-Darboux type formulae

From (53) and (54) we can infer the value of the following series constructed in terms of

multiple orthogonal polynomials and corresponding functions of the second kind.
Proposition 15. The following relations hold

o 5.
> CP@AY () =25, [ <kl

=0

Sp by
ZC(I)( )A(l) ) b,b /, |Z/| <zl
Z—2Z

00 N oA ’
Z C—,él) (Z)Cl(,l) (Z/) __ Ma,b(2) — Ha,p(2) ’

o
=0 Z—2Z

Z/| > Ry b,

where R, p is the radius of any origin centered disk containing supp(wi o wq p dpL).

Proof. See Appendix A. O

2.7.1. Projection operators and the Christoffel-Darboux kernel
To introduce the Christoffel-Darboux kernel we need

Definition 13. We will use the following spans
[ 0 (-1 [ (0) (I-1)
H=R{e”, .. 70) WY =R{E”, gV

and their limits

H1={ Z CZE ,CIER}, 'H2={ Z Clé ,C[ER}.

0<IKo0 0<I<Ko0

The corresponding splittings
Hi=Hle (1), r=Hle H)"
induce the associated orthogonal projections

(l) cHy —>Hll], (l) 2 Hop —>’H

(77)

(78)

(79)

(80)

81

In the previous definition / < oo means that in the series there are only a finite number of

nonzero contributions. It is easy to realize that
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Proposition 16. We have the following characterization of the previous linear subspaces
! — ! A ~A(—
HI=R{Q©..... 0"V}, HI=R[Q®. .. g0V,

('HU] Z ¢ Q(])’ ¢ ER} (H[l] Z ¢ Q(/) ¢j GR} (82)

I<j<Koo I<j<Koo

and

={ > ao®, czeR}, H2={ > c,Q”>,c,eR}. (83)

0<Ikoo 0<Ikoo
Definition 14. The Christoffel-Darboux kernel is
-1
KW, y) =Y 00 »m0o®w). (84)

k=0

This is the kernel of the integral representation of the projections introduced in Definition 13.

Proposition 17. The integral representation

(" ) = [ Koo duc. vr et

()0 = [ K0 s e, vF et (85)
holds.
Proof. It follows from the bi-orthogonality condition (46). O

This Christoffel-Darboux kernel has the reproducing property

Proposition 18. The kernel K'(x, y) fulfills
KW(x,y)= / K, ) KM, y)du). (86)
Proof. From
Fo) = / KU, y) f0duo), Vi eHD,
7o) = [ Ko feduc. vrend

and KW (x, y) e HEI] as a function of y and K'l(x, y) € H[zl] as a function of x we conclude the
reproducing property. O
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2.7.2. The ABC type theorem
We also have an ABC (Aitken—Berg—Collar) type theorem—here we follow [34]—for the
Christoffel-Darboux kernel

Definition 15. The partial Christoffel-Darboux kernels are defined by

-1

K (xoy) =) AP @0AP ). (87)
k=0
Observe that
KOG,y = Y KM G yywia(was (). (88)
a=l,..., P1
b=1,....p2

We introduce the notation

Definition 16. Any semi-infinite vector v can be written in block form as follows

vl
V= <m), (39)

where v/l is the finite vector formed with the first / coefficients of v and v!*!! the semi-infinite
vector formed with the remaining coefficients. This decomposition induces the following block
structure for any semi-infinite matrix.

(1 [1,21]
&= <gél,n 2[21] ) ©0)
From (33) we get
Proposition 19. Given a moment matrix g satisfying (33) we have
gl = (sth)~'51, 1)
and (S—l)[ll — (S[l])—l’ (5'—1)[211 — (S‘[)l])—l.
Proof. Use the block structure of g, S and S. O

Then, we are able to conclude the following result

Theorem 3. The Christoffel-Darboux kernel is related to the moment matrix in the following
way

K ey = () (™) T o, (92)
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Proof. The ABC theorem is a consequence of the following chain of identities

Kb[{]a (x,y)= (HU]JZ/;;(JC))T(HU]%(y)) the sum is over the first / components
= xS TS 314 see (43)
= X;b(x)(HU]S’*] H[l])(ﬂ[l]Sﬂ[l])Xl,a(y) lower and upper form of S and §
= () " (3 s )
= (X%{},(X))T(g[l])_lxl[{]a (y) LU factorization (33). O

We immediately deduce the

Corollary 2. For the Christoffel-Darboux kernel we have
l T —1.[1
K0, = (1) (¢") g o), (93)
2.7.3. Christoffel-Darboux formula
In this subsection we derive a Christoffel-Darboux type formula from the symmetry property
(67) of the moment matrix g. We need some preliminary lemmas
Lemma 3. The relations
N UNT (1! N 20 (L 2INT .20 [>11 m-1
()™= (") (") = (") T (T - ()T 04
hold true.
Proof. The first block of (67) is
I L= (=10 _ INT > L>N\T
Tl[]g[l] +Tl[ ]g[>l ] _g[”(T2[]) 4 gl >1](Tz[ ]) ’
from where the result follows immediately. O
Lemma 4. We have

el =xgl o - 1217, e=12. (95)

Proof. It follows from the block decomposition of Definition 16 and the eigen-value property
of Yy. O

After a careful computation from Definition 10 we get

Lemma 5. If we assume that | > max(|ii1|, |2|) we can write

p1 P2
>0 _ T >0 _ T
NN =Y enel, e BT =) e, (96)
b=1

a=1
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Here 11, is the & associated integer within the 1\ composition, while l_ib is the & associated
integer for the ny composition.

Finally, to derive a Christoffel-Darboux type formula we need the following objects

Definition 17. Associated polynomials are given by

1 lia I
Aﬂr)aa,(y) xf;)(y)—(gzﬂ,o Slial o 8lai—1) (8M)7 xl[ﬂl/(y),

AO o= () T (g e,

1 1 I+1
A%, s i=el ()T ),

8014
Ao (I4p) 1| Sl
b’(x) X2 b (X) - (X2 b’(x)) ( ) . s (97)
gl—l,l_+b
with the corresponding linear forms given by
. P ) 4 P2
00,=3"A0 wie. 0% :=>AY jwry. a=1.. pi.
a'=1 b'=1
I 1 1 !
o) = ZA(_)ba,wla, iL_ZASFLb,wa/ b=1,...,pa. (98)
b'=1

Then, we can show that

Theorem 4. Whenever | > max(|n1|, |112]) the following Christoffel-Darboux type formulae

D2 D1
1 1 -1 — I
@—nKD =Y A0, AL Do) =3 A ) @Al Lo,
b=1 a=1

(x — y) K, y)—ZQ([) @0, (- ZQ“ Y@olm.

b=1 a=1

hold.

Proof. From Lemma 3 we deduce

(@) (6™ = () " (s") )l )

= (@) (") 7 ()T ) () T L ),

so that, recalling Theorem 3, we get
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v = 0Ky 0 = (@) (g T (I (P T - R (o) T ()
(XZb/(x)) ( [11)71T1[1’211X{i{](y)
- (e w0) ()7 (el ), ©9)
or
=Ky = (0a5'®) " = (dy ) (") e =N (1) () L o)
= () 00) () (2 ) = 2P (@) Tl (00).

Finally, from Lemma 5 we conclude

1,21 >l a
](y) Ze(z Do X Z)(y)

p1
L2 (>0 _
Tl[ lgz0 —Ze(l—l),a(glﬂ,o 8lial 0 8liad—1),
a=1
l] (4p)
(XZ 14 (x)) ZX2 lt’ (x)e(l D_p’
80144
L0l 2T 2 81,11 T
NN =30 T e,
b=1
gl—l,l_+;,
and consequently
B Klll
(x =Ky ,(x,y)
80,04
- & (9] 1| 8Ll T [
—Z X2.p (x)_(XZb’(x)) ( ) . eﬁfb(g ) Xla’(y)
81-1,14

—Z O ) (6™ ea—n, (x5 )

—(844.0 8lyg1 - gz+a,1—1)(g[l]) Xla/(Y)) (100)

Recalling Definition 17 we get the announced result. O

The associated linear forms are identified with linear forms of multiple orthogonal polynomi-
als as follows
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Proposition 20. We have the formulae

O _ HLa) O A0
Qta =05 (- zrami-1r 26 = QB 0:ma0)—22s)
O _ AULD) O _ Ala)
04y = Qi vraryma—nr  Cma= Qi -zl (101)

Proof. See Appendix A. O

Proposition 20 allows us to give the following form of the Christoffel-Darboux formula stated
in Theorem 4

Proposition 21. For [ > max(|7i1], |n2|) the following

i (ILb)
=K (x, y) = ZQ[vz(l 422510101 QU= 1580121 )
(I,a) (IL,a)
_ZQV2(1 D551 U= 21,01 Clor =42, giipa—1y @) (102)
11 N £ (Lb)
= DK =D AT a5 AT 112 O)

(1,a) (IL,a)
_Zsz(l D531 U= =210l O ARG = 1) 42, i1 ) (103)

holds.

Relation (102) is precisely the Christoffel-Darboux formula derived in [14], the difference
here is that derivation is based on the Gauss—Borel factorization problem for the moment matrix;
i.e. only on algebraic arguments, and not in the Riemann—Hilbert problem found in [14], and
hence the conditions on the weights are not so restrictive. However, the reader should notice that
the Christoffel-Darboux kernel does not depend on the ladder determined by the composition
vectors 7i1, o, but only on the degree vectors vy (I — 1) and V(I — 1). This was noticed in [13]
for type I multiple orthogonality.

Proposition 22. The associated polynomials introduced in Definition 17 have the following de-
terminantal expressions

©0)

80,0 80,1 0 800-1 | Xp g

1

| 81,0 81,1 - 811-1 Xl(i

o _ . . . .
A+“’“’_detg[l] det : : : i , (104)

81-1,0 8i-1,1 -+ 8l-1,1-1|X{ o

(l+a)

81140 8lyal 0 8lial—1| X[ g
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80,0 x 80,1—1 80.1
8l_,—1,0 8l_o—1,1-1|81_4—1,
A0 0= CU e | i e s |
7a’b/ detg[l+l] —a 9 —a ’ —a 9
81-1,0 - 81-1,1-1 | 8I-1,1
0) (GY) O]
KXo 0 Xow Xob (105)
! )
80,0 - 80,71 : 80,0_p+1 7 800-1 | X g
1+1'7 . . . .
o (=D det : : ! : :
—ba’ = TS o } - |
detg 81-1,0 " " 8110 ,—1i181—1,1_p+1 """ 8I-11-1{Xy o
_ ! _ @)
81,0 - gl,lib—l 1 gl,lfb-‘rl s 8LI-1 XLa/ (106)
80,0 80,1 o 80,0-1 | 80y,
81,0 g1 o 81 | 81y,
—(1) _ 1 . . .
0.0 = Getgll det : : (107)
81-10 8i—1,1 - Zl-11-1|8-1],
) (e)] (GY) (+b)
Xor Ko T KXo X2,/

3. Connection with the multi-component 2D Toda lattice hierarchy

In this section we introduce deformations of the Gauss—Borel factorization problem that give
the connection with the theory of the integrable hierarchies of 2D Toda lattice type, in the multi-
component flavor case. First, we introduce the continuous flows and then the discrete ones. Let
us stress that both flows could be considered simultaneously but we consider them separately for
the sake of simplicity and clearness in the exposition.

3.1. Continuous deformations of the moment matrix

Definition 18. The deformed moment matrix is given by

Giir in (1) 1= Wo s, (D8 Wo i, (0, (108)
where we use the following semi-infinite matrices
P1 oo . _ P2 o) .
Wo.i, () := Zexp( > rj,aA{’a> €Gy,  Wop@) = Zexp( > rj,b(A{b)«’) €G-
a=1 j=l1 b=1 j=1

depending on t = (tja,tjp)jap With tja,tjp €R, j=1,2,...,a=1,...,p; and b =
1,..., pa.
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As in the previous section and when the context is clear enough we will drop the subscripts
associated with the compositions 7; and 71;. The reader should notice that the following semi-
infinite matrices are well defined

pP1 00 )
(Woi, 07" = ZGXP<_ ij,a(AlT,a)l) €G-,
a=1 j=1

P2 o]
. T .
(Woi,(7") = eXp(—th,hAé’b> €G.
1 j=1

b=

This deformation preserves the structure that characterizes g as a moment matrix, in fact we
have

Theorem 5. The matrix g(t) is a moment matrix with new “deformed weights” given by

o0
wie(x, 1)=& Dw(x), & :=eXp<th,axj>,

j=1

o
wzﬁb(x,t):é_a;,(x,t)_lwz,;,(x), &= exp(Zt_j,bxj). (109)

Proof. Observe that
Pl ) _ P2 _—
Mo =" o OA] . W =3 (43,)5" 0.
j>0a=1 j>0b=1

where U](.“) is the j-th elementary Schur polynomial in the variables ¢;, and 6b(j ) is also an

elementary Schur polynomial but now in the variables —z; ;. To prove (109) we first discuss the
action of Ay , and A2T , on g explicitly. Recalling (12) it is straightforward to see that

(A],agAZT,b)i,j = / KO 1 1) w24y ) XIS (1) 08,6 A (),

and consequently the following expression holds

P11 P2
(WogW()_l)i,j = ZZ/XM)<Z“z(a)xl>wl,al(i)(x)wz,azo)(x)

a=1b=1 130

x ( > 5rﬁb)xm>xk2(j)5a1(i),a3az(j>,b dp(x),
m=0

that leads directly to (109). O
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That the sign definition of the weights is preserved under deformations is ensured by the
fact that all times ¢ are real. Let us comment that these deformations could also be considered
as evolutions, and from hereon we indistinctly talk about deformation/evolution. If the initial
measures have bounded support then there is no problem with the exponential behavior at co of
the & factors; however, for unbounded situations a discussion is needed for each case.

The Gauss—Borel factorization problem

g i =S07'S@®),  S®HeG-, St e, (110)

with S(t) lower triangular and S(t) upper triangular, will give the connection with integrable
systems of Toda type.

Let us assume that the weights in (i, w2) are of the form (28) and that conform an M-
Nikishin system, then Theorem 1 indicates that for small values of the times the new weights are
also in the M-Nikishin class, ensuring that (w1 (¢), w2 (), ) is a perfect system and therefore the
Gauss—Borel factorization makes sense.

3.2. Lax equations and the integrable hierarchy

Let us introduce the Lax machinery associated with the Gauss—Borel factorization that will
lead to a multi-component 2D Toda lattice hierarchy as described in [28]:

Definition 19. Associated with the deformed Gauss—Borel factorization we consider
1. Wave semi-infinite matrices
W) =S Wo(t), W(t) := St)Wo(t). (111)
2. Wave

Ve, )= WD x1.a@. Tl ) = W) x5, (), (112)

and adjoint wave semi-infinite vector functions?

Wi =W ) (@ Fen=Wn ) xp@.  113)

3. Lax semi-infinite matrices

Lo(t) =50 A1.507",  Ly@) =814, ,51) " (114)

2 In this point the reader should notice that there are two differences between this definition of wave functions (also
known as Baker—Akheizer functions) and the one common in the literature, see for example [4]. Our modifications
are motivated by two facts, i) we prefer lI_/g‘ to be a polynomial in z and not in F up to plane—wave factors, ii) we
choose to have a direct connection between wave functions and Cauchy transforms of polynomials, with no 2~ ! factors
multiplying the Cauchy transforms when identified with wave functions. If we denote by small v the wave functions
corresponding to the scheme of for example [4] then we should have the following correspondence llla([)(z) < wﬁ” (2),

WHP@ o @HO@. e o 9@ and @HO ) o GHO .
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4. Zakharov—Shabat semi-infinite matrices

Bja:=(LY),.  Bjs=(L}) . (115)

where the subindex + indicates the projection in the upper triangular matrices while the
subindex — the projection in the strictly lower triangular matrices.

Observe that
LoWy =84.072%, Ly =8z "W). (116)

We also mention that the matrices S and S correspond to the Sato operators (also known as gauge
operators) of the integrable hierarchy we are dealing with. Some times [9] the operators L, are
referred as resolvents and the Lax name is reserved only for a convenient linear combination of
the resolvents.

The reader should notice that as S(#) € G_ and Wy(¢) € G4 the product W(r) = S(t) Wy (¢) is
well defined as its coefficients are finite sums instead of series, for (W)~ )T =
SOHTWe)™HT we can apply the previous argument and therefore the product is well
defined. However, (W ()" DT =S~ HTWo@) DT is a product of elements which involves
series instead of finite sum and its existence is not in principle ensured. The situation is repro-
duced with W(¢) = S(t) Wy (¢), and the existence of the product is not guaranteed. However, we
notice that the simultaneous consideration of the factorization problems (110) and (33) leads
S@)~ 1S(t) = Wo(1)S~SWy()~! that shows two products involving series, namely Wy(¢)S™ 1
and SWo(r)~!, but they are well defined if we assume the ex1stence of both LU factorizations.
From hereon we give for granted the existence of W and W', and as we will see they indeed
involve series, which in the convergent situation lead to Cauchy transforms.

Proposition 23. For the wave functions we have
vO@n=a0cné@ 0, () Pen=AP e néen, (117)

where Aék) (x,1), Aék) (x, t) are the multiple orthogonal polynomials and dual polynomials (in
the x variable) corresponding to (109). The evolved linear forms, associated with weights (109),
are

P1 P1

0P, 1):=Y AP, Dwia(x, 1) =D ¥ P (x, Hwy (), (118)
a=1 a=1
SO Ny B A @)
0P (x, 1) =Y (A))" (x. Hwap e 1) =D (7)) (x, Hwap (), (119)
b=1 b=1

which are bi-orthogonal polynomials of mixed type for each t

/ 0V, x)0W(t, x)du(x) =8k, 1,k=0, (120)

and
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(k)
7 (k Q (-xv t)
0z = f () du(x),
—X
N (k)
k 0" (x,1)
(W;)( )(Z7t)=/7z_x wi,q(x) dp(x). (121)

Proof. From the definitions (112) and (113), and the factorization problem Wg = W we con-
clude

O =Wxi,=SWolxi,  ¥o=(W ) xiu=(")" (W) xio (122

We get, in terms of the linear forms, the following identities

_ (k) A (k)
&0 = / %wmx)du(x), (@)Y @n= f %wl,mdum,

where the Cauchy transforms are understood as before.’> O

We must stress in this point that these functions are not the evolved second kind functions of
the linear forms

(k)
cW (1) _fQ QD ety (),
(k)
€090 = [ LD e nauco. (123)

Theorem 6. For j, j'=1,2,...,a,a'=1,...,prand b,b' =1,..., ps the following differen-
tial relations hold

3 The reader should notice that there is a difference in this semi-infinite context, appropriate for the construction of
multiple orthogonal polynomials, and the bi-infinite case which is the one considered in [37]. In the present context we
do not have expressions, as we do have in the bi-infinite situation, of the form

o @ =(Po+ P17 +~~)exp< Z’}:sz)
Jj>0

('1’;)(]()(2,!)=(Qo+lef1 exp( Zt] uz )

j>0

The reason for this issue is rooted into non-invertibility of A,. Indeed, for the semi-infinite case, we have

(Ad) % =/ xi)- exr)(?o, (A1) )X:Z[exp<§cjzj>xjj|_

where the subindex — stands for the negative powers in z in the Laurent expansion; while in the bi-infinite case we drop
the — subindex in the previous formulae.
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1. Auxiliary linear systems for the wave matrices

ow =B; W, a_—W=z§,bW,

atj)a ’ atj)b ’

oW =B, W, 8_—W=B,-,,W. (124)
0tjq ’ 0tj p ’

2. Linear systems for the wave and adjoint wave semi-infinite matrices

3‘1’,1/_3. v BWa/_B_ v
3tj,a =Dja¥a, 3l‘_j,b =Djb¥a,
7 —B; ¥ 00y =B, (125)
8tj,a = Dja¥p, 8fj,b = Djb¥p,
w 12
T nT
. =—B] ¥, - =—B],¥}.
J.a j.b
17 17
-B] ¥, - ——Bwa,j, (126)
3tj,a 3lj,b

3. Linear systems for multiple orthogonal polynomials and their duals

3%/ - a,Q{a/ —
= B - el 8 ’ '] ,d/, _—— B i M’,
3t).a ( Jj.a a,a’X ) a 07,0 (Bj.p) Ay
agfb/ - 8.y - o
ﬂf/ — = (—B; Sp.pyx? ) )y . 127
ja b ;b (=B + by ) (127
4. Lax equations
oLy By L] dL, _ B .
atj,a = j.as a'ls 31—/,1; Js bv
81:;,/ - 81:17/ - _
=[B; 4, Ly], — =[Biyp, Ly]. 128
8tj,a [ j.a b] atj,b [ J.b b] ( )

5. Zakharov-Shabat equations

IBja 0Bj

- — +[Bja, Bjro]1=0, (129)
j g g Joa> e

dBjp, 9Byy - -

=2 — L2 4 (B, By y]=0, (130)

3271‘/,;,/ at_j,b
0B, 8Bj/,b/
8t_j/’h/ 8l‘j’a

Il
e

+1[Bj.a, Bjr ] (131)
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Proof. To prove (124) we proceed as follows. In the first place we compute

IWy ; IWy T \jr
= AJ W , - = A ]W 3
atj,a l,a 0 3l</,b ( 2,b) 0
and in the second place we observe that
aw BN ; IW aS -
:( s! +L$>W, :( S')W, (132)
3l‘j’a 8tj,a 3lj,a 3l‘j,a
aw N oW S -1 =i\
81‘]',}, at] b al‘j,b 8tj,b
Now, using the factorization problem we get
as S O
ST+ Ly=—"357",
al‘j a j.a
N N
—s5 LJ —s !
ot p ot p

which, taking the 4 part (upper triangular) and the — part (strictly lower triangular) imply

EXY 98

-1_ _ (74 o1 _ (77
8”#5 =—(La)_, atj,aS (£2)..
98 ol _ (7] a8 —1_ (7]
=) s =) (134)

so using (134) into (132) and (133) with the definitions (115) we obtain (124). The linear system
(125) is obtained by inserting (112) into (124).
To obtain the Lax equations (128) we take derivatives of (114)

ALy s Ly S -,

= N » , Ly = S Y Ly|=I[Bja Ly
3.4 [az“, } [Bj.a> Larl, 3.q 3).q v | =Bja Ly'l,
Ly s _ 9Ly S -, o
L | —585 Y Ly|=I[Bjp Lal, —2 = | —8 ' Ly |=I[Bjs Lyl
B [at]b ai| [Bjb, La'l o7 P b [Bjb, Lyl

Finally, (129) are obtained as compatibility conditions for (124). O

All these equations provide us with different descriptions of a multi-component integrable
hierarchy of the 2D Toda lattice hierarchy type that rules the flows of the multiple orthogonal
polynomials with respect to deformed weights. This integrable hierarchy is the Toda type exten-
sion of the multi-component KP hierarchy considered in [9].
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3.3. Darboux—Miwa discrete flows

We complete the previously considered continuous flows with discrete flows, which we intro-
duce through an iterated application of Darboux transformations [5].

Definition 20. Given sequences of complex numbers

ra={ram)}, ,CC, a=1,..,pi,

M= {hm}, ., CC. b=1,...,pa, (135)
(where A is not intended to denote the complex conjugate of 1) and two vectors, (sq,...,s n) €
ZP! and (51, ..., S)p,) € ZP?, we construct the following semi-infinite matrices
12 l—[fla:] (A1,a — Aa(MW)IT14), sq >0,
Dy = Z Do.q, Dog:=13 a; sq =0,
a=1 il (Ara = da(=m) 1 )71, s <0,
m [T (A7, = k()T p), 5 >0,
Dy :=>(Dy"),.  (Dyh), =1} Mo, 5 =0, (136)
b=l (AT, = A=)~ 5 <0,

where s := {54, 5p}a=1,...,p, denotes the set of discrete times, in terms of which we define the
b=1,....p2
deformed moment matrix

g(s) = Do(s)gDo(s) ™" (137)

Proposition 24. The moment matrix g(s) has the same form as the moment matrix g but with
new weights

[T (x = 2a(n)), sa >0,
W1 4(s,X) = Du(x, 85)w1,4(x), P,:=11, 5, =0,
H‘yfi‘l(x —Aa(=n)7Y, s <0,
. ) M, = %), 5 >0,
wap(s,X) = Dp(x, 5) wap (), Zp =11 =0, (138

1% (x = Ap(=n)~1, 5 <0.

Thus, the proposed discrete evolution introduces new zeroes and poles in the weights at the
points defined by sequences of A’s. For example, in the a-th direction, the s, flow in the positive
direction, s, — s, + 1, introduces a new zero at the point A, (s, 4+ 1), while if we move in the
negative direction, s, — s, — 1, it introduces a simple pole at A, (s, — 1). Let us stress that for the
time being we have not ensured the reality and positiveness/negativeness of the evolved weights,
this will be considered later on.
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3.3.1. Miwa transformations
Here we show that the discrete flows just introduced can be reproduced with the aid of Miwa
shifts in the continuous variables.

Definition 21. We consider two types of Miwa transformations:

1. We introduce the following time shifts

t—tF[z7] {t,-,aﬂ“ ,t]b’} =12 (139)
a'=l,...p1,
b/=1, “P2.
2. Dual time shifts are
7] - 1
t—>tE[z7 s =1{tja. iy £ b= j=12.., (140)
J< a'=1,..., D1,
b'=1,...,ps.

Proposition 25. The Miwa transformations produce the following effect on the weights

844
et ¥ ) = (1=3) e,

Z
wap (x, 1 F [27 ] ,8) =wyp(x,1,5), (141)
L (x.1

+ [z b, 5) =wiwx, 1,9,

- o\ Ebp
wap (x,t £ [z71]p.s) = (1 — Z) wy (X, 1,8). (142)

Proof. When we consider what happens to the evolutionary factors under these shifts we find

, xJ
exp( th,a/xf> — exp( Z(tj’“/ F 85“’“%))

j j
x :F‘Sa/,a .
- (1 — ;> exp< Xi:tjya/x]), (143)

and therefore the weights transform according to

:l:Sa_a
Wi (x,1,5) = (1 - f) Wi (X, 1,5), (144)
Z

which is like the Darboux transformations considered previously. For the dual Miwa shifts we
consider what happens to the evolutionary factors under these shifts
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) J
exp(— ij,b/x]) — exp(— Z(fj'b/ + 51,@,%))

4 4
o\ E! '
=(1-=) expl—) fipyx’/], 145
2 N
b
and the transformation for the weights is
£85,4
wo p(x,t,5) = (1 - —) wo (X, 1,5). O (146)
Z

Thus, a comparison of (138), (141) and (142) leads to

Proposition 26. Miwa transformations and discrete flows can be identified as follows

w],a(x»t_Z;‘;l[)\a(”)_l]a)a 5q >0,
CaWia(X,1,8,) =14 Wia(x,1), sqa =0,

wiq(x,t+ Z‘nsi‘l [)»a(—n)fl]a), sq <0,
[T (=2, 54> 0,
Ca = 17 Sq = 0,
14 (—aa(=n)). 54 <0,

Ky - _ -
wp(x, 1+ Y00 [Ap(m)~p, x), 5, >0,
Cowa p(x,1,5p) = § w2 p(x,1), sp =0,

wop(x, T — Zfill mh), Sp <0,

nj}:l(_ib(’?))_l, sp >0,

Cp:= I 5, =0, (147)
1% (=7p(=n)), 5 <0.

As a conclusion, the discrete flows and Miwa shifts in the continuous flows are the very same
thing, and therefore we could work with continuous flows and Miwa transformations or with
continuous/discrete flows. This discussion justifies the Miwa part in the name we gave to these
discrete flows.

3.3.2. Bounded from below measures

Of course, in order to preserve the link with multiple orthogonal polynomials, these discrete
flows must preserve the reality, regularity and sign constance of the weights, which generically
is not the case. When the support of the weights is bounded from below, i.e. there are finite
real numbers K, and K, such that supp(w ,du) C [K4, 00) and supp(wz,,du) C [Kp, 00),
a possible solution is to place all the new zeroes and poles in the real line but outside the cor-
responding support, A,(n) < inf(supp(w; ,du)) and () < inf(supp(w2,,du)). A different
approach, which will be considered in Appendix B, is to arrange the zeroes in complex conju-
gate pairs.
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To analyze the consequence of the discrete flows on the integrable hierarchy we introduce two
sets of shifts operators:

Definition 22.

1. Let us consider the sets of shift operators {7, }5 ! | and {Tb}gil, where T, stands for the shift

sq > 54 + 1 and T}, stands for sp > 55, + 1. The rest of the variables {sy, Sp} will remain
constant.
2. We introduce
da = I— Hl,a(ﬂ'i‘ Aa(Sq + ])) + Al,as
Gy =1~ I (T +Ap(Gp + 1)) + A . (148)

3. We also define the operators
8a:=5gaS™" =1 = Co(I+ ra(sa + 1)) + La,

8 :=SqpS ™' =1—Cp(I+ ApGp + 1)) + Ly,
Co:=SM ,S7", Cp:=SI,5". (149)

Here the matrices 8, and 3, are called lattice resolvents.
4. Finally the semi-infinite wave matrices

W := SDy, W := §Dy. (150)
Observe that
(T.DY)Dy ' =qs. Dy (TuDo) =1,
Do(TyDy') =G»,  (TyDo)Dy' =1. (151)

When we assume that the semi-infinite matrices 8, and 8, are LU factorizable as in (33), i.e. all
their principal minors do not vanish, we can write

8a=08,"8a4.  8=08,"8p+. (152)
where 8, _ and 8, _ are lower matrices as is S in (33), and 8,4 and &,y are upper matrices as S
in (33). We now show that when the deformed moment matrix g(s) is factorizable, and therefore

the multiple orthogonality makes sense, the following holds

Proposition 27. If the deformed moment matrix g(s) is factorizable for all values of s then so is
84 and 8y, with

Say =TS8, Sa = (TS,
Sps = (TS, Sy =SS (153)
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Proof. When we apply the discrete shifts to the Gauss—Borel factorization problem g(s) =
S7L(s)S(s) we get

Tu(S™)Ta(S) = Tug(s) = (T D) Dy '¢(5) = qug(s) = ((Tu8)S™") ™ (1,557 =4a,
To(S)To($) =Tog(s) =) Do(T D5 ) =)@ = (T$)s™) TS =5,
and the desired result follows. O
Therefore, we can consider the following

Definition 23. The semi-infinite matrices w, and @ are given by

Wq ' =384,-84 =084 +, p = 0p,— =(§b,+3__1, (154)
and show that
Proposition 28.

1. The following auxiliary linear systems

T,W=w,W, T,W=w,W,
T,W =apW, T, W =apW, (155)

are satisfied.
2. The Lax matrices fulfill the following relations

T,Ly = (UaLa’wa_l» Tal_lb = wal_lbwa_l,

TyLa = &pLad, ', TyLy = dpLyd, ' (156)
3. The following discrete Zakharov—Shabat compatibility conditions hold

(Tawg)wa = (Tywa)wyr (Tawp)wa = (Thwa)a)ba

(Typ)ap = (Ty )y - 57

4. When the discrete and continuous flows are considered simultaneously, the following equa-

tions
-1 -1 = - -1, - -—1
Ta’Bj,a = (8j,awa’)wa/ + 6Ua’Bj,awar , Tij,a = (8j,awh)wb + thj,awb s
A = -1 Ao -1 s 5 RNy |
TuBjp =0 pws)w, +waBjpw, ", Ty Bjp = (0 p0p)w, +opBjpw, , (158)

are obtained.
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Proof. We compute

T,W = (T,8)(T,Do) = (T,8)S ' Sq,S 7' SDy =84, _8,W =8, 4+ W,
TuW = (T,5) Do = (T,8)S ' §Do = 84+ W,
TyW = (TpS) Do = (TpS)S ' SDy =8, W,

T,W = (Tp5)(Ty Do) = (T,5)S '8, ' S~ 5Dg = 61,8, ' W =8 W,

from where we deduce (155), which in turn imply (156) and (157). O

The simultaneous consideration of continuous and discrete flows leads to the replacement
Wo — WoDgy and Wy — WyDy, and the corresponding modification of the weight’s flows is
achieved by the multiplication of the continuous and discrete evolutionary factors, in this context
we also have (158). These discrete flows could be understood as a sequence of Darboux trans-
formations of LU and U L types in the terminology of [5], which motivates the Darboux part in
name we give to these discrete flows. In fact, we have that the lattice resolvents satisfy

3a = 5;,1_811,—&- = Tads= a)a(saw;] = 8a,+8;1—60»+8;}|‘ = 6“*"'8‘;1_’

Sb — S;;I_Sb,+ = TbSb = J)bde)h_l = Sb’_g};l_gb,_;.g}:l_ = Sb,+(§};l_7
which amounts to the typical permutation of the LU factorization to the U L factorization. When
there is only one component we have § = L + A and § = A 4+ L and the shift corresponds to the
classical LU or U L Darboux transformations.
If A(ak) (x,s), Algk) (x, s) are the multiple orthogonal polynomials and dual polynomials in the

x variable corresponding to the discrete evolution of the weights (138) respectively we have the
discrete version of Proposition 23

Proposition 29. The wave and adjoint wave functions (150) are
= k - = - =
v =P )% @), ()Y@ =AP @)D (159

and the linear forms

P1 P2
0P, )= AP, Dwiax,9), 0P, )= (AP (x, Hwap(x,s),  (160)
a=1 b=1

associated with the weights w1 4(x, s), w2, p(x, s), can be expressed as

P1 P2
0P, 5) =Y v Hwia@). 0P =D (%)Y @ ), (161)

a=1 b=1

in terms of which we have the equations
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_ (k)
& F (z,5) = / %wz,bmdu(w,

M (k)
()@= / %wl,amdw). (162)

Here the Cauchy transforms must be interpreted in exactly the same terms as in Proposition 8.
Observe that (162) do not correspond to the functions of the second kind

_ (k)
CH(z,5) = / %wzﬂx’ﬂdﬂ(}c),

A (k)
Ctgk)(z,s) ::/%wl,a(x,s)du(x).

Notice also that from (149)—(152), relations that hold true for any g and not only for the moment
matrix, we get

(163)

Lemma 6. We have that

. 1 .
a)u=wa,0A‘n'| niaqt +wa,1A|n1| nl,a + o O iy —ny 10
_ _ T\li2l—nap+1 | - T\ l2l—n2p -
@y = dpo(AT) +ap1(A") + o Op iy —n 1
T T\l 1l=n1,a+1 T\ li11=n1,
w, = )Oa,O(A ) a4 ,Oa,l(A ) C A Pai—n a1

-T _ = fial—nop+l 4 na|— -
o, —,Ob,OAl 2l=n2p +Pb,1A|"2‘ na.p +"'+;Ob,|n2\7n2,h+]’

(164)
for some diagonal semi-infinite matrices
Wq,j = diag(a)a,j(O), wq, (1), .. .),
p,j = diag('b,j(O), wp, (1), .. .),
Pa,j = diag(pa,;j(0), pa,; (1), ...),
pw.j = diag(pp,j(0), pp,j (1), ...), (165)
with
Pa,j (k) :=wq j(k — 1| +n1q— 1+ ),
P, j (k) ;== wp j(k + 2] —nop+1—j), (166)
that with
Definition 24. We define
Ya,a' (5, X) 1= (1 - Sa,a’(l +Aa(sa+ 1) — x))v
Vopr (5, %) 1= (1= 8 (1 + Ap(5p + 1) — x)), (167)

leads to
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Proposition 30. The following equations

(Ta’Aék))Va,a’ = wa’,o(k)A((zkHﬁl et O ity |~ny oy +1 (k)AD,
Ty AW = ayy o) AL 227D 4y By gy y+1 VAL, (168)

puo® (T Ay ") ek 1 (T A) = A,
(ﬁb/,o(k)(Tb/fi;(,kHﬁz'_nz’h/H)) + o i —ny y+1 (k)(fbu‘il(,k)))fb,b' = Al(jk), (169)

are fulfilled.

Proof. For (168) recall the discrete auxiliary systems for W, while for (169) just consider that

T v-1\T v-1\T T (=T -\ T
0 T (W) )=(W) ", ah(Ww))=(w") . o

Notice that relations (168) and (169) are among multiple orthogonal polynomials in the same
ladder but with different weights, they link the polynomials for the weights wj 4, w2 5 with those
with Ty wi 4, Tywap or Tywi g, Ty w2 p.
3.4. Symmetries, recursion relations and string equations

We now return to the discussion of the symmetry of the moment matrix that we started in
Section 2.6 but with evolved weights and the use of Lax matrices. The first observation is the

following

Proposition 31. The j-th power of the evolved Jacobi type matrix introduced in Section 2.6 is
related with Lax matrices through what we call a string equation:

P P2
J=3"Li=>"Lj, j=12,..., (170)
a=1 b=1
and the multiple orthogonal polynomials are eigen-vectors:
Hady=xldy, (1) dy=xIdy, (171)

fora'=1,...,piandb =1,..., p;.

Proof. Using (68) it can be proven by induction on j that for any j > 1 the following equation
holds

Al gy =1T14g(A5,) . (172)
so that

L)Cp=CqL]. (173)



1506 C. Alvarez-Ferndndez et al. / Advances in Mathematics 227 (2011) 1451-1525

Summing over a, b we deduce (170). Moreover (171) is obtained as follows

P1
iy =83 Al ST\ Sx10=x"dy, (174)
a=1
(Jj)T ZA] ST 1 )(2’1,/ ZXJJZ{;,/. O (175)

We are ready to show that the symmetry (68) induces a corresponding invariance on Lax
matrices and multiple orthogonal polynomials

Proposition 32. The following relations hold for j = 1,2, ...

P1 P p2 3 P1 9 P2 9 _
= L /= 0, b L / :0, 176
Zatm +Zal‘j7b “ Zatj,a + ot; b ( )

a=1 b=1 a=1 p=1 %t
P1 9 p2 9 P1 9 2 3 B

+) — |Fw =0, +Y — |ajy =0. 177
; 0tj.a 1; atjp | ¢ ; 0t} 4 1; i b

Proof. See Appendix A. O
3.5. Bilinear equations and t-functions

The proof of the bilinear identity needs three lemmas. For the first one, let Wi, 7,, Wi, 7,
be the wave matrices associated with the moment matrix g;, 7,; so that, Wx, 7,85, 7, = Wi, 7,

Then, we have

Lemma 7. The wave matrices associated with different compositions and times satisfy

-1 1
Wiy iy (1) o Wi (118) ™ = Wiy iy (1), o Wi (115) (178)

Proof. We consider simultaneously the following equations

Wi, iy (8, 9)8 = Wi, iy (2, 5),

Wﬁ/lﬁ’z (t” K )7‘[5/ ﬁ]gT[ , Wﬂ, P (t s )

ny iy
where g = g5, 7,, and we get
1y T /
Wiy iiy (1,97 Wiy iy (8,8) = 705 52 Wit iy (s ) Ww P (t s )71;,/ =8
and the result becomes evident. O

For the second one, let (-)_; denote the coefficient in z~! in the Laurent expansion around
z = 0o (place where the Cauchy transforms make sense).
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Lemma 8. For the vectors y, the following formulae hold
P - P
(ZXa(fo) ) =<Zx2‘xaT) =1
a=1 -1 a=1 —1

and therefore

Lemma 9. For any couple of semi-infinite matrices U and V we have

P1
uv = (Z(le,a(vTxfia)T) (179)
—1

a=1

P2
= (Z(UX;,b)(VTXZ,b)T) . (180)
-1

b=1

Proof. It follows easily from Lemma 8:

P1 P1
(Z(Um,w(vTxr,a)T) = U(me (xl*,a)T) v=uv,
—1 a=1

a=1 —1
P2 T D2
(Z(UX;,,)(VTX;,,) ) =U<ZX;I,X2T,,) V=UV. O
b=1 —1 b=1 —1

We have the following
Theorem 7.

1. The wave functions and their companions satisfy
< (k) 0}
* I /
Z%lpﬁ],ﬁz,a(z’t’s)(qjﬁ’l,ﬁ’z,a) (z.1',5) dz
a=1lg,

P2
7, (k 7 )
=3 P B et (B ) )
b=15

2. Multiple orthogonal polynomials, their duals and the corresponding second kind functions
are linked by

p1
(k) ~(D) r

Zyg A a@ G o (21 5") Ea(2) 2

a=15,

=/
ny,ny,b

P2
-3 f W Gt )AY (@t ) By dz, (181)
b=12%
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where

-1 ~ > 5 5 5 -1
Ea = ((fa@a)(z,t,s)((ga@a)(z,t/,s/)) ’ Eh = (@@bgb)(zstvs)((gb@b)(za t/vs/)) .
Proof. 1.1f wesetin (179) U = Wy, ;,(¢,s) and V —rrﬂ, P W,‘,i/ 5 (t s")~! and in (180) we put
U= Wn1 i, s) and V = rrﬂ, P W~r A (', s"H~! attendlng to (178) recalling that ¥;, 57, , =
Wi, iin Xiiy s llf,,l,,,z’b = Wnuanﬁz,b and observing that W?Z,V = (Wq/ q/) T 1J11Xn1 , and

lI/ﬁ, P (WI{,]W )TT[ﬁ/z iy Xiia,b WE get the stated bilinear equation for the wave functions.*
157190 1272 ? ]

2. We can write

1
Wﬁ]ﬁz(t, S)JTA/ P W;l/lﬁfz(t s )
Lo . T AN 1
:(Sn],nz(tsS)Wo,nl(tvs)nﬁ/lﬁl(WO,ﬁ/I (t 7S)) nﬁ’ ﬁ]) I’l l’l]Sﬂ n’ (t S) )
which strongly suggests to consider in (179)
— Q. - r 1 _ T ol
U= Si, 7, (t,5)Wo i, (, s)rrn/ a Woar (7'57) ™ min iy V=g 5.7 (t'.s)".

Analogously

1"

i T r -l
WﬁlﬁZ(l’s)nﬁ],mWﬁ’ = (l ,S)

= (Sain ) Woiy ()5 5 (W (1)) ™ ) S (287) ™

suggest to set in (180)

G = T = -1 1
U= Si, 5, (t,s)Wo i, (t, s)nﬁ/zﬁz(vvw2 (t'5) " 7y s V= nn, nzs,,/lﬁ/z (t.s")".
The application of (179), (180) and (178) gives the alternative bilinear relations (181) where we
have used the evolved Cauchy transforms (123) and introduce the evolutionary factors

E, = (6,%4) (2 t, s)((ga@ﬂ)(z’ t/’ SI))_I ’

Eb = (é_"b@b)(z,t,s)((g_bgzb)(z, t/,s/))_l. m|

The factors involved in this definition were introduced in (109) and (138), so that we assume
the discrete flows within the bounded from below support scenario, while if we consider the
two-step discrete flows the replacement of the &Z-factors by the %’-factors (220) is required.

4 The reader familiarized with Toda bilinear equations should notice that in the right hand term we are working at
z = oo instead of, as customary, at z = 0; the reason is that for the definition of 7}, we have used x; instead of X;,
in order to get polynomials in z, while normally one gets polynomials in 2L See footnote 2. Moreover, due to the

redefinition of the wave functions there is no =—% 2 factor
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It can be shown that for certain weights, for which we can use the Fubini and Cauchy theo-
rems, and when one only considers a finite number of continuous flows that the r.h.s and Lh.s.

in this bilinear relations are proportional to fR Q(k) (x t)Q(l) i, (x,t")du(x). This is a direct
consequence of

Proposition 33. We have the following identity

1

/Qm iy (X, 1, S)Q-'/ P (x t,s )dlL(x)— iy (s s)na, i ( i, ,qz(t/,s/))_ (182)
= _zl,az(r,s)nﬁTzﬁz(WWlﬁ/z(ﬂ,s’))“. (183)
Proof. See Appendix A. O

Now, we will perform a full characterization of the 7-functions associated with the multiple
orthogonal polynomials defined in this paper.

Definition 25. Let us define the following matrices

80,0 go,1 - 80,-1 80,
81,0 81,1 o 8Li-1 81,1
dial=| : : |
8i-1,0 8-1,1 - 8i-11-1 8i-1,
8lea0 8liad T 8liad—1  8lial
80,0 80,1 - 80,11 } 80,04,
g0 8Lt 8LI-1 | 81,
galt= Lol
8i-1,0 81-1,1 - 8171,17118171,1‘%
go g gt ! &, (184)

[14+1] -

The matrix g, is obtained from g1 replacing the last row (operation denoted by a dashed

line) by

(8114,00 8lia, s+ 8lial—15 8lig,l)

and g P11 g obtained from g1 replacing the last column by (go‘l_er’g],l_er’ s 81104y
g.7.,) " Itis clear that if a; (1) = a then g{ ;"1 = g+ and if ay () = b then g} "' = gl+11.

The minors of the these matrices (184) will be denoted as M; Hl] M [l“ for g+, M J::}] j
for gU'H and M J:Z}] for g ++l] Now we introduce the followmg determlnants that are cofactors
of the previously deﬁned matrices

Definition 26. The t-functions are defined as follows



1510 C. Alvarez-Ferndndez et al. / Advances in Mathematics 227 (2011) 1451-1525

0] — I+1_gy agli+11 o _pHl_g g pU+1]
Tig—a = (-1 M+a[ D T g = (=1)-b Ml,u,l__,,’ (185)
F10] I+ ipll+1] () . o qyl—atlp gyl
Tp = (=)™ M+bll b, T, _p=( 1) Ml,a,l‘_;,' (186)
Moreover,
O .__ O (1) —;0
1. If a; (/) = a then we denote t__, := Tiaa and T~ b
2. If ap(l) = b then we denote r(l) = r(ll)) and T _(l) ;= fj_l; -

3. We also introduce 7 = @) := det gl and

rfrl;rl) =detg l+1], (ZH) :=detg

—[l+1]
If a; (1) = a then rjrl:l) 70D and if ap (1) = b then r(l+1) 4D,
Given a perfect comblnatlon (u, w1, w7) and the correspondlng set of multiple orthogonal

polynomials {A[3,.5,1.4}-L, with degree vectors such that || = [V,| + 1, there exist a (7i, 7i2)

ladder and an integer [ with |V;| =+ 1 and |V>| = [ such that the polynomials {A( )}p ! | coincide
with {A[Uu\?z],a}gl:y The final result does not depend upon the particular (711,7) ladder we
choose to get up to the given degrees in the ladder; however, the t-functions do indeed depend
on the ladder chosen through a global sign. A simple sign-fixing rule is to choose the ladder
ni ="y and 7iy =V + €,,. We define

. - -
T[o1:02] = T3, 5, I=vi| =1=vyl,

and we deduce

Proposition 34. Given degree vectors (V1,V3) such that |vi| = |V2| + 1, a composition with
1y =V and iy =V + €, and | = V1| — 1 = V1|, we have the following identities

O} .o L =) _ Npe = o -
T+{l —a 81 1( )t[\)|—e1.a/+e|,a;u2]v T+b‘,b/ — 82,2(b7 b )‘C[Vl;vl_e2,b’+92,b]’
o _ (1)
T b—a™ _p = €210, )T, 4, 21 —€LaiV2+E py —E2p]>
where
/ Y o A V1 0y — ,
e11(a, ') = (=1)&r=1 LT g=1 VLT a <a,
/ P ETNED R ARTER /
e11(a,a’) i= (= 1)== P TER T g > a,

e22(b, 1) i= (— DT 2t Ly
e22(b, V) 1= (1) Zm1 2t Tl s,
& 1(b,a):= (—1)Z§=1 V2,2 o1 v+, ,

er1(a,a) :==1=2¢g7(b,b).
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In particular
() =) _ PV = s -
=e¢11(p1, a)f[v1+€1 p1—€LaV2]> T, =¢€22(p2, )T[V1§V2+62,132_32,h]’
(I+1) -(I+1)
Tig = €110 POTG 48 402482, 1 Ty =220, P)TE 43, 4]

We now proceed to give the t-function representation of multiple orthogonal polynomials,
their duals, second kind functions and bilinear equations. The t-functions allow for compact
expressions for the multiple orthogonal polynomials:

Proposition 35. The mixed multiple orthogonal polynomials A(l) Ag)a . and Ag)b’ 4 have the
following t-function representation

1
AD (D) = ALY - 2l il N (187)
a O i)iv(d-Dla (1) ’ =z 5
O] —1
T =127 1)
0] (Ia") via(—1)+8, y—1 _+a',—a
Avw D =Ag 2 D48, gia(—Dla = % 0 () , 1>1, (188)
(l) —1
O] _ A@b) via()—1 T, =27 )
Alpa@)= D152 () —eapla — < T+ () ’ > 1. (189)

The dual polynomials A(l) A:l_;,, B and A(l) b have the following t-function representation

D+ 1271

T () T~ (Iax (b)) vap()—1 —b—
Ab ( ) A[”Z(l) vi—-D1b — =z ‘[(H_l)(l‘) s = 1» (190)
0 —
_pt+1z7p)

i — ALY (I—1)+8, 1 b/,
A p@ = ARz, e =207 200 o f=h D

=1

(l) _ 1@a) U2b(l) 1 b(t + [Z ]b)

A—ap@ = A e 10 = g 2L (192)

Proof. See Appendix A O

Observe that in the simple ladder defined above (v, V2 + €3 p,) with [ = [Va] = V1| — 1 we
have

vi(l) ="y, V(I — 1) ="y,

Vil — 1) =V —€1p,, V(1) =V + €2, p,.

From Proposition 35 we get

-1
_1T[‘jl"l'gl,pl_él,aa;‘jﬂ(t_ [Z ]a)

(L p1) ( Vg
= ) =¢1,1(p1,a)z"™"
[Vi;v2].a T[D.;T;z](t)
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1 T[\j|—gl,a+51_a/;ﬁ2](t - [Z_l]a)
(55551 (1)

(La")

e L. Via—=8a,p; 84 0/ =
Vi—e1,p,+ep a2

’

L@ =e11(d )z

.S [ - _r,—1
1.b) _1T[U1+el_pl—e|1a;uz+e2'p2—elb](t [z7'1a)

[V1;92+€2,p, —€26],

D =e21(b,a)z"

)

To1+21,p, 32462, py ] )

T[V1;v2+€2,p, —€2,5] (t+[z7"1b)

1A, p2) — U2.b+5b,pz*1
Alyty 1512916 = €22(P2, )2

)

T[D1421,py 3 92+82,p, ] )

Toyiis—erptéy 1+ [27110)
T(51:5,] (1)

)

T(IL,b") _ N\ V2,5t =1
Alirsey yitn—en 1o = €220 D)z :

- o b o - B -1
ACa =e1(b a)ZU2.b+5b,pz*] T01+1,p; —é1.a3 12482,y —&p)H 127 b)
[V2+e2 pyiv1—€1,al,b — T2 1N

T[‘jl +éi Pl ;DZ+EZ,p2] (t)
We now present the t-representation of the Cauchy transforms of the linear forms.

Proposition 36. The Cauchy transforms have the following t-function representation

I+1 _
—u],a(l—l)—lfi:)(""[z ")
T+ (1) ’

U+, T
c® — ;~vp-D-154b @ —1z""1p)
b 7O (1)

e =

Proof. See Appendix A O

We have the representation

o . oo —1
1.p2) T[v1+e1,(,;v2+e2.p2](t +1z7 1)

Wi > o = 7U1~“71+8a*7’1
C[V2+€2,ﬂ2§‘)1—€1,171],a(z) gl'l(a’ P12

(51421, p, 92422,y 1 (1)

—vp—1 v1+21,p, Dot (T — (=11
T[ﬁliﬁz](t) '

cLp

[V1:V2

1@ = e22(b. p2)2

Finally, we consider the t-function representation of the bilinear equation

Proposition 37. The t functions fulfill the following bilinear relation

P1
Z ZUI'“(k)ivl'a(lil)izfﬁ(lf?ﬁz,_a (t _ [Z_l]a)f,gé}lfz),Jra ([/ + [Z—I]G)Ea(z) dz
a=1,"

P2 S s
= Pha Db D=26 D T (1 [ ]) En2) dz.

fiy,fio,+b .1,
b=1, o

(193)

(194)

(195)

(196)

(197)
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Proof. Just consider (181) together with (187), (190), (195) and (196). O

This bilinear relation can also be written as follows

P1
/ Via=V —8a.p —2
2811(P1,a)811(171,a) f]g A T1+€1,p; —€1,a3 V2]

a=1 7=00
x (t — [z—l]a)fﬁ(figa;%gz‘pz (¢ +[¢7"],) Ea(2) dz
P2 ,
= ZSZZ(PZ, b)€/22(p2, b) f sz’b_HSb’pz_vz'b_27[171+51,p1§§2+52,b]
b=1 =
x (t - [Z_l]b)fﬁi;ﬁ§+éz,pz—52,b](t/ + [Z_l]b)E_b(Z) dz. (198)

That with the identification m* = vy +¢; ,,, n* =V, m =V} and n = V), + €3 p,, up to signs, is
the bilinear relation (41) in [6].
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Appendix A. Proofs

Proof Proposition 7. The orthogonality relations can be recast into two alternative forms

80,0 80,1 e 80,0-1
g0 &,1 - glLi-1
(S0 Sta - Sipi—1) . . .
8I-1,0 &-11 - &—-1,-1
=—(go &1 - &i-1), =21, (199)
80,0 &0,1 - 8o
g0 811 -+ 811
(S0 Sta - St S| . ) .
g0 &1 - &Ll
=0 0 --- 0 8§y), [>0. (200)

[+1 components
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From (43) we get

I
00 =3 5,,6Y

k=0
=& (@0 g1 - g (@) use (199) 201)
=500 0 - 0 1)) ye 200). (202)

Cramer’s method solves (199) as follows

-1 " (_1)[+]M_(1l+1)
o § (—1)iti+] R
Sl,l - detg[l] ' Ogl»j( 1) Mi,j - detg[l] ) (203)
J=

where Ml.(lj). is the (i, j)-minor of the truncated moment matrix g/ defined in (21). Therefore,

Q(l) — d . o Z( 1)I+IM(I+1)§(1)
elg

0

g00 &1 - 800-1 5(1)

. g0 &,1 - glLi-1 é( )

= —7 . : o l>1
det gl!! 1
8i-1,0 &i—-1,1 - &l-1,1-1]|5
i
g0 &1 o &Li- 51()

The orthogonality relations for the dual system can be written also in two alternative forms

800 g1 ot 8ou-1 So. 0.1
g0  &L1  r &LI-I St - | &
81-1,0 &-11 - 8111 Si_1.1 gi-1.1
S/ 0
200 801t 80l 20,1 0
g0 &1 o 8l S, )
o . =] =0 (205)
. . . _:/ 0
810 &1 o 8Ll i1 1

As before, (43) leads to the following expressions for the dual linear forms

I

- o ok

0¥ =3"5.5"
k=0
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80,1
o =1 0 _ ey T -t | 8
=S & -(&) (87) : use (204) (206)
8i-1,1
0
0
=@ ()] | use 209). (207)
0
1
From (205) we obtain
i (1)
i} _ (=i m®
N |25 ) b A Lj .
Sjal - (g )]l - det(g[l'H]) ) J _07 '~-al’ (208)
and consequently
!
I+1
(l) ZS/ S(])_ l+1 Z( 1)l+}M(+)%-(])
80,0 go,1 -+ 80,41 | 80,
| 81,0 g1,1 o 8Li-1 | 81
=Wdet : : : | 120
8i-1,0 8-1,1 -+ 8i—1,1-1[81-1,1
EOEP O ‘ D

Proof Proposition 9. We have

l 00
o_ 1 K+ g (11) A K
Cb’ = Gargl > (=D My DR /x 0wy gy (w2, ()X dpe (),

det
k=0 ky=vy5(I—1)

which according to (20) recasts into

l

0 _ 1k D /O
b= Getg M T
=
80,0 8,1 - 80i-1 1“0(,;
=
81,0 g1 o &Li-1 FO(,Z
= ———det . . . , 1>1. 209
detg[” . . _(1.) ( )
81-1,0 gi—1,1 - gi—ni—1 |17,
=
81,0 g1 o 8LI-1 F,(b)

‘We also obtain
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1 I oo
~(1) _ _ k04D
Ca' = det gl +11 Z( DMy
k=0 k]:l)]ya(l—l)

which can be written as (20)

!
= 1 1) ()
C‘gl) - - Z(_l)k+1M( r
0+1 Lk Tk
detg =
80,0 801 -+ 8o0i-1 | 80.1
| 81,0 81,1 e 81,0-1 | 811
= W det : : : : , 1=1.
81-1,0 8I-1,1 - 8lI—1,1-1|8I-1,
0) [0) ) (O]
FO,a Pl,a Flfl,a Fl,a
Proof Proposition 15. From (53) and (54) we deduce that
5 T T Sa,a’
(6a(2)) () =(x1a@) x10(z)= ; ”_“Z,, || <zl
T - T Sp. by
(6,(2)) () =(x5,() xow(2) = p—— 17| <1zl

(%_a(z))T‘fb(Z/) = (ka,a(Z))Tng,b(Z/)'

> Z_k]_]/xklwl,a(x)w2,a2(k)xk2(k) dpe(x),

(210)

The two first relations imply the corresponding equations in the Proposition. For the third we

observe that from (10) we get

(X1a@) 815y (&) = / (X1a@) " E10) (E20)) x5 (&) die(x)

= f (X 2@) 51,000 (26 ) T x5 (2 w10 (w2, p () due(x)

1
= / muﬂ,a (X)wlb(x) dl»L(X)
1 1

1
=" //< - )wl,a(x)wz,b(X)dpL(x).
-z z—x Z'—x

Proof Proposition 20. Using Definition 17 for the linear forms QSQJ and multiplying by

(3;2[” (x))T we have

0V @ (EV W) =0 EV @) = (g100 8t o Glwi1)

x (e el o e )

integrating both sides we get



C. Alvarez-Ferndndez et al. / Advances in Mathematics 227 (2011) 1451-1525 1517
l 1 T
[ 00, (E @) dux)
[ [l T
f&” '@ (EN ™) du)

—(&l0 - gz+a,1—1)(g[l])7l/él[l](X)(éz[l](x))TdM(x)

lia T T —1
/ 5 0(EN ) dr@) — (8100 gt o glawi—1) (81) g
=(814.0 8ligl *° 8ligd—1) —(&l00 &ligl *° 8ligi—1)
:0’

that written componentwise gives the following orthogonality relations

/ Q%(x)wz,az(k) @x2Pdu), k=0,....1-1,

or equivalently
/Q(l) Ow2p()xFdu) =0, 0<k<vp(—D =1, b=1,....p

Notice that, A{) , is monic and degAY) ,(x) = ki(4o) but AT with a #a satisfy

+a,a
deg AiL)a o Ski(d—D- a/) This means that the set of polynomials Al Ya, a,(x) have degrees

determined by vy (I — 1)+ ¢, .« and a normalization with respect to the a-th component of type II;

O _ (La)
e Q4 = Q5 (- )42 002011

In a similar way, the associated linear forms Q(l (x) solve a mixed multiple orthogonal

problem that can be obtained as follows. From Definition 17 and multiplying by (gzl](x))T
we get

0 E @) =e () e e )

integrating both sides

/Q(l)( (& 1+1](x)) d/L(x)—e ( 1) f$1+1]( )(SUJFH(X))Td/L(X):e[T_b,

and written componentwise

f Qg)b (x)xkz(k) W24, (k) (.X') d/L(X) = (Sk,l__b’ k= O, ey l,
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that is equivalent to

[ Qs du =87, 0<k<umsl~ 1 b=l pa
R

Hence, the set A@M, is a type I normalized to the b-th component solution for a mixed mul-
tiple orthogonality problem; the degrees satisfy deg A%’a, < I_,. Moreover, the fact that the
last orthogonality condition in the b-th component is missing gives the identification Q@b =
nglb(;);\qu(l)—gz,b]'

Using Definition 17 and multiplying by Sl[l] (x) we have

80,74
_ 7 _ 811
) 1 [ [} [ 1 T 1 slb
00 e ) = | e w)e () — e (V) T (1) - ,
81-1,1,,
and integrating both sides
~(
00 (& W dp(x)
R
goxl_+b
7 _ 811
1 [} ) l T 1 N
= / N Ed ) (x) dpu(x) — / M) (EV0) " duo (g *
gl—l,l_+},
80,04
7 _ 81,1
1 1 1 stb
= | [ &l eosl e duen - (M)
81-1,14
80.14p 80,745
_ 81,14 81,14
81-1,1, 811,11

-0,

that componentwise leads to the following orthogonality relations

f 0, (w400 @ 1P du() =0, k=0,....0—1,
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or alternatively

/ 0 (w0  du(x) =0, 0<k<v (-1 —1,a=1,...,pi.

O]
+hb S

ki(@=1)_ »)- This means that the polynomials Al +h b have degrees determined by v (I —

0 _
+b —

Notice that, A( ) bb is monic and deg A+b p =k2 (l+b) but A b with b # b’ satisfy deg A

1) + €2 and a normalization with respect to the b-th component of type II; i.e., 0

= (ILb)
Q[ﬁz(l—1)+t?2,b;\71 (-nr

Finally, we obtain the orthogonality relations for the linear forms Q@a (x). From the definition
we get

M0 00 =gl (e ) (g e,
and integrating both sides
f g 0 du(x) = ( / él[lH](X)(ézU“](x))Tdu(x))(g[l“])_]ez_a =er,,
and componentwise that means
[ QL By (080 =iy k=0,

or equivalently
[ @t =dr s 0k <D~ 1 a=1p,

so the set A@a 18 a type I normalized to the a-th component solution for a mixed multiple

orthogonality problem. The degrees satisfy deg Ag)a » S [ and therefore we conclude that
O] (1,b)

Q Q[UZ(Z)?DI(I)_EI,a]-

Proof of Proposition 32. Taking + and — parts in (170) we obtain

o pno P 2 2
ZL’ S +Z (L) =3 (L), + Y (L)) =D Bja+ D Bin=> "L}
a=1 a=1 b=1 a=1 b=1 b=1

Using Lax equations and observing that L,L, = Ly L, and LyLy = Ly L, we have the
following symmetries for the Lax operators
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AN 209 P1 _
(Zal- +ZBt ) a_|:ZBJa+ZBJh’ a/i|=Z[L‘JZ’La/]=O’
a=1 ¢

a=1
pP1 8 P2 a o
( latja+bz )Lb/z|:ZBJ&+ZB]b’Lb/:|:;[Liva’]=0~
a= ’

From (127) we conclude that the multiple orthogonal polynomials and their duals are also invari-
ant

P1 3 P2 a

pi L ) i no AT | o
<Zat Z t_ )f%’:_(ZBj,a-FZBjyb—x]) %,:_(]J_XJ)T%,ZO'
A= a=1 b=1

a=1

Proof of Proposition 33. We just follow the following chain of identities
1
Wi, 5, (2, s)na, 7 (Wnr ﬁ’z(t S ))
1
= Wﬁ],ﬁz(t,S)ﬂw 5, &ir iy (Wi iy (7, 87)) ™

Siiyin @, ) Wo i, (2, s)JT-, a (/‘Sﬁ/l (x)E;:Z(x) du(x)) (Wo,ﬁ/z(t/,s’)) (Sﬁ/ ﬁ/z(t s )) 1

-1

= Sy in (1, ) Wo i (1, 8) ( / iy (&, () dM(X)> (Woi (¢, 5) ™ (S, (¢, 57))
:S;,*lﬁ2(t,s)</éﬁl(x,t,s)éi(x,t’,s’) du(x))(.g’ﬁ/lﬁ/z(;’,s’))—l
:f(S,;l’;;z(t,s)(éﬁl(x,t,s))(.g';lr,lﬁ,z(t’,s’))_l ﬁ/z(x,t/,s/))Td;L(x)
= [ O t.5)0F 5 (5.t (o),

where &;, (x,t,s) and éﬁ/z (x, 1, s") represent the vectors of weighted monomials but with evolved

weights.

Proof of Proposition 35.
To find the t-function of the multiple orthogonal representation we first need two lemmas

Lemma 10. Let R be the j-th row ofr(l)(t) and jo) the j-th row ofr(l)(t — [z 1), then
RY =RV — 8, (jyaz 'RV, Q11)

where j'= j + 1ifri(j) <nia— 1, but j' = j + (fir] = nia) + Vif r1(j) = nyq — L. This is

® r(l) , and for til})) —a

also valid for t2, Va—a
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Let now be CV) the j-th column ofr(l) and C(]) the j-th column ofr(l)(t + [z 1]b) then
P =D — 4y ypz'CY, 212)

where j' = j + 1ifro(l) <ngp — 1 but j' = j+ (|Jfiz| —nap) + 1if ra(j) =nap — 1. This is

also valid for ‘L'(l) j_; _ and for fil;’_b,.

Proof. It follows directly from (141) and (142). O

Let us recall the skew multi-linear character of determinants and the consequent formulation
in terms of wedge products of covectors. Observe that

Lemma 11. Given a set of covectors {ry, ..., r,} it can be shown that
n+1
/\<er — ) =) (DT A A AR A Aty (213)

Jj=1 Jj=1

where the notation ¥ j means that we have erased the covector r; in the wedge product ri A - - - A
Tn+1-

Proof. It can be done directly by induction. O

The proof of Proposition 35 relies on Lemma 10, Lemma 11, Corollary 1 and Proposition 22.
First let’s focus on (187); it is clear that z"1.«(W=1¢ (1) 2= [z~ "0) expands in z according to (211)
for r(l) and to (213). Now n = k;(I_,) and the covectors r; should be taken equal to those rows
RY) with a1 (j) = a. Observe that there are only kj(I—;) (= vi,4(l) — 1) rows which are non-
trivially transformed. In this form we get the identification of (49) with (187), where the terms
corresponding to the wedge with one covector deleted corresponds to the minors M; IH] . Now,
lo(;))kmg to (188) and (189) we expand again in z and use the same technique based on (21 1) for

) and r(l) _, and (213). These allow to link (104) to (188) and (106) to (189).

To prove (190) we proceed similarly. Looking at (212) for fill)) observe that there are only

ko (l__;,)(z V2 5(I) — 1) columns which are non-trivially transformed. Now, recalling (50) and
using (213) but with r; being the columns C/), such that a>(j) = b, and n = ko (I_;), we get the
desired result. Finally for (191) and (192) we expand around z to see the equivalence between
(107) and (191) and the equivalence between (105) and (192).

Proof of Proposition 36. We need the following two lemmas:

Lemma 12. Let RY) be the j-th row of glt" and RY the j-th row of ¢t 4127 "1), we get

oo
jo) — RV Sa1(iya Z 7~ kGH RG] )5a1(j+j’),a' (214)
1
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Let C\Y) be the j-th column of 8.y U and C(]) the j-th column 0fg++l] — [z~ 1), then (142)
gives

o
Cz(j) —cW Sar(iyb Z kU)ot )3a2(j+j’),b- (215)
J'=1

Proof. For the first equality insert the expansion

into (142). The other equation is proven similarly. O

Lemma 13. The following identity

/\(Zrmz ) =TIA - ATao1 A (Zrn+,z ”) (216)

holds.
Proof. Use inductioninn. 0O

Finally Proposition 36 is proven using (210) and (209).
Appendix B. Discrete flows associated with binary Darboux transformations

When the supports of the measures are not bounded from below, (in which case the new
“weights” (138) do not have in general a definite sign and therefore should not be considered
as such), there is an alternative form of constructing discrete flows which preserve the positive-
ness/negativeness of the measures. The construction is based in the previous one, but now the
shift is the composition of two consecutive shifts associated with the pair A,(n) and A, (n + 1),
being complex numbers conjugate to each other; i.e., we consider
Definition 27. We define a deformed moment matrix

g(s) = Dy(9)g(Dy(s)) ", 217)

with

P1
/o /
D} := ZDO’G,
a=1

[T (Aa ()P — 2Re(ha(n) Ara + A7 ), sa >0,
Dé,a = Hlaa sa=0» (218)
[T (ha (=) PITy g = 2ReGua(—m) Ara + A ) 7!, 54 <0,
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P2
(D5) ™" = ((Do)) ™),
b=1
) 1 [T ()P Ty — 2Re(uy (1) A, + (47 )2, 5 >0,
((Do(s)) ), = | TTo.b; 5 =0,
(T (Ap(=m) P = 2Re(hp(=m)) AJ ) + (45 ) ™!, 5 <.

1523

(219)

Proposition 38. The previously defined deformed moment matrix corresponds to a moment ma-

trix with the following positive/negative evolved weights

Wi,a(s, x) = (X, 54)W1,q(x),

nf,a:l [x — )\a(n)|27 sq >0,
7, =11, s, =0,

15 1x = 2a(=n) 72, 54 <0,
w2, (s, X) = D (x, 5p) " wa p(x),

: _
X = Ap(m) 2,

- sp >0,
(Z)" =11, 5 =0, (220)
2 1 = Ay (-m) 72, 5 <0,
Proceeding as in the previous case
Definition 28. We introduce
2
gy =T1— o1 |ra(sa+ D]) —2Re(Ralsa + 1)) Ara + AT,
_ - 2 - 2
Gy =1— I (1—|2pGp + D|7) — 2Re(ApGp + D) (A7) + (A7,) " (221)
and
8 =T~ Cy(T— |ha(sa + D|7) = 2Re(ha(sq + D) Lo + L2,
8, :=1—Cp(I—|[RGp + D)|’) —2Re(Rs Gy + 1)) Ly + L3. (222)
The wave and adjoint wave functions now have the form
v B (z,9) =AW (2,57 (2, 50), (lI_/b*)(k) (z,8) = A,()k) (z,8)Z}(z,5) ", (223)
and the expressions (161)—(162) still hold.

If we introduce ], and @), as in (154) but replacing § by &', Eqs. (155)—(158) hold true by
replacement of w by w’. Now, the form &' differs from (164) as now we have

;o 2|l —n1,a+) L ’
Wq = Wg oA A O iy 1)
=y T\2(|fi2|—n2,p+1)
wb_wb,O(A )

+ o B iy my 1) (224)
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With the definition of

Vp (s, 3) i= (1= 84,0 (1 = |x = Aa(sa + D[),
Vi (s.x) = (1= 8y (1= |x = 2sGp + D), (225)
we have that

Proposition 39. The present setting (168) and (169) are replaced by

k (k+2(Jii1|=n1,a+1)) k
(Tw AL )Y =@l gAa T b g i gy (R AL

a,a
2 (226)
= (k) - (k=2(Inz2|=ny 1y +1)) - )
TyAa” =), ((k)Aq 4+t w;,Z(Iﬁzl—nzvb/H)A“ ,
—(k72(|ﬁ1|7n1_,/+])) ~(k)\ _ 1k
péﬂ,o(Ta’Ab ) et p;/,z(ml|—nlya,+1)(k)(Ta’Ab ) =4, @27
— = —(k+2(|ﬁz|—n2_h/+l) _ — =) _ . ~ (k)
(’Oz”’o(k)(T”/Ab )+t pl/9’,2(\ﬁz|—n2_b,+1>(Tb’Ab ))Vé,b/ =A,
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