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Abstract

The goal of this work is to investigate the computational power of nondeterminism and Las Vegas
randomization for two-dimensional finite automata. The following three results are the main contribution
of this paper:

(i) Las Vegas (three-way) two-dimensional finite automata are more powerful than (three-way)
two-dimensional deterministic ones.

(ii) Three-way two-dimensional nondeterministic finite automata are more powerful than three-way
two-dimensional Las Vegas finite automata.

(iii) There is a strong hierarchy based on the number of computations (as measure of the degree of
nondeterminism) for three-way two-dimensional finite automata.

These results contrast with the situation for one-way and two-way finite automata, where all these
computation modes have the same acceptance power, and the differences may occur only in the sizes of
automata. Results (i) and (ii) provide the first such simultaneous acceptance separation between
nondeterminism, Las Vegas, and determinism for a computing model.
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1. Introduction

The comparative study of the computational power of deterministic, randomized and
nondeterministic computations is one of the central tasks of complexity and algorithm theory.
This is not surprising because the current view on the specification of the class of tractable
(practically solvable) problems is that a computing problem is tractable if there exists a
randomized polynomial-time algorithm for it. In this paper we focus on the power of Las Vegas
algorithms, which are very practical because they never err. It is not surprising that the central
questions like P versus ZPP (polynomial-time Las Vegas computations) and ZPP versus NP are
unresolved, because PDZPPDNP:
The recent research has focused on the comparison of Las Vegas with determinism and

nondeterminism for restricted models in order to better understand the nature and the power of
Las Vegas randomization. (The term Las Vegas randomization was introduced by Babai [3] in
order to distinguish randomized algorithms which never err from Monte Carlo ones that err with
bounded probability.) We know only a few results comparing Las Vegas and determinism, and in
most cases determinism and Las Vegas are polynomially related (combinational complexity of
Boolean circuit, communication complexity [22], the size of finite automata [4], and the size of
OBDDs [4]). For the time complexity of CREW PRAMs [5] and one-way communication
complexity [4] there is even a linear relation between Las Vegas and determinism. On the other
hand (maybe a little bit surprising), there is an exponential gap between Las Vegas and
determinism for the size of one-time-only branching programs [27], and there is an at-least-
superpolynomial gap for the size of k-OBDDs [14]. An exponential gap between nondeterminism
and Las Vegas seems to be typical for all known results (one-way finite automata [4], two- and
one-way communication complexity [2,4,11,20,25,28], and OBDDs [26]). One conjectures that
there is an exponential gap between Las Vegas and nondeterminism for the size of two-way finite
automata too, but up till now only a quadratic gap has been proved [16].
Here, we for the first time prove a strong separation between nondeterminism, Las Vegas, and

determinism, for a computing model. A ‘‘strong separation’’ means that Las Vegas can do
something that the determinism cannot do, and that nondeterminism can do something that Las
Vegas cannot do. Obviously, such a separation can be proved for restricted uniform models only,
because for nonuniform models to compute a solution of a given problem is a question of
complexity, but not the question of computability. The computing model considered here are
finite automata with a two-dimensional square input, i.e., automata recognizing picture
languages. In contrast to standard finite automata, whose nondeterministic, Las Vegas, and
deterministic versions recognize the same class of regular languages (and so one can compare their
sizes only), our results show that this is not true for finite automata with two-dimensional inputs.
More precisely, we prove that there is a language recognized by two-dimensional Las Vegas

finite automata, but not by deterministic ones, for the general model of two-dimensional
finite automata (called also four-way model) as well as for the three-way model, where
movement upwards on the two-dimensional input tape is forbidden. The separation between
nondeterminism and Las Vegas is proved for the three-way model only. In fact we even prove a
stronger result, that there is a language accepted by a three-way two-dimensional nondeterministic
finite automaton, but by no three-way two-dimensional oðnÞ space-bounded Las Vegas Turing
machine.
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The second issue considered in this paper is the computational power of nondeterministic
computing devices with restricted nondeterminism. There are only a few results
[6,8,9,13,15,18,19,21] measuring the computational power of restricted nondeterminism. There
are three natural ways to measure the degree of nondeterminism in computation. One way is to
count the number of advice bits (nondeterministic guesses) in particular nondeterministic
computations, and the second way is to count the number of different nondeterministic
computations on any input. The third way is to count the number of accepting computations (see
[13] for a discussion about measuring nondeterminism in finite automata). Here, we consider the
second one. For three-way two-dimensional finite automata we prove a strong hierarchy—
allowance of one additional nondeterministic computation enables recognition of a language that
cannot be recognized without this small increase of the degree of nondeterminism. This contrasts
with one-way finite automata, where one additional nondeterministic guess can be always
simulated with a small (polynomial) increase in the number of states.1 For general two-
dimensional finite automata, we are not able to prove such a strong hierarchy. We show only that
n nondeterministic computations cannot be simulated by oðn=log nÞ computations on inputs of
size n � n:
This paper is organized as follows. In Section 2 the basic definitions and notations are given.

Section 3 is devoted to the comparison of determinism and Las Vegas, and Section 4 is devoted to
the comparison of Las Vegas randomization and nondeterminism. The degree of nondeterminism
is studied in Section 5. The proof methods vary from theorem to theorem. Cut-and-paste and the
technique for a randomized simulation of nondeterminism from [23] are used to separate Las
Vegas and determinism for general two-dimensional finite automata. A kind of two-dimensional
pumping is developed to separate Las Vegas and determinism for three-way two-dimensional
finite automata. A communication complexity argument is used to separate nondeterminism and
Las Vegas for three-way two-dimensional automata. A special kind of cut-and-paste is again used
to establish hierarchies on the degree of nondeterminism for the recognition of picture languages.

2. Definitions

In what follows we consider two-dimensional finite automata as defined in [10,17]. Informally, a
two-dimensional deterministic finite automaton, 2-dfa, consists of a finite control, a read-only
head, and a squared2 two-dimensional input tape bounded by a special boundary symbol b (see
Fig. 1). The set of states of a 2-dfa is divided into three disjoint sets of working, accepting and
rejecting states. No action is possible from any rejecting or accepting state. The read-only head
can move in all four directions (to the left, to the right, upwards, downwards) from any square of
the two-dimensional input tape, except for a boundary square containing the special symbol b. If
one forbids moving upwards, then we speak about three-way 2-dfa, tr2-dfa, that are an analogue
to one-way finite automata in the one-dimensional case. For each machine A of any kind, let LðAÞ
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regular languages, and so the simulation cost of an increase of nondeterminism is measured in the number of states

only.
2Note that the assumption that every input is a square is essential for some results related to the separation of

determinism and Las Vegas here.
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denote the language accepted by A: The nondeterministic versions of two-dimensional automata
are denoted 2-nfa and tr2-nfa.
To define two-dimensional Las Vegas automata, we use the same way as to define the Las Vegas

mode for ordinary finite automata [4,16]. A two-dimensional Las Vegas finite automaton A;
2-lvfa, can be viewed as a 2-nfa with a probability distribution for every nondeterministic branch,
and four classes of states: working, accepting, rejecting, a neutral (‘‘I do not know’’) states. There
is no possible move from an accepting, rejecting or neutral state. A is not allowed to make
mistakes: If there is a computation of A on a (two-dimensional) input x finishing in an accepting
[rejecting] state, then x must be in LðAÞ [x may not be in LðAÞ]. One requires, for every yALðAÞ
[yeLðAÞ], that A reaches an accepting [rejecting] state with probability of at least 1=2 (i.e., the
probability to reach a neutral state is at most 1=2 for every input).
We denote by tr2-lvfa the three-way version of 2-lvfa. In what follows 2-DFA [TR2-DFA,

2-NFA, TR2-NFA, 2-LVFA, TR2-LVFA resp.] is the family of two-dimensional squared
languages accepted by 2-dfa’s [tr2-dfa’s, 2-nfa’s, tr2-nfa’s, 2-lvfa’s, and tr2-lvfa’s, respectively].
To be able to conveniently work with the inputs, we give the following definition.
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Definition 1. Let S be a finite set of symbols. A two-dimensional tape over S is a two-dimensional
array of elements of S: The set of all the two-dimensional rectangular tapes over S is denoted by

Sð2Þ: Given a tape xASð2Þ; we let l1ðxÞ be the number of rows and l2ðxÞ be the number of columns.
For each m; nX1; let Sm�n ¼ fxASð2Þ j l1ðxÞ ¼ m4l2ðxÞ ¼ ng: If 1pikplkðxÞ for k ¼ 1; 2; we let
xði1; i2Þ denote the symbol in x with coordinates ði1; i2Þ: Furthermore, we define x½ði1; i2Þ; ði01; i02Þ�;
only when 1pi1pi01pl1ðxÞ and 1pi2pi02pl2ðxÞ; as the two-dimensional tape z satisfying the

following (i) and (ii):

(i) l1ðzÞ ¼ i01 � i1 þ 1 and l2ðzÞ ¼ i02 � i2 þ 1;
(ii) for each i; jð1pipl1ðzÞ; 1pjpl2ðzÞÞ zði; jÞ ¼ xði1 þ i � 1; i2 þ j � 1Þ:

Note that in what follows we consider only squared inputs, i.e. inputs xASð2Þ with l1ðxÞ ¼ l2ðxÞ:
A 2-tm is a natural extention of a 2-fa by one linear (one-dimensional) working tape.3 We use

the notations 2-ntm for a two-dimensional nondeterministic Turing machine, and tr2-ntm for the
three-way version of 2-ntm.

Definition 2. Let f ðnÞ :N-N be a function. A 2-ntm (tr2-ntm) M is f ðnÞ space bounded if for any
nX1 and for any square input tape x of side-length n; any computation path of M on x does not
use more than f ðnÞ cells of the storage tape.

Definition 3. Let gðnÞ :N-N be a function. A 2-ntm (tr2-ntm, 2-nfa, tr2-nfa) M is gðnÞ path-
bounded if for any nX1 and for any square input tape x of side-length n; there are at most gðnÞ
computation paths of M on n:

Notation.

* 2-NTMð f ðnÞ; gðnÞÞy the class of sets (of square tapes) accepted by f ðnÞ space-bounded and
gðnÞ path-bounded 2-ntm’s.

* TR2-NTMð f ðnÞ; gðnÞÞy the class of sets (of square tapes) accepted by f ðnÞ space-bounded
and gðnÞ path-bounded tr2-ntm’s.

* 2-NFAðgðnÞÞy the class of sets (of square tapes) accepted by gðnÞ path-bounded 2-nfa’s.
* TR2-NFAðgðnÞÞy the class of sets (of square tapes) accepted by gðnÞ path-bounded tr2-nfa’s.

3. Las Vegas versus determinism

Here we separate determinism and Las Vegas for the general 2-fa as well as for the three-way
2-fa. Note, that this is the first result showing that a Las Vegas computation device can do
something that cannot be done by the corresponding deterministic device.

Let Mid ¼ fxAf0; 1gð2Þ j l1ðxÞ ¼ l2ðxÞ ¼ 2n þ 1 for some nAN; and xðn þ 1; n þ 1Þ ¼ 1g; i.e.,
Mid is the set of two-dimensional squared tapes, that contain the symbol 1 in the middle.
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Theorem 1. MidA2-LVFA � 2-DFA:

Proof. To prove MidA2-LVFA one has to use a version of the known technique of probabilistic
simulation of nondeterministic decisions [7,16,23]. Because the proof of MidA2LVFA is a simple
modification of the proof ideas of the above-mentioned papers, it is moved to the appendix.
The fact that Mide2-DFA was proved in [17] by using a kind of cut-and-paste proof

technique. &

To make the separation for the three-way case, consider the language

L ¼fyAf0; 1; 2gð2Þ j (n; j; l : l1ðyÞ ¼ l2ðyÞ ¼ nX2;

1pjpn � 1; 0plpn � 3; the row j of y is 10l20n�l�2;

every row above the jth row is 10n�21; and

½ðn � jpl þ 14yðn; nÞ ¼ 1Þ3ðl þ 1pj4yðn; nÞ ¼ 0Þ�g:

The inequality n � jpl þ 1 [the inequality l þ 1pj] means that the symbol 2 in the jth row of y is
on or below the secondary [the main] diagonal of y: Thus, L contains squared two-dimensional
tapes that have the symbol 1 [0] in the right-down corner if the first symbol 2 lies on or below the
secondary [the main] diagonal (Fig. 2).

Theorem 2. LATR2-LVFA � TR2-DFA:

Proof. We divide the proof of Theorem 2 into two parts: Theorems 3 and 4. Especially the proof
of the lower bound in Theorem 4 is of interest, because it provides a very careful analysis of the
behavior of tr2-dfa’s. &

Theorem 3. L can be recognized by a three-way Las Vegas finite automaton.

Proof. We describe a three-way Las Vegas finite automaton that recognizes L:

Let y be any input from f0; 1; 2gð2Þ with l1ðyÞ ¼ l2ðyÞ ¼ n: B first traverses y by row-by-row
manner. Searching for the first occurrence of the symbol 2, it checks whether the rows before the

occurrence of 2 have the form 10n�21: If some row does not have this form, B rejects the input y: If
the first symbol 2 lies in the first column or in the last column of the input, then B rejects the input
y: If the input y does not contain any symbol 2, B rejects y; too.
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Let the first symbol 2 lie at the position ð j; l þ 1Þ with la0 and lan � 1: Then B chooses with
probability 1/2 one of the following two strategies (i) and (ii).

(i) B verifies whether yð j; l þ 1Þ lies below or on the main diagonal, i.e., whether l þ 1pj: This
can be done by moving iteratively one step to the right and one step downwards. If l þ 1pj;
then B looks at the symbol yðn; nÞ: If yðn; nÞ ¼ 0; then B accepts y: If yðn; nÞ ¼ 2; then B rejects
y: If yðn; nÞ ¼ 1; then B halts in a neutral state (because y may be in L if yð j; l þ 1Þ lies below
or on the second diagonal).
If l þ 14j; then B also checks the symbol yðn; nÞ: If yðn; nÞ ¼ 1; then B halts in a neutral

state (because it may happen that yð j; l þ 1Þ lies below or on the second diagonal and so y
should be accepted). If yðn; nÞa1; then B rejects y:

(ii) B verifies whether yð j; l þ 1Þ lies below or on the second diagonal, i.e., whether n � jpl þ 1:
This can be done by moving iteratively one step downwards and one step to the left. If
n � jpl þ 1; then B checks whether yðn; nÞ ¼ 1: If yðn; nÞ ¼ 1; then B accepts y: If yðn; nÞ ¼ 2;
then B rejects y: If yðn; nÞ ¼ 0; then B halts in a neutral state.
If n � j4l þ 1; then B also looks at the symbol yðn; nÞ: If yðn; nÞ ¼ 0; then B halts in a

neutral state (because it is possible that yð j; l þ 1Þ lies below or on the main diagonal and so y
could be in L). If yðn; nÞa0; then B rejects y:

Now, we prove that B is a three-way Las Vegas finite automaton that accepts L: Observe, that B

uses at most 1 random bit and so it has at most two computations for every input. Let y be an
arbitrary input. We distinguish two cases with respect to the membership of y to L:
Let yAL and let yð j; l þ 1Þ; la1; lan � 1 be the first symbol 2 in y: Then either ‘‘l þ 1pj and

yðn; nÞ ¼ 0’’ or ‘‘n � jpl þ 1 and yðn; nÞ ¼ 1’’. If l þ 1pj and yðn; nÞ ¼ 0; then B accepts y in the
computation following strategy (i) and B halts in a neutral state when it works by strategy (ii). If
n � jpl þ 1 and yðn; nÞ ¼ 1; then B accepts y in the computation following strategy (ii) and B
halts in a neutral state in the computation determined by strategy (i). Thus, if yAL;
ProbðB accepts yÞ ¼ 1=2 and ProbðB rejects yÞ ¼ 0:
Let yeL: If y does not contain any symbol 2 or the first symbol 2 lies in the first column or in

the last column, then ProbðB rejects yÞ ¼ 1: Also if yðn; nÞ ¼ 2 or the rows before the first

occurrence of 2 do not have the form 10n�21; ProbðB rejects yÞ ¼ 1: Now, we consider the
remaining possibility that yð j; l þ 1Þ with la1; lan � 1 is the first occurrence of the symbol 2 in y
and that yðn; nÞa2: We distinguish four possibilities with respect to the position ð j; l þ 1Þ:
Let ð j; l þ 1Þ be a position above both diagonal. In this case strategy (i) rejects if yðn; nÞ ¼ 0 and

halts in a neutral state if yðn; nÞ ¼ 1: Strategy (ii) rejects if yðn; nÞ ¼ 1 and finishes in a neutral state
if yðn; nÞ ¼ 0: Thus, ProbðB rejects yÞ ¼ 1=2 and ProbðB accepts yÞ ¼ 0:
Let ð j; l þ 1Þ be a position below or on the main diagonal and above the secondary diagonal.

Since yeL; yðn; nÞ must be 1. Then strategy (i) finishes the computation in a neutral state and
strategy (ii) rejects y:
Let ð j; l þ 1Þ be a position below or on the secondary diagonal and above the main diagonal.

Since yeL; yðn; nÞ must be 0. Strategy (i) rejects y and strategy (ii) finishes in a neutral state.
Finally, we observe that the case when ð j; l þ 1Þ lies below both diagonals and yðn; nÞa2 is

impossible, because it would imply yAL: Thus, for every yeL; ProbðB rejects yÞX1=2 and
ProbðB accepts yÞ ¼ 0: &

ARTICLE IN PRESS
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Theorem 4. L cannot be accepted by any three-way deterministic finite automaton.

Proof. Suppose to the contrary that there is a tr2-dfa A that recognizes L: Let A have k states.
Without loss of generality we may assume that A visits each row of every recognized input. Let y

be any input from f0; 1; 2gð2Þ: A cell ði; jÞ of y is the entry of y in the row i and in the column j of y:
A configuration of A is a triple ðq; i; jÞ; where q is the state of A; and i and j are nonnegative
integers. We will say that A is in a configuration ðq; i; jÞ on an input, if A is in the state q and its
head scans the ith row and the jth column of the input.

Let n ¼ k!ð2k2ðk þ 2ÞÞ þ 2kðk þ 2Þ: Let x be an input with 2n þ 3 rows and 2n þ 3 columns

such that the row n þ 2 is 10n20n1 and every other row is 102nþ11: Clearly, xAL:
First we present an idea of the proof that is based on the following observation. If A recognizes

the input x of a very simple structure and x is large enough (with respect to the number of states of
A), then A works in cycles very often. This will enable us to fool A by relocating the symbol 2 to a
suitable cell so that A is not able to recognize this relocation, since A is not able to count the
number of performed cycles. More precisely, our aim is to construct another input z (different
from x) by relocating the symbol 2 to a suitable cell in such a way, that both inputs x and z are
either accepted or rejected by A: If our construction yields zeL; then we have done, since xAL;
and hence, A is not able to recognize L correctly. If zAL; then our construction will still guarantee
the existence of two inputs x0AL and z0eL that are both either accepted or rejected by A; and
hence, A is not able to recognize L correctly.
To prove that both inputs x and z are either accepted or rejected by A; we will proceed as

follows. Assume that during the computation of A on x; A enters the row of x with the symbol 2 in
a column j0 being in a state p0 and then it enters a cycle (at a configuration cu) after leaving this
row. (Such behavior of A on x is discussed in Case 2 below and it is more interesting than any
other possible behavior of A on x discussed in Case 1 below.) We will see that during the
computation of A on z; A enters the row of z in the state p0 with the symbol 2 in the same column
j0; then it enters the same cycle (as A does on x) after leaving this row and then it reaches the same
configuration cu after performing the cycle as many times as necessary (Fig. 4). We will also see
that the rest of the computation of A on x and on z (starting in cu) is the same. Hence, both inputs
x and z are either accepted or rejected by A:
The structure of the proof is as follows. First we prove two lemmas and a corollary needed for

analyzing the computation of A on x: Then we construct the input z mentioned above and
complete the proof. &

Our first aim is to study the behavior of A until A visits the first symbol 2 (Fig. 3). We show that
A must read all symbols of all rows in this computation period. Moreover, A reads every row in a
cycle (repeating the same state after moving a fixed number of cells to the right or to the left) and
so every movement downwards is executed very close to the boundary of the input (either in the
first k þ 1 columns or in the last k þ 1 columns).

Lemma 1. Let a; b and j be any integers with 1pa; b; jp2n þ 3 and b � a ¼ k: Let y be any input
with 2n þ 3 rows and 2n þ 3 columns such that all cells ð j; iÞ of y with apipb contain the symbol 0.
Assume that there are two steps tot0 of the computation of A on y such that A scans only the cells
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ð j; iÞ with apipb during the computation of A on y from t to t0; A scans the cell ð j; aÞ at t, and A
scans the cell ð j; bÞ at t0: Then there is an integer h, 0phpk; and two steps t; t0 with tptot0pt0

such that A is in the same state and its head is relocated h cells to the right (without leaving the row j)
just after performing every t0 � t steps (starting at t) of the computation of A on y (i.e., A enters a

cycle at the step t and then A works in this cycle) until A enters a cell (of the row j) containing a
symbol different from 0 occurring to the right from the cell ð j; bÞ:

Remark 1. A similar lemma holds also for a � b ¼ k: In such a case, the text ‘‘to the right’’ of
Lemma 1 is replaced by ‘‘to the left’’ and, of course, ‘‘apipb’’ is replaced by ‘‘bpipa’’.

Proof. Let tk be the earliest step after t at which A scans the cell ð j; a þ kÞ and for i ¼
0; 1; 2;y; k � 1; let ti be the latest step before tk at which A scans the cell ð j; a þ iÞ: Since A has k
states, there are two steps trots with 0prospk such that A is in the same state at tr and also at
ts: One can observe that tr and ts are our desired steps t and t0; since A scans only cells with the
symbol 0 during the steps from tr to ts and A is a deterministic automaton that cannot change its
behavior while it scans the cells with the same symbol. Note that h ¼ s � r: &

Corollary 1. For i ¼ 1; 2; 3;y; n þ 1; let ði;miÞ be the cell scanned by A during the computation on

x just before leaving row i. Then mipk þ 1 or 2n þ 3� mipk þ 1 for i ¼ 1; 2; 3;y; n þ 1:

Proof. Suppose to the contrary that miXk þ 2 and 2n þ 3� miXk þ 2 for some i: Clearly, A has
to accept xAL: Hence, A has to visit both cells ði; 1Þ and ði; 2n þ 3Þ of x containing 1, since
otherwise A would accept also an input z0eL that can be obtained from x by replacing the symbol
1 in the non-visited cell ði; 1Þ or ði; 2n þ 3Þ by the symbol 0, a contradiction. Let t1 be the latest
step at which A scans the cell ði; 1Þ or ði; 2n þ 3Þ:We present here a proof only for the case when A
scans the cell ði; 1Þ at t1; i.e., A cannot visit the cell ði; 2n þ 3Þ after t1: (The proof for the second
case is similar.) Thus, A has to visit (sometimes after t1) every cell ði; jÞ with 2pjpmi containing 0.
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Let tkþ2 be the earliest step after t1 at which A scans the cell ði; k þ 2Þ; and let t2 be the latest step
before tkþ2 at which A scans the cell ði; 2Þ: By Lemma 1 (applied to the steps t2 and tkþ2), A enters
a cycle (sometimes between the steps t2 and tkþ2) and it works in the cycle until it enters the cell
ði; 2n þ 3Þ containing 1. But this contradicts the assumption above that A cannot visit the cell
ði; 2n þ 3Þ after t1: &

In what follows we study the behavior of A in x during the computation part in which A visits
the row n þ 2; that contains the first 2 in the cell ðn þ 2; n þ 2Þ: Note, that A may run several times
(at most k times) between the symbol 2 and the boundaries of this row, but always in a cycle. Since
the length of each such cycle divides k!; we can show that in this computation part A is unable to
recognize the change, when we move the first symbol 2 from the cell ðn þ 2; n þ 2Þ to a cell
ðn þ 2; n þ 2þ pk!Þ for any integer p:
Let s be the computation of A on x: Let t0 be a step of s at which A enters the row n þ 2 (that

contains 2). For i ¼ 0; 1; 2;y; let tiþ1 be the earliest step of s after ti (if such a step exists) at which
A scans the cell ðn þ 2; n þ 2Þ with the symbol 2 [at which A scans either the cell ðn þ 2; 1Þ or
ðn þ 2; 2n þ 3Þ with the symbol 1] if i is even [odd]. Since A has to leave the row n þ 2 sometimes,
there are only finitely many ti’s. Let t0; t1;y; td be all such ti’s. For i ¼ 0; 1; 2;y; d; let ðpi; n þ
2; jiÞ be the configuration of A on x at the step ti:

Lemma 2. Let d; ti’s, pi’s and ji’s be as above. Let p be any integer with n � k!jpjX2k þ 2 and let y
be an input identical to x with the exception that its cell ðn þ 2; n þ 2þ k!pÞ contains 2 and its cell

ðn þ 2; n þ 2Þ contains 0. Then (i) hold for every even iod and (ii) holds for every odd iod:

(i) There is a computation path of A on y from the configuration ðpi; n þ 2; jiÞ to the configuration
ðpiþ1; n þ 2; n þ 2þ k!pÞ:

(ii) There is a computation path of A on y from the configuration ðpi; n þ 2; n þ 2þ k!pÞ to the
configuration ðpiþ1; n þ 2; jiþ1Þ:

Proof. (i) By the assumption above Lemma 2, ji ¼ 1 or ji ¼ 2n þ 3 for even i40: By Corollary 1,
j0pk þ 2 or 2n þ 3� j0pk þ 2; since A can change its head position by at most one cell (vertically
and horizontally) during one step when A moves its head from a row to the next row. Hence
jipk þ 2 or 2n þ 3� jipk þ 2 for every even i; 0pipd � 1: Assume that jipk þ 2: (The proof
for 2n þ 3� jipk þ 2 is similar.) By the assumption above Lemma 2, A has to walk from the cell
ðn þ 2; jiÞ to the cell ðn þ 2; n þ 2Þ containing 2 (and hence from the cell ðn þ 2; ji þ 1Þ to the cell
ðn þ 2; ji þ k þ 1Þ) during the steps from ti to tiþ1 of the computation on x: All cells ðn þ 2; ji þ lÞ
with 1plpk þ 1 contains 0. Let t be the earliest step after ti at which A scans the cell ðn þ
2; ji þ k þ 1Þ and let t0 be the latest step before t at which A scans the cell ðn þ 2; ji þ 1Þ: By Lemma
1 (applied to the steps t0 and t), A enters a cycle (sometimes between the steps t0 and t) and then A

works in that cycle until it reaches the cell ðn þ 2; n þ 2Þ containing 2. (Note that all cells ðn þ
2; ji þ lÞ with 1plpn þ 1� ji contain 0.) Behavior of A on x and on y is identical during the t � ti

steps starting by the configuration ðpi; n þ 2; jiÞ; since A scans only the cells ðn þ 2; lÞ with

1plpji þ k þ 1 on x during these steps and both inputs x and y contain the same string 10 jiþk in
these cells. Hence, A enters the same cycle on input x as on input y by the same way during these
steps, and clearly, then A works in that cycle on y until it reaches the cell ðn þ 2; n þ 2þ k!pÞ that
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contains 2. Since the distance between the cells containing the symbol 2 of x and y is k!p; we get
the desired computation path of A on y (mentioned above in (i)) by inserting k!jpj=h cycles if p40
or by deleting k!jpj=h cycles if po0 in the computation path of A on x from the step ti to the step
tiþ1; where h is the value from Lemma 1 corresponding to the steps t0 and t:
(ii) By the assumption above Lemma 2, ji ¼ n þ 2; and jiþ1 ¼ 1 or jiþ1 ¼ 2n þ 3 for odd i: Thus,

A has to traverse from the cell ðn þ 2; n þ 2Þ containing 2 to the cell ðn þ 2; 1Þ or ðn þ 2; 2n þ 3Þ
containing 1 (and hence from the cell ðn þ 2; n þ 2Þ to the cell ðn þ 2; n � k þ 1Þ or
ðn þ 2; n þ k þ 3Þ) during the steps from ti to tiþ1 of the computation on x: Let t be the earliest
step after ti at which A scans the cell ðn þ 2; n � k þ 1Þ or ðn þ 2; n þ k þ 3Þ: Assume that A scans
the cell ðn þ 2; n � k þ 1Þ at t: (The proof is similar if A scans the cell ðn þ 2; n þ k þ 3Þ at t:) Let t0

be the latest step before t at which A scans the cell ðn þ 2; n þ 1Þ: By Lemma 1 (formulated for
a4b; see Remark 1, and applied to the steps t0 and t), A enters a cycle (sometimes between the
steps t0 and t) and then A works in that cycle until it reaches the cell ðn þ 2; 1Þ containing 1. (Note
that all cells (n þ 2; lÞ with 2plpn þ 1 contain 0.) The behavior of A during the t � ti steps
starting when A scans the cell containing 2 being in the state pi is the same on x as on y: This is
because A working on x scans only the cells ðn þ 2; lÞ with n � k þ 1plpn þ k þ 2 containing the

string w ¼ 0kþ120k during these steps, and y contains the same string w in the cells ðn þ 2; lÞ with
n � k þ 1þ k!pplpn þ k þ 2þ k!p: Thus, A enters the same cycle on y by the same way during
these steps as A does on x; and clearly, then A works in that cycle on y until it reaches the cell
ðn þ 2; 1Þ containing 1. Now one can observe that this is the desired computation path of A on y

mentioned in (ii), since the distance between the cells containing the symbol 2 of x and of y is k!p;
and hence, the computation path of A on x from ti to tiþ1 differs from the computation path of A

on y mentioned above only in the number of performed cycles. Note that this difference is k!p=h
cycles, where h is the value from Lemma 1 corresponding to the step t0 and t: &

Now we are ready to complete the proof of the theorem. Let d; ti’s, pi’s and ji’s be from Lemma
2. We distinguish two cases with respect to the parity of d:
The simple case is when d is even because this means that A leaves the row n þ 2 in a cell which

is close to the boundary and so the current configuration of A does not contain any information of
the position of the symbol 2 (i.e., A is in the same configuration on x as on z; where 2 was moved
from the cell ðn þ 2; n þ 2Þ to the cell ðn þ 2; n þ 2� l!Þ: If d is even, then A leaves the row n þ 2
somewhere in the neighborhood of the symbol 2. In this little bit more complicated case we have
to show that A looses the information about the position of the symbol 2, because A must again
work in a cycle and it cannot count the number of executed cycles (Fig. 4).

Case 1: Let d be even, i.e., jdpk þ 2 or 2n þ 3� jdpk þ 2; since if d40 then jd ¼ 1 or jd ¼
2n þ 3; and if d ¼ 0 then j0pk þ 2 or 2n þ 3� j0pk þ 2 (see the beginning of the proof of (i) of
Lemma 2). Assume that jdpk þ 2: (The proof for 2n þ 3� jdpk þ 2 is similarly.) One can show
(similar to the proof of (i) of Lemma 2) that if A visited the cell ðn þ 2; jd þ k þ 1Þ of x after td (i.e.,
if A traversed from the cell ðn þ 2; jd þ 1Þ to the cell ðn þ 2; jd þ k þ 1Þ after td), then A would
enter a cycle (sometimes after td) and then A would work in that cycle until it would reach the cell
ðn þ 2; n þ 2Þ of x containing 2. But this would contradict the assumption above Lemma 2, that td

is the latest selected ti: Hence A cannot visit the cell ðn þ 2; jd þ k þ 1Þ after td ; i.e., A can scan
(among the cells of the row n þ 2 of x) only the cells ðn þ 2; lÞ with 1plpjd þ k after td : Let z be
an input that is identical to x with the exception that its cell ðn þ 2; n þ 2Þ contains 0, and its cell
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ðn þ 2; n þ 2� k!Þ contains 2. Clearly, zeL: Let us consider the computation of A on z: A enters
the row n þ 2 of z by the same way as A does on x (i.e., in the configuration ðp0; n þ 2; j0Þ), since
the first n þ 1 rows of x and z are identical. By the assumption above Lemma 2 there is a
computation path of A on x from the configuration ðp0; n þ 2; j0Þ to the configuration ðpd ; n þ
2; jdÞ: By (i) and (ii) of Lemma 2, there is such computation path of A on z; too. The rest of the
computation of A (starting by the configuration ðpd ; n þ 2; jdÞ) is the same on x and also on z;
since on x; A can scan (among the cells of the row n þ 2) only the cells ðn þ 2; lÞ with 1plpjd þ
kp2k þ 2 after td : These cells of x and z contain the same string 102kþ1; and x and z agree on the
last n þ 1 rows. Therefore A either accepts or rejects both inputs xAL and zeL; a contradiction.

Case 2: Let d be odd, i.e., jd ¼ n þ 2: Hence A is in the state pd and scans the cell ðn þ 2; n þ 2Þ
containing 2 at step td of the computation on x: To construct our desired input z; we have to
determine three integers r; l;m by analyzing the computation of A on x:
We determine r as follows. Let mi’s be from Corollary 1, and for i ¼ 1; 2;y; n þ 1; let si be the

state at which is A just before leaving the row i of x: By Corollary 1 and by the fact that A has k
states, there are two indices i; j; 1piojp2kðk þ 2Þ þ 1on þ 1 with si ¼ sj and mi ¼ mj: It means
that the sequence a ¼ ðsi;miÞ; ðsiþ1;miþ1Þ;y; ðsnþ1;mnþ1Þ is a periodic one with a period
rp2kðk þ 2Þ; since A is a deterministic automaton and the first n þ 1 rows of x contain the

same string 102nþ11:
Now let us determine l and m: Let R be a rectangle area of x with 4k þ 3 columns and k þ 2

rows situated in x so that the symbol 2 of x is in the middle of the first row of R (Fig. 4(a)). Note
that all cells of R contain 0 with the exception for the one cell containing 2. One can show (in the
same way as in the proof of (ii) of Lemma 2) that if A visited the cell ðn þ 2; n � k þ 1Þ or
ðn þ 2; n þ k þ 3Þ of x after td ; then A would enter a cycle (sometimes after td) and then A would
work in that cycle until it would reach the cell ðn þ 2; 1Þ or ðn þ 2; 2n þ 3Þ that contains 1. But this
would contradict the assumption above Lemma 2 that td is the latest selected ti: Hence A can visit
(among the cells of the row n þ 2 of x) only the cells ðn þ 2; jÞ with n � k þ 2pjpn þ k þ 2 after
td : All these cells occur in the first row of R at most k cells to the left and at most k cells to the
right from the cell containing 2. Assume that A leaves the row n þ 2 of x (containing the first row
of R) at a step td þ t for some tX0: Since A can visit at most k þ 1 cells during any k þ 1 steps, all
cells visited by A during the steps from td to td þ tþ k þ 1 of the computation on x belong to R:
For i ¼ 0; 1; 2;y; tþ k þ 1; let ci ¼ ðei; gi; hiÞ be the configuration of A at the step td þ i of the
computation of A on x: Since A has k states, there are two configurations cu and cv with tþ
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1puovptþ k þ 1 and eu ¼ ev: Let l ¼ gv � gu and m ¼ hv � hu: (The values cu; cv; l and m are
illustrated in Fig. 3(a).) Clearly, 0plpk and 0pjmjpk:
Now we are ready to construct the input z: The input z is identical to x with the exception that

the symbol 2 of z is in the cell ðn þ 2� k!rl; n þ 2þ k!rmÞ and the cell ðn þ 2; n þ 2Þ of z contains
0. To complete the proof of Case 2, first we have to show that (a) and (b) hold.

(a) There is a step t0 of the computation of A on z at which A is in the state pd and scans the
symbol 2 of z (i.e., A is in the configuration ðpd ; n þ 2� k!rl; n þ 2þ k!rmÞ). (Note that pd is
from Lemma 2.)

(b) There is a step of the computation of A on z at which A is in the configuration cu:

Proof of (a). By periodicity of the sequence a above, snþ1�k!rl ¼ snþ1 and mnþ1�k!rl ¼ mnþ1; i.e., A
leaves the row n þ 1� k!rl and n þ 1 of x by the same way. Therefore A enters the rows n þ 2�
k!rl and n þ 2 of x by the same way, too. But it means that A is in the configuration ðp0; n þ
2� k!rl; j0Þ just after entering the row n þ 2� k!rl of x; since by the assumptions above Lemma 2,
A is in the configuration ðp0; n þ 2; j0Þ just after entering the row n þ 2 of x: Since x and z agree on
the first n þ 1� k!rl rows, A is in the configuration ðp0; n þ 2� k!rl; j0Þ just after entering the row
n þ 2� k!rl of z; too. Let y be an input that is identical to x with the exception that the cell
ðn þ 2; n þ 2þ k!rmÞ of y contains 2 and the cell ðn þ 2; n þ 2Þ of y contains 0. By (i) and (ii) of
Lemma 2, there is a computation path of A on y from the configuration ðp0; n þ 2; j0Þ to the
configuration ðpd ; n þ 2; n þ 2þ k!rmÞ: (Recall that d is odd in Case 2.) This yields that there is
also a computation path of A on z from the configuration ðp0; n þ 2� k!rl; j0Þ to the configuration
ðpd ; n þ 2� k!rl; n þ 2þ k!rmÞ; since the row n þ 2 of y and the row n þ 2� k!rl of z contain the
same string. Now we have done, since during the computation of A on z; A first enters the
configuration ðp0; n þ 2� k!rl; j0Þ and then A enters the configuration ðpd ; n þ 2� k!rl; n þ 2þ
k!rmÞ (see above).

Proof of (b). Let t0 be the step from (a). For i ¼ 0; 1; 2;y; tþ k þ 1; let c0i ¼ ðe0i; g0i; h0iÞ be the

configuration of A on z at the step t0 þ i of the computation of A on z: Let R0 be an analogy of R

for the input z: Since all cells visited by A during the steps from td to td þ tþ k þ 1 of the
computation on x belong to R (see above), and corresponding cells of R and R0 contain the same
symbols, and A is in the state pd and scans the symbol 2 at the step td of the computation on x (see
the assumptions of Case 2 above) and also at the step t0 of the computation on z (see (a) above),
the behavior of A on z during the steps from t0 to t0 þ tþ k þ 1 is the same as the behavior of A on
x during the steps from td to td þ tþ k þ 1 (Fig. 4(b)), i.e., e0i ¼ ei; g0

i ¼ gi � k!rl and h0i ¼
hi þ k!rm for i ¼ 0; 1; 2;y; tþ k þ 1: Therefore A leaves the first row of R0 (containing 2) at the
step t0 þ t of the computation on z; and A scans only cells of R0 (below the first row of R0)
containing only 0 during the steps from t0 þ tþ 1 to t0 þ tþ k þ 1 of the computation on z:
Consequently, A scans only cells (of R0) containing 0 during the steps from t0 þ u to t0 þ v: The
facts above yield that after performing v � u steps of the computation of A on z (starting by the
step t0 þ u), A is in the state eu (since e0u ¼ eu ¼ ev ¼ e0v; see above) and its head is relocated l cells

down and m cells to the right if mX0 or �m cells to the left if mo0 (since gv � gu ¼ l ¼ g0
v � g0

u

and hv � hu ¼ m ¼ h0
v � h0u; see above). But the same holds also for every next v � u steps of the

computation of A on z (i.e., A works in a cycle with v � u steps) while A scans the cells containing

ARTICLE IN PRESS
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0, since A is a deterministic automaton and it cannot change its behavior while it scans only cells
with the same symbol. Therefore A reaches the configuration cu ¼ ðeu; gu; huÞ on the input z after
performing the cycle k!r times, i.e., at the step t0 þ u þ k!rðv � uÞ (Fig. 4(b)). This completes the
proof of (b).
Now, we complete the proof of Case 2 as follows. By (b), A enters the same configuration cu

during the computation on x and on z; too. The rest of the computation of A on x and on z

(starting by cu) is the same, since x and z agree on the last n þ 1 rows containing the cell scanned
by A in the configuration cu: Therefore both inputs x and z are either accepted or rejected by A:
But it means that A is not able to recognize L correctly if mo0; since in such case, xAL and zeL:
Finally, we proceed as follows for mX0: Let x0; z0 be two inputs identical to x and z;

respectively, with an exception that the cell ð2n þ 3; 2n þ 3Þ of x0 and z0 contains 0. A reaches cu on
x0 by the same way as it does on x; since x and x0 agree on all rows above the last one and the cell
scanned by A at the configuration cu is also above the last row (it belongs to R). Clearly, the same
holds for the inputs z and z0: Moreover, the rest of the computation of A on x0 and z0 (starting by
cu) is also the same, since x0 and z0 agree on the last n þ 1 rows containing the cell scanned by A in
the configuration cu: Therefore, both inputs x0 and z0 are either accepted or rejected by A: But it
means that A is not able to recognize L correctly, since x0AL; z0eL: &

4. Las Vegas versus nondeterminism

In this section we separate nondeterminism and Las Vegas for three-way two-dimensional finite
automata. Whether 2-LVFAC2-NFA remains open.
Let

Non-Eq ¼ fxAf0; 1gð2Þ j the first row and the second row of x are differentg

Theorem 5. Non-EqATR2-NFA � TR2-LVFA:

Proof. The fact Non-EqATR2-NFA is obvious. Running in the first row from the left to the right,
a tr2-nfa can nondeterministically guess the position i such that xð1; iÞaxð2; iÞ and check this
guess by moving downwards from the position ð1; iÞ to the position ð2; iÞ:
To prove Non-EqeTR2-LVFA one can apply the ideas of communication complexity theory

introduced in [1,28] (see also [2,11,20,24,25]). It is sufficient to consider the simplest model—one-
way (two-party) communication protocol. A one-way protocol consists of two computers CI and
CII and a communication link between them. A protocol computes a Boolean function f from

f0; 1gr � f0; 1gs to f0; 1g in the following way. At the beginning CI obtains an input aAf0; 1gr and

CII obtains an input bAf0; 1gs: Then CI sends a binary message c to CII and CII must compute

f ða; bÞ: The one-way communication complexity of the computation on the input ða;bÞAf0; 1gr �
f0; 1gs is the length of the message c: The one-way communication complexity of the one-way

protocol is the maximum of the complexities over all inputs from f0; 1gr � f0; 1gs: The
communication complexity of f, cc1ð f Þ; is the complexity of the best protocol for f : The above
definition can be straightforwardly extended to define one-way Las-Vegas protocols, and so the
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one-way Las Vegas communication complexity of a function f : The simplest way to apply
communication complexity for proving lower bounds on the complexity of other computing
models is to cut the input in an appropriate way and then to argue that because of large
communication complexity corresponding to this partition of the input between CI and CII there
must be a large information flow across this cut.
In our case we cut the picture x horizontally between the first row and the second row.

Obviously, any tr2-lvfa working on x crosses at most once this cut because it cannot move
upwards. This crossing can be viewed as a communication message (information transfer) from
the upper part of the input to the lower part of the input. This communication message contains a
description of the current state and the crossing position i; 1pipn: So, for inputs of size n � n; the
communication complexity measured as the binary length of the message is in Oðlog2 nÞ: So, if
Non-EqATR-LVFA; then there is a Las Vegas one-way communication protocol4 recognizing
Non-Eq within the communication complexity Oðlog2 nÞ: But this is impossible, because every
deterministic protocol recognizing the nonequality of two binary strings of length n requires the
communication complexity n (see, for instance, [11,20]) and every one-way Las Vegas protocol
has its communication complexity at least one half of the one-way communication complexity of
the best deterministic protocol for this task [4,12]. &

Observe, that the proof of Theorem 5 provides in fact a more powerful result than the assertion
of Theorem 5. Nondeterminism of tr2-nfa cannot be compensated for by oðnÞ-bounded Las Vegas
space.

5. A hierarchy on the amount of nondeterminism

There are three distinct, natural ways how to measure the amount of nondeterminism of
nondeterministic computations (see, for instance, [13]). The first way is to consider the number
of different computations on a fixed input,5 the second one is to count the number of guesses
in particular computations, and the third one is the degree of unambiguity (the number of
accepting computations). Here we consider the first way and two-dimensional Turing machines
(2-tm).
First, we consider the three-way case. The following theorem shows that some restrictions on

the number of paths (leaves) of nondeterministic computation trees cannot be compensated by an
increase of the space complexity.

Theorem 6. For any function f ðnÞ ¼ oðlog nÞ; and any function gðnÞAfðlog log nÞk j k is a

positive integerg,fhlog log n j h is a positive integerg;
TR2-NTMðlog log n; gðnÞÞ � TR2-NTMð f ðnÞ; oðgðnÞÞÞa|:
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Proof. We prove the theorem for gðnÞ ¼ ðlog log nÞk: The proofs for the other cases are similar.
Let

T1 ¼fxAf0; 1;#gð2Þj(nX1½l1ðxÞ ¼ l2ðxÞ ¼ jBð1Þ#Bð2Þ#?#BðnÞj
4ðthe first row of x is Bð1Þ#Bð2Þ#?#BðnÞÞ
4ðthe second and the third rows of have exactly ðlog log ; nÞk ‘1’sÞ
4ðthe second and third rows of x are not the sameÞ�g;

where for each i (1pipn), BðiÞ denotes the binary representation (with no leading zeros) of the
integer i:

T1 is accepted by a log log n space-bounded and ðlog log nÞk path-bounded tr2-ntm M which
acts as follows. Let x be an input tape to M: M first checks whether the first row of x is
Bð1Þ#Bð2Þ#?#BðnÞ for some nX1: This check can be done deterministically by using log log n

cells of the storage tape. If this check is successful, then M checks whether the second row of x has

exactly ðlog log nÞk ‘1’s. This check can also be deterministically done by using log log n cells of the
storage tape. If this check is successful, then each time M meets the symbol ‘1’ (except the
rightmost ‘1’) on the second row of x; M nondeterministically chooses one of the following two
actions:

(1) One action is to go down one cell, and to pick up the symbol under the input head. If this

symbol is not 1, and the third row of x has exactly ðlog log nÞk ‘1’s, then M enters an accepting
state. Otherwise, M halts by entering a rejecting state.

(2) The other action is to go to the right until M meets the next ‘1’.

When M meets the rightmost ‘1’ on the second row of x; M acts just like 1. above. It is obvious
that M accepts T1:

We below show that T1eTR2-NTMð f ðnÞ; g0ðnÞÞ; where f ðnÞ ¼ oðlog nÞ and g0ðnÞ ¼
oððlog log nÞkÞ:
Suppose to the contrary that there is an f ðnÞ space-bounded and g0ðnÞ path-bounded tr2-ntm

M 0 accepting T1: For each nX1; let

VðnÞ ¼ fxAf0; 1;#gð2Þ j l1ðxÞ ¼ l2ðxÞ ¼ jBð1Þ#Bð2Þ#?#BðnÞj
4ðthe first row of x is Bð1Þ#Bð2Þ#?#BðnÞÞ
4ðx½ð2; 1Þ; ð2; l2ðxÞÞ� ¼ x½ð3; 1Þ; ð3; l2ðxÞÞ�Af0; 1gð2ÞÞ
4ðx½ð2; 1Þ; ð2; l2ðxÞÞ� has exactly ðlog log nÞk ‘1’sÞ
4ðx½ð4; 1Þ; ðl1ðxÞ; l2ðxÞÞ�Af0gð2ÞÞg:

Note that each x in VðnÞ is not in T1; and so there does not exist an accepting computation path
on M 0 on x:
For each x in VðnÞ; let conf ðxÞ be the set of configurations assumed in the various

computations just after the input head of M 0 reached the third row of x (when x is presented
to M 0).
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Since, for each x in VðnÞ; there are at most g0ðrðnÞÞ computation paths of M 0 on x (where
rðnÞ ¼ jBð1Þ#Bð2Þ#?#BðnÞj ¼ Oðn log nÞ), it follows that jconf ðxÞjpg0ðrðnÞÞ: Letting cðnÞ be
the number of conceivable configurations just after the input head of M 0 reached the third rows of
tapes in VðnÞ; we have

cðnÞ ¼ OðrðnÞt f ðrðnÞÞÞ ¼ Oððn log nÞt f ðrðnÞÞÞ
for some constant t: For each nX1; let

WðnÞ ¼ fconf ðxÞ j xAVðnÞg:
It follows that

jWðnÞjp
Xg0ðrðnÞÞ
i¼0

cðnÞ
i

� �
p

cðnÞ þ log2ðg0ðrðnÞÞÞ
g0ðrðnÞÞ

� �
p

2cðnÞ
g0ðrðnÞÞ

� �
:

Clearly,

jVðnÞj ¼
rðnÞ

ðlog log nÞk

 !
:

Since limn-N f ðnÞ=log n ¼ 0 (by assumption), it follows that

lim
n-N

f ðrðnÞÞ=log rðnÞ ¼ lim
n-N

f ðrðnÞÞ=ðlog n þ log log nÞ ¼ 0;

and so

lim
n-N

f ðrðnÞÞ=log n ¼ 0: ð1Þ

Further, since limn-N g0ðnÞ=ðlog log nÞk ¼ 0 (by assumption), it follows that

lim
n-N

g0ðrðnÞÞ=ðlog logrðnÞÞk ¼ 0;

and so

lim
n-N

g0ðrðnÞÞ=ðlog log nÞk ¼ 0: ð2Þ

The equations (1) and (2) together imply

jVðnÞj4jWðnÞj
for large n: Therefore, it follows that for large n there must be two different tapes x; y in VðnÞ such
that conf ðxÞ ¼ conf ðyÞ:
Let u be the tape such that

u½ð1; 1Þ; ð2; l2ðuÞÞ� ¼ x½ð1; 1Þ; ð2; l2ðxÞÞ�; and

u½ð3; 1Þ; ðl1ðuÞ; l2ðuÞÞ� ¼ y½ð3; 1Þ; ðl1ðyÞ; l2ðyÞÞ�:
The fact conf ðxÞ ¼ conf ðyÞ and the fact that there does not exist any accepting computation path
of M 0 on x and y; imply that there does not exist any accepting computation path of M 0 on u:
Thus u is not accepted by M 0; which contradicts to the fact that u is in T1: This completes the
proof of ‘‘T1eTR2-NTMð f ðnÞ; g0ðnÞÞ’’. &
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We next consider a hierarchy based on the constant number of computation paths for three-
way machines.

Theorem 7. For any integer kX1 and any f ðnÞ ¼ oðlog nÞ;
TR2-NFAðk þ 1Þ � TR2-NTMð f ðnÞ; kÞa|:

Proof. For each integer kX1; let TðkÞ ¼ fxAf0; 1gð2Þ j l1ðxÞ ¼ l2ðxÞXk4 (both the second and
third rows of x have exactly k ‘1’s)4ðthe second and third rows of x are not the sameÞg:
Then, by using the same idea as in the proof of Theorem 6, one can show that

Tðk þ 1ÞATR2-NFAðk þ 1Þ � TR2-NTMð f ðnÞ; kÞ: &

For finite automata Theorem 7 implies the following strong hierarchy. This contrasts to one-
way finite automata, where any constant increase of the number of nondeterministic
computations can be compensated by a polynomial increase of the number of states.

Theorem 8. For every positive integer k,

TR2-NFAðkÞD! TR2-NFAðk þ 1Þ:

For the general all-way case we were not able to prove such a strong hierarchy.

Theorem 9. For any f ðnÞ ¼ oðlog nÞ and any gðnÞ such that logðgðnÞÞ ¼ oðlog nÞ;
2-NFAðnÞ � 2-NTMð f ðnÞ; gðnÞÞa|:

Proof. To prove Theorem 9, we need some new notation and a technical lemma.
For each nX1; each tape in f0; 1gn�n is called an n-chunk. Let M be a 2-ntm whose input

alphabet is f0; 1g: The number of the entrance points to an n-chunk x (or the exit points from x)
for M is 4n: We suppose that these entrance points (or exit points) are numbered 1; 2;y; 4n in an
appropriate way. Let PðnÞ ¼ f1; 2;y; 4ng be the set of these entrance points (or exit points). For
each non-negative integer l; let SðlÞ be the set of possible storage states of M using at most l cells
of the storage tape, where a storage state of M is a combination of (i) the state of the finite control,
(ii) the content of the storage tape, and (iii) the position of the storage tape head within the
nonblank portion of the storage tape. For each n-chunk x; and each nonnegative integer l; let

Mx;l : PðnÞ � SðlÞ-2ðPðnÞ�SðlÞÞ,floopg

be a mapping which is defined as follows (where ‘loop’ is a new symbol):

(1) ð j; pÞAMðx;lÞði; qÞ3when M enters the n-chunk x in storage state q and at point i; it may

eventually exit from x in storage state p and at point j:
(2) loopAMðx;lÞði; qÞ3when M enters the n-chunk x in storage state q and at point i; it may not

exit from x at all.

Let x; y be any two n-chunks. We say that x and y are ðM; lÞ-equivalent if for any ði; qÞA
PðnÞ � ðlÞ;

Mðx;lÞði; qÞ ¼ Mðy;lÞði; qÞ:
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Clearly, ðM; lÞ-equivalence is an equivalence relation on n-chunks, and we can easily see that the
following lemma holds.

Lemma 3. If, for any n-chunk x and any ði; qÞAPðnÞ � SðlÞ;
jMðx;lÞði; qÞjpd;

where d is a positive integer, then there are at most

eðn; l; dÞ ¼
Xd

i¼1

4nsðlÞ þ 1

i

� �( )4nsðlÞ

ðM; lÞ-equivalence classes of n-chunks, where sðlÞ ¼ jSðlÞj:

Now, we are ready to start the proper proof of Theorem 9. Consider the language

Mid ¼fwAf0; 1gð2Þ j (nX0½l1ðwÞ ¼ l2ðwÞ ¼ 2n þ 1; wðn þ 1; n þ 1Þ ¼ 1;

ði:e:; the center symbol of w is ‘10Þ�g:
The fact MidA2-NFAðnÞ is implicitly presented in [17].
Below, we show that Mide2-NTMð f ðnÞ; gðnÞÞ for f ðnÞ and gðnÞ as stated in the theorem.

Suppose to the contrary that Mid is accepted by an f ðnÞ space-bounded and gðnÞ path-bounded
2-ntm M: We assume without loss of generality that when M accepts an input w in Mid; it halts

on the upper left-hand corner of w: For every nX0; let VðnÞ ¼ f0; 1gð2nþ1Þ�ð2nþ1Þ:We consider the
case when M reads inputs in VðnÞ: For each w in VðnÞ; M can use at most f ð2n þ 1Þ cells of the
storage tape, and there are at most gð2n þ 1Þ computation paths of M on w: Thus, from Lemma 3
above, it follows that there are at most

eðn; f ð2n þ 1Þ; gð2n þ 1ÞÞ ¼
Xgð2nþ1Þ

i¼1

4nsð f ð2n þ 1ÞÞ þ 1

i

� �( )4nsð f ð2nþ1ÞÞ

ðM; f ð2n þ 1ÞÞ-equivalence classes of n-chunks, where sð f ð2n þ 1ÞÞ ¼ jSð f ð2n þ 1ÞÞj ¼
Oðt f ð2nþ1ÞÞ for some constant t: We denote these ðM; f ð2n þ 1ÞÞ-equivalence classes by

C1;y;Ceðn;f ð2nþ1Þ;gð2nþ1ÞÞ: Clearly, the total number of n-chunks is 2n2 : Since f ðnÞ ¼ oðlog nÞ and
log gðnÞ ¼ oðlog nÞ (by assumption), a simple calculation reveals that

eðn; f ð2n þ 1Þ; gð2n þ 1ÞÞo2n2

for large n: For such n; there must be some Ci ð1pipeðn; f ð2n þ 1Þ; gð2n þ 1ÞÞÞ such that jCijX2:
Let x; y be two different n-chunks in Ci and suppose without loss of generality that for some
v1; v2 ð1pv1; v2pnÞ; xðv1; v2Þ ¼ 1 and yðv1; v2Þ ¼ 0: We consider two tapes w;w0AVðnÞ satisfying
the following two conditions:

(i) w½ðn � v1 þ 2; n � v2 þ 2Þ; ð2n � v1 þ 1; 2n � v2 þ 1Þ� ¼ x and w0½ðn � v1 þ 2; n � v2 þ 2Þ;
ð2n � v1 þ 1; 2n � v2 þ 1Þ� ¼ y;

(ii) w and w0 are the same except the segment described in (i).
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As easily seen, w is in Mid; and so w is accepted by M: Since x and y are ðM; f ð2n þ 1ÞÞ-
equivalent, it follows that w0 is also accepted by M; which contradicts to the fact that w0 is not in
T2: This completes the proof of ‘‘T2e2�NTMð f ðnÞ; gðnÞÞ’’. &

By using the same idea as in the proof of Theorem 9, we can show that
Mide2-NFAðoðn=log nÞÞ: Thus, we have the following corollary.

Corollary 2. For every function g such that gðnÞ ¼ oðn=log2 nÞ;
2-NFAðnÞ � 2-NFAðgðnÞÞa|:

6. Conclusion

We have proved that:

(i) three-way two-dimensional Las Vegas finite automata are more powerful than three-way two-
dimensional deterministic finite automata, and

(ii) three-way two-dimensional nondeterministic finite automata are more powerful than three-
way two-dimensional Las Vegas finite automata.

The resulting hierarchy

TR2-DFAD! TR2-LVFAD! TR2-NFA

is the first strong separation between determinism, Las Vegas, and nondeterminism. For general
2-dimensional finite automata we have proved that

(iii) two-dimensional Las Vegas finite automata are more powerful than two-dimensional
deterministic finite automata, i.e., that 2-DFAD! 2-LVFA:

The main remaining open problem is whether 2-LVFA is a proper subset of 2-NFA. Following
Theorem A.1 in the appendix, this problem is equivalent to the question whether 2-NFA is closed
under complementation.
Further, we have investigated the degree of nondeterminism in two-dimensional nondetermi-

nistic finite automata as a complexity measure (as a function of the input size). We have measured
the degree of nondeterminism for a given input as the number of computations on this input. For
three-way two-dimensional nondeterministic finite automata we proved that k þ 1 computations
can be more powerful than k computations. Whether such a strong hierarchy exists for the general
2-nfa’s remains open. We were only able to separate a linear number of computations from a
sublinear one for 2-nfa’s.
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Appendix A

The aim of this appendix is to prove that MidA2-LVFA: To do it we establish a more general
result.

Theorem A.1. If both L and L* belong to 2-NFA, then LA2-LVFA:

It is obvious that Theorem A.1 implies MidA2-LVFA; because Mid and the complement of
Mid can easily be recognized by 2-nfa’s.
We prove Theorem A.1 in two steps. First, we introduce so called two-dimensional self-

verifying nondeterministic finite automata 2-svnfa’s, and prove that 2-svnfa’s recognize all

languages L such that both L and L* are recognizable by 2-nfa’s. The second step is to show that
every 2-svnfa can be simulated by a 2-lvfa.
The concept of self-verifying automata was introduced in [4] and investigated in [16], too. A

2-svnfa A can be viewed as a 2-nfa with four types of states: working, accepting, rejecting, and
neutral (‘‘I do not know’’) states. There is no possible move from accepting, rejecting, and neutral
states. A is not allowed to make mistakes. If there is a computation of A on an input x finishing in

an accepting (rejecting) state, then x must be in LðAÞ (x must not be in LðAÞ; i.e., xAðLðAÞÞ*). For
every input y; there is at least one computation of A that finishes either in an accepting state (if
yALðAÞ) or in a rejecting state (if yeLðAÞ).

Lemma A.1. If both L and L* belong to 2-NFA, then there is a 2-svnfa A such that L ¼ LðAÞ:

Proof. Let E and F be two 2-nfa’s such that L ¼ LðEÞ and L* ¼ LðFÞ: A 2-svnfa A recognizing
L ¼ LðEÞ can be constructed as follows. A connects a new initial state to the initial states of E and
F without moving the reading head in these transitions. The set of accepting states of A is exactly
the set of accepting states of E; and the set of rejecting states of A is exactly the set of accepting
states of F : All remaining nonworking states of E and F are neutral states of A: It is obvious that
LðAÞ ¼ LðEÞ ¼ L and that A is a 2-svnfa. &

Let 2-SVNFA denote the set of languages accepted by 2-svnfa’s, and let, for every two-
dimensional automaton A; sðAÞ denote the number of states of A: The following lemma completes
the proof of Theorem A.1.

Lemma A.2. 2-SVNFA ¼ 2-LVFA:

Proof. Let A be a 2-svnfa. We shall construct a 2-lvfa B with LðBÞ ¼ LðAÞ and sðBÞp4sðAÞ þ 3:
The construction is based on the method of Macarie and Seiferas [23] who generalized the method
for the simulation of nondeterministic space by one-sided error Monte Carlo probabilistic space
[7] for small (sublogarithmic) spaces. Here, we simply modify the proof of the simulation of two-
way self-verifying finite automata by two-way Las Vegas finite automata from [16].
First, we describe the work of B and then we prove that B is really a 2-lvfa accepting LðAÞ:
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The states of B consist of the states of A plus some additional states. For each nondeterministic
transition of A to two states6 we have the same two transitions, each with probability 1=2; in B:
The accepting (rejecting) states of B are exactly the accepting (rejecting) states of A: B has only
one neutral state qneutral that is a new state. Every neutral state of A is a working state of B: If B

working on an input wASð2Þ; l1ðwÞ ¼ l2ðwÞ ¼ n; reaches a neutral state of A; then B starts the
following procedure:

(1) Move the head on the upper-left corner in a new special state.
(2) B tosses rw ¼ ð2sðAÞ þ 1Þðn þ 2Þ2 times a coin. Obviously, this can be realized by using

2sðAÞ þ 1 new working states and by running ðn þ 2Þ2 steps (via the two-dimensional input
tape) in each one of these states. If the outcome is ‘‘all heads’’ (this happens with the
probability of 1=2rw), then B moves to the state qneutral and halts. Otherwise B immediately
enters a new special state in which the head is moved to the upper-left corner of the two-
dimensional array. After this B restarts a new simulation on the input w from the initial state.

Note, that the goal of the use of the above procedure is to essentially decrease the probability of
finishing in the state qneutral and so to increase the probability of reaching an accepting (rejecting)
state if wALðAÞ (weLðAÞ).
Besides this, B has still sðAÞ new states, each one as a counterpart for a state of A: These states

are used after every simulation step of B in order to randomly decide (with equal probabilities)
whether to continue in the simulation of the computation of A or to restart a new simulation. As
one can see later, this additional coin tossing is important in order to decrease the probability of
simulating a very long computation of A that contains repetitions of the same configurations.
We observe that B has 4sðAÞ þ 3 states, and that B can reach an accepting (rejecting) state on

an input w if and only if wALðAÞ (weLðAÞ). So, it remains to show that for every input wALðAÞ
(weLðAÞ) the probability of reaching an accepting (rejecting) state is at least 1=2:

For any input w; there exist at most dw ¼ sðAÞðn þ 1Þ2 different configurations of A on w: So, if
wALðAÞ (weLðAÞ), then there exists at least one computation of A on w finishing in an accepting
(rejecting) state after at most dw computation steps. Thus, simulating dw steps of A; B reaches an

accepting (rejecting) state with probability at least 1=2dw :
In what follows, we show that ProbðB accepts w j wALðAÞÞX1=2: The case when weLðAÞ is

analogous. Let StepðwÞ be the random variable7 saying how many steps of A will be simulated by
B on w in one attempt. Obviously,

ProbðStepðwÞodwÞ ¼
Xdw�1

i¼1

1

2i
o1� 1

2dw
: ðA:1Þ

Let ACCEPTðwÞ be the event that B accepts w during one simulation attempt of B and let Neg-
ACCEPTðwÞ be the complementary event.
Due to the facts

ProbðACCEPTðwÞ j StepðwÞXdwÞX1=2dw
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and (A.1) we obtain

ProbðNeg-ACCEPTðwÞÞ
¼ ProbðStepðwÞodwÞ ProbðNeg-ACCEPTðwÞ j StepðwÞodðwÞÞ
þ ProbðStepðwÞXdwÞ ProbðNeg-ACCEPTðwÞ j StepðwÞXdwÞ

pProbðStepðwÞodwÞ � 1þ ð1� ProbðStepðwÞodwÞÞ 1� 1

2dw

� �

p
1

2dw
ProbðStepðwÞodwÞ þ 1� 1

2dw

o
1

2dw
1� 1

2dw

� �
þ 1� 1

2dw

� �

¼ 1� 1

22dw
:

Finally, we bound the probability that B does not accept w in any simulation attempt. We assume
as before that wALðAÞ:

ProbðB does not accept wÞ

pProbðNeg-ACCEPTÞ 1

2rw

XN
i¼0

ðProbðNeg-ACCEPTÞÞi 1� 1

2rw

� �i

p 1� 1

22dw

� �
1

2rw

XN
i¼0

1� 1

22dw

� �i

1� 1

2rw

� �i

p 1� 1

22dw

� �
1

2rw

1

1� ð1� 1
22dw

Þð1� 1
2rwÞ

:

Since

1� 1� 1

22dw

� �
1� 1

2rw

� �
41� 1� 1

22dw

� �
¼ 1

22dw

we obtain

ProbðB does not accept wÞo 1 � 1

2rw

1

1=22dw

¼ 22dw�rw

¼ 22sðAÞðjwjþ2Þ�2ðsðAÞþ1Þðjwjþ2Þ

¼ 2�2ðnþ1Þ
2

p
1

16
;

for every input wASð2Þ: &
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