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Abstract

A continuous one-parameter group of unitary isometries of a right-Hilbert C*-bimodule
induces a quasi-free dynamics on the Cuntz—Pimsner C*-algebra of the bimodule and on its
Toeplitz extension. The restriction of such a dynamics to the algebra of coefficients of the
bimodule is trivial, and the corresponding KMS states of the Toeplitz—Cuntz—Pimsner and
Cuntz-Pimsner C*-algebras are characterized in terms of traces on the algebra of coefficients.
This generalizes and sheds light onto various earlier results about KMS states of the gauge
actions on Cuntz algebras, Cuntz—Krieger algebras, and crossed products by endomorphisms.
We also obtain a more general characterization, in terms of KMS weights, for the case in
which the inducing isometries are not unitary, and accordingly, the restriction of the quasi-free
dynamics to the algebra of coefficients is nontrivial.
© 2003 Elsevier Inc. All rights reserved.
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0. Introduction

Soon after the introduction of the Cuntz algebras in [C] it was noticed that the
gauge action on ¢/, had the unique equilibrium inverse temperature f = logn,
[OP,Ev,BEK]. Along the same lines, the gauge action on the Cuntz—Krieger algebra
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04 was also shown to have a unique KMS state, at inverse temperature equal to the
logarithm of the spectral radius of the irreducible matrix A, [EFW]. Here we are
interested in the KMS states of the C*-algebras 7 y and Oy associated by Pimsner to
a right Hilbert bimodule X, [Pim]. Having a rich, yet tractable structure, they
provide a convenient framework in which to study the interesting phenomena
that characterize the examples mentioned above and many others; see e.g.
[CP2,PWY . EL2]. Specifically, we start with a C*-algebra 4 and a right Hilbert 4
bimodule X in which the left action is non-degenerate. Given a continuous one-
parameter group of isometries on X, we induce quasi-free dynamics on 7 xy and on
Oy via their universal properties, cf. [Z]. We then proceed to study the equilibrium
states of these quasi-free dynamics associated to groups of isometries in terms of
their restrictions to the coefficient algebra A. Our approach underlines the role of the
Toeplitz algebra 7 y in its own right and not as a mere preliminary step from which
to obtain Oy as a quotient. The key point, inspired in Evans construction [Ev], is that
J x acts naturally on the full Fock module over X, and the quasi-free action is
implemented there by the Fock quantization of the given group of isometries on X.
We use this as a guidance in writing KMS states as quasi—free states, but do not rely
on it directly in our arguments. Since Oy does not act in general on the Fock module,
this type of spatial (modular) implementation is lost when one looks at quasi-free
dynamics on Oy alone. However, it is easy to characterize the KMS states on Oy as

those on 7 y that factor through the quotient.
A brief summary of the contents follows. In Section 1, we collect some necessary

results about inducing traces from the coefficient algebra A to the algebra of
adjointable operators on X. In Section 2, after introducing the Pimsner algebra of a
bimodule and the quasi-free dynamics associated to a one-parameter group of
isometries of the bimodule, we study the special case of dynamics that fix the
elements of 4. Under a positivity assumption on the infinitesimal generator D of the
given group of isometries, we show that the KMS; states of the quasi-free dynamics
are induced from the traces on A that satisfy a certain inequality. This inequality is
formulated in terms of a transfer operator between traces (or KMS weights) on 4
and, essentially, ensures that the Fock quantization of the contraction e~ is an
appropriate density operator. In the special case of the gauge action on the Toeplitz
Cuntz algebras, the coefficient algebra is C, and its unique trace satisfies the
inequality if and only if f>1log n; the resulting KMS; state of 7, factors through ¢,
only for = log n. At the end of the section we show how to derive, in a unified way,
several other examples of KMS states of C*-dynamical systems previously studied
under different guises. In Section 3, we extend our results to the more general
situation in which the dynamics on the coefficient algebra A is allowed to be
nontrivial. Most of the section is devoted to inducing KMS states on 4. There is no
great simplification at this point in restricting ourselves to states, so in fact we
consider KMS weights on 4. For von Neumann algebras this problem was studied
by Combes and Zettl in [CZ, Section 3], who deduced the existence of induced
weights from the well-known cocycle theorem of Connes. Besides giving a slightly
different contruction which works equally well for C*-algebras, we provide also a
direct proof and indicate how Connes’ result can be derived from our results on
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induced weights. Once the induction procedure for weights has been settled, the
characterization of KMS states in terms of their restrictions to A4 is entirely
analogous to that of KMS states in Section 2.

1. Preliminary results on induced traces

If A is an algebra and X is a right projective 4-module of finite type, then the
algebra End,(X) is isomorphic to X ® 4Hom,(X, 4). Hence there exists a unique
linear map Tr : End,(X)—A/[A, 4] such that Tr(x®f) = f(x) mod [4, 4]. The
composition of any tracial linear functional t on A (one for which t(ab) = t(ba))
with Tr yields an (induced) tracial linear functional Tr, on End4(X). Clearly, this
construction can be applied to any unital C*-algebra 4 and finite Hilbert A-module
X. Our first aim in this section is to define Tr; for arbitrary C*-algebras and Hilbert
modules, and to derive some of its basic properties.

Suppose X is a right Hilbert module over a C*-algebra 4 and let K(X) be the C*-
algebra of generalized compact operators on X, generated by the operators 0,
given by 0::n = &, n), with ,{,neX. Let B(X) be its multiplier algebra, that, is,
the C*-algebra of adjointable operators on X. Recall that a bounded net {S;}, in
B(X) converges to SeB(X) strictly if and only if Sié— S¢ and S;&— S*¢ for every
e X. We shall need the following result about inducing traces from A4 through X.
The existence and some of the properties of the induced trace Tr, can be found in
[CZ, Section 2], and [CP1, Lemma 4.6], where they are derived from previous results
of Pedersen [P] about extending traces from hereditary subalgebras. We state the
relevant properties in a way that is convenient for our purposes, and we include a
self-contained, direct proof for completeness.

Theorem 1.1. Let 1 be a finite trace on A. For Te B(X), T >0, set

Tre(T) =sup 3 w(<ETE)),

el

where the supremum is taken over all finite subsets I of X such that ) . 0¢:<1.
Define

M ={T=0|Tr(T)<w}, N ={T|TTed!}, M.=span U} =NV N,
Then
(i) Tr, is strictly lower semicontinuous, moreover, if liminfy t({& Tpé))=
(&, TEY) for every E€X, then liminfy Tr (Ty) =Tr (T);
(1) if {ex = D ccy, Ocehy is a met such that ex<1 and t({n,exny)—>t({n,ny) for
every neX (eg. if {ex}, is an approximate unit in K(X)), then Tr(T) =

limy Y., ©(<E,TE)) for TeB(X),; in particular, Tr, can be extended to a
positive linear functional on M -;



460 M. Laca, S. Neshveyev | Journal of Functional Analysis 211 (2004) 457-482

(iii) for every pair &, ne X, we have that Oz, € M. and Tr.(0z,) = t({n,E));

(iv) Tr. is a semifinite trace; thus N and M. are two-sided ideals in B(X),
My is essential, and if S, Te N, or if SeB(X) and Te.l., then
Tr.(ST) = Tr(TS).

Proof. The proof of (i) is trivial. To prove (ii) we shall first prove that Tr.(0:¢) =
©({¢,&)). Suppose S =3, 0, ,<1. Then

ST 0m>) =D w(Kn E>CEnY) = t(CEn> <, &) =1({E 8E)

nel nel nel

and the equality Tr.(0:¢) =71((& E)) follows. The same proof shows that
Tro(Decs Oce) = doecr (¢, E)) for any finite set /. Hence if {ex}, is as in the
formulation of (ii) and Te B(X),, then

TrT(T%ekT%) =Tr, (Z 01 lv> = Z (&, TEY).

Cely

Since limg Trr(T%ek T%) = Tr.(T) by property (i), (ii) follows. Part (iii) has already
been proved for £ = 5, the general case follows by polarization, and implies that .Z,
is essential. Since 0, ,; = ub;cu*, it is obvious that Tr.(uTu*) = Tr(T) for any
unitary ue B(X). Thus Tr, is a trace. O

Suppose now Y is a right Hilbert 4-bimodule, that is, Y is a right Hilbert A-
module together with a left action of A4 given by a x-homomorphism of 4 into B(Y).
Denote by B4(Y) the subalgebra of B(Y) consisting of A-bimodule maps. Let X be
another right Hilbert A-module. Then the tensor product X ® Y is a right
Hilbert A-module and for any SeB(X) and TeB4(Y) there is an operator
S®TeB(X®,4Y). We shall need the following property about the induction
in stages of a trace t on 4 through a tensor product of modules. We indicate
explicitly in the proposition the module used to induce the trace in each case, but we
drop this notation later for simplicity, and rely on the context to indicate the relevant
module.

Proposition 1.2. Let SeB(X),, and TeB,(Y). . Suppose t is a finite trace on A such
that TrY (T) < oo, and define a new finite trace tr on A by letting tr(a) = TrY (aT).
Then Tr}®Y(SQT) = Tr} (S).

Proof. We begin by constructing an approximate unit for K(X® 4Y) from
approximate units for K(X) and K(Y). For finite subsets /=X and J< Y, define

the operators e; = - 0ce, ey =3 ;0 cand ef ;=) p s 0:0re0c. We claim
that if e;<1 and e;<1, then e;;<1. To verify this we consider a vector n =
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>k ®vein X® 4Y; and observe that

Cergminy =Y {esd:,0:),

el

where ¢ =), (& pyeyviee I e <1, then (e, iy ) )y < (tties D)y ks in the
algebra Mat;(4) of |I| by |I| matrices over 4, so if, in addition, ¢; <1 we get

Z {ejdg, 0¢ )

el
<) (e, dey = Z Cviey ettty >y <Y ey sy yviy = <y,

cel Kl

which proves the claim. Note also that

ers(U®v) = en®v+ > E@ (e — 1)<E pyv.

el

It follows that there exists an approximate unit in K(X ® 4Y) consisting of elements
of the form e; s, with ;<1 and e;<1, so, by Theorem 1.1(ii),

TrX®Y(S@T) =sup > (< <ESETLY).

LJ cel (el

Since for fixed I,

sup > tKGKESETL) =Y Trl (KESEHT) = (<&, 8¢)),

tellel el el

recalling that sup; > .., 1r((& SE)) =Trf (S), we get Tri®Y(S®T) =
Tri (S). O

We have shown that any finite trace on 4 can be induced to a unique, strictly
densely defined, strictly lower semicontinuous trace Tr, on B(X) such that
Tr.(0z,) = 1({n,&)). Clearly one should not expect all strictly densely defined,
strictly lower semicontinuous traces on B(X) to be induced from finite traces on 4.
In Section 3, below we generalize this extension procedure so that it applies to KMS
weights of quasi-free dynamics. By setting the dynamics to be trivial, we then obtain,
as a corollary, a bijective correspondence between densely defined lower semi-
continuous traces on <{X,X > and strictly densely defined, strictly lower semi-
continuous traces on B(X).

2. KMS states on Pimsner algebras

Next we consider a Hilbert 4-bimodule X, with the purpose of studying KMS-
states on the Toeplitz—Pimsner and Cuntz—Krieger—Pimsner algebras associated in
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[Pim] to such a bimodule. The only extra assumption that we make on the bimodule
is the non-degeneracy of the left action, i.e. AX = X. In particular, we do not assume
that X is full or that A4 is unital. We denote by iy : 4 - B(X) the homomorphism
defining the left action of 4 on X.

Let Z(X)=A®@XD(X®4X)® -+ be the Fock—Hilbert bimodule of X. The
Toeplitz—Pimsner algebra 7 y of X is, by definition, the C*-algebra of operators on
F (X) generated by the left multiplication operators iz (y)(a) for ae A and the left
creation operators 7T for &eX, which are glven by T:(6®--®E,) =
E®RE®: - ®E,. It is shown in [Pim,FR] that J y is the unlversal C*-algebra
generated by elements n(a) with ae 4 and T; with € X, such that n: 4> T y is a
k-homomorphism, Xs¢+—T; is an A-bilinear map, (that is, Tp = Ten(a) and
T, =n(a)Ty), and T:T; = (<&, (). More precisely, the Fock realization
of these relations, given by the left action of A4 and the left creation operators
on Z (X), determines an isomorphism of the universal C*-algebra of the relations
onto J y

Let jy: K(X)—> 7 x be the injective homomorphism given by jx(0¢,) = T:7,.
Let also Iy be the ideal in 4 consisting of elements a € 4 such that iy (a) e K(X). The
Cuntz—Krieger—Pimsner algebra (x is, by definition, the quotient of .7 y by the ideal
generated by elements of the form n(a) — (jxoix)(a), for aeIy. We shall usually omit
7 and iy in the computations below.

Let R>t— 0, be a one-parameter automorphism group of 4 and let Rs¢+— U, be a
one-parameter group of isometries on X such that Ul =o0,(a)U¢ and
UL ULY =0,(<E&,()); as usual, both ¢ and U are assumed to be strongly
continuous. By the universal property of the Toeplitz—Pimsner algebra there
exists, for each reR, a unique automorphism y, of 7 x such that y,(a) = ¢,(a) and
7,(T¢) = Ty,e. The resulting one-parameter group f+—7, is strongly continuous
and is called the quasi-free dynamics associated to the module dynamics U. Since 4
and jy(K(X)) are invariant under y,, so is Iy, and thus there is a quasi-free
dynamics at the level of Oy, too. When we view 7 x as acting on the Fock
bimodule, the automorphisms y, are implemented by the ‘Fock quantization’ of the
isometries Uy; specifically y, = AdI'(U;), where I'(U) =10 U,®(U,QU,)® ---
The group of gauge transformations is a particular case of this, corresponding to the
trivial dynamics on 4 and the one-parameter scalar unitary group {&— e},
on X.

Given a quasi-free dynamics on 7 y, we are interested in the relation between the
(o, p)-KMS states on 4 and the (y, §)-KMS states on 7 y. For simplicity we shall
first consider this question under the assumption that the dynamics o on A4 is trivial.
This covers most examples in the literature, and has the advantage of being tractable
using the elementary properties of induced traces from the preceding section. The
case of nontrivial ¢ requires a generalization of these properties to induced KMS-
weights, a task that we take up in the next section. Accordingly, we now restrict our
attention to one-parameter groups of isometries U, of X such that U,aé = aU,¢ and
(UL ULY = <& (), in other words, we assume that U is a one-parameter unitary
group in B4(X).
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Theorem 2.1. Let R=t— U, be a one-parameter unitary group in B4(X) satisfying the
Sfollowing ‘positive energy’ condition: the vectors € X such that Spy (&)= (0,+00)
form a dense subspace of X, where Spy; (&) is the Arveson spectrum of & with respect to
U. Let y be the corresponding dynamics on I x, given by p,(T¢) = Ty, and y,(a) = a,
and suppose e (0, 00). If ¢ is a (y, B)-KMS state on T x, then © = ¢|, is a tracial
state on A and

Tr.(ae PPY<t(a) for acA,, (2.1)

where D is the generator of U (so that U, = €"™P). Conversely, if t is a tracial state on A
such that (2.1) is satisfied, then there exists a unique (y, p)-KMS state ¢ on T x with
|, = 1. The state ¢ is determined by t through

* * T(<7’ ®"'®’7nae_ﬂDél®"'@e_ﬁD§n>) ifm:n,
¢(T¢1"'Téme“'Tm)={ 1

0 otherwise.
(2.2)

Proof. Note that our positive energy condition is equivalent to the existence of an
increasing sequence of U-invariant submodules Y, of X having dense union and
such that D|y”>cnl with ¢,>0. It follows from this that ¢ #P is a selfadjoint
contraction in B4(X) for each f>0.

Assume first that ¢ is a (y, f)-KMS state. Since the left action of 4 on X is non-
degenerate, the homomorphism n: 4 —.7 y is non-degenerate. Hence 7 = ¢|, is a
state. Since y is trivial on A4, 7 is a trace.

For any ¢e X we have y;3(T:) =T pp , so by the KMS condition we get

2 e 2¢

* * kD D —pD
O(T:T)) = d(yip(Ty) ip(Te)) = 1(e 2, 28)) = Tre(Oe e ™).
2 2
Thus, for ae 4, we have

1 1 _gD _BD " 1. 1
Tre(a20;ca2e™™”) =Tr(0 ) 1 &™) =¢(T 1 T ) = dp(a2jx(0c¢)a2).
a2éaé a2é g2¢

Since qb(a%jx(-)a%) is a positive linear functional on K(X) of norm less than or equal
to t(a), by the strict lower semicontinuity of Tr, we conclude that Tr,(ae ) <1(a).

Let us now prove that ¢ is completely determined by . First note that there is an
A-bilinear isometry of X ®" to 7 y mapping ¢ = &, ® 4+ ® 4&, to Tz = Te -+ T, 50
that 4 and the elements of the form 777, with EeX®" and (e X®" span a dense

subspace of .7 y. The same computation as above shows that for &, (e X ®" we have
D D
O(T:T;) = (((e72)®", (e72)®"ED). So, in order to prove that ¢ is uniquely

determined by 7 and that (2.2) holds, it suffices to show that ¢(7:7;) =0 when
EeX® [eX®" and n#m. We may assume that n>m and &= ¢, ®¢&, with
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& eX® and &eX® Using the KMS condition we get
(T Tg) = ¢(T¢, T, T:) = d’(Téz Tf T(e—/w)®'"gl) = ¢(T§2<1,(e—/w)®mgl>)~

Thus, it is enough to show that ¢(7;) = 0 for every ¢ € X ©" with n>1. We claim that
the elements of the form n — (U,)®"17 span a dense subspace of X ®”; this will finish
the proof because ¢(Tn7(U,)®”n) = 0 by virtue of the y,-invariance of ¢. To prove the
claim, suppose that £€ X is such that Spy(¢) is compact and 0¢ Sp,(¢), and notice
that such elements are dense because of our assumption on the spectrum of U.
Choose fpeR such that the function 71— ¢ is non-zero on Sp,(¢); then
&= (1 - U,)Usé for every function f € L'(R) such that f{r) = (1 — ™)~ for tin a
neighbourhood of Spy(&). Hence & is of the form n — Uy, proving the claim for
n=1.Since Spye: (& ® - ®E,) =Spy(r) + - + Spy/(&,) by [A], U®" satisfies the
same spectral assumption as U, and the above argument also proves the claim for
n>1. This finishes the proof that ¢ is determined by 7.

Denote by F the operator, mapping finite traces on A4 into possibly infinite traces
on A, defined by (Ft)(a) = Tr.(ae P). The second part of the theorem says that if
Fr<1 for a tracial state T on A4, then there exists a (7, f)-KMS state ¢ on 7 y such
that ¢|, = 7. Suppose for a moment that the tracial state 7 is of the form 7 =
Yoty F''to for some finite trace 7 (such a state clearly satisfies FT<t, in fact F"1\0).
We claim that in this case the extension is given by & = Tr, (-I'(e ??)), where
(e PPy =3, (e PP)®" is the operator on Z (X) obtained by ‘Fock quantization’ of
the contraction ¢ #P. Indeed, it is easy to see that @ is a positive linear functional
with the KMS property, but one must still verify that @ is a state extending 7. Using

Proposition 1.2 we see by induction that Tr, (-(e #2)®")| , = F"1o, whence ®| , = 1.
Since the left action of 4 on Z(X) is non-degenerate, and @ is strictly lower
semicontinuous by Theorem 1.1, this implies that @ is a state. Thus ¢ = | is the
required (y, )-KMS state extending t = > ,~, F"p.

Suppose now that t is an arbitrary tracial state such that Fr<rt. For each ¢>0
consider a one-parameter unitary group U® defined by U?¢ = ¢ U,¢. Let y* be the
associated quasi-free dynamics on 7 y. For the corresponding operator F, on traces
of A we have F, = ¢ PF. In particular, F,r<e 7. Then we may write 7=

S Fite, with 1, =1 — F,1; indeed, since F"'t<e P"t—0 as m— oo, we have
S F't, =1 — F"lt1—1. Hence there exists a (7%, §)-KMS state ¢, on 7 y such
that ¢,|, = 7. As in [BR, Proposition 5.3.25], any weak* limit point of the states ¢,
as e—>07 is a (y, §)-KMS state ¢ extending . O

The situation for ground states is slightly different, since for § = oo there is no
tracial condition on 4. For each state w of 4 we define a generalized Fock state ¢, of
T x by ¢,(T) =1lim, w(<e;, Te; ») for TeT x; where (e;),., is an approximate
unit in 4. Clearly o = ¢,,|, and ¢, is characterized by ¢, (a) = w(a) for ae 4, and
¢ (T:T;) = 0 for £e X®™, and ne X ®" with m or n nonzero.
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Theorem 2.2. Under the assumptions of Theorem 2.1, a state of T x is a ground state
for v, if and only if it is a generalized Fock state.

Proof. Suppose first that ¢ is a generalized Fock state of 7 y. To see that whenever
beT x, e X®" and ne X ®", the analytic function z+— ¢ (by.(T:T,)) is bounded on
the upper half plane, we write

N |—

[p(by-(TeT))| = |p(bTv.c Ty, )| <¢(bb*)%¢(TU_=nTZ:gTU:zT?Dm) ;

the right-hand side vanishes for n>0 because ¢(7Tv.y7Ty.,) =0, and it is
bounded for n = 0 because ||U.¢||<]|€|| for z in the upper half plane. Hence ¢ is
a ground state.

Suppose next that ¢ is a ground state. By [BR, Proposition 5.3.19(4)],

¢y (T)9(T)) =0 (TeTx)

for every function f € L'(R) such that supp f= (— o0, 0). By the positivity condition,
the set of all ¢€ X such that Spy (&) is a compact subset of (0, c0) is dense in X. For
each such ¢ one has that Sp,(T7) is a compact subset of (—c0,0), and there exists a
function f as above such that yff(Tg) = T;. Putting T = T one sees that ¢(T:T7) =
0 for every ¢ in a dense set and hence for all € X. Since the one-parameter group
U®" on X®" satisfies the same positivity condition, this implies that ¢ is a
generalized Fock state. O

Suppose y = AdI'(U) is a quasi-free dynamics satisfying the hypothesis of
Theorem 2.1, let ¢ be a (7, f)-KMS state on 7 x, and let t = ¢| ,. In the course of the
proof of Theorem 2.1 we let (F1)(a) = Tr.(ae #P) and showed thatif t = >~ F"14
for some finite trace 79 on A, then ¢ has a canonical extension to a strictly
continuous state on B(Z# (X)). We shall see later in Theorem 3.2 that, in general, the
existence of 7 is also necessary for ¢ to have a strictly continuous state extension to
B(Z (X)). If ¢ is the strongly continuous extension of ¢ to B(Z (X)), then to(a) =

¢(PoaPy), where Py is the projection onto the ‘vacuum’, i.e. the zeroth component
X' =AcF(X).

Definition 2.3. Let ¢ be a (y, f)-KMS state and set © = ¢|,. Following [EL2] we say
that ¢ is of finite type if t = >, ) F"to for some finite trace 7y and we say that ¢ is of
infinite type if F(t) = 1. Since Fr<t and F"t(1) = Tr,(1(e #?)®"), we see that ¢ is
of finite type iff Tr,((¢ #?)®") -0, and of infinite type iff Tr (e #?) = 1.

Note that in the last part of the proof of Theorem 2.1 we showed that every (y, §)-
KMS state is a weak™® limit of (¢, §)-KMS states of finite type as the perturbation ¢
tends to zero.
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With the appropriate convention, the above definition makes sense also
for f = oo, and it is clear that KMS  -states are necessarily of finite type. As in
several other similar contexts, there is a “Wold decomposition’ for (y, f)-KMS states
of ﬂ—x.

Proposition 2.4. Under the assumptions of Theorem 2.1 let ¢ be a (y,[)-KMS
state on T x. Then there exists a unique convex decomposition ¢ = p, + (1 — A1),
such that ¢, is a (y,B)-KMS state of finite type and ¢, is a (y,)-KMS state of

infinite type.

Proof. By Theorem 2.1 we may carry out the decomposition at the level of traces on
A; that is, we prove that for any finite trace t on 4 such that Ft<t there exists a
unique decomposition T = 7| + 7, with 7; = Z:J:o F"ty and F1, = 15. The unique-
ness is obvious, since 19 must equal 1 — F7. To prove existence, set 7o = 1 — F7r and
1, = lim, F"t (the limit exists because F""'t<F"r). Then Y ' F'ty=r1—
Ftlr 51— 1, weakly.

The only thing left to check is that Fr1, =1;. Since 1, <F"t, we have
F1, <F"'7, and so F1,<71,. For ae 4, and ¢>0 we can find a finite subset I of
X such that Sy =3 _;0::<1 and Tr((1 - Sp)ae PPy <e. Since F"t<t, we have
Trpn ((1 — S)ae PP) <¢ for every n. Since F"t converges to 1, weakly, there exists n
such that

Trp. (Sae PP) < Tr,, (Sae PP) + e,
o)
(F1y)(a) > Try, (Sae PP) > Trpi (Sae PP) — &> Trpu, (ae PP) — 2¢
= (F""'1)(a) — 2e=15(a) — 2,

since ¢ was arbitrary, this yields Ft,>1,, and hence Ft, =1,. O

We now turn our attention to the KMS states of Ox. Notice that if ¢ is a (y, f5)-
KMS state on ¢y and we compose it with the quotient map 7 y — @y, we obtain a
(y, B)-KMS state on 7 x. Thus in order to describe the KMS-states on Oy we only
need to describe the KMS-states on .7 x that vanish on the kernel of the quotient

map.

Theorem 2.5. Under the assumptions of Theorem 2.1 suppose ¢ is a (y, f)-KMS state
on T x and let © = ¢|,. Then ¢ defines a state on Oy if and only if Tr,(ae PP) = 1(a)
for every aely (where Tr.(ae~*P) =0, by convention).

Proof. Suppose first f< oo. From the proof of Theorem 2.1 we know that ¢ojy =
Tr.(-e7#P) on K(X). Thus, Tr.(ae ) = 1(a) is equivalent to ¢(jx(a)) = ¢(a) for



M. Laca, S. Neshveyev | Journal of Functional Analysis 211 (2004) 457-482 467

aely. This is clearly a necessary condition for ¢ to define a state of ('y. To see that it
is also sufficient, let P be the projection onto the zeroth component of the Fock
module Z (X); then b —jy(b) = PbP=bP for bely so that (a—jx(a)) (a—
Jjx(a)) =a*a—jy(a*a) and hence ¢((a—jy(a)) (a—jx(a))) =0 for every aely.
Since ¢ is a KMS state, the set N = {xeJ x | (x*x) =0} is a two-sided ideal in
7 x. Hence it contains the ideal generated by the elements a — jy(a) with aely,
which is, by definition, the kernel of the map 7 y —» Oy.

For f = oo, ¢ is a generalized Fock state of 7 y, so ¢ojx = 0. If ¢ defines a state
on Oy, then ¢(a) = ¢p(a —jx(a)) = 0 for aely. Conversely, suppose ¢ vanishes on
Iy. The generalized Fock state ¢ extends to a state on B(Z (X)) with the property
¢(x) = ¢(PxP). Then for any x,ye B(# (X)) and aely we get ¢(x(a —jx(a))y) =
¢(PxPaPyP) =0, since PxPIPyP < PIP for any ideal I in A and since ¢ vanishes
only. O

Remark 2.6. If X is finite over 4, then Iy = 4, so a (y, f)-KMS state on 7 x gives
one on Oy if and only if it is of infinite type. In this case, the Wold decomposition of
a KMS state corresponds to the usual essential-singular decomposition of a state
relative to the kernel of the quotient map 7 y — Ox. However, we point out that in
the case of @, and many other interesting situations, cf. [FR,EL2], the ideal Iy is
trivial so Oy is actually equal to 7 y.

Considering the way in which the quasi-free states of the CAR algebra are
determined by their two-point functions, it is natural to refer to states given by (2.2)
as quasi-free states of 7 y. Following Evans [Ev], we wish to consider next a slightly
more general notion of quasi-free states; specifically, we wish to allow for a
different positive trace-class operator on each tensor factor. Not surprisingly, the
appropriate formula is easy to guess, and the crux of the matter is to determine
sufficient compatibility conditions on the various ingredients for it to actually define
a state.

Proposition 2.7. Let {t,},~, be a sequence of traces on A such that vy is a tracial
state and let {S,}, be a sequence of positive operators in B4(X) such that
Tr., (aSy) <tn_1(a) for every ac A, and nz=1. Then there exists a unique gauge-
invariant state ¢ on J x such that ¢|, = 1o and

(l’)(Tf Tf,IT[*“TgI) = Tn(<€l® "'®Cn7slél® ®Snén>)

for every &1, ..., &0, .. (e XS, in addition, Tty (aS,) = t,-1(a) for every aely
and n=1, then ¢ defines a state on Oy.

Proof. We shall use an argument borrowed from the proof of [EL2, Proposition
12.6]. Let 7 be the subalgebra of gauge-invariant elements of 7 y; since we are

looking for a gauge-invariant state, that is, one that factors through the conditional

expectation E = 21_71 OZn ,(+) dt of T x onto T, it is enough to define ¢ on 7. Let I,
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be the C*-algebra generated by elements T:T, with EneX®" and let 4, =

A+1 + --- + I, (where A4y = Iy = A). Then I, is an ideal in 4, and I (= U, 4,.
The submodules X®” are J¢-invariant, and we denote by m, the natural
representation of 7, on X®". Then ny@® --- ®m,_; is faithful on 4, ; and

zero on I,, so A,_;nI, =0. Consider the positive linear functional , on A4,
defined by

V() = Tre, (1 (X) (1 ® - ® )

for n=1, with Y, = 1. Since 7,(x) =m,_1(x)®1 for every xeA,_;, we have
Walg, , <Y,y for n=1 by Proposition 1.2, and we may define selfadjoint linear
functionals ¢, on 4, = 4,_1 ®1, by induction: ¢, = ¢,_; ®Y,,, with ¢, = 1. Since
¢,| 4 =70 is a state and the left action of A4 is non-degenerate, to prove that ¢, is a
state it is enough to check that it is positive. We shall prove by induction that
¢,=y,. This is true for n =0, since Y, = ¢,. If this is true for n—1, then
Wala, , <Vu_1<¢,_. For xed, | and yel, we have

Gu((x+3)"(x+3)) = ¢ (X" X) + b, (X"y + ¥ x +1"y)
2, (X X+ X"y +yx+yy),

so ¢, =y,. Thus each ¢, is a state, and since the sequence is coherent in the sense
that ¢,|, , = ¢, , there exists a unique state ¢ on J such that @[, =¢,|, =

2

I,

Suppose now that Tr,, (aS,) = 1,_1(a) for every aely; we shall prove that ¢ is
zero on the two-sided ideal generated by the elements a — jy(a), for aely. Let T,
be the linear span of elements of the form 7% T, with e X®” and (e X®” (where
T 00 = A). We must prove that ¢(xay) = ¢(xjx(a)y) for x€ T ., V€T y py. Since
aTy = jx(a)T: for every £€ X, we have xay = xjx(a)y if either n' >0, or m>0. Thus
we may restrict our attention to the case n’ = m = 0. Because of gauge-invariance we
also have ¢(xay) = ¢(xjx(a)y) = 0if n¥m’. So it remains to consider only the case
when n=m', m=n"=0. Let x=T¢, and y=T;, with &, {oe X®". Denoting
SI® - ®S, by S,, for any & {eX we have

D(Tejx (0:0)T7) = (T, T T ) = 11 (<L ® L, Sudo @ Sui D)
:Tr‘rml(<C07‘§n50>Sn+105,§)7
so for any aely we get
O(Teyjx (@) T7) =Tre,, (<Los Sulo > Snr1a) = ta(@{ Lo, Suo») = (< Loa", Snéo )

:d)(Tfngou*) = ¢<TéoaTgO>' O
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In order to illustrate the range of application of the general theory we discuss
several situations that have appeared in the literature and which are unified by the
present approach. Other systems such as those studied in [E1,E2,MWY] can be
analyzed in a similar way.

Example 2.8 (Olesen and Pedersen [OP], Bratteli et al. [BEH], Evans [Ev]). Let
X = H be a Hilbert space considered as a Hilbert bimodule over 4 = C. Then 7 x is
the Toeplitz—Cuntz algebra 7, and Oy is the Cuntz algebra O, corresponding to
n = dim H. If 7 is the unique tracial state on A4, then Tr, is the usual trace on B(H).
Let {U, =¢"™},_ be a one-parameter unitary group on H, and let 7 be the
corresponding quasi-free dynamics. Then our results say that a (y, §)-KMS state on
T g exists if and only if Tr(e#P) <1, and such a state extends to a normal state on
B(Z (H)) if and only if Tr(e7#?)<1. If dim H>2 and =0 (or f<0), then the
condition Tr(e~#P) <1 implies that D is positive (resp. negative) and non-singular, so
the (y, f)-KMS state is unique. If H is infinite-dimensional, then Iy =0 and Oy =
T . If dim H< oo, then Iy = C, so a (y, f)-KMS state on (g exists if and only if
Tr(e P) = 1.

Example 2.9 (Exel and Laca [EL2]). Let T = (T'(j, k))j,ke ; be a (possibly infinite)
0 — 1 matrix with no identically zero columns and rows. Consider the rows ¢; =
(T(j, k)); s as elements of [ (1), and let 4 be the C*-algebra they generate. Let X be
the Hilbert A-bimodule generated as a right Hilbert A-module by vectors ¢;, jel,
such that <&, &> =g, qiéx = T(j,k)E. By [Sz] the algebra Oy is the
Cuntz—Krieger algebra corresponding to the matrix 7 as in [EL1]. If F is a finite
subset of 7, then Z cr U¢, ¢, 1s the projection onto the right submodule generated by

&, jeF. It follows that if 7 is a trace on A4, then Tr(S) =3 ; (<&, 8¢;)) for
any SeB(X) .

Let the dynamics on X be given by U = N}‘éj for some choice N;>1 for
j=1,2, ..., which ensures that U satisfies the positivity condition. Then (y, §)-KMS
states on 7 y are in one-to-one correspondence with states on 4 such that
Z/Nj_ﬁr(<§j,a§,>)<r(cz) for any aeA,. Any positive element in A can be
approximated by a linear combination with positive coefficients of projections
qY,Z) =11y 91 11kez(1 —qi), where Y and Z are finite subsets of /. Note that
q(Y,Z2)¢ = T(Y,Z,j)E;, where

T(Y,Z.j) =[] 7./ [J(1 - T(k.)).

leY keZ

Thus (y, §)-KMS states on .7 y correspond to states T on A4 such that

S NIT(Y, Z,j)t(q5)<t(g(Y,Z)) for all finite ¥, Z<1, (2.3)
J
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namely, to f-subinvariant states of A as defined in [EL2, 12.3]. Notice that
our result bypasses the intermediate step of having to consider measures on path
space that are rescaled by the partial action and goes straight to the
coefficient algebra. The linear span of projections ¢(Y,Z) such that the
function Isj—T(Y,Z,j) has finite support is dense in Iy. So to obtain a
state on Oy inequality (2.3) must be equality for all Y and Z such that the
function 7T(Y,Z,-) has finite support. We point out that the dynamics
arising from such infinite matrices do not satisfy in general the fullness assumption
of [PWY].

Example 2.10 (Bratteli et al. [BEH,BEK]). Let A4 be a unital C*-algebra, p a full
projection in 4, o an injective x-endomorphism on A4 such that «(A4) = pAp. Consider
the semigroup crossed product C*-algebra 4> ,N. Let y be the periodic dynamics
on A><,N defined by the dual action of T. It is known that 4>,N can be
considered as a Cuntz—Krieger—Pimsner algebra: the module X is the space Ap with
left and right actions of A4 given by a-¢-b = aéu(b), and with inner product
CE LY = a1(E°C). Then y is the gauge action. Since p is full, the module is finite, so
Iy = A. Thus (y, §)-KMS states on 7 y (resp. Oy) correspond to traces T such that
e PTr.(a)<t(a) (resp. e PTr.(a) = t(a)) for acA,. Since p is full, to prove an
equality/inequality for traces on A it is enough to check it on pAp = z(A4). Noting
that p=40,, in B(X), for any aed we get Tr.(a(a))=Tr.(a(a)b,,) =
t({p,a(a)p>) =1t(a). Thus (y,f)-KMS states on 7y (resp. Oy) correspond to
traces T on A such that e fr<toa (resp. e F1 = 7oxr). It is proved in [BEH] that any
closed subset of (0,+00) can be realized as the set of possible temperatures of the
system ((Uy,y) for a convenient choice of AF-algebra 4 and endomorphism o with
Oy is simple. In [BEK] a similar construction yields quite arbitrary choices of the
simplex of f-KMS states for each f.

Remark 2.11. A question raised in the introduction of [EL2] is whether the Toeplitz
Cuntz—Krieger algebra of an infinite matrix can have KMS states of finite and of
infinite type coexisting at a given finite inverse temperature. We would like to shed
some light on the analogous question for the quasi—free dynamics on the Toeplitz—
Pimsner algebras. Under the same assumptions of Theorem 2.1, let ;<o and
suppose that ¢ is a (y, f,)-KMS state with restriction t to 4. For each > f,, we then
have that Fpr<Fp 1<t so t determines a (7, §)-KMS state ¢; of 7y, which cannot
be of infinite type because of our positivity assumption. The parameters of Example
2.10 can be adjusted to get also a (y, §)-KMS state of ¢y, and the resulting infinite
type (7, §)-KMS state of 7 xy will thus coexist, at inverse temperature f§, with the
finite part of the decomposition of ¢g. A further strengthening of the positivity
assumption, namely, the assumption that D>c¢l for some ¢>0, yields
Fir<e "Ph)eFp 7, from which one readily sees that the state ¢, above is of finite

type for f>f,. This gives a Pimsner algebra version of the ‘cooling lemma’
[EL2, Lemma 15.1], which implies that KMS states of finite type are weak™ dense
in all KMS states.
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3. KMS weights on module algebras

The theory of KMS weights on C*-algebras is similar to (and is based on) the
theory of normal weights on von Neumann algebras. We refer the reader to [St,K]
for the basic definitions. Suppose R= 7+ g, is a one-parameter automorphism group
of a C*-algebra 4. We assume that ¢ is continuous in the sense that the function
R> ¢+ 0,(a) is norm-continuous for all ae A. The same assumption is made for more
general one-parameter group of isometries on Banach spaces. In several places where
we consider von Neumann algebras the continuity assumption is weaker: the
function R= 7+ 0,(a) is weakly (operator) continuous.

Let ¢ be a weight on 4. As usual, we set

My ={acA, | pla)<o}, Ny={acd|d'ae.u}} and
My = span My = Ny Ny

and extend ¢ to a linear functional on .#,. We say that ¢ is a (g, §)-KMS weight if ¢
is lower semicontinuous on 4., densely defined (i.e. .# ; is dense in A, ), o-invariant,
and satisfies the KMS-condition in the form

DY) = (o

=

(x)aiﬁ(x)*) for xe D(a_ip),
2 2

)

where D(o_;3) is the domain of definition of a;g.
2 2

Given such a weight ¢, the well known GNS construction produces a Hilbert
space Hy and a linear map Ay : A"y — Hy such that A,(A") is dense in Hy and
(Ap(x),44(»)) = ¢(»*x). There is a representation 7, of 4 on Hy, defined by letting
my(x)Ap(y) = Ap(xy), and the set %y = Ay(N "y A7) is a left Hilbert algebra with
operations

Ap() () = Ap(xp),  Ap(x)" = Ag(x").

The associated von Neumann algebra (%) = n4(A)" is equipped with a canonical
normal semifinite faithful (n.s.f.) weight @. Then ¢ = ®omy and o?omy = ngo0_p,
where ¢? is the modular group of .

Any lower semicontinuous densely defined weight on A extends uniquely to a
strictly lower semicontinuous weight ¢ on the multiplier algebra M (A). If ¢ is
a KMS-weight, then ¢ = ®ofty, where 7, is the canonical extension of m, to a
representation of M(A). The weight ¢ is only strictly densely defined, and the one-
parameter automorphism group ¢ is only strictly continuous on M (A4), so ¢ is not a
KMS-weight in the sense of the definition above. However, since ¢ = ®oty, ¢
satisfies a form of the KMS-condition, so that its restriction to a o-invariant
subalgebra B of M(A4) is a KMS-weight if o], is continuous and ¢|, is densely
defined.
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We now consider a right Hilbert 4-module X and a continuous one-parameter
group of isometries Ra¢— U, of X such that < U U() =a,(<{&,()). Then
U,(¢a) = (U;¢)o(a), and we define a dynamics y = Ad U on K(X) by y,(T) =
U,TU_,. We shall extend Theorem 1.1 to the present situation, for which we need to
associate an induced weight x4 on B(X) to each (o, f)-KMS weight ¢ on 4. We give
two equivalent constructions of this induced weight.

In the first construction, we replace 4 by { X', X' > so we may assume that X is full.
Let n: A— B(H) be an arbitrary representation of 4 such that there exists a n.s.f.
weight @ on L = n(A4)" with ¢ = @on and ¢Pon = oo _p,. Set M = n(A4)". Consider
the Hilbert space Hy = X ® 4H and the induced representation p of B(X) on Hy. Set
N = p(B(X))". Note that M acts faithfully on Hy, and N’ = M in B(Hy). Let now
@' be an arbitrary n.s.f. weight on M and ¥ the unique n.s.f. weight on N such that

AW/ = U 4, @A(P/P)" in B(Hy),

where A(-/-) denotes the spatial derivative, cf. [Co2,St]. We then set kg = Pop.

Let us compute «, explicitly on a dense subalgebra of K(X). Let (e H be a @'
bounded vector, that is, the map R; : Hy — H, given by R; (A (x)) = x{ for xe N g,
is bounded. For any £e X the vector £® (e Hy is @'-bounded as well and Rsgn =

1

E® Ry for ne Hy. Then if £€ D(Uy) and (e D(A(®/P')2) is &'-bounded, we get by
2

definition

1
Y(Reg:Rig:) =|4(Y/P)2(¢R0)|
= HUmé@A@/qs’)%qﬁ
2
— (A @), 7( Ui, Um@)A(QB/@’)%g)_
2 2

At this point it is convenient to introduce the form @(xa?(y)), whose relevant
2
properties are stated in the following essentially known lemma.

Lemma 3.1. Let & be a n.s.f. weight on a von Neumann algebra M, with modular
group o. Then the bilinear form (-,-)y: Me x D(oc _;)—>C, defined by (x,y)s =
2
&(xa i(y)), extends to a bilinear form on M o x M with the following properties:
2
() for xe M ¢, (x,-)g is a normal linear functional on M; if xe M}y, then (x,-)q is
positive and (x,-) 5 <||x||P;

(11) fO}" xayE%Q)v (xvy)dS = (y7x)<15;
(i) for xl,x26<M¢mD(Gé‘), (X3x1,)p = 4’(0%'(?61) "7%'<x2)*)§

(v) if {xx}, is anet in My \D(o ) such that x; <1, the set {o i(xi)}, is bounded in
2 2

norm, and ¢ _i(xi) — 1 strongly, then ®(x) = limy (x, x)4 for any xe M.
72



M. Laca, S. Neshveyev | Journal of Functional Analysis 211 (2004) 457-482 473

Proof. Consider the GNS-representation A:.4"¢p— H as described above. Recall
that, in terms of the modular group o, the modular involution J is given by JA(x) =

Ao (x)") for xe "¢ D(c;). It has the properties
2 2

Jy'JA(x) = A(xo i(y)) VxeANg, VyeD(o i)
-2 )

and
JyJA(x) = xJA(y) Vx,yeNg.

Now if x = x}x1, x1,x26 A, yeD(a ;), then
2
(X, ) = (¥3x1,5)g = (A(XW'_%(y)),A(Xz)) = (Jy JA(x1), A(x2)).

This shows that (x,-), extends to a normal linear functional on M. Moreover, if

i
x>0, then we can take x; = x» = x2 and conclude that (x,y),>0 for y>0. If
X, yeMy,

(5.9)0 = (IPTACE), ACD)) = (NATAC), JyTIA()
— (W2TA(2), 2T A(2))
= (JxTA(2), AG2) <[l (A(2), A(2)) = |[x]| ().

Thus part (i) is proved. Part (ii) is already proved for positive x and y, the general
case follows by linearity. If x»,x;€.4"y nD(0;), we have
2

(X5x1, ) = (ST A(x1), A(x2)) = (W A(x2), JA(x1))

= A(e;(x2)), Aloy(x1)")) = P(o;(x1)yo;(x2)"),

which proves (iii). It remains to prove (iv). Let xe M. Since {a ;(xx)"xa ;i (xx)},
2 72
converges weakly to x, and x7 <xi, we have

& (x)< liminf @(o

] (k) xo i(x¢)) = limkinf (x7,X) < limkinf (Xky X) -
k 3 -3

On the other hand, (xi,x),;<®(x) by (i), hence ®(x) = limy (x4, x),. This finishes
the proof of Lemma 3.1. O
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Returning to the computation of ¥, for any ae L we get
| 1 | 1
(A(®/9')2L,ad(®)9')20) = (A(P/ )L, A(@/P')207 (a)()
2

= ‘D(RCR:“;(@O = (RR;,d") .
2

Thus
P(Reg:Rige) = (ReRE, m(< U%i, Ug@))q» (3.1)

Note that R§®C(50®CO) = RZ_‘n’((é, &0 >)Co- So if we introduce an operator T, on
Hy defined by Tgyu(é()@é’o) = f@an((f, fo>)C0, then Ré@fRZ@C = T57R;R§' Then
(3.1) implies that

P(Tea) = (@, m(CUpt, Uped D)o

1

for any a in the algebra span{R;, R |(;e D(4(®/?')?) is ¥'-bounded, i = 1,2}. If
we now apply this to an approximate unit ¢; ~1 and use Lemma 3.1 (i)—(ii) together
with the property T:,, /7 p(0:¢), we conclude that

Kp(0ze) = (< U%é, U%@) (3.2)

for every (e D(Uyp) such that (Ui, Uigl) €M y.
2 2 2

In our second construction of xg, we shall show directly that there is a linear
functional satisfying property (3.2) on a dense subalgebra of K(X), and then extend
it to a weight on the whole algebra using the GNS-representation. For this we
introduce the following sets:

Cy ={aed|ais o-analytic and o.(a)e N N N VzeC},
Xo ={&éeX | ¢ is U-analytic},

X, =XoC,,

U =span{l:; | &, e Xy}

Note that if eD(U.) and (eD(U:), then 0sreD(y.) and y.(0c¢) = O0v.cv.;
moreover, at the level of the coefficient algebra, <{,¢) eD(o.) and 0.({{,&)) =
(UL, UE>. Thus Cy is a dense *-subalgebra of 4, X, is a dense subspace of X,
and % a dense x-subalgebra of K(X) consisting of y-analytic elements. Choose
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an approximate unit {ex = >, ., 0,,}; in % and define

nely

K(x) = 1i]§lz¢(<UmaxU%n>) (33)

nel 2

for xe#. If y,ée D(Uy) then

2
¢>(<U%n,9e:,zU§n>) :¢(<U%sn,é><€7 U%W) = ¢(<U%sé,n><n, U§é>)

since (&, UgnyeD(o i) and ¢ 5(<& Uyn)) = {Up&,n). Hence for e Xy
2 2 2 2 2

K(0ze) =lim > $(<Uypn, Oz Ugn ) = lim $(< Uy, exUip))
nel; 2 2 2 2

2 2

so K satisfies (3.2). It is easy to check that x has the following properties:
(1) x is y.-invariant for any zeC;
(i) x(xy) = K(v_%s(y)v%(x» for any x, ye;
(i) x(0sa) = (< Usgé, U,l;f>,a)¢ for any {e X, and ae Cy.
(iv) the function znik(yzz(x)y) is analytic for any x, ye%.
Note that by definition (x, ), = ¢(xa;5(y)) as the modular group of ¢ is o = o_p:
2

Since k(x*x)>=0 by (3.3), there exist a Hilbert space H and a linear map A : % - H
such that A(%) is dense in H, and (A(x), A(y)) = k(y*x). The kernel of this map is
the set

KerA = {xe |k(x*x) =0} = {xe¥ |x(yx) =0 Vyei},

which is obviously a y_-invariant left ideal in %. Property (ii) of x implies that if x is

in this ideal, then also y;3(x*), and hence also x*, is in this ideal. Thus the ideal is self-
2

adjoint and two-sided, and it follows that A(%) has the canonical structure of an

algebra with involution, in particular, A(x)A(y) = A(xy), and A(x)# = A(x*).

Let us check that A(#%) is a left Hilbert algebra. It is obvious that
(A(X)A(), A(2)) = (A(y), A(x)* A(z)). The map A(y)— A(x)A(y) is a bounded
map for each xe% by (3.3). In fact, we see that the norm of the mapping is not
bigger than ||x||. Since «x is y.-invariant, property (ii) of x can be rewritten as

(A(x"), A)) = (A7), 4(x))- (3-5)
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It follows A(x)—A(x*) is a closable operator. It remains to prove that
A(#)* is dense in A(%). Let {e;}, be an approximate unit in %. We
claim that A(ex)A(x)—>A(x) for any xe. Let x = 0;;. Then by property (iii)
of x

14(x) = A(e) AP =[|A(Oc-a20) 1P = K (Ozce-eizi-aer o)

= (UL, Uil y, <& —exd, & — el D)y
2 2

By Lemma 3.1, ({ Upl, Ul ), ~)¢ is a bounded linear functional on 4, so {A(exx)},
2 2

converges to A(x). This proves the claim and completes the proof that A(%) is a left
Hilbert algebra.

Let ¥ be the canonical n.s.f. weight on the associated von Neumann algebra
ZL(U). For each xe let p(x) be the operator of left multiplication by A(x). We
have already shown that ||p(x)||<||x||. Hence p extends by continuity, first to a
representation of K(X), and then to a representation of B(X). Finally, we define
K¢y = ‘Pop.

Let us compute the modular group of ¥. By property (iv) of x the vector-valued
function Caz>A(y.(x)) is analytic. Hence there exists a non-singular positive
operator 4 on H such that A4°A(x) = A(y;5.(x)). Let J be the anti-linear involution

|
defined by JA(x) = A(yi,;(x))#. Then JA2A(x) = A(x)¥, from which we conclude

2
that Ay = 4. Thus ¢ep =pey_g. Since Ky(y*x) = (A(x),A(y)) = k(y*x) by
definition of ¥, we see that rg|xy) is a (7, )-KMS weight such that property
(3.2) is satisfied for all £e Xy ( Xy, Xy ).

We can now state and prove the following generalization of Theorem 1.1
for KMS weights. In particular, we will show that both constructions give the same
weight.

Theorem 3.2. Let ¢ be a (o, f)-KMS weight on A. For Te B(X), T >0, set

Kp(T) = sup > $(< Uyt TUS)), (3.6)

cel
where the supremum is taken over all finite subsets I of D(Ujy) such that

2
Ui, Uypl > e, for every Eel and 3., 0z ¢<1. Then
22
() kglgy is a (7,B)-KMS weight on K(X), and x4 is its strictly lower
semicontinuous extension to B(X);
(i) there exists an approximate unit {ex =3 . ;0:cc}y in K(X) such that

¢eD(Uip) nD(U i) and {Uy&, Uigé> ec/%;f for every Cely, the net {yis(ex)};
- 2 2 2

2 2
is bounded in norm and converges strictly to 1; for any such approximate
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unit we have

ke (T) *hm Z o( <U,,;§ TU,,55>) for each T =0;

Cely

(i) if Ce D(Uip), then x(0:¢) = p({ Uip&, Uigl ) ), and if this number is finite, then
2 2 2
(Ocg, )y, = D(< U%fw U%@);

moreover, if Xy <Xy is a dense U.-invariant Cy-submodule, then x| K(x) IS the
unique (y, f)-KMS weight such that 1y (0¢¢) = ¢({ Uipé, Uipéy) for fe/\;(/);
2 2

(iv) if the module is full, then the mapping ¢—icy| K(¥) defines a one-to-one

correspondence between (o, [)-KMS weights on A and (y,p)-KMS weights
on K(X).

Proof. First note that an approximate unit with the properties stated in part (ii)
always exists. Moreover, if X;, = X is a dense U.-invariant Cy4-submodule, then such
an approximate unit can be found in the algebra % = span{0: | ¢,{e X, }. Indeed,
let {ﬁ( =1, Onn}i be an approximate unit in %. It is well-known that if we set

& = \/_ Jrne . (fi)dt, then {ér}, is an approximate unit, the net {y.(é)}, is
bounded and converges strictly to 1 for any zeC. But since each f; is
already y-analytic, we can replace the integral by a finite sum such that the

element ex, which we thus obtain, is arbitrarily close (in norm) to &, while yz(ex) is
2
close to yi5(é).
2

We have already shown that there exists a strictly lower semicontinuous weight x
on B(X) such that kg y) is (7, f)-KMS and x(0:¢) = ¢(< U,ﬁé, ,[;é>) for e Xy. To

prove the theorem it is enough to show that x satisfies (111) Indeed by Lemma
3.1(1),(iv), x can then be defined as in part (ii) and (3.6). In particular, x4 = K, SO K¢
has properties (i)—(iii). Part (iv) follows then from the uniqueness result in (iii), since
by symmetry for any (y, f)-KMS weight ¥ on K(X) we can define a strictly lower
semicontinuous weight «, on M(A4) such that x|, is a (o, f)-KMS weight and

Ky (CEE0) =¥ (Ou_jgeu_ype)  for any CED(U%M)'
2 2

2

To show (iii), note that for any &, Ce)ﬁb
0z, 0:6), = D(< U%C, Occ U%O)'
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Since both sides above are continuous functions of £, the equality holds for any
Cefd) and e X, and, using (3.4), we obtain that

()C, 6636)]{ = ¢(<U%éaXU%é>) (37)

for every xe# and &eD(U). Choosing an approximate unit in U satisfying the
2

conditions of Lemma 3.1(iv) we conclude that

k(0:¢) = ¢(< U%f, U%@))

for any &€ D(Uj). If this number is finite, by Lemma 3.1(ii) we can rewrite (3.7) as

2

(Oc¢,x), = d(< U%f,inzﬁ@)

for any xe%. Since both sides above are strictly continuous linear functionals on
B(X), the equality holds for all xe B(X). By Lemma 3.1(iv) the weight x is
completely determined by linear functionals (0:¢,-), for e Xy, from which the
uniqueness result follows. [J

Remark 3.3. (i) In the particular case when 4 is a full corner pBp, X = Bp, y a one-
parameter automorphism group of B leaving the projection pe M (B) invariant, ¢, =
Vilas Uix = 9,(x), the weight 1|y is an extension of the (o, f)-KMS weight ¢ to a
(7, )-KMS weight on B, and the map ¥ —«y |, going from KMS-weights on B to
KMS-weights on A4 is just the restriction map. Thus Theorem 3.2 says that any
(0, p)-KMS weight on 4 can be uniquely extended to a (7, $)-KMS weight on B.
Using the linking algebra the general case could be reduced to this situation.
Namely, K|y is a unique weight y on K(X) such that

0
=5 4)
0 ¢
is an (o, §)-KMS weight on the linking algebra

()

(7 ) (& o)
! { a U[C J[(a) '
(i) The induction (or extension) results have natural counterparts for von

Neumann algebras, which can be proved by the same methods or deduced from our
results for C*-algebras (see also [CZ]).

where
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(ii1) The fact that the weight given by our first construction of the induced weight
K4 1s independent of the choice of representation = is essentially equivalent to the
main result of [Sa].

(iv) The main point in our first construction of the induced weight x4 is an implicit
application of Connes’ theorem on existence and uniqueness of a weight with given
Radon—Nikodym cocycle [Col, Theorem 1.2.4]. On the other hand, our second
construction uses nothing beyond the basic definitions of the modular theory, and
the induction results we have obtained can be used in turn to give an alternative
proof of Connes’ result. Indeed, let M be a von Neumann algebra, ¢ a n.s.f. weight
on M with modular group o, R> > u, a strongly continuous unitary 1-cocycle for a.
Then by our results (and remark (i) above) there exists a unique n.s.f. weight @ on
Mat, (M) with modular group

(0 0)=Coii "))

such that @ < <8 2,) = ¢(d) for any de M. Since p = ey, is in the centralizer of
@, &(x) = P(pxp) + P((1 — p)x(1 — p)) for any xeMat,(M)_ . So if we set

wa=o((; )
()

Thus y is a n.s.f. weight with Radon—-Nikodym cocycle (Dy : D¢), = u,.

then

The following result is an analogue of Proposition 1.2 on induction in stages for
KMS-weights. We use the notation Kg instead of kg4 to indicate explicitly the
dynamics used to induce the weight.

Proposition 3.4. Let o (resp. y) be a one-parameter automorphism group of a C*-
algebra A (resp. B), X a right Hilbert A-module, Y a Hilbert A-B-module, U (resp. V')
a one-parameter group of isometries of X (resp. Y) such that {U UJ(L) =
Gi(CECY), VEVEY = 1(CECY), Vial = o (a)Vie. Let ¢ be a (3, B)-KMS

weight on B. Set y = K£|A‘ Suppose  is densely defined, so it is a (o, f)-KMS weight
on A. Then
Ky ©V(S®1) = 15)/(S)

for any Se B(X), S=0.
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Proof. We will give a proof based on the properties of spatial derivatives, but we
point out that a proof along the lines of that of Proposition 1.2 is also possible.

Replacing 4 by (X, X >, then Y by AY and then B by (Y, Y ) we may assume
that the modules are full. Let n: B— B(H) be an arbitrary representation of B such
that there exists a n.s.f. weight ® on L = n(B)" such that ¢ = ¢or and ¢%or =
noy_g,. We then consider the induced representations of B(Y) on Hy = Y ® gH and

of B(X®,4Y) on Hygy =X®4Y®pH, and we consider the following von
Neumann algebras:

(1) M = L' in B(H);
(2) Ny = B(Y)", Ny = A", and My = A" in B(Hy);
(3) Nygy =B(X®Y)", Ny = B(X)" in B(Hygy).

The algebra M acts faithfully on Hy and Hygy, My acts faithfully on Hygy =
(Hy)y, and

Ny =M in B(Hy);
Nygy =M, Ny=M, in B(Hyxgy).
Choose a n.s.f. weight @ on M. Let ¥y be the n.s.f. weight on Ny such that
APy /) =V 5 @A(®/P)" on Hy.

Set Yo = Pyly,, so that = ¥|,. Let P, Yxgy and Py be the n.s.f. weights on
My, Nygy and Ny, respectively, such that

A(To/d56) =A(Py/®') on Hy;

AWPxoy/P) = U ;4 @V_p®@A(P/P)" on Hygy;

APy /®))" = Uy @A(Po/®)" = A(Pxov/P)" on Hygy,
-

so that Yxev|pxery) and EPX|B(X):K$. We have to prove that

Yy y|NX = W¥y. Let E: Ny— N, be the ¥y-preserving conditional expectation.
By considering Ny and Ny as subalgebras of B(Hy) we get an inverse operator-
valued weight E=': My — M, cf. [H] and [St, Corollary 12.11]. Then by considering
M,y and M as subalgebras of B(Hygy) we get an operator-valued weight F =
(E"")"": Nygy— Ny. By definition

A(Wo/B)) = A(Py /@) = A(WooE/®) = A(Wo/P-E™') on Hy,

whence ¢'<E~! = @{. Then

A('PXOF/(D/) = A(IPX/(IS/OE_I) = A(IPX/(DB) = A(TXGDY/CD,) on HX®Y;
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s0 YyoF = ¥ygy. But the property of an operator-valued weight to have a
conditional expectation as the inverse does not depend on the spatial realization, cf.
[Ko, Theorem 2.2]. Since E is a conditional expectation, we conclude that F is also a
conditional expectation. Hence ¥Yxgy|y, = Px. O

The characterization of KMS states of general quasi-free dynamics is similar to the
case of trivial dynamics on the coefficient algebra, but requires the correspondence
just established between the KMS weights on 4 and those on K(X).

Theorem 3.5. Let o be a one-parameter automorphism group of a C*-algebra A, U a
one-parameter group of isometries of a Hilbert A-bimodule X such that {U,&, Ul =
a(K&,C)) and Uaé =o,(a)Ut, and denote by y the corresponding quasi-free
dynamics on the Toeplitz algebra T x. For feR, let F be the operator mapping (a, )-
KMS states of A into weights on A, defined by

Fqb:;cgu,

so that F is a (o, )-KMS weight on A when it is densely defined. Then
1) if Pisa (y,p)-KMS state on T x, then ¢ = ®| , is a (o, §)-KMS state on A such
that F¢p < ¢;
(i) if ¢ is a (o, B)-KMS state on A such that F < ¢, then there exists a unique gauge-
invariant (y, B)-KMS state ® on T x such that ®|, = ¢; if ¢ =>_,", F"¢y, then
& — )

= K% jX;

(iii) if U satisfies the ‘positive energy’ condition (i.e. the vectors & such that
Spy (&) = (0,4 0) span a dense subspace of X), then any (y, B)-KMS state of T x
is gauge-invariant, so the mapping O+ ®|, defines a one-to-one correspondence
between (y, )-KMS states on T x and (o,[5)-KMS states ¢ on A such that
Fo<g;

(iv) a (y, B)-KMS state @ on T x defines a state on Oy if and only if F¢ = ¢ on Iy,
where ¢ = P| ,.
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