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The L’-boundedness of the Marcinkiewicz integrals in product domains with
component-wise homogeneous kernels which belong to a certain Orlicz space and
satisfy the cancellation property is studied. © 2001 Academic Press
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1. INTRODUCTION

Stein [15] defined a higher dimensional analogue of the Marcinkiewicz
integral by

(1) waf ) = ([T IRFORS)
where
_ Qx —y)
Ff(x)= /‘xﬂ‘q Wf()’) dy,

and () is a homogeneous function of degree zero whose restriction to §~!
belongs to L'(5"~!) and satisfies the cancellation property,

/S ) do (x) =0.

! This work was supported by Grant 1999-2-112-004-3 from the Interdisciplinary Research
program of the KOSEF.

53

0022-247X/01 $35.00
Copyright © 2001 by Academic Press
All rights of reproduction in any form reserved.



54 YOUNGWOO CHOI

Here, "1 denotes the unit sphere in R”. The continuity of Marcinkiewicz
integrals is very useful in harmonic analysis [4-6, 16, 17, 22]. Stein [15]
proved that if Q|1 belongs to the Lipschitz space A*(S"~1) of order a (0 <
a < 1), then

(12) [ € B2 o f () > A} = S iary

and

(1.3) lwaflr@y < Cpllfllrn)

where 1 < p <2, and if () is an integrable odd function, then
(1.4) I flLe@ny < Coll fllr@nys

for 2 < p < o0.
This result was further improved by Walsh [19]. Among other things, he
proved:

THEOREM 1.1 (Walsh). Let n > 2 and let Q) : R" — C be a homogeneous
function of degree zero such that

[, 00" do() =o.

(1) If Qg1 € L(log" L)V2(S"1), then g is bounded in L*(R").

(2) Let 1 < p < oo and let p' be the conjugate of p. If Qg1 €
L(log™ L)Y (log™ log™ L)>=*"($"), with r = min{p, p'}, then wq is
bounded in LP(R").

Mapping properties of u, on other function spaces were also studied.
Torchinsky and Wang [18] considered the weighted L”-boundedness of u(,
and showed that if Q|1 € A%(S"~), then for w satisfying an A » condition,
Mq is bounded on L?(w). Recently, this was extended to rougher kernels
by Ding et al. [9]. Mapping properties of ug on BMO or Campanato spaces
have been studied in [3, 7, 10, 14, 20].

On the other hand, the Marcinkiewicz integral defined on product
domains has also been studied.

To be more specific, let £ > 1 be an integer, ny, ..., n, > 2 be integers,
and O : R" x ... x R™ — C be a component-wise homogeneous function
of degree zero with the cancellation property:

(1.5) / Q04 ¥ do(y) =0 forj=1,...,k
S
The Marcinkiewicz integral fiq is defined by

~ o0 00 ds,---ds 7
1) oGt =( [ [V )P S )

Sl...sk
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where

Fsl ..... skf(xla""xk):

/ Q(xl_yla---axk_yk)
[x1—yl=<s X —yel<si |x1 —N |n1—1 |xk — Yk |nk_1
X f(Y1seees Yi)dyy - dyy.
Ding [8] showed the L2-boundedness of i, in case k =2 under the hypoth-
esis of
Q|gn-t,gn1 € L(log"m L)*(S" 1 x §™71).

In this paper, we improve the above result. Namely, we will prove:

THEOREM 1.2. Let k>1 be an integer, ny,...,n;, >2 be integers, and (}):
R™ x .- x R™ — C be a component-wise homogeneous function of degree zero
with the cancellation property (1.5). If Q|gn -1, ou-1 € L(log" L)*/2(S™~1 x
- x 8§"1) then the Marcinkiewicz integral operator i, defined by (1.6) is
bounded in L*>(R™ x --- x R™).

This paper is organized as follows: in Section 2, elementary properties
on Orlicz spaces are discussed and the proof of the main theorem appears
in Section 3.

2. PRELIMINARIES ON ORLICZ SPACES

Let ®:[0,00)— [0,00) be a function with the following properties:
(1) @ is convex;
(2) ®(0)=0; and that
3) lim,, P(t)/t=00.
DEerINITION 2.1. (1) For a measurable function f:R"— C, we define
[ fllLowey (the Luxemberg norm) by

||f||L¢(R,,):inf{/\6(0,oo):/R"(I)()rl|f(x)|)dx51}.
(2) The Orlicz sapce LP(R") is defined by
{f:R"—C:f is measurable and ||fI| o~ < o0}.

Remark 2.2. (1) L®(R") is a Banach space.
(2) The following analogue of Holder’s inequality is available; see,
for instance, [22].
LeMMA 2.3. Let @:[0,00)— [0,00) and ¥ :[0,00)— [0,00) be Young’s
pair in the sense that
(1) @ and ¥ are convex;
(2) @' :[0,00)—[0,00) and V' :[0,00)—[0,00) are inverse to each
other;
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(3) P(0)=w(0)=0; and that
4) lim,  ®(¢)/t=lim,_ V(t)/t=00.
If feL®(R") and ge LY (R"), then fge L'(R") and we have

1181l 2wy < 1 f Il Lo l18 1| L (rer)-

3. PROOF OF THE MAIN THEOREM

3.1. Simplifying Notations. For simplicity, we will use the following
notations:

1) 1=(1,...,1), n=(ny,...,n;)eN¥;
(2) For je{l,...,k}, xeR", and s> 0, we write

Bj(x,5)={yeR":|y—x|<s};
(3) For je{l,...,k}, € eS" !, and s>0, we write
C(@)={y esmhly |57 );

(4) For s=(s1,...,50)€(R,)* and y=(y,..., ) €R™ x--- x R, we
write

sy:(slyl""’skyk)’

Silyz(sl_lyl""aslzlyk)’

k
m,
s"=T1s; ", m=(my,...,m;)eNF,
j=1

R )
A= T

3.2. A Reduction. We can write
st(X)Z‘Qs * f(X)

From the homogeneity of (), we see

'XBl((),sl)x---ka((),sk)(Y)'

0, =s'"[s"]" (7).
Thus, we obtain the following formula for the Fourier multiplier of F:

Q,(£)=5"Qy(s8).
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Plancherel’s theorem allows us to write

lofli= [, ([ IR s s

2 ds
L2 (SI)S

(R

(R

N A XC I [T
o [, [Bucse) —)}f(é)} de

= Fds\ a2
_ ( [ [Gse)) —l)lf(f)i dt.
R xR\ /(R S

Therefore, it suffices to Verify the uniform boundedness of

I(g/)E£R+)k = _f stl...dsk

S8y
in §/=(§/1,...,§;()ES”1_1 X oe xS”k_l,
3.3. Estimates on 1(£'). We let
Ry=(0,1), R;=(1,00),

'7Sk§:’<

and write

(&)= 3 Tapa (&),

with

Ray x---xRay,

It suffices to verify the uniform boundedness of [,
--x 8™~ for each choice of ay,...,a; =0,1. Write

J={1,....k},

.....

and let
:{je{l,...,k}:a]:l}.
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By the cancellation property and homogeneity condition, one can see

— —2mis, &Yy _ 1)
= e
ﬁTjeJBj(Ovl) |:V1€_J[o( :|

X |: 1_[ eZﬂSIg;.yl:|ﬁl(Y1 > ---’yk)ndyj

le], jel

- l —27713&)’,;_1’
nyeJQBI/(O’l) [Vle_][ :|
8 / 1—1872771'515;‘)’1 ﬁl(yl,...,yk)l_[dyl deV
[Ties, Bi(0,1) leJ,

le], vel,

Switching to polar coordinates, we obtain
| |SII'17TS1yl fl / /
S <[ M| 1S58 0y ) [T o).
! vel /H/‘els”f’l le]]I i€ | ' ‘ jel !
Observe that for each /e J,
sinrs;y, - &

1
/ / 587§+X D g (y/)
lel . gl l Cxl (f/) I

holds.
Therefore, it suffices to estimate integrals of the form

~ dSl
I, o0 (2>(§/)=/ / F(5) s, ds,
Jo, 0y 50y l_[Ve]” Ry nle!§l)R1 1_[ l_[

1es® 5t vely
with
. I I ds,
(?(s)z I_[ H[ 1_[ XC(])(§ )(yl)}ﬂ(yl7 7y )H S_,
SR e, sty 1er® ™!

where {JO,JF),Ji )} is any partition of J. An application of Minkowski’s
inequality on integrals gives us

1
wy 1 ? / /
5@ <[] T (o) 100490 Tde0).
[jes S les (2) | Vi gll jel
We have the following lemma:

LEMMA 3.1. Let K>1 be an integer, ni,...,n;>2 be integers, & €
Sm=l L € eSS and ®,W : (0,00)— (0,00) be a Young’s pair with

®(u)=u(log*u)?,  for large u>0.
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Then
K 1 %
]_[(logl z |> eLY(S" ... x g,

j=1

and moreover there exists a constant C(K) such that

K 1 1
10gﬁ>
jr[1( |y]"§j|

holds uniformly in &,,..., & €S~ x ... x §—1,

<C

LY(SM~1x...xS"K 1)

Proof of Lemma 3.1. Observe that there exists a constant C such that
for large u >0

(3.1) W(u) < exp(Cu%)
holds. For A 2 1, we have

fofite))
<ol (e eomfn ]

K K 2
L e o | R
j=1 ]

j=1

I

from the geometric-arithmetic mean 1nequa11ty and (3.1).
Uniform integrability of W(A™'[T,_;log(1/]y;-&}[)) on §"~ x...x §"~1
is clear and the lemma is proved. i

Applying Holder’s inequality (Lemma 2.3) followed by Lemma 3.1, we
obtain a uniform estimate on F(5).

Therefore, we obtain the uniform boundedness of 7(£') and the proof of
the theorem is now complete.

Remark 3.2. In view of the sharpness of Walsh’s result, one can see that
the size condition on Q|gu-1,..., gn-1 is sharp.
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