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Sufficient conditions for the null controllability of nonlinear infinite delay systems
with distributed delays in the control are developed. Namely, if the uncontrolled
system is uniformly asymptotically stable and if the linear control system is proper,
then conditions are obtained that imply the nonlinear infinite delay system is null
controllable.  © 1990 Academic Press, Inc.

1. INTRODUCTION

Hermes and LaSalle {5, p. 78] showed that if the linear system
x(t)=A(t) x(2) + B(t) u(t) (1)
is proper and if
x(t) = A(1) x(1) (2)

is uniformly asymptotically stable then system (1) is null controllable. An
analogous result was proved by Khambadkone [8] for the system

X(t)=A(t)x(t)+jO d H(t, s) u(t + 5) (3)

and by Chukwu [1] for the linear delay system
X(t)=L(1, x,) + B(t) u(t)

. (4)
x(t)=¢(1), tin [—A, 0],

* Present address: University of Tennessee at Chattanooga, Chattanooga, TN 37402.

274
0022-247X/90 $3.00

Copyright © 1990 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82608827?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NULL CONTROLLABILITY OF DELAY SYSTEMS 275

where L(t, ¢) is continuous in ¢, linear in ¢. Dauer [3] proved that (1) is
null controllable iff the system

X(t) = A(t) x(1) + B(t) u(t) + g(t, x) u(t) (5)

is null controllable provided g is appropriately bounded. A similar result is
given for the autonomous linear system with arbitrarily restrained controls.
Chukwu [2] discussed the null controllability in function space of the non-
linear delay system

0
i(t)= [ dn(t, 5)x(e+5)+ B u(t) + f(t, x,, u) (6)
—h
with limited controls. In [9] Sinha developed sufficient conditions for the
null controliability of the infinite delay system
0
$()= Lit, x,)+ B u(t)+ [ AD) x(t+8) dO+ f(t, x(-), ul-))
o (7)

x(t)=¢(1) for —o0<r<0,

where L(t, ¢) is continuous in ¢, linear in ¢ with constant delays A, >0 and
is given by

L(t, )= Y. Ault) $(—hy). (8)
k=0

In this paper, we obtain a similar result for the nonlinear infinite delay
system

(1) = L(t, x,) + fo d, H(t, o) u(t + )

+J0 A0) x(t+0)do+ f(¢, x(-), u(-)) 9

x(ry=¢(1), te(—o0,0]
The controls u are square integrable with values in the unit cube C™:
C"={wueE™ |lu|<l,i=1,.,m}.
2. PRELIMINARIES
In Egs. (8) and (9), each A, is a continuous # x n matrix function for

0<h,<h, A(8) is an n x n matrix whose elements are square integrable on
(— 00, 0]. The matrix function H(t, w) is nx m, continuous in ¢ for fixed w,
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and of bounded variation in w on [ ~#A, 0] and fis an n-valued function.
Let y>2h>0 be given real numbers (y may be +o), E” be an
n-dimensional linear vector space with norm {-|. The function
#:[—7,0]1->(0, o) is Lebesgue integrable on [ —y, 0], positive and non-
decreasing on [ —7,0]. Let B=B([ —,0], E") be the Banach space of
functions which are continuous on [ —7y, 0] and such that
0
1= sup 1g(s)l+] n(x) Ip(o)l e < oo,

se[—v.0] Y
For any te R, and any x: [t—1y,t] — E", let x,: [—7y,0] > E” be defined
by x(s)=x(t+s), se[—y,0]. The symbol 4, in (9) denotes that the

integral is in the Lebesgue—Stieltjes sense with respect to the variable w.
Consider the linear homogeneous system

(1) =L(1, x,)+j0 d, H(t, 0) u(t + o) (10)
—n
and

(1) = L(s, x,)+j° A(0) x(z+ ) db. (11)

—

Here we study the controllability of (9) when it is assumed that the

admissible controls have values in a compact convex subset P of E™. To do

this we introduce the notion of a proper control system for Eq. (10). Hale

[4] obtained exponential estimates on the solutions of the linear Eq. (11).
Let X satisfy the equation

a_X(Ls_)zL(t, X,(,9)), I>s
ot
0 s—h<t<s
X(t, S)={l =3 }’

where X,(-, s)(0)= X(z+ 0, s), —h<6<0. Then the solution of (9) is given
by

x(1) = x(£; 1o, ¢)+j' X(t, 5) (joh d H(s, ®) u(s+w)> ds

1 -

+ j X1, 5) (fo A(0) x(s +6) d0> ds

+ X5 S xC)utNds, tosis, (12)

x(2)=¢(1) for te[tg—h, 5]
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with initial state z(z,) = (x(t,), ¢, n) where u,, =7 and x(¢; t,, ¢) is the solu-

tion of x(t)=L(t, x,). Following Klamka [7], using the unsymmetric
Fubini theorem, the solution can be written in the form

(1) = x(t; to, §) + foh dy, (f X(t, 5~ 0) H(s — o, ) u(s) ds

- n+s

+f’ fo X(t, s)A(0)x(s+0)d0ds+f’X(t,s)f(s, x(-), u(')ds>

o —y o

0 I
= x(t, t0,¢)+f ,,d”‘".( X(t,s—w) H(s— o, w)n(s) ds
- n+s

7
+]
I

t p0
+fj X(1, 5) A(8) x(s + ) df ds

(fo X(t,s—w)d, H(s— o, w)) u(s) ds
—h

¥ —y
+ [ Xt 5) f5, x(-), u(-)) ds, (13)
where
B H(s, o) for s<t
H'(s’w)_{ 0 for s>1.
Let

o

q(t, n)=f0hdﬂwf X(1, s— ) H(s — o, ) n(s) ds

— n+s

S, s)=f0hX(t, s—w)d, H(s—w, ).

Then the reachable set of (10) is given by

R(1) = {f S(1, 5) u(s) ds: we Lo([ 10, 1,), C’”)}. (14)

0

The controllability matrix of (10) at time ¢ is
Wit,, z)=j S(1, s) S*(1, 5) ds, (15)
0]

where the star denotes the matrix transpose.

409/145/1-19
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DerFNITION 1 [9]. The system (10) is said to be proper in E” on an
interval [14,1,] if

c*8(t,,5)=0 ae., s€[ty, t,], ce E" implies ¢ =0.

If (10) is proper on [t,, ¢y + o] for each o >0, we say the system is proper
at time t,. If (10) is proper on each interval [¢,, ¢,], t, > t, =0, we say the
system is proper in E".

DEerINITION 2. The system (9) is said to be null controllable if for each
¢eB([—~y,0]),E"), there is a t, =15, uelLy[t, 1t ], P), P a compact
convex subset of E™ such that the solution x(1, ¢y, ¢, u) of (9) satisfies
X, (to, ¢, u)=¢ and x(t,, 1o, ¢, u) =0.

3. MAIN RESULT
THEOREM. Suppose that the constraint set U is an arbitrary compact
subset of E™, and that

(i) system (11) is uniformly asymptotically stable, so that the solution
x,(to, @) satisfies | x(to, §)| < Me™ "'~ "@|| for some o >0, M >0,

(ii) the linear control system (10) is proper in E”,
(iil) the continuous function f satisfies
Lf(t, x(-), u(-))| <exp(—Br) m(x(-), u(-))
Sor all (¢, x(-), u(-))e [y, ©)x Bx L,,
where jm 2(e(), u(-)) ds < K< 0 and f—a >0,
Then (9) is null controllable.

Proof. Since (10) is proper in E", W~ !(t,, t,) exists for each ¢, > t,,.
Suppose the pair of functions x, u form a solution pair to the set of integral
equations

u(t)= —S*(t,, 1) WAl(tht))[x(tl;to,¢)+‘1(t1,’1)
00
+ [ X0y, 5) A®) x(s+0) O ds

# [ X9 S5 50 s (16)
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For some suitably chosen ¢, >t 2> 1., u(¢t)=n(t), te [t,—h, t,] and

x(t)=x(t;15, 1)+ q(t,n)+ J, S(¢, s)u(s) ds

fo

[ [ @) <+ 0y a0 ds+ [ X0, 5) fs. x() () d

x(1) = ¢(1), teto—h ty].

Then u is square integrable on [7,— A, ¢,] and x is a solution of (9) corre-
sponding to u with initial state z(ty) = (x(t,), ¢, 1), where u,,=7. Also,

(17)

x(t)=x(t; to:¢)+4(t17’1)—j’l S(ty,5) S*(1y, 5) Wil(to, ty)

o

[ttt 01 atesm+ [t (s 50 u0)

0

+j° A(0) x(1+) d6>] ds

" xtw.s) (f(s, x(-), u(-))-}-JO A(())x(t+9)d0> ds =0,

We now show that u: [¢,, ;] — U is in the arbitrary compact constraint
subset of E™, that is |u| < a for some constant a > 0. Since (11) is uniformly
asymptotically stable and H is continuous in ¢ and of bounded variation in
w, we have,

|S*(t,, W< C, ‘ for some C,>0
lx,(tg, #)| < Cyexp[ —a(t; —t;)]  for some C,>0.

Hence,

() < €, [cz exp[ —a(ty —10)]

+[ M exp[ —a(t, — s)) exp(—fs) n(x(-), u(-)) ds]

)
and therefore
fu(1)] < Ci[Coexp[ —a(t; — 1)1+ KM exp(~at,)] (18)

since f—a>0 and s>¢,>0. From (18) we see that ¢, can be chosen so
large that [u(t)| <a, te [t,, t,], proving that u is an admissible control for
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this choice of ;. It remains to prove the existence of a solution pair of the
integral Egs. (16) and (17). Let B be the Banach space of all functions

u): Lto—h, t,1x[ty—ht,] - E"xE™,

where xe B([to—~h, t, ], E"); ue Ly([to—h, t,], E™) with the norm defined
by
e, )l = Nxllz + flul

" 12
pel= | [ (o7 as |

0—

4 12
b= | [ wtorras|

Define the operator T: B— B by T(x, u)=(y, v) where

where

o) = — S*(t1, 1) W-"(10, 1 )[x(tl,zo,¢)+q(n,n)
+ff X(t,, 5) A(0) x(s + 0) df ds

+.[IlX(tl,s)f(s,x(-),u(-))ds] for teJ={[ty,,] (19)

and
v(t)=n(1)  for telty—y,t];
YO = x5 to, 8) + gl m)+ | S(2,5) ols) ds
t 0
+[ [ X0t 5) 4(0) (14 0) db ds
+j (,s) f(s, x(-) u(-))ds  for teJ (20)
and

y)y=¢@t)  for rel15—7y, 1]

From (18) it is clear that |v(¢)| <a, reJ and also v: [t,—h, 1,] > U we
have |v(t)| < a. Hence ||v|, <a(t; +h—1t,)"? = B,. Next

IV € Cexpl —a(t—15)]+ Cs+ C4J jv(s)| ds + KM exp(—at,),
to
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where C;=sup |q(¢,n)] and C,=sup|S(s, s)|. Since a>0, 121,20 we
deduce that

I p(1) € Cy+ Cy+ Cualt,—t,)+ KM =B, teld
and
I y()] <sup |4(¢)] =9, telto—h to]-
Hence if A=max{f, 5} then
Iyl <Aty +h—10)"7=B,.
Let r=max{f,, f;}. Then if we let
O(r)={(x,u)e B: x|, <r, ul,<r}.

We have proven that T: Q(r) - Q(r). Since Q(r) is closed, bounded and
convex, by Riez’s theorem [6] it is relatively compact under 7, then the
Schauder theorem implies that 7 has a fixed point (x, )€ Q(r). This fixed
point (x, «) of T is a solution pair of the set of integral Eqs. (19) and (20).
Hence the system (9) is Euclidean null controllable.
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