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1. Ideals of infinite order operators

Let H be a separable Hilbert space. For a compact linear operator A in H, A* is the adjoint, A;j(A) are the eigen-
values and sg(A) = VAx(A*A) (k=1,2,...) are the singular values taken with their multiplicities and ordered in the
decreasing way. In addition, S, (1 < p < o0) is the Schatten-von Neumann ideal of operators A with the finite norm
Np(A) := [Trace(A*A)P/2]1/P. We will say that a compact operator in H is of infinite order if it does not belong to any
Schatten-von Neumann ideal. Such operators arise in various applications. Many fundamental results on infinite order com-
pact linear operators can be found in the well-known book [9, Section 3.1]. Literature on determinants of compact operators
and their applications is very rich, cf. the very interesting recent papers [3,4,10,17,18] and references cited therein, about
the classical results see [2,7,8]. At the same time to the best of our knowledge, bounds for the determinants of infinite order
operators were not investigated in the available literature. The motivation of this paper is to extend some useful results on
determinants of Schatten-von Neumann operators to infinite order operators.

For a non-decreasing sequence of positive integers m = {pj}j?il (p1 > 1), assume that

[o¢]
> (tsj(A)P < o0 (11)

=1

[

for all t > 0. We denote the set of all compact operators A satisfying (1.1) by I'y.
Put

yr(A) =) s (A).

j=1
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The regularized determinant det; (I — A) for an operator A with y (A) < oo is defined as

x it ama
detﬂ(I—A):=l—[(l—Aj(A))exp|:Z ¢ )}.

. m
j=1 m=1

Here we put

0 Am(A)
J — 0

2y

m=1

Lemma 1.1. Let A be a compact operator such that y (A) < oco. Then

00
‘detn(l — A)| < exp|:Z‘Aj(A)‘Pj:| el
j=1

Proof. Thanks to Lemma 3.1 from the paper [12], for any integer p > 3 we have

p_l m
a1- w)exp|: Z W?i|

m=1

_ p
gexp[%] (weC). (1.2)

But, |1 — w| <el"!. In addition,

la —w)e‘“’}2 = (1—2rcost +r?)e* st <e” (r=lwl|, t=argw),

since 1+ x < e¥, x € R. Thus

p_l m
1- w)exp|: Z W?i|

m=1

<exp[lwl’] (p=1,2,3,...; weQ). (1.3)

Hence,

|det, (1 - A)| <] exp[[;(A)["] = exp|:Z|Aj(A)|pji|.

j=1 j=1
Let us check that

o0

> [ <Zsff(A).
j=1 J

i—1

Indeed, let N be an arbitrary positive integer number and A be an arbitrary compact operator. Weyl’s inequality (see e.g.
[15, Theorem 1.15]) implies that

N N
DA< siA).
j=1 j=1

Taking into account that |A;(A)| and sj(A) are non-increasing sequences and the function

N

FOa, . xn) =) Ixj|P

j=1
is a convex function of (xq, ...,xy) € CN, by Markus’ theorem (see e.g. [15, Theorem 1.9]),

DL SEI
j=1 j=1

Passing to the limits, we get the required inequality, and thus we prove the lemma. O
Lemma 1.2. Let A and B be compact operators such that y; (A) < oco. Then

1
ya((A+B)/2) < 5 (va(A) + yx(B) (ABelx).
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Proof. By the Holder inequality, we have

@+b)P <2P/P'(aP +bP)=2P"1(aP +bP) (p>1; 1/p+1/p'=1; a,b>0).

So
yr((A+B)/2) =) stE((A+B)/2) <Y 27P¢(sk(A) + sk(B))™
k=1 k=1

3

<) 27 PP (sPR(A) + 5¢4(B)) = %(yn (A) + ¥z (B)),
k=1
as claimed. O
Obviously, A € I'y; if and only if y5 (tA) < oo for all ¢t > 0.
Lemma 1.3. I'; is a linear space.

Proof. Let A, B € I';. Then for any c € C and all t > 0,

ya(cth) =Y st (ctA) ="y P (A)(|clt)" < oo.

j=1 j=1

Moreover, by the previous lemma

1
Y (A +B) < 2 (yx 2tA) + v (2B)) < oo,

This proves the lemma. O

Notice that I'; can be smaller than the set of all compact operators A satisfying yr (A) < co. Besides, the set of all A
such that y (A) < oo is convex. However, this set is not linear in general. Now we are going to introduce a norm in /7. Let
f= {fj};'; be a sequence of complex numbers. Put

Py = IfjIP.

j=1

The Nakano space [14] £Pi is the set of all sequences f such that p(f/A) < oo for some A > 0. Consider also the set Zgj of
all sequences f such that p(f) < co and the set h?j of all sequences f such that p(f/A) < oo for all A > 0. It is clear that
hPi C Zgj C ¢Pi. It is well known that ¢Pj is a Banach space under the norm

If s = inf p(f/2)

and hPj is its closed subspace. Moreover, Zgj is not a linear space in general. Nakano spaces are a particular case of
Musielak-Orlicz spaces (see Lindenstrauss and Tzafriri [11] and Musielak [13]). From Proposition 4.d.3 of [11] it follows that
£Pj =hPj if and only if {p]-}]?i1 is a bounded sequence.

Denote by I the set of all compact operators A on a separable Hilbert space such that {sj(A)}j?c1 € £Pi. Iy is its subset,

since Iy is the set of all compact operators A satisfying {sj(A)}j?‘;1 € hPi. It is now clear that [ is a Banach space under
the norm

1Al == [ {s; (A}, ] o

and [T is its closed subspace. It is obvious that if pj = p €[1, oo) for all j, then both spaces Iz and Iy coincide with the
Schatten-von Neumann class Sj.
So the following result is true.

Lemma 1.4. The set I is a closed normed two-sided ideal of the algebra of all bounded linear operators on H. That is, if A € Iy and
T is a bounded linear operator, then

ATz < NAlZ T 1T Alz <ITHIAll- (1.4)
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Proof. It is well known that s;(AT) <s;(A)|T| for all j (see e.g. [8, Chap. II, Section 2]). Assume that ||A]; > 0 and

IT|| > O (otherwise the proof is obvious). Then from the above inequality and the definition of the norm | - ||, it follows
that
. AT 1 . A J
Z( S]( ) ) gz(.?]( )) <1
S\ Al T S\ Al

Then ||AT ||z < ||Allz|IT|l. The second inequality is proved similarly. O

From Lemmas 1.3 and 1.4 and the fact that I'; is a closed subspace of 1:,, it follows that I'; is also a closed normed
two-sided ideal of the Banach algebra of all bounded linear operators and inequalities (1.4) hold.

2. The main result

Suppose that for a number cg > 1, the condition
1
w(co) =) =5 <00 (2.1)
j=1 o
holds. For example, let co =e and p; = 2[In j + 1] where [x] means the integer part of x. Then

=1
W(CO)SE j—2=C(2)<00
=1

where ¢(.) is the Riemann Zeta function.
Now we are in a position to formulate the main result of the paper.

Theorem 2.1. Under condition (2.1), let A, B € I';. Then
|dety; (I — A) — detz (I — B)| < 2coe™° || A — Bl exp[yx (2(A + B)) + y= (2(A — B))].

To prove this result we need a scalar complex-valued function f defined on Iy, such that f(A+AB) (A € C) is an entire
function for all A, B € I';; and there is a non-decreasing function G : [0, c0) — [0, 0o) satisfying the inequality

|F(A]<G(yx(A) (AeTn). (2.2)
Lemma 2.2. Let a function f(A + AB) (A € C) be entire for all A, B € I'; and conditions (2.1), (2.2) hold. Then

|f(A) — f(B)| < 2collA — BIG(W(co) + yx (2(A+ B)) + vz (2(A - B))).
Proof. For the brevity put y(.) =y (.). Introduce the function

2() = f(%(A +B) 4+ A(A— B)).

Then g() is an entire function and thanks to the Cauchy integral,

_ I _ 8@dz
f(A) = f(B)=8(1/2) - g(=1/2) = 5 f CEEYOEST) (r>0).
|z|=1/24r
So
lg(2)]
1/2) — g(—1/2)| <(1/2 —_
lg(1/2) - g(=1/2)[ <1/ +r)|z|i§‘}3+r\z2—1/4|
But

|22 —1/4] =|(r+1/2)%* —1/4| > (r+1/2)* = 1/4=1*+1 (z=(1/2+71)e", 0<t <27). (2.3)
In addition, by (2.2),

le@)| = ’f(%(AH}) +2(A— B))‘ = ‘f(%(A +B)+ <r+ %)e“(A - B))’

1 T it
<G[y<5(A+B)+ (r+§>e (A—B))].
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Consequently,

1 1 1\ ;
|f(A) - f(B)| < FG[;/(E(A +B)+ (H— i)e”(A - B))]. (2.4)

Take into account that y is a convex function. So

1 1 it
y(i(A—l—B)—F (5 +r>e (A— B)) <Y(2(A+B)+y(2(A-B)+y(2r(A—B))

and

o0
y(2r(A—B)) =" (2nPist (A - B).
j=1
Take
1
r=——.
2¢ollA — Bl
Since sg(A) < || A|l, we get
oo sff(A —B)

)/(Zr(A - B)) = Z ClA—BDP < w(co)-
j=1

Now (2.4) implies the required result. O

The assertion of Theorem 2.1 directly follows from the previous lemma and Lemma 1.1, since det; (I — A — AB) is an entire
function.

3. Lower bounds

In this section for the brevity we put Aj(A) = Aj. Denote by L a Jordan contour connecting 0 and 1, lying in the disc
{z € C: |z| < 1} and does not containing the points 1/ for any eigenvalue A;, such that

#(A):= inf |1—skl>0. (3.1)
sel; k=1,2,...

Theorem 3.1. Under condition (3.1), let A € I'y and 1 ¢ o (A). Then

o0

det; (I — A) >exp|:—— sPkA) ] :|
| g | ¢(A) P k Pk
where
Joi= [ 157~ st
L
Proof. Put
D(z) =dety; (I —zA) (zel).
We have
o0 pj_1 kam
D(z):l_[Ej(z) where E(z) := (1—zkj)exp|:z J i|
j=1 m=1 m
Clearly,
o0 o0
D'@=) E@ [] Ei@
k=1 Jj=1, j#k
and

pk—2 : pk—1 ZS)»,S
E(z)=|—-ta+1=2x 2 ex —k1.
(@ k(A —zn) Y 2" Pl D~

m=0 s=1
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But
pj—2
—hjt (A =zap) Y 2 = P b
m=0
since
pj—2 .,
12: Zmm — ﬂ
J — .
= 1—2zh;
So
pj—1 Zmym ijfl)f’j
E'(z) = —zPi7 T3P ex Jl=— Ei(2).
i@ ; pn; - T, B
Hence, D'(z) = h(z)D(z), where
0 _pr—14 Pk
z A
h(z) :==— =Tk
@ Z 1—2zAg
k=1
Consequently,
D(1)=dety (I — A) = exp[/h(s)ds].
L
Thus
o0 o0
|s|Pk= |ds| _
‘/h(s)ds P ool S D st M (A Ip,
T k=1 T k=1

and therefore

|det; (I — A)| =

exp[/h(s)ds} >exp[—‘/h(s)ds
L L

} > exp |:—¢_1 (A) Z she (A)]pk:| ,
k=1

as claimed. O

The latter theorem generalizes a previous result by the author [6, Theorem 2.1] for Schatten-von Neumann classes S.
The proof is essentially the same.
Let I =|L| be the length of L. Then J,, < since |s| <1 for any s € L. Now the previous theorem implies

Corollary 3.2. Under condition (3.1)let A€ I'; and 1 ¢ o (A). Then

lyn (A)]
p(A) |

|det (I — A)| > exp|:—

Furthermore, if A does not have the eigenvalues on [1, c0), then one can take L = [0, 1]. In this case [ =1 and therefore
Jp < 1

e

Let o (A) be the spectrum of A. Now the previous theorem implies

Corollary 3.3. Under condition (3.1), let A € I'; and [1, 00) N o (A) =0. Then
o1 &Sk (A)}

|det (I — A)| > exp

K=
If, in addition, the spectral radius rs(A) of A is less than one, then
B 1 o0 Spk A
|dety (I — A)| > exp| — (A )
L 1—r5(A) = Pk
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4. Schatten-von Neumann ideals

In this section we improve Theorem 2.1 in the case of the Schatten-von Neumann operators S, i.e. pj = p for an integer
p >3, and

1/p 00 p—1 )\.m(A)
Np(A)_|:Zs (A):| <00, and detp(I—A)::H(l—Aj(A))exp[Z fm }

j=1 m=1

Let X and Y be complex normed spaces with norms ||.|[x and ||.|ly, respectively and F a Y-valued function defined on X.
Assume that F(C + AC) (A € C) is an entire function for all C,C € X. That is, for any ¢ € Y*, the functional (¢, F(C + AC))
defined on Y is an entire scalar-valued function. Let us prove the following technical lemma.

Lemma 4.1. Let F(C + AC) (A € C) be an entire function for all C,C € X and there be a monotone non-decreasing function
G : [0, 00) — [0, 00), such that

[F©O|, <G(ICllx) (CeX). (4.1)
Then

. . 1 . 1 . .
[F(©) = F©O], < ”C_C”XG(1+§”C+C”X+§“C_C“X> (€, CeX).

Proof. Put g () = F(%(C +C)+A(C—0C)). Then g1(1) is an entire function and F(C) — F(C) = g1(1/2) — g1(—1/2). Thanks
to the Cauchy integral,

1 g1(2)dz
g1(1/2)—g1(—1/2)_ﬁ jg @12+ 1/2) (r>0).
|z|=1/2+41

Hence, by (2.3),

lg1@Dlly 1
1/2) —g1(=1/2)|l, <1/2 + Jetally 2
lg1(1/2) — g1(=1/2)], < (1/2+1) ‘leskl/pzﬂ 21457, S?/IJH ler@],-

le1@], = HF(%(C—i—&)-ﬁ-Z(C - 6)) = "F(%(C+5)+ <r+ %)eif(c— 6))
Y

1 ~ 1 ~ 1
G<§||C+C||x + (5 +r) = Cllx) (|z| =3 +r).

Therefore according to (4.1),

In addition,

Y

1 1 . 1 ~
[F©) = FOy, =[g1(1/2) - g1(=1/2)|, < =G( 5IC+Clix+ (5 +7)IC—Clix ).
2 2

r

Taking r = 1/||C — C||x, we get the required result. O

Corollary4.2.Let A,B € S, (p=2,3,...). Then
p
p—1 1
|det, (I — A) — det,(I — B)| < Np(A — B)exp[ 5 (1+2(Np(A+B)+Np(A—B))> ]

Indeed, by (1.2) we easily have

|det, (I — A)| gexp[pp%lNg(A)] (p>2). (4.2)

Take in Y =R, X = Sp, |Il.llx = Np(.). Besides, det,(I — A — BA) (A€ C; A,B € Sp) is an entire function of A. Now the
required result follows from the previous lemma.

The latter corollary improves the well-known Theorem 11.2.2 [7].

Clearly, Theorem 3.1 and Corollary 3.2 are true for operators from S;. Corollary 3.3 takes the form
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Corollary 4.3. Under condition (3.1),let A€ Sp (p=1,2,...) and [1,00) No (A) = 0. Then

1
det,(I — A)| > exp|:— Np(A)]‘
| p ! ¢(A)p p
If, in addition, the spectral radius rs(A) of A is less than one, then
Np(A)
det, (I — A)| > ex [—"7]
[det (=M > exp| ~— G

One can easily see that conditions of Theorem 2.1 hold only for unbounded sequences p; (because of (2.1)). Let us prove
also some unconditional result (without (2.1)) which includes also the classical case of constant p. It is formulated in terms
of the norm ||A — B||; instead of |A — B||. That result is based on the following.

Lemma 4.4. Let a function f(A + AB) be an entire function of . € C forall A, B € I'; and G : [0, co) — [0, co) be a non-decreasing
function satisfying | f (A)| < G(yx (A)) forall A € I';. Then

1 1 1
|f(A) = f(B)| <2|A—=BlzG (5+ZVN(Z(A+B))+Z)/n(2(A—B))>- (4.3)

Proof. As in the proof of Lemma 2.2 one can get

1 1 1 .
|f(A)— f(B)| < ?G(yﬂ (E(A +B)+ (5 +r)e”(A - B))) (4.4)

for every r > 0 and t € [0, 27r). Notice that the operator inside y, (-) belongs to I'; because I; is a linear space, hence
vz (+) is well defined for this operator. Applying Lemma 1.2 two times, one can get

Vu (%(A +B)+ (; ) - B)) % (A+B+e'(A—B))+ = yﬂ (2re”(A B))
}1 7 (2(A+ B)) + ly,, (2e"(A—B)) + = )/71 (2re'*(A — B))
1 1
=47 (2A+B)+ i (2A-B)+ iVn (2r(A-B)). (4.5)

Note that the last step is justified because sj(eif(C)) = |eit|sj(C) =5;(C) for every compact operator C and every j, hence
Y (€"C) = yx (O).
Take
-1
r=(21|A-Blx)

From the definition of || - || it follows that

2\ (sj(A—B)\PI
Yz (2r(A—B)) = Z(H) <1. (4.6)
= 4

Combining (4.4)-(4.6), we arrive at (4.3). O
Thanks to the previous lemma, an analogue of Theorem 2.1 reads as follows.

Theorem 4.5.If A, B € Iy, then
|det; (I — A) —dety (I — B)| <2|A— Bllx exp( + gy (2(A+B)+ - yn (2(A- B)))

The results of this section supplement the recent very interesting investigations of ideals S, cf. [1,5,16,19,20].
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