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1. INTRODUCTION

The purpose of this paper is to establish the existence of T-periodic
solutions for the hereditary differential systems

x'(t) = —F(Ux;) + f(2), (1.1
() = —A() Ux{0) + £(2), (1.2)
®(t) = —F(@, Uxy) -+ f(2), (1.3)
x'(t) = —F(@, Uxy) -+ g2, x,, Utxy), (1.4}
x"(2) == h(t, 2(t), x(t — d(2, x()))) (1.5)

(where U™ is an operator of the same type as U), which are listed here in
increasing order of complexity. The function F' will be linear in the variable
v = Ux, e C([—h, 0] — R*), T-periodic in ¢, whenever it is present and
continuous. The forcing term f(#) is continuous and T-periodic, while the
terms g, A, d are T-periodic in #, continuous in their variables, and generally
nonlinear. The notation x, is the same as in the monograph of Hale [4].

In Section 2 we prove a degree-theoretic structure theorem for hereditary
systems slightly more general than (1.1)-(1.4) and apply these results in
subsequent sections to (1.1)(1.4).

The simple case x'(f) = —AUx(0) + f(#) is covered by (1.1) and is
treated in Section 3. In particular, we are able to treat the scalar equation

&) = —ax(t — 7 + pk(, #@)) + 1),

investigated by Stephan [11]; the equation arises from an unsolved pertur-
bation problem in biological modelling theory (see Cooke [2]). We show
that the Lipschitz condition imposed by Stephan [11] can be dropped, the
term pk(f, 2(2)) can be more complicated, and we extend the range of known
T-periodic solutions from 0 << aT < =2 to 0 < aT < 2(3)*/2.
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The nonautonomous cases (1.2) and (1.3) are considered in Section 4.
In particular, we can treat the equation

X(t) = —alt) Wt — r + k(t, %, ) - f)  with  a(t) >0

(see Corollary 4.5), and similar delay-differential systems (see Corollary 4.4).

The case of a nonlinear perturbation (1.4) presents a number of distinctive
problems, and we indicate in Section 5 several ways to overcome these
problems and obtain periodicity theorems. For example it is shown how to
obtain 1-periodic solutions for the nonlinear equation

®'(f) = —aw(t — 1 + psin 2#t)[1 -+ x(£)] 4 b sin 22,

with 0 << &« < 2(3)%/2 and | b | small enough (see Example 5.5).

In Section 6 we consider systems (1.5) and provide a simple geometric
condition for the existence of T-periodic solutions. This equation is not
necessarily a special case of Egs. (1.1)~(1.4), since the right side need not be
linear, and the term d(¢, x) is not required to be bounded.

We next define the keredity operator U. We shall consider only the simplest
case, since the essential features of the calculations to be done will be
sufficiently transparent for such operators. For extensions to more complicated
operators we refer to Section 7.

Let i = 1,..., n and let k(¢ %, p) be continuous on

R x C([’“ha 0] - R”) X ["/"0 » ""0]’

with values in R, where po >0, 2> 0. Let r,€[0, 8] (1 <7 << n). We
define the coordinate operators

Ut: R X C(R — R™) — C([—A, 0] — R7)
by
Ui(t’ x)(@) = xz‘(t + 80— -+ Ri{t, %, Ju))’ —h <O, (p] <p,

and put
Uz, x) = (UM, x),..., U"(2, x)).

In order to avoid complications in notation we do not explicitly include
the dependence on the parameter p in our notation. Further, we abbreviate

U, ) = Uxy .

Concerning the dependence of % on the parameter y, we assume that there
exist continuous functions 7; : [0, 0} — R, £,(0) = 0, such that

and we put £(r) = (64(r),.-., u(r)).
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2. PRELIMINARIES

In the sections to follow we make use of several formulas from the theory
of vector Fourier series, which we cite here for the reader’s convenience.
In addition, we give two structure theorems for periodic solutions of
hereditary systems. The theorems are modeled after the functional results
of Strygin [12]. Enough technical problems occur to justify including a
complete proof of the main theorem. The resuits could also have been
obtained by a modified Cesari method (see Mawhin [7]), though this approach
seems more complicated in our opinion.

The calculations in vector Fourier series will occur in the space
L2([0, TT — R7) with inner product

Xy :f:x(t)-y(t)dt

and norm || x |2 = (x - )42, If x(¢): R — R» is a T-periodic function of
class C%, then x(f) has the Fourier series

x(t) = _;_1 fOT x(s) ds + Z (@, cos wyt + by, sin wyt), 2.1
k=1

where w, == 2kn|T, and the derivative & satisfies
2 e T 2 2
TH 2|2 =Y (| wng |2 + | 0zby %) (2.2)
k=1

Using (2.1), (2.2) and the C-B-S inequality we obtain

1 T 2\ 2 R
- p [ s <(T o) (Frem) ed
the sum on the right side in (2.3) can be evaluated:
Y wit= T?24. (2.4)

k=1

Combining (2.3) and (2.4) gives
1 T
lx(t — [ ) ds| <(T/2)2 ) &2 - ©.5)

The following structure theorems for periodic solutions of hereditary
differential systems will be used repeatedly in the sequel.
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TrHEOREM 2.1. Let O be a bounded open convex set in R* G =
C([—#, 0] — O), and assume

(i) f(t,u,€): R X G X [0,¢]~— R* is continuous, bounded, and
T-periodic in t, T = h.
(i) The field F:0 — R*, defined by

T
F(up) = — LT X (& uy, 0) dt, u e,

is nonzero on 80 and has Brouwer degree d(F, 0, 0) = 0.

Then the hereditary system
%) = ¢f (2, Un; , €) (2.6)
has a T-periodic solution x with values in O, for all small ¢ > 0.

TueoreM 2.2. Let €, be a positive number and let the hypotheses of
Theorem 2.1 hold. Further assume that all possible T-periodic solutions x(t)
of (2.6) for 0 << e < ¢ satisfy x(t) 00, 0 <t < T. Then (2.6) has a T-
periodic solution for every e, 0 << € < ¢y, with values in 0.

Proof of Theorem 2.1. Let 0, be an open set such that @; C @ and such
that for some § > 0, a §-neighborhood of 7, also belongs to @, and the field
in (ii) does not vanish on  — 0, . Put

Gy = {xeC([0, T]—> R*) : x() € Oy , | %(0) — x(T)| < 8}.
Define the imbedding operator % as follows:
Z:[0, 11 x C([0, T] — R*) — C(R — R")
Z(A, &) = y if and only if
y(@) = (@) + (1 — ) H(T),
where 7(¢) is the 47 -periodic function given by

_t“gf(t) , —-T<i<T
¥ = QT —1), T<t<3T
and

), 0t T
=L D a0, —T<i<0.
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"The operator & is continuous, with the usual norm in [0, 1] X C([0, T]— R")
and the topology of uniform convergence in the range space C(R — R™).

Define a(t,\) =X +(1 — )T, 0 <t < T, 0<A<1 and consider
the field H: G, x [0, 1] X [0, ¢)] — C([0, T] — R") defined by

alt.A)

Hx, ), €)(t) = x(t) — #(T) — « fo fs, UL, %), ) ds. (2.7)

The system (2.6) will have a T-periodic solution y = #(1, %), xe ),
provided the field H(x, 1, €) vanishes at x, as one can easily verify. Therefore,
we show that for ¢ > 0 sufficiently small, the field (2.7) does not vanish on
G, for 0 <A <1, that each H(, X e) (0 <A<1) is a completely
continuous perturbation of the identity in C([0, 71 — R"), and d(H(", 0, €),
Gy, 0) # 0. Then the result follows from homotopy invariance of Leray—
Schauder degree [10].

The set {ULM, x),:0 <t < T,2e[0, 1]} will belong to G if xe Gy,
because #(), x)(s) is within § of a value of x. The Arzela-Ascoli theorem
applies because of (i) to show H — I compact. We use the continuity of &
and the definition of U to verify continuity of H — I; hence, H — I is
completely continuous.

If the assertion of H being singularity-free on 8Gy 0 < A < 1 fails, then
we can select a sequence of €'s and &’s and X’s which make {2.7) equal to zero,
with € — 0. We put # = T in (2.7), use the compactness of H — I, and find
that the field in (ii) vanishes at some point of 8G,, which is impossible by
the choice of G, .

Let us put A =0 in (2.7). Then Z(0, x) = »(T), UZX0, x); = x(T)
and H(-,0,¢) — I is finite-dimensional. For ¢ > 0 sufficiently small, its
degree is defined and coincides with Brouwer degree of the field in (i),
because of continuity in the parameter ¢, and the definition of degree.
Therefore, d(H(", 0, €), Gy, 0) = 0 for all small e >0, and the proof is
complete.

Proof of Theorem 2.2. 'There does not exist a sequence of T-periodic
solutions of (2.6) (0 < € <{ ¢) with values in @ whose values cluster on 20,
because any such sequence is precompact and T-periodic solutions of (2.6)
(0 < € < ¢) satisfy x(f) ¢ 00, while the field in (ii) being nonzero on 80
eliminates ¢ — 0.

Therefore, we may replace the set @; in the proof of Theorem 2.1 by
a slightly larger set, so that all possible T-periodic solutions of (2.6) for
0 < e < ¢ satisfy x(f) ¢ 0 — O, . The field H(x, 1, €) cannot vanish on 8G,,
so the result follows by homotopy invariance of Leray-Schauder degree
applied to the parameter e In fact, d(H(, 1,¢), Gy, 0) = d(F, 0, (),
I<e<eg.
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Turorem 2.3. Let O, G, f, F satisfy the conditions of Theorem 2.1, and
suppose that the possible T-periodic solutions of

®(E) =ef(t, Uny,¢),  (Inl<p) 0O<e<])

satisfy x(t) ¢ 00. Let N, be the set of T-periodic solutions of #'(t) = f(t, Uxy, 1)
with values in 0. Then o(N,, Ny) = inf{{x — y||: xe N, ,ye N} —0 as
| —0.

Proof. The union of the sets N, is a precompact family in C([0, T} — 0).
If {pn} — 0, x,€N, , and {x,} converges, then its limit is in N,. The
conclusion follows.

3. AuTONOMOUS SYSTEMS

Let F(u) be a continuous linear functional on C([—#, 0] — R"), with
values in R®, f(¢) a continuous T-periodic R*-valued function, and consider
the hereditary nonhomogeneous differential system

x'(t) = —F(Ux;) + f(2)- G-D

Write the functional F(u) in integral form via the Riesz theorem:
1]
F@) = | dn(@) u(0), (3.2)

where the matrix n{0) is of bounded variation.

The purpose of this section is to establish the existence of T-periodic
solutions of (3.1) for small | u |. The hypotheses are given in terms of the
matrix »(f) in the representation (3.2).

We single out the particular case F(u) = Au(0) where 4 is an n X n
matrix. In this case, 5(6) = 0 for —k < 8 <0, (0) = 4.

Levma 3.1, Let A = [°, dn(0) be invertible, and assume that for | p| < o
the following inequality is valid.

E()=1—|47I|IF P {lp Dl — THFQA202 > 0.
Put
D(p) = | AFN 40 p DI =11 472 TIQA2)R

Then for every u & [—py , o] every T-periodic solution x(t) of the equation,

®(t) = [—F(Ux) + ()] (0 <e<,
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satisfies the inequality
2l < [DE/E@] I

Proof. Let x(t) be a possible T-periodic solution, and integrate the
equation to obtain

f F(Ux,) dt = f f@) dt.

We apply the standard interchange theorem for Stieltjes integrals to get

= j; dn(6) f; [U](6) di = 5 ) " He . (33)

Let 7 be the heredity operator U when g == 0.
Let us estimate the integral

17 f_oh dn(0) fﬂT [Ux, — Ve, }(0) dt, (.4)

for such a solution. We have

| [Usts — VitJ(8)] = I Wt — 75+ 0 & skt %y, w)) Eit, %, p) ds
A1) [gmas, | F(Us)| + 1711

On the other hand,
oK | F(Ux)l < Fl 1«1,

with
0 .
IFl = [ ).
-t
Therefore, the integral in (3.4) is bounded in norm by

K=[[FPE=t 140 s ) A+ IFTAT 20 D (-3

Next, let us calculate the integral

f_oh an(®) | " [V(0) .

Omne gets, by a change of variable and periodicity, the relation

fo " IV d(6) dt — [ Tt — o O dt — J‘T ws) ds,
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so it follows that

[ o[ i@ @t =@ —n-m) [ s @9

The matrix 4 = 5(0) — n(—*~) is invertible, by hypothesis. We compute
a bound on | x(t)| via the inequality

| x(t)] < l %LT () ds| + ] x(t) — —;-f: x(s) ds ] 3.7)
The first term in (3.7) can be estimated by (3.3)(3.6):

1

E f sy de | <470 | [ " dx(r) at|

<14 (K + |5 [ ro ) (3.8)
< A [K + £

Since || & ||z << (Y2 F||| %l + (T2 f|] (via the differential equation)
one can use inequalities (2.5) and (3.8) in (3.7) to get

@) <N A+ AT+ TOEI =0+ 1 /2)
A rearrangement of terms completes the proof.
TuaeorEM 3.2. Let the following conditions be mei: (a) F(u) has the
representation (3.2);
(b) A = [°, dn(8) is invertible, and

(© E@=1—[ANFIPIp)) — TIFI/A2M2 >0 for
—to S P -

Then the equation x'(8) = —F(Ux,) - f(t) has at least one T-periodic solution
Jor | p| < po-

Proof. By Lemma 3.1, all possible T-periodic solutions of the auxiliary
equation are bounded by some number R > 0. We choose R > 0 even
larger, if needed, to insure that

P+ [ £t 0,

for | uy | = R, uye R*. This can be done, because

Fluy) = Auy,
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and A is invertible. The Brouwer degree of the mapping
1 ¢7 ,
> — o [ [=Fu) + f(2)] de
0

at 0 relative to | #, | <C R is precisely the sign of the determinant of 4, hence,
nonzero. An application of Theorem 2.2 completes the proof.

Cororiary 3.3. If TIF| < 2(3)'2 and (a) and (b) hold, then x'() =
—F(Uszy) + f(t) has T-periodic solutions for all small p > 0.

CoroLLARY 3.4. If 0 < |a| T <2301, k{2, x) is a bounded continuous
Junction, T-periodic in i, then

¥ (@) = —ax(t — 7 4 pk(t, %())) + () (39
has T-periodic solutions for all small u > O, for every T-periodic continuous f.

Remark. Equation (3.9) is the subject of study in [11]. There it is proved
that for 2 > 0 and ar < w2 (3.9) will have a T-periodic solution for all
@ > 0 small enough, for every T-periodic, continuous f, T = r. Corollary
3.4 extends the result in [11] to the range

2) < lalr <la|T < 23PP

Cororrary 3.5. The periodic solutions whose existence follows from
Theorem 3.2 tend, as | p | — O, to the periodic solutions of the egquation

#(t) = —F(Vx) + F(8).
Proof. Apply Theorem 2.3.

ExampLe 3.6. The equation,
®'(¢) = —x(t — 1 -+ psin 2mt) + sin 2%, (3.10)
has 1-periodic solutions for 0 < [p| < 1 — (3Y%/6).

Remark. Tt follows from the work of Hale [3] that (3.10) has I-periodic
golutions for 0 < p << #/2 — 1. Example 3.6 shows that for a somewhat
larger range of values of u the existence of 1-perivdic solutions still follows.
However, for the range #/2 — 1 <{p <1 — (3%/%/6) the uniqueness and
asymptotic stability obtained by Hale [3] cannot be proved using our methods.
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4. NONAUTONOMOUS SYSTEMS

Let F(t, u) be a continuous functional on (—oo0, ) X C([—4, 0] — R")
with values in R®, F( + T,u) = F(t,u), f(f) a continuous T-periodic
R»-valued function, and consider the hereditary nonhomogeneous differential
system

#(f) = —F(t, Uxy) + £(0). (4.1)

The purpose of this section is to establish the existence of T-periodic
solutions of Eq. (4.1) for | p | sufficiently small.
Let us apply Riesz’ theorem in order to write F(Z, %) in the integral form

F(t,w) = | dn(t, 6) u(0), 42)

where (2, ) is an # X n matrix of bounded variation, %(t, —#%) = 0. The
hypotheses will depend on (¢, #). We single out the special case F(t, u) =
A(2) u(0) with A(t) an n X n T-periodic continuous matrix, then use results
for this special case to obtain results for (4.1). In this case, 7(s, §) =0
(—h < 0 < 0) and (2, 0) = A(2).

We establish the following lemma for the special case when F(¢, u) =
A(t) (0) in Eq. (4.1).

Levma 4.1. Let A(t) be T-periodic, of class C*, with A(T) invertible.
Assume that the following inequality is valid for | n| << py :

Ep)=1—[LAT) I TTAQP 10 DI+ THACI2]
— T A()(12)'7 > 0.
Put
Dy(p) = 1 A(T) N+ 1AM e DI+ TYQA2)2.

Then for every w€[—pq, po] every T-periodic solution x(t) of the auxiliary
equation,

X' () = [—A(t) Uxf0) + f(1)] 0 <e<,
satisfies the inequality
2]l < [Dy)/Ex()] 1| £l

Proof. Let x(t) be a possible T-periodic solution. Integrate the equation on
[0, T'] to obtain

% f: A(t) Vaf0) dt = __IT_ LT £ty dt - JT. LT AB[Va, — Ux](0) dt. (4.3)
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The integral on the left side is subjected to an integration by parts to obtain
T T T 1
f A(t) Vx0) dt = A(T) f %(s) ds — f A [ Vaf0) s, (4.4)
¢ 0 0 0
because
T T
f Vi 0) dt = f x(s) ds,
0 0

as shown previously. Therefore, the invertibility of A(T) and relation (4.4)
give the inequality

1 (T o lgT
E | = ds | <j A |5 [ 4w vs @
T AT A7 ()] 2. 45)

The second term on the right in relation (4.3) can be estimated by the

methods already exploited in the autonomous case, and we arrive at the
bound

K=140)PN =l 4+ 1 ACOUTAT 20 D5 (4.6)
hence, by (4.5) we have

|7 [ 50 | SUAT T + KT+ AT 4 G112 @)

As in the autonomous case, one can easily verify, using (4.7) and the
differential equation, that

@) <A IA 4+ K+ THAOI = 1/2]
+ T ACHT = 1+ 1 £ /L2y (4.8)
A rearrangement of terms completes the proof.

With the aid of Lemma 4.1, we now extend the bounds obtained for the
special case of a matrix to system (4.1).

Lemma 4.2. Let 4(t, 0) be of class C*, o(T, 0) invertible, (¢ + T, 0) =
7(t, 0), and pur

M= sup ([t 03 a5) ",

octT MW
NE | = sup {[F@E )i : [0, TT},
E(p) = 1 — | 9(T, 0y 1l 9(, O)F 1 £ e D] + T'1 (5 0)[l/2]
— Tli9(, O)I/(12)*/2,
Dy(p) = (| 9(T, 0) [T + 1[5 O)I | £() o DIT + TY(12)172,
Ey(p) = Ey(p) — Dyl F |IB + M(TY2 || F |1,
Dyfp) = Dy()I1F Il 1 £() g DI 4 M(T )]
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If Ey(u) >0 for |ul| < g, then all possible T-periodic solutions of the
auxiliary equation,

#(t) = —F(t, Us) + f(B)] (0 <e<1),
satisfy the inequality
2l < D)/ BN FIl - (] < o)

Proof. Let x(t) be a possible T-periodic solution. Then x(f) is a T-
periodic solution of the equation

¥ (t) = [—A4() Vxl0) + fi($)], (4.9)
where A(t) = x(¢, 0) and

A = f dn(t, 6)[Vx, — Usi)(6) + f n(t, [V (6) d6. (4.10)

Let us apply the Lemma already proved for Eqgs. (4.9) to obtain
Exm) | 2]l < Dy() /21l (4.11)

The estimates already obtained in previous proofs give

||| dnte, 7 — Ox1®) | < WEWLF 121+ 1710140 DI

and since T > & the C-B-S inequality and the differential equation give

[ o6 007 @ do | < ey QiE 31 + 1710

The function f;(f) will, therefore, satisfy the inequality

WAN<TIFNRE=l 4+ NLEWIATTEA D]+ MYEIF =0+ 11 )
4.12

The two inequalities (4.11) and (4.12) imply the conclusion of the lemma,
and the proof is complete.

TureoreM 4.3. Let the following conditions hold: (a) F(t,u) has the
representation (4.2);

(b) %(, 0) is of class CL, 5(T, 0) and j[;’ 7(2, 0) dt are invertible; and
(¢) The function Ey(u) of Lemma 4.2 is positive for | | < py .

Then the system x'(t) = —F(t, Ux,) + f(t) has at least one T-periodic solution
(| << o), for every T-periodic continuous f.
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Proof. 'The proof is identical with that of Theorem 3.2, by virtue of
Lemma 4.2, except that we must calculate the degree of the mapping

1T 1 7
uoﬂuffo G, uo)dt+-T—£) £ at,

luy | << R, R > 0 sufficiently large. One has

T T .0
fﬂ F(t, up) di = [ fo fﬁh (2, 0) dt]uo
T
= [ e, 0 at) g
o
hence, the degree of the mapping is nonzero by (b), completing the proof.

CoroLLARY 4.4. If A(t) is a continuously differentiable T-periodic n X n
matyix, A{T) and jg A(2) dt are invertible, and Ey(u) > 0 (| u | < ), then
the system x'(t) = —A(t) Uxy(0) +- f(¢) has at least one T-periodic solution
(el << po), for every T-periodic continuous f.

CoroLLary 4.5. If a(t) # O is T-periodic, continuously differentiable,
k(t, ) is a bounded continuous function, k(t + T, x) = kit, x), and
T all < 2(3272, then whenever 0 <<r < h << T the scalar equation,

¥ (t) = —a(t) 2 — 7 + pk(t, 2(2))) + f(2),
has T-periodic solutions for small | 1u |, for every T-periodic contintous f.

CoroLLARY 4.6. The periodic solutions given by Theorem 4.3 tend, as
w— 0, to the periodic solutions of the equation x'(t) = —F(t, Va,) + f{2).

5. SysTEMS SUBJECT TO NONLINEAR FORCES

The inequalities developed in Sections 3 and 4 supply a simple vehicle
for obtaining periodicity theorems for the forced nonautonomous hereditary

system
#(t) + F(8, Uxg) = gt x5, Uny), CBY

where U* is an operator of the same kind as U, with or without parameter
dependence, and g is a continuous R*-valued functional on

R X C([—hk, 0] — R™) x C([—k, 0] - R"),
gt u,v) =g(t + T, u, v).
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The idea is to consider a possible T-periodic solution x(¢) of (5.1), put
f(@) = g(¢, x,, U*x,), and apply the inequalities of Section 3 and 4 to the
systems (3.1) and (4.1). We may then put hypotheses on g to insure that x(z)
belongs to a certain bounded open set in R”, add Brouwer degree hypotheses,
and obtain periodicity theorems by arguments involving Theorems 2.1, 2.2,
Schauder’s theorem, or Leray—Schauder degree theory. Two illustrations

will be given.
THurorREM 5.1. Let the following conditions hold:

(a) F(t,u): R X C(—h, 0] — R™) — R* is continuous;
(b) the conditions of Lemma 4.2 are met; and

(c) gt u,v): R X C([—h,0] - R*) X C([—h, 0] > R*) — R" is con-
tinuous, and for some a = 0, b = 0, a €0, 1),

| 8@, %, Ukl < allsl*+b6  (0<t<T),

for every T-periodic continucus x(t): R — R*; and
(d) the mapping uy— 1T [q [(t, uy , o) — F(2, y)] dt does not vanish

Jor uy| = Ry, ug€ R, and its Brouwer degree at 0 relative to | uy| < R,
is nonzero.

Then system (5.1) has at least one T-periodic solution for | p| < py .
CoroLLARY 5.2. The theorem is valid for o = 1, provided
Byp) — aDp(p) >0 (| 1| < pro)-

Proof. Let R; > 0 be the largest positive solution of the inequality
Ey(n) Ry << Dyfu)[aR® + b)]. Then by Lemma 4.2 and (c) it follows that all
possible T-periodic solutions of the auxiliary equation,

() = [—F(t, Un) -+ glt, 3, Ukn)] (0 <e<1), (52)

are bounded by R, .

Choose R > R, and R > R,. We complete the proof by applying (d)
and Theorem 2.2.

Turorem 5.3. Let (a), (b) of Theorem 5.1 hold, and in addition assume:

(¢') Gt u,v) is continuous. Also there exists a polynomial P(-) and a
number v > 0 such that

Do(p) P(r) < Ey(pyr,  |p! < po
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and such that
| Gty %, Ukny)) << P(r)

for all continuous T-periodic functions x: R — R? satisfying | x| < r and

(d) The mapping uy— 1]T (o [g(2, wy , 15) — F(2, u5)] dt is nonzero for
|1y | = 7, uy & R", and has nonzero Brouwer degree at O relative to |1, | < 7.
Then system (5.1) has at least one T-periodic solution for | p| < pg .

Proof. By Lemma 4.2 and (¢') it follows that a possible T-periodic
solution of system (5.2) must satisfy E,(u)|#(z)] << Dy(u) P(r); hence,
| %(2)] == 7 by (c¢'). Because of (d"), we may apply Theorem 2.2 to complete
the proof.

Exampre 5.4. The scalar equation,
o) = —ax(t — 1 -+ psin 2mt) -+ ax(t) + b sin 2,
will have 1-periodic solutions for all small | 12 |, provided
L—lal—la|[lfla|+ T2 >0,
by Corollary 5.2.

Exampre 5.5. 'The scalar equation,
®'(f) = —an(t — 1 + psin 2a0)[1 + x(2)} + & sin 2x%,

has I-periodic solutions for all small |p |, provided 0 < |al << 2(3)%72,
18] < 8= | a] [(12V2 — |« )21207 + | )%

Indeed, under the assumptions made, any number 7 with 1 ># >
232 — | o DHAY2 + | o ]) — (Bgf) o | — 4] b |/ o 1)1/2 will be a solution
of the inequality,

22 — | !
”2*(%12—)@“;‘%)?+}5§/w$<0,

and, hence, for | p | <X gy and p, sufficiently small, the numbers E(p), D(p)
of Lemma 3,1 will satisfy Dy(u) P(r) << Ex{u)r, with Pr) = ja|s? - |b].

In order to apply Theorem 5.3 to the example, we must calculate
d(H, | xl < r,0) for the mapping Hx = ox(l -+ «). By definition,
d(H, | x| <7, 0) = signfa] 5= 0, because 0 </ 7 < 1.

Remark. 'The term b sin 2t can be replaced by a continuous 1-periodic
function f(z), of small norm, to obtain a similar result with .ro F() dt not
necessarily zero.

zos/13/3-12
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6. SysTEMS OF SECOND ORDER HEREDITARY EQUATIONS

Let : R X R* X R* — R* and d: R X R"® — R be continuous. Consider

the hereditary system

(1) = h(t, x(t), x(t — d(t, x(2)))-

We assume that & and d are T-periodic in 2.

The purpose of this section is to establish the following result.

(6.1)

THEOREM 6.1. Let £2 C R” be a bounded open convex set containing 0, and

assume there exists a function
AN 02 — Rr — {0},
such that
(i) A(x) x>0, xeco.

(ii) For every x€ 8Q and y e Q, /(%) - h(t, x,y) >0 for 0 <t < T.
(i) RQC{y: AN(x) (y— x) <O} for all xeoQ.

Then Eq. (6.1) has a T-periodic solution x(¢) with values in £.

Remarks. We note that % only needs to be defined on R x 2 x 2 — R»
and that the term d need not be bounded. Theorem 6.1 provides a simple
geometric condition for the existence of T-periodic solutions of (6.1). The
hypotheses are motivated by results for ordinary differential equations
obtained by Bebernes and Schmitt [1], Knobloch [6], Schmitt [8], and
results for linear delay-differential equations in Schmitt [9].

We prove Theorem 6.1 by applying Theorem 2.2 to a hereditary differential
system which is a modification of (6.1) and has the property that T-periodic
solutions of it with range contained in £ are T-periodic solutions of (6.1).

For every x ¢ £ let & be the positive constant multiple of x on 02, and

define
h t’ x’ H
Wt 5,9) = [0 )
further let
_ hl(t’ X, J’),
H % 3) =t ,7),
and

k(t, x) = d(t, %).
We now consider the modified equation

x"(t) = H(t, x(t), x(t — E(t, %(1)))),

xef)
x¢ 0,

ye

Q
y¢EQ

0<e<l1.

(6.2)
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Levma 6.2. If x(t) is a T-periodic solution of (6.2) with ¢ = 1 and
#(t) e, 0 < t < T, then x(t) is a T-periodic solution of (6.1).

By virtue of Lemma 6.2, the proof of Theorem 6.1 is established by
showing the existence of a T-periodic solution of (6.2) for e == 1 whose
range is contained in £.

Levma 6.3, For 0 <e <1, all possible T-periodic solutions of (6.2)
have range in .
Proof. Put
Q={x¢l:|x—F|<Ax}UR 0<A<],
2, = Q.

Then each 2, , 0 <{ A < 1, is a bounded open convex set containing ( and
Uszo & = R2. Let x(f) be a T-periodic solution of (6.2) and assume that
its range is not contained in £. Then there is a A 2= 0 such that x(¥) € 042,
for some ¢ and, hence, a maximal A 2> 0 and a #; € [0, T} such that x(t,) € 88,
and %(t) e, for all other values of #. In particular x(t — k(z, x(2))) € 2, ,
(UE Y

Letting xy = x(ty), ¥y = x(, — k{2, %,)) we obtain

N(Fo) * €H(ty , % , ¥5) > 0.
Let us write
1 &2
w(ty -+ 8) = x(tg) + /()8 + L ¥ty + 58) 5 ds, (6.3)
and choose 8 > 0 small enough so that
A (F) - eH(2, x(2), x(t — R(t, 2(2)))) >0,  f <<+ 8. (6.4)

We use the convexity of £, and the equation relating x to ¥ to verify the
inclusion &, C{y : (&%) - (¥ — %) < 0}. Hence, A4'(%,) is an outer normal
to £2, at x, . Considering difference quotients, therefore, gives

N (&) - & (2p) == 0. (6.5)
It now follows from (6.3) to (6.5) that
N (&) * [5(Zg + 8) — %o] > 0,

and, thus, that x(f, + 8) ¢, for § sufficiently small, which contradicts
the choice of A
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Consider now the 2z-dimensional system

(3 = e¥s
: 0<e<l. 6.6
v, = eH(t, y1(2), y1(t — k(t, 31(2)))) ‘ (6

LemMa 6.4. Al possible T-periodic solutions of (6.6) satisfy yy(t) € 2 and
[7(8)] < N, 0 <t < T, where N is a constant independent of «.

Proof. Let (¥,(2), ¥5(2)) be a T-periodic solution of (6.6). Then y,(t) is a
T-periodic solution of (6.2) with  replaced by €%, and, hence, has values in £2
by Lemma 6.3. Since y, is T-periodic and y," = ¢y, , it follows that each
component of ¥, vanishes at some point in [0, T]. Thus, the second equation
in (6.6) implies that the components of y, are bounded independent of .

LemMa 6.5. Let O ={(yy,:) : 7, €82, [ ¥o| < N}, where N is as in
Lemma 6.4. Then the Brouwer degree d(F, 0, 0) of the mapping

Y1 Ve
F: =11 T
Ya —TJ; H(t:yl’yl) di

Proof. Let D be the 2n X 2n matrix

is nonzero.

0 I,

D:[I.,,O’

where I, is the n X 7 identity matrix, and consider the mapping % = D&F.
1t suffices to show that d(Z , @, 0) == 0. By the product theorem for Brouwer
degree [10],

1 ¢T
AF,0,0)=d (T f H(t, v, , ) dt, @, 0). 6.7)
0
To compute the degree on the right side of (6.7), we observe that the field,
1 ¢T
i, N =du + (=N [ Hez,9d  0<A<),

is zero free on 912 by (i) and (ii) of Theorem 6.1 and, hence, is a homotopy,
which by the homotopy invariance theorem [10] implies that

d(—%,—foTH(t,yl,yl), 2,0 =1.
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Proof of Theorem 6.1. We first observe that the system (6.6) is of the
type (2.6) and satisfies (i) of Theorem 2.1 since % is bounded. It follows
then from Lemma 6.5 that (ii) of Theorem 2.1 holds and from Lemma 6.4
that Theorem 2.2 may be applied to Eq. (6.6) (s, = 1). Thus, (6.6) has 2
T-periodic solution for e = 1; hence, (6.2) has a T-periodic solution »(#)
with range in £2. Theorem 6.1, therefore, follows from Lemma 6.2.

Remark. One may easily check that the open bounded convex region Q
of Theorem 6.1 may be replaced by an open bounded convex region which
does not necessarily contain 0 as an interior point.

CoOROLLARY 6.6. Let x and h be scalars, and let there exist constants « and B,
o < B, such that

h(t, o, 0) <O <h(t,B,B), O0<t<T. (6.8)
Further let h(t, x, y) be nonincreasing in y for fixed (t, x). Then the equation
x"(t) = h(t, x(2), x(t — d(z, #()))) (6.9)

has a T-periodic solution x(t) with o < x(t) < B.

Proof. Tt suffices to observe that {2 may be chosen to be the open interval
(, B). (6.8) together with the monotonicity of & with respect to y then imply
that all conditions of Theorem 6.1 hold.

Remark. Corollary 6.6 provides an extension of Theorem 2 of [9] to
nonlinear equations. Similar results for systems patterned after the results in
[1], [6] and [8] may also be obtained.

7. ExTENsIONS, REMARrks, UNsOLVED PROBLEMS

The results of Section 2-6 will extend to more general heredity operators
with virtually no change in the proofs. In particular, we could also have
considered equations with terms of the form

x(t — r -+ k(t, Ux, , p)),

where U is itself a heredity operator. Therefore, there is a natural extension
of the results of Sections 2-6 to finite iterates of the simple heredity operators;
the reader can easily supply the statements.

Another direction could also be pursued, namely to formulate the results
in terms of the hereditary systems introduced by Jones [5]. We leave this
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task to the reader, because we cannot justify the space in view of the cases
already treated.

The parameter p which appears throughout can be an element of an
arbitrary normed linear space, without change in the proofs. We had hoped-
to be able to treat the equation

, mr (t) S(2)
8 = =05 [+ 8= S (¢ + ") +70)
with the aid of Theorem 2.1 (see Cooke [2, p. 173]) and the correct inter-
pretation of u. We were unsuccessful, and the periodicity question remains
unsolved.

It should be apparent how to weaken the differentiability assumption on
A(¢t) and x(%, 0) in Section 4 to a bounded variation requirement. It seems
unlikely that such a hypothesis is necessary, and we leave unsolved the
problem of determining whether or not continuity of 4(z), 5(t, 0) is sufficient.

An interesting problem occurs if we allow the functions &%, x, p) to be
unbounded but still bounded on bounded sets. Our progress in this direction
is limited to the results of Section 6, but we still feel that more can be done.
We remark that a theorem similar to Theorem 6.1 can be formulated for
first order systems of the kind considered in Theorem 2.2. This task is left
to the reader.
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