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The concept of inter-changes of Schauder bases is used to interpret inverse rela-
tions for sequences. For a given power series, the interplay between different repre-
sentations by Schauder bases can result in combinatorial identities, new or known.
Local cohomology residues and local duality are used for computations. The view-
point of Riordan arrays is examined using Schauder bases.  © 2001 Elsevier Science
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1. INTRODUCTION

Let x be a field. An inverse relation is a pair of identities of the form
bn = Z Cnk Qi
k=0

a, = Z dnkbka
k=

0

where a;, b;, c;;, d;; € ¥ (0<i < j). For convenience, we let c; =d; =0, for
i > j. Usually, we assume that @,’s (resp. b,’s) are linearly independent over
a certain subfield of x which contains ¢, and d,. This independence

implies the following orthogonal property

Z Cok @i = O (1

k=0

where J,,, is the Kronecker delta function.
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Inverse relations are frequently encountered in combinatorial problems
and have been extensively studied by Riordan [22]. Systematic and unified
methods were developed by Egorychev [6] using contour integrals and by
Krattenthaler [12] using operator methods. See also [28] for Mobius
inversion over partially ordered sets and [19] for computational aspects.
More recent work on one-dimensional inverse relations appears in [13, 21].

In this article, we propose a new approach to inverse relations. This
approach, based on inter-change of Schauder bases, is conceptually ele-
mentary. It stems from the observation that formal power series rings can
be variable-free. Traditionally, a formal power series ring is defined in
terms of variables. However, it is truly a local ring characterized by certain
additional algebraic properties free from the notion of variables. To illu-
minate this variable-free phenomenon, it is helpful to first look at vector
spaces: An n-dimensional vector space over a field x is an abelian group
with certain additional algebraic structures. Its elements, once a basis
uy, ..., 4, is chosen, can be represented uniquely as

Zaiuia

where a; € k. One knows that there is no canonical choice of basis. In a
formal power series ring, variables (i.e., regular system of parameters) play
the role as bases in vector spaces. Once variables X, ..., X, are chosen for a
(Krull) n-dimensional formal power series ring over a field «, every element
in this ring can be represented uniquely as

i i
Zail---i,,Xl X

where a; .., €x. As the case of vector spaces, a formal power series ring, in
its natural guise, has no canonical choice of variables. See the beginning of
Section 2 for the one-dimensional case.

Interplay of different sets of variables has combinatorial significance. Let
X, ....X,and Y,, ..., Y, be two sets of variables of an n-dimensional formal
power series ring over a field x with the following relations:

Y=Y e, Xt Xy (e,

In

EK)
X,=Yd0  Yi-Yh @), 0

It is the theme of Lagrange inversion formulae to find explicit formulae of
dflj?._,-n in terms of c,({) ;.- Such variable-free viewpoint is supported by local

cohomology residues, which provide a convenient framework to compute
the coefficients d_, , see [10].
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In this article, we focus on a one-dimensional formal power series ring R
over a field. We introduce Schauder bases, which represent elements of R
more flexible than variables do. Such generalization enables us to produce
inverse relations. Our main result in Theorem 2.1 below provides a new
characterization of inverse relations in terms of Schauder bases. The first
part of our result says: Representations of an element in R by two strictly
monotone Schauder bases give rise to an inverse relation with the orthogonal
property.

Compared with the approaches to inverse relations by the umbral cal-
culus [24, Theorem 3.1] or by the Riordan group [26, Section 4], our
approach goes further by characterizing inverse relations with the orthog-
onal property. The converse of the above statement holds, that is, every
inverse relation with the orthogonal property comes from representations of
an element in R by two strictly monotone Schauder bases.

A strictly monotone Schauder basis {g;} and an infinite lower triangular
matrix (c;) with ¢; # 0 give rise to a new strictly monotone Schauder basis
{f:}. One may ask whether another infinite lower triangular matrix (d;;)
with d;; # 0, together with {f;}, gives rise to {g;}. This is equivalent to the
orthogonal property (1), or in terms of matrices, equivalent to that (d;;) is
the inverse of (c;;). Solving (d;;) from an explicitly given (c;;) may lead to
interesting inverse relations. See [ 13] for an inverse relation obtained by an
operator method and [19, Theorem 1.7] for a characterization of (d;;).

For Schauder bases to be of significant value, it is necessary to have
some technical tools for computing their coefficients. In this article, we
recall some definitions and properties of local cohomology residues, which
serve as our computing tool. Local duality is used to translate the method
in [13] to our language. Besides inverse relations, our applications of
Schauder bases include an Abel identity, a Gould identity, their analogues
and a generalization. The Abel and Gould identities were also generalized
by Sprugnoli [27] using Riordan arrays. We will examine the concept of
Riordan arrays using Schauder bases. In this article, terminology of com-
mutative algebra is used. The reader is referred to [15, Chap. IV, Sect. 9]
for a quick introduction and to [17] for further details.

2. SCHAUDER BASES

A one-dimensional formal power series ring R over a field x is a
complete local ring containing x, whose maximal ideal m is generated by
one element, and satisfying the condition that the canonical map from « to
the residue field of R is an isomorphism. The maximal ideal m of R gives
the notion of convergence of a sequence (g;) in R: a sequence (g;) is said to
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be converging to g € R if and only if, for any power m’, there exists an
integer N such that for all n > N we have

g, —gem’.

If X is a generator for the maximal ideal, every element g in R can be
written uniquely as a power series over k¥ with X acting as a variable

g=> aX  (a€k)
i=0

(ie., g=lim, X7 ,a,X"). In such case, we write R=x[[X]]. This
notation not only indicates that R is a one-dimensional formal power series
ring over x but also specify a variable X.

Borrowing the terminology from Banach spaces, we define Schauder
bases.

DermviTION 2.1. Let R be a one-dimensional formal power series ring
over a field k. A sequence ( f;) of R is called a Schauder basis for R if for
every g € R there exists a unique sequence (¢;) < x such that

g= z a; f;.
i=0

We call g; the coefficient of g at f; with respect to the Schauder basis ( f;).

The coefficients of representations by a Schauder basis ( f;) are x-linear
in the following sense: If a € k and

[ee]

g=2 a’fi (aPex),

i=0

[ee]

g=2 a’f; (a?ex),

i=0
then
git8& = z (at('1)+a§2)).fia
i=0
ag, =Y. (aal) f..
i=0

We look at some examples of Schauder bases. Let R=«x[[X]]=«[[Y]].
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ExampLE 2.1. The sequence (X) is a Schauder basis, which we name
an ordinary Schauder basis, or an ordinary basis for short.

ExampLE 2.2. Given pe Z, the sequence (Y(1+X)?) is a Schauder
basis, which we name a Gould-Schauder basis, or a Gould basis for short.
See Identity 4.1 for the choice of such name.

Assume furthermore that x is of characteristic zero.

ExampLE 2.3. The sequence (X'/i!) is a Schauder basis, which we
name an exponential Schauder basis, or an exponential basis for short.

ExampLE 2.4. Given p ek, the sequence (Y’e”®) is a Schauder basis,
which we name an Abel-Schauder basis, or an Abel basis for short. See
Identity 4.1 for the choice of such name.

ExampLE 2.5. Given peZ, the sequence (Y(X/(e¥—1))?) is a
Schauder basis, which we name a Bernoulli-Schauder basis, or a Bernoulli
basis for short.

The above examples of Schauder bases are of the type (Y'ep,), where
@; € R=k[[Y]] is invertible. They are encountered in concrete problems
and deserve a name.

DEerFINITION 2.2. Let R be a one-dimensional formal power series ring
over a field x. Let m be the maximal ideal of R. A Schauder basis ( f;) is
called strictly monotone if f; e m'\m'*™.

If R=k[[X]], it is easy to see that a Schauder basis ( f;) is strictly
monotone if and only if it is of the form (X ¢p,), where ¢, € R is invertible.

The method of generating functions is a powerful tool in combinatorics.
To transform a sequence qy, g;, a,, ... in a combinatorial problem to a
power series for analytic or algebraic machineries, one usually uses the
ordinary generating function

a+a X+ +a, X"+

or the exponential generating function

X
ao+a1X+...+an7+..._

These two generating functions correspond to representations by the ordi-
nary basis (X?) and the exponential basis (X’/i!) respectively. The concept
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of Schauder bases suggests that generating functions may be put in a more

general context. The following theorem underlies the importance of
Schauder bases.

THEOREM 2.1. Let ( f;) and (g;) be two strictly monotone Schauder bases
for R with the following inter-relations:

fi=c0ig0+c1,'g1+C‘2ig2+c3ig3+... (2)
g’=d0if0+d1if1+d2if2+d3if3+~-- (3)

(cji» dy € k). Then the following orthogonal relation holds.

[ee]

Y, Coktlin = Oy @)
k=0
Given h € R represented as
h=a, fota fi+a fo+ - =bygy+b g +b,g+ - (3)

(a;, b; € k), the following pair of identities holds.

n
bn = z Cri Ay

k=0

Z nkbk

(6)

Conversely, given any pair of identities (6) with the orthogonal property (4)
and the convention c; =d; =0 for i>j, there exist strictly monotone
Schauder bases ( ;) and (g;) for R and an element h € R satisfying (2), (3),
and (5).

Proof. Let (f;) and (g;) be strictly monotone Schauder bases for R
with the relations (2) and (3). Then ¢;; =d; =0 for i > j. So X.°_¢ dp,Coi 18
a finite sum. We compare g, and >.°_, %, diiCoic) &€m: For any i >0,
their images in R/m'*! are the same as the images of

S dufi= Y du( 3 cmsn)= 3 (3 ducw )
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and

m=0 \k=0 m=0 \k=0
Therefore
8n— z < dkncmk > 8m € ﬂ mi = (0)
m=0 \k=0 i=0

Equating coefficients, we get

Z kadkn = §mn'

k=0

Now we compare > o, b, g, and X 7_ o 7o axcu) g,: For any i > 0, their
images in R/m’*! are the same as the images of

z a fr = Z ak( Z angn>= z ( z akcnk>gn

k=0 k=0 n=0 n=0 \k=0

and

[ee]

éo < io ak%k) g, = nz; < ZO akc,,k> 2.

k= k=

Therefore

z bngn = Z < akcnk>gn'
n=0 k=0

n=0

Equating coefficients, we get
b, = Z A Cpe = Z Cotc e -
k=0 k=0
Similarly, we have
an e Z dnkbk'
k=0

Conversely, given the inverse relation (6) with the orthogonal property (4)
and the convention c¢; =d; =0 for i > j, we consider the lower triangular
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matrices C = (¢;;),x, and D = (d;),, for a fixed n e N. As the product of
C and D is the n x n unit matrix, we know c,, # 0 for any n. Let

fii=cote X e X2+ X+
Then ( f;) is a Schauder basis. Let

g =X
h=by+bX+b,X>+b,X>+

As in the previous paragraph, we may switch summations:

o0

Y difi=3 T duenX'=Y T dyenX'=s

n=0 (=0 =0 n=0

2 wfo = iZa%X ZZac,_,nX ZbX_h|

n=0 £=0 £=0 n=0

3. COMPUTING TECHNIQUES

Our main techniques of computation is based on local cohomology resi-
dues. We recall some definitions and properties. The reader is referred to
[9] for details.

Let R be a one-dimensional formal power series ring over a field x with
maximal ideal m. The universal finite differential module of R over « is a
finite R-module QR/,C together with a x-derivation d: R — f)R/K (that is, a
x-linear map satisfying d( fg) = fd(g)+gd( f)) which is universal among
all such finite x-derivations. If R =x[[X]], then elements of Q, /« can be
written uniquely as fdX for some f € R.

Let H}“(QR/,C) be the first local cohomology of QR/k supported at m. If
g € R is not invertible and not zero, then there is a canonical exact sequence

QR/K - (‘{}R/k)g - H1111(§R/1c) - 0:

where (QR/,C)g is the localization of .QR/k at the multiplicatively closed set
{1,g,¢% ...}. If R=k[[X]], elements of (QR/,C) are of the form fdX/g",
where f € R and n e N. We denote the image of fdX /g" in Hm(QR/K) by

e
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and call it a generalized fraction. Generalized fractions satisfy the following
properties.

ProPOSITION 3.1 (Linearity Law). For ,, @, € Qy/,., and ky, k, € R,

[kla)1+k2a)2}_k [wl]-l-k [wz}
n - M 2 .
g g" g"

ProPOSITION 3.2 (Vanishing law).

2

if and only if f € Rg".

ProposITION 3.3 (Transformation Law). For a non-zero element h € R,

[de]_[hde}
g" hg" |’

If R=x[[X]], the above properties imply that elements in H;(f)R/K)
can be written uniquely as a finite sum

)

n>0

[ a,dX

X ] (a, €k).

So we can make the following definition.

DEerINiTION 3.1, The residue map
resy: Hy (Qr) >

is defined to be the x-linear map satisfying

[dX] {1, if n=1;
res =
| x 0, if n>1.

What makes residue map interesting is that it is independent of the
choice of a variable. Then next theorem also explains why universal finite
differential modules are needed in our definition of residue map.
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THEOREM 3.1. IfR=k[[X]]=«[[Y]]. Then resy =resy.

ExaMmPLE 3.1. Assume that R=k[[X]] and Y = X /(1—X). Consider

the elements
[ dx } [ dy }
a)l = = .
X Y

_[dx 1 _[(+Y)y2dy
“’"‘[X"}‘[ Y }

where n > 2. We see directly from the definition that resy w, =res, w, =1
and resy w, =resy @, =0 forn > 2.

We will write res, simply as res. Generalized fractions and residues can
be extended to formal power series rings of several variables over a
complete local ring; see [8]. Inverse relations also have multidimensional
generalizations. See [2, 14, 18, 20, 25] for some recent developments.
Viewpoints and methods in this article are expected to extend naturally to
the multidimensional case.

Given an element w € H! (2, /) there is a x-linear map @, from R to x
defined by f + res( fw). The kernel of @, contains a power of m. There-
fore @, is continuous for the m-adic topology of R and the discrete topol-
ogy of k. We denote the R-module of these continuous homomorphisms by
Hom{ (R, k).

THEOREM 3.2 (Local Duality). The map
Hrln(‘éR/K) - Homi(Rs K)

given by w +— D, is an isomorphism.

Now we illustrate how local cohomology residues are used for comput-
ing coefficients of a representation by a Schauder basis.

ExampiE 3.2. Let (f;)=(X'/(1—X)?""*!) be a Schauder basis of
x[[X]].- We want to find a representation

Xe=dy fo+dy fi+dy fo+dy fi+ - (d €56).

LetY =X/(1—X). Then
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[ X*(1-X)**'dy
d, =res yrtl

Yk
=res| (14+Y)rrh+!
Yn+1

ay

(1),

ExampLE 3.3. Let x be a field with characteristic zero and (f;)=

(X'e®*DX) be an Abel basis of k[[X]]. The coefficient d,, of the repre-
sentation

Xt=dy fo+dy fr+dy fotdy f+ -

is given by

[ X*e*d(Xe™) ]
d, =res

(XeX)n+1
[ (14 X) eP-Xgx ]
=T1¢8 —kt1
Xn
(—p—n)"*"jL (—p—n)"*!
=k (n—k—1)

_p+k(=p—n)"*
" p+n (n—k)

The next example involves Bernoulli numbers B™ of order n € Z, which
are rational numbers defined by

X Vv & B” .
()£

e’ — Py 1!

see [16].

ExampLE 3.4. Let x be a field with characteristic zero and (f;) =

(X'(X/(e¥—1))?*") be a Bernoulli basis of xk[[X]]. The coefficient d,, of
the representation

Xk=d0kf0+d1kf1+d2kf2+d3kf3+
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is given straightforwardly by
[ X \7 X
X —) d{ X ———
<eX— 1 > < e¥—1 )
X n+1
)
- (es)

[ X\ X\
2 —— dx — dx
= res <eX—1> —res <eX—l>

d, =res

X —p—n+1
— dXx
—res <eX— 1 >

Xn—k+l
_, B B BT
(n—k)! (n—k—1)! (m—k)! "’
Using the following relation

nB"*Y = (n—i) B"” —niB{,,

see [ 16, Eq. (15)], we may simplify the above expression for d,, and get
_p+ k B{P
T p+n(n—k)\’

nk

4. INVERSE RELATIONS AND DUAL BASES

This section consists of examples of inverse relations and combinatorial
identities. Assume that R =x[[ X ]]. Apply Theorem 2.1 with the ordinary
basis (X*) and the Schauder basis

Xi
=)
where p > 0, we get the following inverse relation:
Inverse Relations 4.1 [22, Table 2.1, class 4].
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Assume that x has characteristic zero. Apply Theorem 2.1 with the
ordinary basis (X?) and the Abel basis ( f;) = (X'e?»*?¥X), where pe N, we
get the following inverse relation:

Inverse Relations 4.2

" (k+p)
”n=§ (n—k) %

n k n—k
a - zp+(n p)

s p+n  (n—k)! b

Apply Theorem 2.1 with the ordinary basis (X*) and the Bernoulli basis
(f)= (Xi(X/(eX— 1))?*"), where pe N, we get the following inverse
relation:

Inverse Relations 4.3
n B(p+k)
b — n—k
"= 2 kol

Z p+kB{P
—o pt+n(n—k)! k

Now we translate the operator method in [13] to our language. Let (c;;)
be an infinite lower triangular matrix with ¢; # 0. To find its inverse, let
R=k[[X]] and

.fj == C()j+cle+chX2+

An infinite lower triangular matrix (d;;) is the inverse of (c;;) if and only if
the elements

i . ~
=) [ - ] e H!, ()

satisfy res( f;w;) = d,;. If (d;;) is the inverse of (c;;), the elements w; form a
K-vector basis for Hm(QR /)- In fact,

w= i res( f;0) w;

for any w € H,lﬂ(f)R/k). In such case, we call (w;) the dual basis of ( f;). The
dual basis defined above depends only on a strictly monotone Schauder
basis for R. It is independent of the representation R = x[[ X ]].
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Let U be a continuous linear operator on R (that is, a x-linear map
R — R continuous for the m-adic topology of R). Each we H! (2, ™)
determines a continuous x-linear map R — k by f - res((U f) w). By local
duality, there exists a unique U*w € H!, (Q, /) such that

res((Uf) w) =res( f(U*w)).

U* is a linear operator on HY, (€,,), that is, the map » > U*w is «-linear.

LemMa 4.1 (cf. [13]). Let (c;) and f; be as above and let w; be the dual
basis of ( ;). Suppose that

Ufi=eVf;

holds for j = 0, where e; € x satisfying e; # e; for i # j and U, V are continu-
ous linear operators on R. If &, is a solution of

U =eV &
for k=0, then
res( [V *E) o =V,
Proof. 1Ifi+ k, from the computation
e, res(fiV*¢) =res(f;UE,) =1es((Uf;) &) = e; res((V ;) &)
=¢; res(f;V*E,),

we get res( f;V *¢,) = 0. Therefore

[ee]

V¥, = Z res(f;V*E) o, =res(fiV &) .

i=0

Let (o), (B;), and (e;) be sequences of elements of x such that e, #¢e; if
i #j. Let A, B, E be continuous linear operators defined by AX* = o, X*,
BX*= B, X*and EX*= ¢, X*. Let
= 7;}c(“j+ekﬁj) '
G ) o)

(By convenience, products of the form ;‘;1, are defined to be equal to 1.)
and f, =>.7_, cu X" As observed in [13],

(E—XA) fi=e.(1+XB) f;
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and
o g Weltaredy] oX ]
=0 jce(eg—e) | xt+!
satisfies the equation
(E*—A*X) &, = e, (1+B*X) &,.

By Lemma 4.1, we can compute the dual basis of (f;) and obtain an
inverse relation.

Inverse Relations 4.4 [13]. Assume that a, +e¢,[, # 0 for all n.

_ z 7;}c(°‘j+ekﬁj)a
St H;’l=k+1(ej_ek) ,

o e [ i (o +e,f;)
a,=Y, 5 b, .
k=0 a’n+enﬂn Hj=k(ej_en)

b

This inverse relation is quite general and useful. The case ¢, =k is an
inverse relation obtained by Gould and Hsu [7]. The case ¢, =¢* is
equivalent to a g-analogue of [7] obtained by Carlitz [5]. Andrews [1]
showed that the Bailey transform is equivalent to the case «; =1,
B; = —bq’, e, = q*. The case a; =aq ™~ '+b’q’"", B, =—b/q, e, =q *+aq*
is equivalent to a transform used by Bressoud in finite forms of
Rogers—Ramanujan identities [ 3, 4].

Every inverse relation consists of two identities. Some of them are
interesting in their own right.

IDENTITY 4.1. Let p, q, r be non-negative integers and ¢ € k[[ X ]] be an
invertible formal power series. Assume that q does not divide r. Write

"= bPX' (b ek).
i=0

Then

n
r
—qk) 1, (p+qk) __ +7)

b§€’ q)bnp_kq)_bglp 0N

K=o r—qk

Proof. Let (f;) be the Schauder basis (X'p?*), (g;) be the ordinary
Schauder basis (X?) and & = @?*". We use the notation as in Theorem 2.1.
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It is easy to check that b, =b**" and c,, = b{?%%. The identity follows
from the first equation of (6) and the computation

[ ’d(X o)
a = res (X(pq)k+l
_ do
r—gk—q q Xo? ' 2 \dX
—res| ¥ <(p el dX>
Xk+1
(9" *dX ] ¢ Xdg'
B I i I
r—gqk
r
- pir—a)
r—qk k I

This identity generalizes some classical identities. For instance, with
@ = e*, we recover the Abel identity. Note that ( f;) in this case is an Abel
basis.

IDENTITY 4.2 (Abel). Let p, q, r be elements in a field x of characteristic
zero. Assume that r —qk # 0 for all k = 0. Then

sor (=gt (ptgb)* _(p+n)"

Zor—qgk k! (n—k)! n!

With ¢ = 1+ X, we recover the Gould identity. Note that ( f;) in this case
is a Gould basis.

IDENTITY 4.3 (Gould). Let p, q,r € N. Assume that q does not divide r.

Then
r r—qgk\(p+gk\ (p+r
b r—gk\ k n-k) \n )

If o =1/(1—-X), we get the following identity.

DM =

k
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IDENTITY 4.4. Let p, q, r be non-negative integers. Assume that q does not
divide r. Then

z”: r r—qk+k—1\/p+gk+n—k—1\ (p+r+n—1
o r—qk k n—k B n ’

If o = X /(e* —1), we get the following identity.

IDENTITY 4.5. Let p, q, r € Z. Assume that q does not divide r. Then

—gk +gk +
n r Bl(cr qk) Bi{kq) Bip r)

kz‘or—qk K (n—k)!

5. RIORDAN ARRAYS

The Abel and Gould identities were also generalized in [27, Theorem
3.1] using Riordan arrays. In this section, we examine the viewpoint of
Riordan arrays and compare it with that of Schauder bases. In short, a
variable in the theory of Riordan arrays is a “dummy variable”; while
variables from the viewpoint of Schauder bases are elements in a formal
power series ring with relations.

Let x be a field. Given ge k[[X]] and f in the maximal ideal m of R,
write

gX)=ay+a, X +a,X*+ --- (a; e k),
f(X)=bX+b,X*+ --- (b; e x).

We define the value of g at f with respect to X by
S i=a+a(b X +bX°+ )+ a (b X +b, X+ )"+ -

Let R, be the subset of R consisting of all invertible elements. With respect
to X, for f, g € R,, we define

fxg=f(X)g(Xf(X)).
It is easy to check

frlo=lsf=f

fx(gxh)y=(f*g) xh
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for all f, g, heR,. Given f e Ry, let Y =X f, we represent 1/ f as power
series in Y:

1
7=ao+a1Y+a2Y2+---+ (a; e ).

In the theory of the Lagrange groups and the Riordan groups, X and Y are
treated as dummy variables. Replacing Y by X on the left hand side of the
above equation, we define (with respect to X)

f=ay+a, X +a,X*+ - +.
It was shown that

fri=Frf=1.

Hence (R,, * ) is a group, which we call the Lagrange group.
Given f e Ryand ge R, let Y = X f, we represent g as power series in Y

g=b,+bY+b,Y*+ - + (b; e k).
Replacing Y by X, we define
Epn=bo+b, X +b,X>+ - +.

As one of the main theorems in [27], it was proved that

(X f(X))=g(X) (M
and

8Xf(X)) =& (X). ®)
In our language, where X and Y are not dummy variables but satisfy the
relation Y = X f(X), identities (7) and (8) are conceptually trivial: Identity

(7) simply states that the same elements g ,)(Y) and g(X) are represented
in different ways. Identity (8) should be stated in the equivalent form

g(Yf(Y)) = g(f)(Y)' )]
Note that

X=Xf(X)f¥)=Y f(Y).
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Hence identity (9) also states that the same elements g ,(Y) and g(X) are
represented in different ways.

A Riordan array is a pair (g, #), where g, he€ R,. Given two Riordan
arrays (g;, #,) and (g,, h,), we define

(81, 1) * (&2, ) = (81(X) g2(Xhy), hy * ). (10)

It is straightforward to check that
(& h) (1, L) =(,, L) *(g h) =(gh),
((81> M) * (82, 1)) * (&35 h3) = (&1, 1) * ((&25 1) * (&3, 13)),

(g h) + (G, ) = (& 1) * (g, h) = (1, 1),

for all Riordan arrays (g, &), (g1, 1), (g, h,) and (g;, ;). Hence the set of
Riordan arrays together with the operation (10) forms a group, which we
call the Riordan group. We remark that our definition of the Riordan
group, following [27], is essentially the same as the original definition in
[26], although in slightly different guise. We remark also that the group
structure of Riordan arrays was found in [23, p. 43] in terms of Sheffer
operators using the umbral calculus.

A Riordan array (g, #) determines an infinite lower triangular matrix
(¢ ), where ¢, € k, by the relation

o0

gXR)F =Y cuX".

n=0

For instance, the Riordan array (1/(1—X),1/(1—X)) determines the
Pascal triangle

1 0 0 O
1 1 0 0
1 21 0
1 3 3 1

The product in the Riordan group is in fact coming from product of
matrices: Given two infinite lower triangular matrices (c,;,) and (c,u,)
determined by Riordan arrays (g;,%) and (g,,5,), the product
(€1, )(Cryr,) Of matrices is determined by the product (g, &) * (g, h,) of
Riordan arrays.



222 I-CHIAU HUANG

Given an infinite lower triangular matrix (c,;) defined by the Riordan
array (g, h) and a power series

f=a+aX+a X+ - (a; e x),

the generating functions of the column of

o 0 0 O a,
co ¢y 0 O a,
Cy €y Cp 0 a
Cy C31 C3 Cs3

R
w

is g(X) f(Xh(X)). From the viewpoint of the Riordan group, this fact with
a suitable choice of f gives rise to the following identity.

IDENTITY 5.6 [27, Theorem 3.1]. Assume that R=xk[[X]]=x[[Y]]
and g, f € R are invertible. Let

g=by+b, X +b,X*+b. X+ ---,

g=ayf'g+a f[TYgta, [TV g4a, Y g+ -, 11
f_IYig = cOi+cliX+02iX2+03iX3+ D) (12)

where a;, b;, c; € k. Then

n
bn = z Ay Crg-

k=0

We interpret the above generalization in terms of Schauder bases. Equa-
tion (11) describes the element g in terms of f~'Y’g. Equation (12) gives
the relation between the ordinary basis (X’) and the Schauder basis
(f~'Y’g). So we are able to find the representation of g by the ordinary
basis (X):

0

dX “YkedX " “YkedX
b =res[g }=res k;“"f & =y res[akf lg }
Xn+
X+l k=0
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