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ABSTRACT

A marked graph is a graph in which each vertex is given a sign + or —. We call
such a graph consistent if every cycle has an even number of — signs. Consistent
marked graphs arise in the study of communication networks and social networks.
We discuss the problem of characterizing graphs that can be consistently marked
using at least one — sign, reduce the problem to blocks, and solve it for blocks
whose longest cycle has length at most 5.

Consider a marked graph, a graph in which each vertex is given a sign,
+ or —. We call a marked graph consistent if every cycle! has an even
number of — signs. In this paper, we discuss the problem of characterizing
those graphs that can be consistently marked using at least one — sign,
reduce the problem to blocks, and solve it for blocks whose longest cycle
has length at most 5.

Consistent marked graphs were introduced by Bieneke and Harary
(1978a), and the analogous concept for marked digraphs was introduced
by Bieneke and Harary (1978b). Suppose a marked graph is thought of as

!n this paper, paths and cycles have no repeated vertices. We adopt the graph-
theoretical terminology of Bondy and Murty (1976).

LINEAR ALGEBRA AND ITS APPLICATIONS 217:255-263 (1995)

@© Elsevier Science Inc., 1995 0024-3795/95/$9.50
655 Avenue of the Americas, New York, NY 10010 SSDI 0024-3795(94)00193-H


https://core.ac.uk/display/82608955?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

256 FRED S. ROBERTS

a model of a communication network. Suppose binary messages are sent
through that network, with vertices having sign — reversing the messages
and vertices having sign + leaving them intact. Then a consistent marked
graph has an important consistency property: If a message is sent from
z to y through two different paths, y will receive the same message no
matter which path is followed. The notion of consistency also arises in
the study of social networks, for example where the vertices represent peo-
ple who always lie or who always tell the truth. [See Bieneke and Harary
(1978b) and Harary (1983).] The notion of consistency of a marked graph
has proven useful in the theory of balance of graphs with signs on edges,
signed graphs. Specifically, by setting up a correspondence between marked
graphs and balanced signed graphs, signed graphs where every cycle has an
even number of — edges, Harary and Kabell (1980, 1981) were able to
describe an efficient algorithm for determining if a given signed graph is
balanced. [Balanced signed graphs have been widely studied and have a
variety of interesting applications in sociology, psychology, political science,
economics, energy modeling, and discrete optimization. See Johnsen (1989)
and Roberts (1989) for references.] The correspondence between marked
graphs and balanced signed graphs has also been useful in solving the prob-
lem of counting balanced signed graphs (Harary and Kabell, 1981); the
problems of enumerating both balanced signed graphs and marked graphs
are also studied by Harary, Palmer, Robinson, and Schwenk (1977).

The problem of characterizing consistent marked digraphs was solved
by Beineke and Harary (1978b). Rao (1984) obtained an early characteriza-
tion of consistent marked graphs and also gave a polynomial algorithm for
recognizing them. Other characterizations were given by Acharya (1983,
1984). The recent paper by Hoede (1992) characterizes consistent marked
graphs in terms of fundamental cycles of a cycle basis and observes that
the characterization gives rise to a polynomial algorithm for determining
whether a marked graph is consistent that seems simpler than that of Rao.

Given an unmarked graph or digraph, it can always be marked in a
consistent way, by giving all vertices a + sign. However, this cannot always
be done if some — sign must be used. Consider for example the complete
graph K4. We call a graph or digraph markable if its vertices can be given
signs in a consistent way with at least one — sign. Beineke and Harary
(1978b) solve the problem of characterizing markable digraphs. However,
the same problem for graphs is still unsolved. It is the purpose of this
paper to present this problem and some results about it. Specifically, we
describe all the markable blocks with no cycle of length greater than 5.

LEMMA 1 (Beineke and Harary, 1978a). In a consistent marking of a
graph, no pair of vertices of opposite signs can be joined by three pairwise
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internally vertez-disjoint paths.

Proof. Suppose vertex a is signed —, vertex b is signed +, and Py, Py,
Pj are three paths from a to b intersecting only at a and b. By consistency
of the marking, either P, or P,, say P1, has an odd number of internal
vertices of sign —, and the other has an even number of such vertices.
Then, by considering P; and Ps, we conclude that P also has an even
number of internal vertices of sign —. It follows that P, and P; form a
cycle with an odd number of — signs, which is a contradiction. [ ]

We say that a connected graph G is n-connected if the minimum number
of vertices whose deletion disconnects G or results in a graph with one
vertex is at least n. By Lemma 1, we have the following result.

PROPOSITION 1. If a graph G is 3-connected, then G is markable if
and only if it is bipartite.

Proof. By Menger's theorem [see for example Bondy and Murty (1976)],
for each x # y from V(G), there are three internally vertex-disjoint paths
from z to y. Thus, by Lemma 1, every pair z and y must have the same
sign, and this sign must be —. It follows that G is markable if and only if
it has no odd cycles. [ ]

It follows from Proposition 1 that K, is markable if and only if n < 4.

By virtue of Proposition 1, we may concentrate on graphs that are not
3-connected. Note that a graph is 2-connected if and only if it is a block
consisting of more than one edge, where a block is a connected graph with
more than one vertex and no cutpoints. A block in a graph is a maximal
subgraph that is a block. A graph is markable if and only if every connected
component is markable. Moreover, a graph G is markable if every block
of G is markable. This is trivial if G is a block and in general follows by
induction on the number of blocks. For, suppose that G is not a block, let
v be a cutpoint, let Hq, Hy, ..., Hp be the connected components of G — v,
and let G; be the subgraph generated by vertices of H; and v. Since all
blocks of G; are blocks of G, the number of blocks of G; is less than the
number of blocks of G, and by the inductive hypothesis we can find for
each G; a consistent marking with a —. If all of these markings have the
same sign at v, then we combine them to get a consistent marking of G
with a — sign. Otherwise, we find some G; in which v gets a + sign in
its consistent marking and there is a vertex w in G; which gets a — sign.
Then we use this marking of G; and mark all G;, j # i, with all + signs.
This gives a consistent marking of G with a — on w. Thus, if all blocks are
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F1G. 1. K(2,n) + e2 and a consistent marking with a —.

markable, then so is G.

The converse is false. Consider two K4’s attached at one vertex, and
remove an edge incident to that vertex from one of the K4's. Then we get
a graph that is markable but has a nonmarkable block Kj.

In this paper, we consider markability of blocks. We leave open the
question of markablility of connected graphs that are not blocks.

In particular, we shall describe all of the markable blocks whose longest
cycle has length at most 5. To give this description, let us use the nota-
tion K(m,n) for the complete bipartite graph with classes of sizes m and
n. Then we define K(2,n) + e3 to be the graph obtained from K (2,n)
by adding an edge between the two vertices in the class of two vertices.
K(2,n) + eg is shown in Figure 1. We define the graph J(n,p) as follows.
Start with a 4-cycle whose vertices in order are a, b, c,d. Add p vertices ad-
jacent to a and d, and n vertices adjacent to a and c¢. The graph J(n,p) is
shown in Figure 2. Also, we define the graph L(m,n) as follows. We start
with a 5-cycle whose vertices in order are a,b,c,d,e. We add m vertices
adjacent to a and ¢, and n vertices adjacent to ¢ and e. The graph L(m,n)
is shown in Figure 3.

THEOREM 1. Suppose that G is a block with no cycle of length greater
than 5. Then G is markable if and only if G is Ko, K3, K(2,n), n > 2,
K(2,n)+ ez, n>2, J(n,p), n >0, p>1, or L(m,n), m,n > 0.

To prove Theorem 1, we note that, trivially, K3 and K3 are; markable;
that K(2,n), n > 2, is markable can be seen by putting a — on all vertices
in one class and a + on all vertices in the other class; that K(2,n) + ey,
n>2, J(n,p),n>0,p>1,and L(m,n), m,n > 0, are markable is shown
in Figures 1, 2, and 3, respectively. To prove the converse, we introduce a
series of very simple lemmas which are nevertheless worth stating because
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F1G. 2. J(n,p) and a consistent marking with a —.

we use them so often.

Suppose that C is a cycle of graph G and u, v are vertices of C. A u,
v-handle is a path from u to v in G that does not use any vertices of C
other than u and v.

LEMMA 2. Suppose that G is a block, C is a cycle in G, and = is a
verter not in C. Then there are u # v in C such that x is an internal
vertex of a u, v-handle.

Proof. By Menger’s theorem, there are two internally vertex-disjoint
paths P and @ from z to C. Let P’ be the part of P from z to the first

a (]

m vertices n vertices

FiGc. 3. L(m,n) and a consistent marking with a —.
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vertex a on P that is on C, and Q' be the part of Q from z to the first
vertex b on @ that is on C. If a # b, then we let u = a, v = b, and form
the handle from the two paths P’ and Q’. If a = b, then since G — a is
connected, there is a path R from z to a vertex w of C different from a and
such that R has no other vertices of C. Since z is on both R and P’ U Q)
there is a last vertex y of R that is on both R and P’ U @'. Without loss
of generality, suppose that y is on Q’. Now let S be the path that uses Q'
from z to y and then R from y to w. We take u = a, v = w, and use the
two internally vertex-disjoint paths P’ and S to make the handle. n

If C is a cycle of a marked graph G and u, v are two vertices of C, then
do(u, v) will denote the shortest distance along the cycle between » and v.
We let ¢ be the length of a longest cycle of G having a — sign, if there is
such a cycle.

LEMMA 3. If a cycle C in a consistently marked block G has length ¢
and has a — sign, then if do(u,v) < 2, any u, v-handle has length at most

do(u,v).

Proof. Consider a path along C between u and v and having distance
dc(u,v), and let C(u,v) be the other path between v and v along C. Since
dc(u,v) <2 and C has at least two — signs, it follows that C(u, v) contains
a — sign. Hence, if a u, v-handle has length > d¢(u,v), the handle plus
C(u,v) is a cycle of length > ¢ and having a - sign. [ |

LEMMA 4. If a cycle C in a consistently marked block G has length ¢
and has a — sign, then no x outside C is adjacent to two adjacent vertices
in C.

Proof. This follows directly from Lemma 3. =

LEMMA 5. If a cycle C in a consistently marked block G has length
¢ < 5 and has a — sign, then no two vertices x and y outside C' can be
adjacent.

Proof. By Lemma 2, z is an internal vertex of a u, v-handle for u # v.
Since ¢ < 5, dg{u,v) < 2. By Lemma 3, the u, v-handle has length <
dc(u,v) < 2. Hence, z is adjacent to v and v. Similarly, y is adjacent to
u' and v’, v’ # v', on C. Then either v’ # u or v’ # u, say without loss of
generality u’ # u. Now if z is adjacent to y, then u, z,y, v’ is a u, u’-handle
of length > 2 > d¢{u,u'), which contradicts Lemma 3. a
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We are now ready to complete the proof of Theorem 1. If G has no
cycles, then G is K. Suppose that G has a cycle and that G has a consistent
marking using a - sign. Since G is 2-connected, every vertex is on a cycle.
Hence, we may find a cycle C with a — sign and having length c. We
consider the three possibilities that ¢ = 3, 4, or 5.

Suppose that ¢ = 3. Then for all u # v in C, do(u,v) = 1. Hence, by
Lemma 3 there can be no u, v-handle. It follows by Lemma 2 that there
can be no vertices outside C, and hence that G is Kj.

Suppose next that ¢ = 4. Let the vertices in order around C be a, b, ¢, d.
By Lemma 5, any two vertices outside C are nonadjacent. Suppose that z
is not in C. Then by Lemma 2, x is an internal vertex of a u, v-handle,
and by Lemma 3 this handle has length at most d¢(u,v) < 2. Hence, z is
adjacent to u and v, and by Lemma 4, u is not adjacent to v. It follows
that x is adjacent to exactly two vertices of C, u and v, else z is adjacent
to two adjacent vertices of C. If z is adjacent to a and ¢, and y to b and d,
then a,z,¢,d,y,b,a is a cycle of length 6, which is impossible. Thus, either
all vertices outside C are adjacent to a and c or all are adjacent to b and d.

Since K4 is not markable, the subgraph G[C] generated by vertices of
C is either a cycle or a cycle with one chord. We consider both of these
possibilities. Suppose first that G[C] is a 4-cycle. Then since either all
vertices outside C are adjacent to a and ¢ or all are adjacent to b and d,
and since no two such x can be adjacent, it follows that G is K(2,n), n > 2.

Suppose next that G[C] is a 4-cycle with a chord, say b to d. If all =
outside C are adjacent to a and ¢, we get a 5-cycle with a — sign, namely
d,a,x,c,b,d. This contradicts the hypothesis ¢ = 4. Thus, all z outside C
are adjacent to b and d. Then, since all such z’s have to be nonadjacent,
we conclude that G is K(2,n) + ez, n > 2.

Finally, suppose that ¢ = 5. Let the vertices in order around C be
a,b,c,d,e. Asin the case ¢ = 4, we conclude that no two z outside of C can
be adjacent and that every such x is adjacent to exactly two, nonadjacent
vertices of C.

Let G|C] be the subgraph of G generated by vertices of C. We argue
that G[C] cannot have two or more chords. If there are two or more chords,
then by symmetry either {a,c} and {a,d} are chords or {a,d} and {b,e}
are chords. In the former case, by Lemma 1, ¢ and ¢ have the same sign,
and a and d have the same sign. Hence, since these three vertices form a
triangle, that sign must be +. It follows that b and e must both be +, else
there are triangles with an odd number of — signs. Hence, all five vertices
of C get sign +. But by hypothesis, C' has a — sign. We have reached
a contradiction. Suppose that C' has chords {a,d} and {b,e}. Lemma 1
allows us to conclude that a and d have the same sign and that b and e
have the same sign. Since a,b,e and a,d, e are triangles, all four vertices
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have the same sign, and hence all five vertices do. The sign must be +.
Again, this is a contradiction. Hence, G[C] has at most one chord.

If there is any x outside of C, then we may suppose without loss of
generality that some z outside of C is adjacent to a and ¢ in C. Then we
cannot have y outside of C' adjacent to b and d, for otherwise a,z, ¢, d,y,b,a
is a cycle of length 6. Similarly, we cannot have y outside of C adjacent
to b and e. It follows that any other y outside C that is not adjacent to
a and c is adjacent to ¢ and e or to a and d. By the same reasoning as
above, we cannot have both y outside C adjacent to ¢ and e and z outside
C adjacent to @ and d. Thus, without loss of generality, there are at most
two types of vertices outside of C, those adjacent to a and ¢ (type 1) and
those adjacent to ¢ and e (type 2).

We know that G[C] is either a 5-cycle or a 5-cycle with one chord. In
the former case, G is L(m,n), m,n > 0. Consider the latter case. We need
only consider the possible chords {c, e}, {b,d}, or {b, e}, since the case of
chord {a, ¢} is analogous to that of chord {c, e} and the case of chord {a, d}
is analogous to that of chord {b, e}. If the chord is {c, e}, then G is J(n, p),
n>0,p>1

Suppose next that the chord is {b,d}. If = is a type-1 vertex outside of
C then a,e,d,b,c,x,a is a cycle of length 6, which is impossible. If y is a
type-2 vertex outside of C, then e,a,b,d, ¢, y, € is a cycle of length 6, which
is impossible. Hence, we conclude that G = G[C], which is J(0, 1).

The remaining case is when the chord is {b, e}. If there is a type-1 vertex
z not in C, then a,z,¢,d, e, b,a is a cycle of length 6, which is impossible.
Hence, there are only type-2 vertices not in C. It follows that G is J(n, 1),
n > 0. This concludes the proof of Theorem 1.
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thanks Aleksandar Pekec, Dale Peterson, and Shaoji Xu for their extremely
helpful comments.

REFERENCES

1 Acharya, B. D. 1983., A characterization of consistent marked graphs, Nat.
Acad. Sci. Lett. 6:431-440.

2 Acharya, B. D. 1984., Some further properties of consistent marked graphs,
Indian J. Pure Appl. Math. 15:837-842.

3 Beineke, L. W. and Harary, F. 1978a., Consistent graphs with signed points,
Mat. Sci. Econom. Social. 1:81-88.

4 Beineke, L. W. and Harary, F. 1978b., Consistency in marked digraphs, J.
Math. Psychol. 18:260-269.



CONSISTENT MARKING OF A GRAPH 263

10

11

12

13

Bondy, J. A. and Murty, U.S.R. 1976., Graph Theory with Applications,
Elsevier, New York.

Harary, F. 1983., Consistency theory is alive and well, Personality and Social
Psychol. Bull. 9:60-64.

Harary, F. and Kabell, J. A., 1980., A simple algorithm to detect balance in
signed graphs, Math. Social Sci. 1:131-136.

Harary, F. and Kabell, J. A. 1981., Counting balanced signed graphs using
marked graphs, Proc. Edinburgh Math. Soc. 24:99-104.

Harary, F., Palmer, E. M., Robinson, R. W., and Schwenk, A. J. 1977,
Enumeration of graphs with signed points and lines, J. Graph Theory 1:295-
308.

Hoede, C. 1992., A characterization of consistent marked graphs, J. Graph
Theory 16:17-23.

Johnsen, E. C. 1989, The micro-macro connection: Exact structure and
process, in Applications of Combinatorics and Graph Theory to the Biological
and Social Sciences, (F. Roberts, Ed.), IMA Vol. Math. Appl. 17, Springer-
Verlag, New York, pp. 169-201.

Rao, S. B. 1984., Characterizations of harmonious marked graphs and con-
sistent nets, J. Combin. Inform. System Sci. 9:97-112.

Roberts, F. S. 1989., Applications of combinatorics and graph theory to the
biological and social sciences: Seven fundamental ideas, in Applications of
Combinatorics and Graph Theory to the Biological and Social Sciences, (F.
Roberts, Ed.), IMA Vol. Math. Appl. 17, Springer-Verlag, New York, pp.
1-37.

Received 18 November 1993; final manuscript accepted 25 August 1994



